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ABSTRACT. A new approach to the model-independent description of quan-
tum field theories will be introduced in the present work. The main feature
of this new approach is to incorporate in a local sense the principle of gen-
eral covariance of general relativity, thus giving rise to the concept of a locally
covariant quantum field theory. Such locally covariant quantum field theories
will be described mathematically in terms of covariant functors between the
categories, on one side, of globally hyperbolic spacetimes with isometric embed-
dings as morphisms and, on the other side, of *-algebras with unital injective
*-endomorphisms as morphisms. Moreover, locally covariant quantum fields
can be described in this framework as natural transformations between certain
functors. The usual Haag-Kastler framework of nets of operator-algebras over
a fixed spacetime background-manifold, together with covariant automorphic
actions of the isometry-group of the background spacetime, can be re-gained
from this new approach as a special case. Examples of this new approach are
also outlined. In case that a locally covariant quantum field theory obeys the
time-slice axiom, one can naturally associate to it certain automorphic actions,
called “relative Cauchy-evolutions”, which describe the dynamical reaction of
the quantum field theory to a local change of spacetime background metrics.
The functional derivative of a relative Cauchy-evolution with respect to the
spacetime metric is found to be a divergence-free quantity which has, as will be
demonstrated in an example, the significance of an energy-momentum tensor
for the locally covariant quantum field theory. Furthermore, we discuss the
functorial properties of state spaces of locally covariant quantum field theories
that entail the validity of the principle of local definiteness.

1. INTRODUCTION

Quantum field theory incorporates two main principles into quantum physics,
locality and covariance. Locality expresses the idea that quantum processes can be
localized in space and time [and, at the level of observable quantities, that causally
separated processes are exempt from any uncertainty relations restricting their
commensurability]. The principle of Poincaré-covariance within special relativity
states that there are no preferred Lorentzian coordinates for the description of
physical processes, and thereby the concept of an absolute space as an arena for
physical phenomena is abandoned. Yet it is still meaningful to speak of events in
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terms of spacetime points as entities of a given, fixed spacetime background in the
setting of special relativistic physics.

In general relativity, however, spacetime points lose this a priori meaning. The
principle of general covariance forces one to regard spacetime points simultaneously
as members of several, locally diffeomorphic spacetimes. It is rather the relations
between distinguished events that have a physical interpretation.

This principle should also be observed when quantum field theory in the pres-
ence of gravitational fields is discussed. A first approximation to such situations
is to consider quantum fields on a given, curved Lorentzian background spacetime
where the sources of the gravitational curvature are described classically and inde-
pendently of the dynamics of the quantum fields in that background. Due to the
weakness of gravitational interactions compared to elementary particle interactions,
this is expected to be a reasonable approximation which nevertheless has a range
of applicability where nontrivial phenomena occur, like particle creation in strong,
or rapidly varying, gravitational fields. The most prominent effects of that sort are
the Hawking effect [RF] and the Fulling-Unruh effect [17, ).

For quantum field theory on Minkowski spacetime, one demands that quan-
tum fields behave covariantly under Poincaré-transformations, and there are dis-
tinguished states, like the vacuum state, or (multi-) particle states tied to the
Wigner-type particle concept. Such states are natural reference states which allow
it to fix physical quantities in comparison with experiments. In contradistinction to
this familiar case, a generic spacetime manifold need not possess any (non-trivial)
spacetime symmetries (isometries), and thus there is in general no restrictive con-
cept of covariance for quantum fields propagating on an arbitrary, but fixed curved
background spacetime. (A similar problem arises already for quantum fields in
flat spacetime coupled to outer classical fields, and most of what follows applies,
mutatis mutandis, also to this case.)

This lack of covariance is a source of serious ambiguities in quantum field theory
on curved spacetime, such as the lack of a natural candidate of a vacuum state or
a Wigner-type particle concept. In turn, this leads to ambiguities in the concrete
determination of physical quantities. This problem was observed some time ago by
Wald [@] in his discussion of a renormalization prescription for defining the energy-
momentum tensor of a quantized field on a curved spacetime M with metric tensor
g = gu- For a classical massless Klein-Gordon field ¢, the canonical energy-
momentum tensor is at x € M

Ty (2) = Vup(@) V(2) = 5000(2) 22 V().

where V denotes the metric-covariant derivative. For a quantum field ¢ pointwise
products are ill-defined, and therefore one starts from the point-split expression

T (,y) = (Vuw(w)vuso(y) - %guu(way)(g”"(way)VpsD(fv)VasD(y)))

where g, (x,y) is the bitensor obtained from g,, by parallel transport along the
geodesic from x to y. Since we are eventually interested in the coincidence limit
y — = we may consider the points as near as needed to get a unique geodesic, hence
we do not have any problem of choices.

The idea is now to subtract from T},,,(z, y) a suitable scalar distribution ¢, (z,y)
such that the renormalized energy-momentum tensor

Tﬁ?,n(l') = ;Lrnz (Tuu(xa y) - tul/(xa y))

may be defined by a well-determined coincidence limit y — x. Inspired by the
similar situation in Minkowski spacetime, a first approach of going about this may
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be taken as follows: Choose a quasi-free Hadamard state w as “reference state”,
and let

tu,,(x,y) = W(Tuu(‘rv y)) .

Then T5"(x) exists as a well defined operator valued distribution in all represen-
tations induced by arbitrary (other) Hadamard states [ﬂ] The problem of this
definition is the non-uniqueness of the chosen reference state: on a generic curved
spacetime, there are plenty of quasifree Hadamard states, and none of them is
distinguished in the way the vacuum state is on Minkowski spacetime owing to
the circumstance that a generic curved spacetime need not admit non-trivial (con-
formal) isometries. Therefore, choosing different reference states, one gets quite
arbitrary modifications of T);5"(z) in the form of added symmetric numerical ten-
sors; hence, little can be said in this approach, for instance, about the back reaction
of quantum matter on the gravitational field.

In order to restrict this ambiguity, Wald imposed as a further requirement a
principle of locality and covariance which states that the energy-momentum tensor
should only locally depend on the spacetime metric; we will outline this condition
further below. Starting from this principle he gave a definition of the subtraction
term t,, which depends only on the local metric. By this method he found a
covariantly conserved energy momentum tensor, and, as a byproduct, the conformal
anomaly showed up, namely, in the case of the conformally covariant Klein-Gordon
field it is not possible to find a t,,, such that the resulting energy-momentum tensor
is both conserved and traceless. The ambiguity in the definition of the renormalized
energy-momentum tensor is now reduced to a local curvature term [@]

A similar problem occurred in the definition of Wick-polynomials and of renor-
malized perturbation theory on Lorentzian manifolds. For instance, the definition
of the Wick square : 2, (x) given in [ff] also takes the form of a coincidence limit

17w (2) = Tim (p(@)p(y) — wle@)ey)) |

where w is some fixed reference state (again being a quasifree Hadamard state; the
limit procedure has to be properly defined, see, e.g. @]) Again due to the non-
unique choice of a reference state, it turns out that chosing instead of w a different
reference state w’ results in : %1, (z) to : ¢?:, (x) + f(x) with some smooth function
f. This ambiguity would actually not be very serious at the level of a description of
a quantum field theory in terms of operator algebras, but it enters into the definition
of time-ordered products of Wick-polynomials from which, in turn, local S-matrix
functionals are derived in the sense of perturbation theory whose matrix elements
may be compared with physical processes modelled by interacting fields on curved
spacetime [E] Furthermore, a more serious ambiguity enters in the course of the
process of infinite renormalization of ultraviolet divergencies in defining the time-
ordered product of Wick-polynomials. There remains a freedom that corresponds to
adding certain products of differential operators contracted with Wick-polynomials
to the Lagrangean. While one can show [H] that the perturbative classification of
interacting scalar field theories on curved spacetimes is independent of that free-
dom, the predictive power of the local S-matrix thus obtained is somewhat limited
because the “renormalization constants” now are, in fact, functions depending on
the spacetime points. Therefore, it seems most desirable to invoke a suitable local-
ity and covariance principle so as to reduce that ambiguity affecting the S-matrix
in a similar way as was done by Wald for the case of the energy-momentum tensor.
And, in fact, in recent work by Hollands and Wald [@}, this task has been attacked
successfully. We should like to point out that related ideas concerning the renor-
malization of physical quantities for quantum fields in flat spacetime coupled to
outer electromagnetic fields have been proposed earlier by Dosch and Miiller [E]
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Let us now briefly look at the locality and covariance condition imposed by Wald
[@] in order to reduce the ambiguity of the renormalized energy-momentum tensor
of the free, massless scalar field. The condition may be formulated as follows.
Suppose that one has a prescription for obtaining 7},7" (x) on any curved spacetime.
Then such a prescription is local and covariant if the following holds: Whenever one
has two spacetimes M and M’ equipped with metrics g and g’, respectively, and
for some (arbitrary) open subset U of M an isometric diffeomorphism  : U — U’
onto an open subset U’ of M’ (so that k.g = g’), then it is required that

/ /ren / _ ren / / /
aﬁ(Tuu(x))_H*Tuu(I)a € er

where o, : Ay (U') — Apn(U) is the canonical isomorphism between the local
CCR-algebras Ay (U’) of the Klein-Gordon field on M’ and Ay (U) of the Klein-
Gordon field on M (cf. [Ld, 7)), and T)7" is the renormalized energy momentum
tensor according to the renormalization prescription on M, and 7"} that on M’
according to the same prescription. In other words, the condition demands that
ke Tet = T3 up to a canonical algebraic isomorphism (strictly speaking, this is
only valid at the level of expectation values in Hadamard states).

Two things should be noted. First, the neighbourhood U was arbitrary, and
therefore the information entering into the above condition is local (in the sense of
being independent of what happens in the surroundings of U or U’). Secondly, the
condition makes considerable use of the fact that the quantum theory of the free
scalar field can be formulated on every (globally hyperbolic) spacetime and that
there is a canonical way of identifying the corresponding quantum field theories
on isometrically diffeomorphic subregions of globally different spacetimes by an
algebraic isomorphism o/,. Quantum field theories of that kind respect the dictum
of general relativity to regard events (quantum processes) simultaneously as taking
place in several, locally isomorphic spacetimes.

The further formalization of this property is the main purpose of the present
article. The most general and most efficient mathematical framework for such a
discussion is provided by the operator-algebraic approach to quantum field theory
which was initiated by Haag and Kastler [R1]] for quantum field theory on Minkowski
spacetime, see also the monographs [@7 ]. In Section E, we will define a local, gen-
erally covariant quantum field theory as a covariant functor between the category of
globally hyperbolic (four-dimensional) spacetime manifolds with isometric embed-
dings as morphisms and the category of C*-algebras with invertible endomorphisms
as morphisms. This generalizes similar approaches, such as the notion of a local,
covariant quantum field recently used in [@}, and is very similar to the concept
of a covariant field theory over the class of globally hyperbolic manifolds defined
in [iJ). The latter is a generalization of ideas in [[L]]] where also the setting of
categories and functors was used. Our approach seems to have the advantage of
generalizing in a natural manner at the same time all these mentioned concepts as
well as related ideas on generally covariant quantum field theories which appear
e.g. in the famous “Missed opportunities” collection by Dyson [@], or in the works
@, E, @] We will indicate that the theory of a free, scalar Klein-Gordon field
on globally hyperbolic spacetimes is an example for our functorial description of a
quantum field theory. Moreover, it will turn out that the more common concept
of a quantum field theory on a fixed spacetime background described in terms of
an isotonous map from bounded open subregions to C*-algebras which is covariant
when the spacetime possesses isometries (as in the original Haag-Kastler approach
on Minkowski-spacetime, as will be indicated below) is actually a consequence of
our functorial description.

Section 3 is devoted to a study of the functorial properties of state spaces for
locally covariant quantum field theories. A state space will be introduced as a
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contravariant functor between the category of globally hyperbolic spacetimes and
the category of dual spaces of C*-algebras, with duals of C*-algebraic embeddings
as morphisms. State spaces will be characterized which have the property that their
“local folia” are left invariant under the functorial action of isometric embeddings
of spacetime manifolds. These will be seen to obey the principle of local definiteness
proposed by Haag, Narnhofer and Stein [@] We will indicate that the quasifree
states of the Klein-Gordon field which fulfill the microlocal spectrum condition [ﬂ]
or equivalently, the Hadamard condition , @}, induce such a state space.

In Section 4 we will demonstrate that for locally covariant quantum field theories
obeying the time-slice axiom one can associate a dynamics in the form of automor-
phic actions, referred to as “relative Cauchy-evolution”, which describe the reaction
of the quantum field theory on local perturbations of the spacetime metric. We will
show that the functional derivative of such relative Cauchy-evolutions with respect
to the spacetime-metric is divergence-free. This functional derivative has, in anal-
ogy to the case of classical field theory, the significance of an energy-momentum
tensor, and in fact we will also show that for the free Klein-Gordon field the func-
tional derivative of the relative Cauchy-evolution agrees with the commutator action
of the energy momentum tensor in representations of quasifree Hadamard states.

Finally, in Section 5, as an alternative to the approach by Hollands and Wald
@], we will point out that the construction of local, covariant Wick-polynomials
of the free field arises as solution of a simple cohomological problem.

Some technical details appear in an Appendix.

2. THE GENERALLY COVARIANT LOCALITY PRINCIPLE
2.1. Some Geometrical Preliminaries.

In the following, we will be concerned with four-dimensional, globally hyperbolic
spacetimes, so it is in order to summarize some of their basic properties. For further
discussion, see e.g. [, @] We note that the condition of global hyperbolicity
doesn’t appear to be very restrictive on physical grounds. Its main purpose is to
rule out certain causal pathologies.

We denote a spacetime by (M, g) where M is a smooth, four-dimensional mani-
fold (smooth meaning here C*°, and Hausdorff, paracompact, and connected) and
g is a Lorentzian metric on M (taken to be of signature (+1, —1,—1, —1)). Also, we
always assume that the spacetimes we consider are orientable and time-orientable.
The latter means that there exists a C*°-vectorfield v on M which is everywhere
timelike, i.e. g(u,u) > 0. A smooth curve vy : I — M, I being a connected subset
of R, is called causal if g(¥,%) > 0 where 4 denotes the tangent vector of . Given
the global timelike vectorfield u» on M, one calls a causal curve v future-directed
if g(u,%) > 0 all along v, and analogously one calls v past-directed if g(u,%) < 0.
This induces a globally consistent notion of time-direction in the spacetime (M, g).
For any point x € M, J*(z) denotes the set of all points in M which can be
connected to x by a future(+)/past(—)-directed causal curve v : I — M so that
2 = 7(inf I). Two subsets O1 and Oy in M are called causally separated if they
cannot be connected by a causal curve, i.e. if for all # € Oy, J*(z) has empty
intersection with O. By O we denote the causal complement of O, i.e. the largest
open set in M which is causally separated from O.

An orientable and time-orientable spacetime (M, g) is called globally hyperbolic
if for each pair of points x,y € M the set J~(y) N J*(z) is compact whenever it
is non-empty. This property can be shown to be equivalent to the existence of a
smooth foliation of M in Cauchy-surfaces, where a smooth hypersurface of M is
called a Cauchy-surface if it is intersected exactly once by each inextendible causal
curve in (M, g) (for precise definition of inextendible causal curve, see the indicated
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references). A particular feature of globally hyperbolic spacetimes is the fact that
the Cauchy-problem (inital value problem) for linear hyperbolic wave-equations is
well-posed and that such wave-equations possess unique retarded and advanced
fundamental solutions on those spacetimes. It should also be observed that global
hyperbolicity makes no reference to spacetime isometries.

Of some importance later on will be the concept of isometric embedding. Let
(Mi,g,) and (Ma, g5) be two globally hyperbolic spacetimes. A map ¢ : M7 — M
is called an isometric embedding (of (M1, g1 ) into (Mz, g5)) if ¥ is a diffeomorphism
onto its range ¥ (M) (i.e. the map v : My — ¥(My) C My is a diffeomorphism)
and if ¢ is an isometry, that is, ¥.g; = g5 [ Y(M1).

2.2. Quantum Field Theories as Covariant Functors.

It is a famous saying attributed to E. Nelson that quantum field theory is a func-
tor. This has to do with the map of second quantization, mapping the category
of Hilbert-spaces with unitaries as morphisms to that of C*-algebras with unit-
preserving *-homomorphisms as morphisms. In a similar light, topological quan-
tum field theories have already at an early stage been couched in the framework of
categories and functors [ﬂ] Here, we wish to put forward that quantum field theory
is indeed a covariant functor, but in the more fundamental and physical sense of
implementing the principles of locality and general covariance, as discussed in the
Introduction. As already pointed out, our approach provides a natural general-
ization both of the usual abstract formulation of quantum field theory in terms of
isotonous families of operator algebras indexed by bounded open subregions of a
fixed background spacetime, and of other approaches to diffeomorphism-covariant
quantum field theory; we will discuss this further below. We first have to define
the categories involved in our formulation of locally covariant quantum field theory.
(See [B(] as general reference on categories and functors.) The two categories we
shall use are the following:

Man: This category consists of a class of objects Obj(Man) formed by all four-
dimensional, globally hyperbolic spacetimes (M, g) which are oriented and
time-oriented. Given any two such objects (M7, g,) and (Ma,g,), the mor-
phisms ¢ € homanan((M1,9,), (M2, g,)) are taken to be the isometric embed-
dings ¥ : (M1,g,) — (Ma, g,) of (My,g,) into (Ma, g,) as defined above, but
with the additional constraints that

(¢) if v : [a,b] — Ma is any causal curve and v(a),v(b) € ¥(M;) then the
whole curve must be in the image ¥(My), i.e., ¥(t) € ¥(My) for all
t €la,b;
(7i) the isometric embedding preserves orientation and time-orientation of the
embedded spacetime.
The composition rule for any ¢ € homopan((M1,9:),(M2,g5)) and ¢’ €
homoynan ((Ma, g5), (M3, g5)) is to define its composition ¢’ o ¢ as the com-
position of maps. Hence ¢’ o4 : (My,g9,) — (Ms,g5) is a well-defined map
which is obviously a diffeomorphism onto its range ¢’(¢»(M7)) and clearly iso-
metric; also the properties (i) and and (i4) are obviously fulfilled, and hence
Y’ o1 € homopan((M1,91), (Ms,g3)). The associativity of the composition
rule follows from the associativity of the composition of maps. Clearly, each
homopan (M, g), (M, g)) possesses a unit element, given by the identical map
idy:x—x, e M.

Alg: This is the category whose class of objects Obj(2lg) is formed by all
C*-algebras possessing unit elements, and the morphisms are faithful (in-
jective) unit-preserving *-homomorphisms. Given o € homgg(A1, A2) and
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o € homgg(A2, As), the composition o’ o o is again defined as the composi-
tion of maps and easily seen to be an element in homgug(Al,.Ag). The unit
element in homg4(A,A) is for any A € Obj(2Alg) given by the identical map
idg: A— A, Ae A
Remarks. (A) Requirement (7) on the morphisms of 9tan is introduced in order
that the induced and intrinsic causal structures coincide for the embedded space-
time ¢ (M;) C My. Aspects of this condition are discussed in [R7]. Condition (i)
might, in fact, be relaxed; the resulting structure, allowing also isometric embed-
dings which reverse spatial- and time-orientation, could accomodate a discussion of
PCT-theorems. We hope to report elsewhere on this topic.

(B) Clearly, one may envisage variations on the categories introduced here. Our
present choices might have to be changed or supplemented by other structures, de-
pending on the situations considered. For example, instead of choosing for Obj(2(lg)
the class of C*-algebras with unit elements, one could consider x-algebras, Borchers-
algebras, or von Neumann algebras; we have chosen C*-algebras for definiteness.
Moreover, one could also allow more general objects than globally hyperbolic space-
times in Obj(9Man), or endow these objects with additional structures, e.g. spin-
structures, as in [@, @] For discussing the locality and covariance structures of
observables, however, the present approach appears sufficient.

Now we wish to define the concept of locally covariant quantum field theory.

2.1. Definition.

(i) A locally covariant quantum field theory is a covariant functor </ be-
tween the two categories Man and Alg, i.e., writing oy for (), in typical dia-
gramatic form:

(M,g) —2— (M'.g)

| |
o (M,g) —— o/ (M',g')
together with the covariance properties
Qur O Qo = oy, Qidy = 1dr(M,g)
for all morphisms ¢ € homonan((M1,97),(M2,g5)), all morphisms ¢ €
homgnan ((Ma2, g5), (M3, g5)) and all (M, g) € Obj(Man).

(ii) A locally covariant quantum field theory described by a covariant functor
o is called causal if the following holds: Whenever there are morphisms 1¢; €
homonan ((Mj,9;),(M,g)), j = 1,2, so that the sets 11 (My) and 12 (Mz) are causally
separated in (M, g), then one has

[y, (7 (M1, 1)), o, (7 (Ma,95))] = {0},
where [A,B] = {AB — BA: A€ A, B € B} for any pair of C*-algebras A and B.
(ii1)  We say that a locally covariant quantum field theory given by the functor o
obeys the time-slice axiom if
ay(/ (M,g)) =« (M',g')
holds for all v € homopan((M,g),(M’,g")) such that Y(M) contains a Cauchy-
surface for (M',g").

Thus, a locally covariant quantum field theory is an assignment of C*-algebras to
(all) globally hyperbolic spacetimes so that the algebras are identifyable when the
spacetimes are isometric, in the indicated way. Note that we use the term “local”
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in the sense of “geometrically local” in the definition which shouldn’t be confused
with the meaning of locality in the sense of Einstein causality. Causality properties
are further specified in (ii) and (i44) of Def. P.1. Causality means that the algebras
oy, (' (M1,9,)) and aq, (& (Ma, g,)) commute elementwise in the larger algebra
o/ (M,g) when the sub-regions ;(M7) and 12(Mz) of M are causally separated
(with respect to g). This property is expected to hold generally for observable
quantities which can be localized in certain subregions of spacetimes. The time slice
axiom (i) (also called strong Einstein causality, or existence of a causal dynamical
law, cf. [@]) says that an algebra of observables on a globally hyperbolic spacetime
is already determined by the algebra of observables localized in any neighbourhood
of a Cauchy-surface.

Before continuing, some remarks on related approaches are in order now. In
[B], Dyson suggested that one should attempt to generalize the usual Haag-Kastler
framework of a general description of quantum field theories on Minkowski space-
time, as we have sketched it in the Introduction, to general spacetime manifolds
in such a way that the covariance group (PTF is replaced by the diffeomorphism
group. An approach which is very close in spirit to Dyson’s suggestion is due to
Bannier who constructed, on R* as fixed background manifold, a generalized
CCR-algebra of the Klein-Gordon field of fixed mass on which the diffeomorphism
group acts covariantly by C*-automorphisms. Bannier’s approach may therefore
be regarded as a realization of a functor &/ with the above properties but where
the domain-category 9Man is replaced by the subcategory Mangs whose objects are
the globally hyperbolic spacetimes (M, g) having M = R* as spacetime manifolds,
and globally hyperbolic sub-spacetimes of those. However, it appears that the re-
striction to a fixed background manifold like R* is artificial, and at variance with
the principles of general relativity. This is supported by the results in [@] where
an approach similar to the one presented here was taken, and which “localizes”
Dimock’s formulation in [E, ] where a functorial approach to generally covariant
quantum field theory seems to have been proposed for the first time. Like Bannier’s
work, however, Dimock’s proposal lacks the “locality” aspect of general covariance
and therefore doesn’t completely reveal its strength. It was shown in [@] that the
combination of general covariance and (geometrical) locality leads, together with a
few other, natural requirements, to a spin-statistics theorem for quantum fields on
curved spacetimes.

2.3. The Klein-Gordon Field.

The simplest and best studied example of a quantum field theory in curved space-
time is the scalar Klein-Gordon field. As was shown by Dimock [[Ld], its local
C*-algebras can be constructed easily on each globally hyperbolic spacetime, giv-
ing rise to a functor 7. To summarize this construction, let (M, g) be an object in
Obj(Man). Global hyperbolicity entails the well-posedness of the Cauchy-problem
for the scalar Klein-Gordon equation on (M, g),

(1) (ViV,+m? +ER)p =0

(for smooth, real-valued ¢) where V is the covariant derivative of g, m > 0 and
& > 0 are constants, and R is the scalar curvature of g. Moreover, it implies that
there exist uniquely determined advanced and retarded fundamental solutions of
the Klein-Gordon equation, E24V/rt . (M, R) — C>(M,R). Their difference
E = B2V _ Eret g called the causal propagator of the Klein-Gordon equation. Let
us denote the range E(C§°(M,R)) by R (or, sometimes, by R(M, g) for clarity). It
can be shown (cf. [[L0]) that defining

o(Ef, Eh) = /M f(ER)dug, f.he CP(MR),
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where djig is the metric-induced volume form on M, endowes R with a symplectic
form, and thus (R, o) is a symplectic space. To this symplectic space one can asso-
ciate its Weyl-algebra 20(R, o), which is generated by a family of unitary elements
W(p), ¢ € R, satisfying the CCR in exponentiated form (“Weyl-relations”),

W (o)W (@) = e @P2W (o + ).

Now, when the constants m and £ are kept fixed independently of (M,g), the
symplectic space (R, o) is entirely determined by (M, g), and so is 20(R, o). Setting
therefore @/ (M, g) = W(R(M, g),0(r.g)), one obtains a candidate for a covariant
functor &/ with the properties of Def. 2.1. What remains to be checked is the
covariance property. Thus, let ¢ € homonan((M,g), (M’,¢’)) and let us denote
by E,R, o the propagator, range-space, and symplectic form corresponding to the
Klein-Gordon equation ([[) on (M,g), and by E’,R’,o’ their counterparts with
respect to (M',g'). Moreover, we denote by E¥, RY, 0¥ the analogous objects for
the spacetime (¢)(M), 1b.g). It was shown in [[L] that, writing 1. = pot~!, there
holds EY = ¢, o Eo !, RY = R, and o(Ef, Eh) = o¥(E¥y.f, E¥1.h) =
oV (Y. Ef,¢.Eh). Thus 1, furnishes a symplectomorphism between (R, o) and
(R¥,0?), and hence, by a standard theorem [E], there is a C*-algebraic isomorphism
ay : W(R,0) — W(RY,0¥) so that

(2) ay(W(p) =W¥(¥s(p)), ¢eR

where W¥(.) denote the CCR-generators of 20(RY, o¥).

While these observations are already contained in Dimock’s work @], we add
another one which is important in the present context: Since ¢ : M — (M) C M’
is a metric isometry, it holds that ¢¥.g = g’ | ¥(M). And hence the fact that
the advanced and retarded fundamental solutions of the Klein-Gordon operator
are uniquely determined on a globally hyperbolic spacetime implies that E¥ =
XonE' T Cg°((M),R) where xyar) is the characteristic function of (M) and
that, moreover, R¥ can be identified with E'(C§°(¢(M),R)) and o¥ with o’ | RY.
Therefore, the map T% which assigns to each element Ef, f € C5°(M,R), the
element E'iy.f in (R',0'), is a symplectic map from (R¥,o%) into (R’,0’), and
thus one obtains a C*-algebraic endomorphism a,, : 20(R¥, %) — W(R',0’) by

3) a, (W¥(9)) = W'(T%9), ¢eR”,

where WW’(.) denote the Weyl-generators of 2(R’,0’). Hence, setting ay, = &, o
&y, we have a C*-algebraic endomorphism oy : & (M,g) — </(M’,g"). The
covariance property qupop = Quy 0 oy for ¢ € homopan((M, g),(M’,g')) and ¢ €
homonan ((M’,g'), (M",g")) is an easy consequence of the construction of ay, i.e.
of the relations (f) and (). It was also shown in [[]] that causality and time-slice
axiom are fulfilled in each (R, o) in the following sense: (i) If f,h € C§°(M,R)
with supp f C (supp k), then W(Ef) and W(Eh) commute, (ii) if IV is an open
neighbourhood of a Cauchy-surface ¥ in M, then there is for each f € C§°(M,R)
some h € C§°(N,R) with W(Ef) = W(Eh). We collect these findings in the
following

2.2. Theorem. If one defines for each (M, g) € Obj(Man) the C*-algebra o/ (M, g)
as the CCR-algebra W(R(M, g), 0(n1,g)) of the Klein-Gordon equation (f]) (withm, &
fized for all (M,g)), and for each v € homman((M,g),(M’',g’)) the C*-algebraic
endomorphism oy, = @&, o &y : o (M,g) — (M, g') according to () and (),
then one obtains in this way a covariant functor </ with the properties of Def. .
Moreover, this functor is causal and fulfills the time-slice aziom.

In this sense, the free Klein-Gordon field theory is a locally covariant quantum
field theory.
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2.4. Recovering Algebraic Quantum Field Theory.

Now, we will address the issue of re-gaining the usual setting of algebraic quan-
tum field theory on a fixed globally hyperbolic spacetime from a locally covariant
quantum field theory, i.e. from a covariant functor &/ with the properties listed
above. It may be helpful for readers not too familiar with the algebraic approach
to quantum field theory on Minkowski spacetime that we briefly summarize the
Haag-Kastler framework [ so that it becomes apparent in which way the usual
description of algebraic quantum field theory is re-gained via Prop. E from our
functorial approach. In the Haag-Kastler framework, the basic structure of the for-
mal description of a quantum system is given by a map O — A(O) assigning to each
open, bounded region O a C*-algebra A(O). This “local C*-algebra” is supposed
to contain all the (bounded) observables of the quantum system at hand that can
be measured “at times and locations” within the spacetime region O; e.g., if the
system is described by a hermitean scalar quantum field ¢(z), then A(O) may be
taken as the operator-algebra generated by all exponentiated field operators e#(/)
where the test-functions f are supported in O, and the smeared field-operators are
o(f) = [d*z f(z)p(z). Hence, one has the condition of isotony, demanding that
A(O1) C A(O) whenever O; C O. It is also assumed that the local algebras all
contain a common unit element, denoted by 1. Moreover, as the local algebras
contain observables, it is usually demanded that they commute elementwise when
their respective localization regions are spacelike separated.

The locality concept being thus formulated, the notion of special relativistic
covariance is given the following form: Collecting all local observables in the min-
imal C*-algebra A containing all local algebras A(O),El there ought to be for each
element L € Tl (i.e., the proper, orthochronous Poincaré group) a C*-algebra
automorphism ay, : A — A so that

_ T
Qr, O0L, = QL 0Ly s Ll,LQG:P_i_,

where L1 o Ly denotes the composition of elements in (PL_.

Let (M,g) be an object in Obj(Man). We denote by K(M,g) the set of all
subsets in M which are relatively compact and contain with each pair of points x
and y also all g-causal curves in M connecting xz and y (cf. condition (i7) in the
definition of Man). Given O € K(M, g), we denote by g, the Lorentzian metric
restricted to O, so that (O, g,) (with the induced orientation and time-orientation)
is a member of Obj(Man). Then the injection map epr0 : (0,90) — (M,g), ie.
the identical map restricted to O, is an element in homopan ((0, gp), (M, g)). With
this notation, we obtain the following assertion.

2.3. Proposition. Let &7 be a covariant functor with the properties stated in Def.
[21, and define a map K(M,g) 3 O +— A(O) C o/(M, g) by setting

A(0) := amo(#(0,90))
having abbreviated a0 = vy, . Then the following statements hold:
(a) The map fulfills isotony, i.e.
01 C O3 = A(01) C A(O3) for all 01,02 € X(M,g) .

(b) If there exists a group G of isometric diffeomorphisms k : M — M (so that
K«g = g) preserving orientation and time-orientation, then there is a repre-
sentation G 3 Kk +— @&, of G by C*-algebra automorphisms &, : A — A (where

1This minimal C*-algebra is, as a consequence of the isotony condition, well-defined and in the
mathematical terminology called the inductive limit of the family {A(O)} where O ranges over
all bounded open subsets of Minkowski spacetime.
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A denotes the minimal C*-algebra generated by {A(O) : O € K(M,g)}) such
that

(4) ax(A(0)) = A(k(0)), OeX(M,g).
(¢c) If the theory given by < is additionally causal, then it holds that
[A(01), A(02)] = {0}

for all 01,02 € X(M, g) with Oy causally separated from Os.

(d) Suppose that the theory o fulfills the time-slice axiom, and let ¥ be a Cauchy-
surface in (M, g) and let S C X be open and connected. Then for each O €
K(M,g) with O D S it holds that

A(0) D A(S*H)

where S+ is the double causal complement of S, and A(S++) is defined as
the smallest C*-algebra formed by all A(O1), O1 C S+, O1 € X(M, g).

Proof. (a). The proof of this statement is based on the covariance prop-
erties of the functor /. To demonstrate that isotony holds, let O; and O3 be
in X(M,g) with O; C Oz. We denote by 21 : (0O1,90,) — (02,90,) the
canonical embedding obtained by restricting the identity map on Os to O1, hence
t2,1 € homoan((01,90,),(02,90,)). With the notation o, , = a1, etc., co-
variance of the functor & implies aps1 = anr,2 © g1 and therefore,

A(O1) = apa((01,90,)) = amz(a21(4(01),90,))
C 04M,2(=537(027902)) = A(O2)

since az,1(47(01,90,)) C /(02,90,) by the very properties of the functor 7.

(b). To prove the second part of the statement, let x : (M,g) — (M,g) be a
diffeomorphism preserving the metric as well as time-orientation and orientation.
The functor assigns to it an automorphism o, : &7 (M, g) — o/ (M, g). Denoting by
K the map O — k(0O), xz — k(z), there is an associated morphism oy, : &7 (0, gy) —
A (K(0),g,(0))- Hence we obtain the following sequence of equations:

ax(A(0)) = axoano0(¥(0,90)) = Aroin,o(#(0,90))
= O‘LM,K(O)OR(*Q{(ngO)) = QM k(0) © O‘R(%(OugO))
= awmm0) (A (k(0),9,0)) = A(K(0)).

Since A C &/(M,g), it follows that defining &, as the restriction of ay to A
yields an automorphism with the required properties. The group representation
property is simply a consequence of the covariance properties of the functor yielding
() O gy = Qyony for any pair of members k1, ky € G together with ([]) which
allows us to conclude that ay, o &, = Gtkyom,-

(¢). If Op and Oy are causally separated members in X(M,g), then one can
find a Cauchy-surface ¥ in (M, g) and a pair of disjoint subsets s; and Sy of 3,
both of which are connected and relatively compact, so that O; C SJ-LL, j=12.
Now SjLl are causally separated members of X(M,g), and equipped with the
appropriate restrictions of g as metrics, they are globally hyperbolic spacetimes in
their own right, and naturally embedded into (M,g). According to the causally
assumption on 7, it holds that .A(SJ-LL) = aM7st(d(SfL),gst) are pairwise
commuting subalgebras of &/ (M, g), and due to isotony, A(O;) C A(Sj+), so that
[A(01), A(O2)] = {0}

(d). Consider S+, equipped with the appropriate restriction of g, as a globally
hyperbolic spacetime in its own right. Then S is a Cauchy-surface for that space-
time, and ON S+ is an open neighbourhood of the Cauchy-surface S. Hence there
is an open neighbourhood N of S cointained in O N S+ so that N, endowed with
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the restricted metric, is again a globally hyperbolic spacetime. By the time-slice
axiom, it follows that ag.. y(o/(N)) = &/ (S++), where we have suppressed the
metrics to ease notation. According to the functorial properties of <7 it follows that

A(0) D A(N) = A(S*+).
This completes the proof. O

Thus, one can clearly see that, in the light of Prop. B, the Haag-Kastler framework
is a special consequence of our functorial approach.

2.5. Quantum Fields as Natural Transformations.

We have just seen how a quantum field theory is defined in terms of a covariant
functor. There, an algebra is mapped via the endomorphism oy into another al-
gebra, but a priori there are no distiguished elements of the algebras which are
mapped onto each other by that transformation. It is however useful to look for
such elements and it is actually what motivated the whole approach. Indeed, we
shall look at the possibility to define locally covariant fields, and their importance
rests on the possibility to construct fields which, in the light of our new principle of
locality, depend only locally on the geometry. In a pair of interesting recent papers,
Hollands and Wald [R4, 5] use this definition to construct Wick-polynomials and
time-ordered products of free scalar fields as “local and covariant fields,” hence,
as objects depending only locally on the metric. In Sec. E we shall present our
own (but related) derivation of Wick polynomials of a free scalar field, by solving
a problem of cohomological nature with a covariance constraint.

In a certain sense our definition gives rise to a locally covariant generalization
of the Garding-Wightman approach to fields as operator-valued distributions. We
here do not insist at the beginning on having operators in a Hilbert space but,
more abstractly, we consider them as distributions taking values in a topological
*_algebra.

The simplest definition may be given as follows: Consider a family ® = {®(a;,q) },
indexed by all spacetimes (M, g) € Obj(Man), of quantum fields defined as “gen-
eralized algebra-valued distributions”. That means, there is a family {A(M, g)} of
topological *-algebras indexed by all spacetimes in Obj(9an), and for each space-
time (M,g), ®rg) : C5°(M) — A(M,g) is a continuous map (not necessarily
linear, this is why we refer to it as a “generalized” distribution). Consider in addi-
tion any morphism ¢ € homopan((M1,9;), (M2,95)). Then we demand that there
exists a continuous endomorphism ay, : A(Mi,g9,) — A(Ma,g,) so that,

aﬂl(q)(Mugl)(f)) = (I)(]Wg,g2)(1/}*(f))

where f € C§°(M;) is any test function and ¢, (f) = fo ™! as before. The family
{®(ar,g)} with these covariance conditions is called a locally covariant quantum
field. This simple description has a beautiful functorial translation, as we shall
next outline.

We consider again the category 9tan, and introduce the category T2lg consist-
ing of topological *-algebras (with unit elements) as objects, and of continuous
*-endomorphisms as morphisms (i.e., & € homegg(A1,A2) is a morphism of TAlg
if « : A1 — As is a continuous, unit-preserving, injective *-morphism). In addition,
we consider another category Test which is the category containing as objects all
possible test-function spaces over Man, that is, the objects consist of all spaces
C§° (M) of smooth, compactly supported test-functions on M, for (M, g) ranging
over the objects of Man, and the morphisms are all possible push-forwards 1, of
isometric embeddings ¢ : (M1,g,) — (Ma,g5). The action of any push-forward
1, on an element of a test-function space has been defined above, and it clearly
satisfies the requirements for morphisms between test-function spaces.
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Now let a locally covariant quantum field theory </ be defined as a functor in
the same manner as in Def. EI, but with the category Tlg in place of the category
Alg, and again following the convention to denote 7 (¢) by a,, whenever ¢ is any
morphism in Man. Moreover, let Z be the covariant functor between Man and Test
assigning to each (M, g) € Obj(Man) the test-function space P (M, g) = C§° (M),
and to each morphism 1 of Man its push-forward: Z(vp) = .. We regard the
categories Test and TUlg as subcategories of the category of all topological spaces
Top, and hence we are led to adopt the following

2.4. Definition.

A locally covariant quantum field ® is a natural transformation between the
functors 2 and &, i.e. for any object (M,g) in Man there exists a morphism
Qg 2(M,g) — /' (M,g) in Top such that for each given morphism

¥ € homopan((M1,9:), (Ma,g5)) the following diagram

P
‘@(Mlvgl) M) "Q{(Mlvgl)

w*l law

‘@(M27g2) - "Q{(M27g2)

P (0y.92)

commugtes.
The commutativity of the diagram means, explicitly, that

ay 0 Piaryg,) = Pasy,g,) © Vs

i.e., the requirement of covariance for fields.

Remarks. (A) This definition may of course be extended; instead of the test-
function spaces C5°(M) one may take smooth compactly supported sections of
vector bundles, and endomorphisms of such more general test-sections spaces which
are suitable pull-backs of vector-bundle endomorphisms. Also, one might include
conditions on the wave-front set of the field-operators.

(B) The notion of causality may also be introduced in the obvious manner: One
calls a locally covariant quantum field causal if for all f,h € 2(M, g) it holds that
(I)(M,g) (f) and (I)(M)g)(h) commute.

(C) One reason for allowing non-linear fields in the definitions of quantum fields as
natural transformations is that it can be applied to more general objects. One would
be the definition of a locally covariant S-matrix, patterned after the definition of a
the “local” S-amtrix of Epstein and Glaser, see e.g. [E] At the perturbative level
(in the sense of formal power series) this amounts to showing that time-ordered
products may be defined in such a way that they become locally covariant fields.
Indeed, in a recent paper [@], Hollands and Wald successfully proved the existence
of such locally covariant, time-ordered fields. At the non-perturbative level, it
might be possible that the constraint of local covariance together with a dynamical
generator property (in the spirit of Sec. 4) allows it to fix the phase of the S-matrix.
We hope to return elsewhere to this issue.

2.6. Free Scalar Klein-Gordon Field as a Natural Transformation.

The present subsection serves the purpose of sketching two simple examples for lo-
cally covariant quantum fields. The first example is based on the Borchers-Uhlmann
algebra which can be associated with each manifold M. It assigns to each differ-
entiable manifold M a topological *-algebra B (M) that is constructed as follows:
Elements in B(M) are sequences (f,) (n € Ng) where fo € C and f, € C§°(M™)
for n > 0. Addition and scalar multiplication are defined as usual for sequences
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with values in vector spaces, and the product (f,)(hy) in B(M) is defined as the
sequence (j,) where

jn(Il,... ,In) = Z fi(fbl,... ,Ii)hj(IiJrl,... ,In), (Il,... ,In) e M™.

1+j=n

The *-operation is defined via (f,)* = (fn) where f(z1,... ,2n) = fo(@Tn, ... ,21),
the latter overlining meaning complex conjugation. The unit element is given by
1=(1,0,0,...). The algebra can be equipped with a fairly natural locally convex
topology with respect to which it is complete. See [, BY] (and also [Ld], [B]] in
the context of curved spacetime manifolds) for further discussion of the Borchers-
Uhlmann algebra.

Given an endomorphism ¢ € homopan ((M1,9;), (M2, g5)), one can lift it to an
algebraic endomorphism ay, : B(M;) — B(Ma) by setting

ay((fa)) = (W fa)

where ¥\ denotes the n-fold push-forward, given by (¢£") fa) i, yyn) =
fa@™Y(y1), ... ;" (yn)). We thus obtain a covariant functor &/ between 9an
and TAlg by setting o7 (M, g) = B(M) and < (¢) = oy as just defined. A locally
covariant quantum field ® in the sense of Def. @ may then be obtained by defining
for (M, g) € Obj(9Man) and f € 2(M,g) = C5°(M),

D (ar,g)(f) = (fn)

where (f,) € & (M,g) = B(M) is the sequence with f; = f and f, = 0 for all
n # 1. It is straightforward to check that this indeed satisfies all conditions for a
natural transformation with respect to the functors 2 and /.

The Borchers-Uhlmann algebra, however, carries no dynamical information, which
would have to be incorporated by passing to representations, or factorizing by
ideals. In this spirit, we introduce as our second example the Klein-Gordon field
as a locally covariant field. For (M,g) € Obj(Man), let J(M,g) be the (closed)
two-sided ideal in B(M) that is generated by all the terms

(fn)(hn) = (hn)(fn) — o (Ef, ER)1

where the (f,) and (hy) in B(M) are such that fi = f, hy = h, and all other
entries in the sequences vanish; £ = F(, 4) and 0 = 0(,1,g) are the propagator and
symplectic form corresponding to the Klein-Gordon equation

(5) (VAV, +ER+m?)p =0

on (M, g) introduced in Subsection P.d. (Again it is assumed that the constants &
and m are the same for all (M, g)).

Then we introduce a new functor &/ between 9an and TAlg, as follows: We
define &7 (M, g) = B(M)/J(M,g) and, denoting by [.]: B(M) — B(M)/J(M,g)
the quotient map, we set for ¢ € homgnan ((M1,91), (M2,95)),

 @)([(£2)]) = ap(((f)]) = (" f0)]

where win) is the n-fold push-forward of i defined above. The required properties
of this definition of ay, to map J(Mi,g,) into J(Ma,g,), and ayoyr = ay © ayr,
can be obtained by an argument similar to that in Subsection @ showing that the
oy, defined there have the desired covariance properties.

With respect to this new functor &7, we may now define the generally covariant
Klein-Gordon field ® as a natural transformation according to Def. B through
setting for (M, g) € Obj(M,g) and f € 2(M,g) = C3°(M),

D(a1,g)(f) = [(fn)]
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where, as above, (f,) is the element in B(M) with fi = f and f, = 0 for all
n # 1. Again, the properties of a natural transformation are easily checked for this
definition.

Moreover, locally covariant quantum fields ® modelling the Klein-Gordon field
() may be obtained from the functor </ of Subsection P.J describing the locally
covariant quantum field theory of the Klein-Gordon field at C*-algebraic level. We
give only a rough sketch of the idea. Let o7 be the functor associated with the Klein-
Gordon field in Subsection P.3 Let (M, g) € Obj(Man), and let 7 be a Hilbert-
space representation of the C*-algebra &/ (M, g) on a representation Hilbert-space
H. We assume that there exists a dense subspace V of H so that, for each f €
C§°(M,R), the field operator

Dorg () = L w(W(ES)

ds|,_,

exists as an (essentially) self-adjoint operator on V, where E denotes the propaga-
tor and W(.) the Weyl-algebra generators associated with the Klein-Gordon field
on (M,g). (The field operators can be extended to all complex-valued testfunc-
tions by requiring complex linearity.) The notation used here already suggests how
one may go about in order to try to obtain a locally covariant quantum field in
this way. Supposing a quantum field ®ys gy can be defined in this manner for all
(M, g) € Obj(Mtan) (from representations 7 for each spacetime), and that, for each
¥ € homapan((M, g), (M',g')), the assignment (P ar,g)(f)) = Pasr gy (Yu f) ex-
tends to a *-algebraic endomorphism & : ,QN/(M, g) — J;{(M’,g’), where J;{(M, g)
denotes the *-algebra formed by all the ®(a7,4)(f), f € C5°(M), one obtains in this
way a locally covariant quantum field ® as a natural transformation.

In a similar spirit, Hollands and Wald have constructed Wick-ordered and time-
ordered products of the free scalar Klein-Gordon field, starting from quasifree
Hadamard representations, such that these product-fields are locally covariant fields
and are natural transformations in the sense of Def. @ [@, @] We refer to these
references for further discussion, and also to Sec. E

3. STATES, REPRESENTATIONS, AND THE PRINCIPLE OF LOCAL DEFINITENESS
3.1. Functorial Description of a State Space.

The description of a physical system in terms of operator algebras requires also the
concept of states so that expectation values of observables can be calculated. First,
suppose that one is given a C*-algebra A with unit element 1 modelling the algebra
of observables of some physical system. A state is a linear functional w : A — C
having the property of being positive, i.e. w(A*A) > 0 VA € A, and normalized,
i.e. w(l) = 1. Thus, given any hermitean element A € A, the number w(A) is
interpreted as an expectation value of the observable A in the state w.

There is an intimate relation between states on A and Hilbert-space representa-
tions of A. If 7 is a linear *-representation of A by bounded linear operators on
some Hilbert-space H, then each positive density matrix p with unit trace on H in-
duces a state w(A) = tr(p-m(A)), a € A, on A. There is also a converse of that: For
each state w on A there exists a triple (¥, 7, ), consisting of a Hilbert-space
H,, a linear x-representation m, of A by bounded linear operators on H,,, and a
unit vector €, € H,, such that w(A4) = (Qy, 7, (A),) for all A € A. This triple
is called the GNS-representation of w (after Gelfand, Naimark and Segal); for its
construction, see e.g. [{].

Now suppose that our set of observables arises in terms of a functor o7 describing
a locally covariant quantum field theory. The question arises what the concept
of a state might be in this case. The first, quite natural idea is to say that a
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state is a family {wrg) : (M,g) € Obj(Man)} indexed by the members in the
object-class Man where each w(,s 4) is a state on the C*-algebra &/ (M, g). Usually,
however, one is interested in states with particular properties, e.g., one would like to
consider states w(yz,g) fulfilling an appropriate variant of the “microlocal spectrum
condition” [ﬂ] which can be seen as a replacement for the relativistic spectrum
condition for quantum field theories on curved spacetime and which, for free fields,
is equivalent to the Hadamard condition (cf. Sec. R.3, and [BZ, B4)). One might
wonder if, above that, there are families of states {w(ar,g) : (M,g) € Obj(Man)}
that are distinguished by a property which in our framework would correspond to
“local diffeomorphism invariance”, namely,

WM ,g) Oy = wWnrg) on A (M,g)

for all ¢ € homapan((M, g), (M’,g’)). However, it has been shown in [24] that this
invariance property cannot be realized for states of the free scalar field fulfilling
the microlocal spectrum condition. Let us briefly sketch an argument showing that
the above property will, in general, not be physically realistic. Let us consider two
spacetimes (Mi,g,) and (Ma,g,), and assume that (My,g;) is just Minkowski-
spacetime. Moreover, it will be assumed that (Ma,g,) consists of three regions
which are themselves globally hyperbolic sub-spacetimes of (Ms, g,): An “interme-
diate” region Ly lying to the future of a region N, and to the past of a region N, .
All these regions are assumed to contain Cauchy-surfaces, and it is also assumed
that the regions N2jE are isometrically diffeomorphic to globally hyperbolic subre-
gions NljE of Minkowski spacetime (M7, g, ) which likewise contain Cauchy-surfaces.
By /* : NljE — N2jE we denote the corresponding isometric diffeomorphisms. We
may, for the sake of concreteness, consider a free scalar field (cf. next section),
and define the state wy on &7 (Mj,g;) to be its vacuum state (which fulfillys the
microlocal spectrum condition). Then the state w, = wy o aL_,l induces a state
on /(N5 , 95 N;) and thereby, since the free field obeys the time-slice axiom, it

induces a state wy on & (Ma, g,) (which again fulfills the microlocal spectrum con-
dition). Now the state wy restricts to a state w; on %(N;,g27N+). However,
if there is non-trivial curvature in the intermediate region Lo, then the state wa,
which was a vacuum state on the “initial” region N5 , will no longer be a vacuum
state on the “final” region N5 [g]. The regions Ny and N possess isometric
subregions; it is no loss of generality to suppose that there is an isometric diffeo-
morphism % : N, — N5 . Then invariance in the above sense of the family of
states w1, ws, wzi demands that

w;' 0 Oy = Wy
but this is not the case (w, is (the restriction of) a vacuum state, wy is (the
restriction of) a non-vacuum state.) The counterexample is based on a form of
“relative Cauchy-evolution”, which is worth being studied in greater generality,
and this will be the topic of Section @

In view of this negative result one finds oneself confronted with the question if
there is a more general concept of “invariance” that can be attributed to families of
states {w(ar,g) : (M,g) € Obj(Man)} for a locally covariant quantum field theory
given by a functor /. We will argue that there is a positive answer to that question:
The local folia determined by states satisfying the microlocal spectrum condition
are good candidates for minimal classes of states which are locally diffeomorphism
covariant. To explain this, let us fix some concepts.

Folium of a representation. Let A be a C*-algebra and 7 : A — B(H) a *-
representation of A by bounded linear operators on a Hilbert space H. The folium
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of m, denoted by F'(), is the set of all states w’ on A which can be written as
W'(A) =tr(p-m(4), Aed(M,g).

In other words, the folium of a representation consists of all density matrix states
in that representation.

Local quasi-equivalence and local normality. Let & be a locally covariant
quantum field theory and let, for (M, g) fixed, w and @ be two states on <. We
will say that these states (or their GNS-representations, denoted by 7 and 7, re-
spectively) are locally quasi-equivalent if for all O € X(M, g) the relation

(6) F(WoaMyo):F(ﬁOOtMyo)

is valid, where a0 = auy, o and a0 : (0,90) — (M, g) is the natural embedding
(cf. Prop. -3).

Moreover, we say that w is locally normal to @ (or to the corresponding GNS-
representation ) if

(7) woapo € F(Toapo)
holds for all O € X(M, g).

Intermediate factoriality. Let w be a state on &/ (M, g), then we define for each
O € X(M,g) the von Neumann algebra M, (0) = m,(ar.0(7 (M, g)))”, the local
von Neumann algebra of the region O with respect to the state w. We say that the
state w fulfills the condition of intermediate factoriality if for each O € X(M, g)
there exist O7 € X(M,g) and a factorial von Neumann algebra N acting on the
GNS-Hilbert-space H,, of w so that

Mo (0) € N € M (01).

(We recall that a factorial von Neumann algebra N is a von Neumann algebra so
that N NN’ contains only multiples of the unit operator.)

It is known that quasifree states of the free scalar field on globally hyperbolic
spacetimes which fulfill the microlocal spectrum condition have the property to
be locally quasi-equivalent (cf. Subsec. @) Thus, local quasi-equivalence may be
expected for states satisfying the microlocal spectrum condition. More generally,
local normality can be interpreted as ruling out the possibility of local superselection
rules. Also intermediate factoriality is known to hold for states of the free scalar
field fulfilling the microlocal spectrum condition on globally hyperbolic spacetimes
(cf. again Sec. 3). The condition of intermediate factoriality serves the purpose
of eliminating the possible difference between the folium of a representation and
the folium of any of its (non-trivial) subrepresentations (see Appendix b)). It
can also be motivated as the consequence of a stricter formulation, known a “split
property”, which is expected to hold for all (also interacting) physically relevant
quantum field theories on general grounds (cf. [B6, [L9, f) and is in fact known to
hold for states of the free field fulfilling the microlocal spectrum condition in flat
and curved spacetimes [E, @], and for interacting theories in low dimensions [E]
We also note that the property of a state to fulfill the microlocal spectrum condition
is a locally covariant property (owing to the covariant behaviour of wavefront sets of
distributions under diffeomorphisms @]) and thus, for a locally covariant quantum
field theory it is natural to assume that, if w(y g fulfills (any suitable variant
of) the microlocal spectrum condition, then so does w(ns gy © oy for any ¢ €
homopan (M, g), (M’,g’)). In the case where also the folia of states (i.e., the folia
of their GNS-representations) satisfying the microlocal spectrum condition coincide
locally, one thus obtains the invariance of local folia under local diffeomorphisms
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for families of states satisfying the microlocal spectrum condition, more precisely,
at the level of the GNS-representations of w(as gy and w(ns gy,

F(W(th’) oy 0an0) = F(W(M,g) °am0)
holds for all ¥ € homgpan((M,g), (M’,g’)) and all O € X(M,g). All these prop-
erties are known to hold for quasifree states of the free scalar field fulfilling the
microlocal spectrum condition on global hyperbolic spacetimes, see Subsec. @ for
discussion.

Thus one can see that local diffeomorphism invariance really occurs at the level
of local folia of states for /. In this light, it appears natural to give a functorial
description of the space of states that takes this form of local diffeomorphism in-
variance into account. To this end, it seems convenient to first introduce a new
category, the category of the set of states.

Gts: An object S € Obj(Sts) is a set of states on a C*-algebra A. Morphisms
between members S’ and S of Obj(&ts) are positive maps v* : 8" — S. In
the present work, v* arises always as the dual map of a faithful C*-algebraic
endomorphism v : A — A’ via

YW'(A) =W (y(4), el AcA.
The category Gts is therefore “dual” to the category lg. The composition
rules for morphisms should thus be obvious.

Now we can define a state space for a locally covariant quantum field theory in a
functorial manner.

3.1. Definition.
Let o be a locally covariant quantum field theory.
(i) A state space for o/ is a contravariant functor S between 9Man and Sts:

(M,g) —2— (M',g))

s| s

S(M.g) —— S(M'.g)
where S(M, g) is a set of states on </ (M,g) and oy, is the dual map of cwy; the

contravariance property s
* *
Yoy ¥
together with the requirement that unit morphisms are mapped to unit morphisms.

:ozi;jooz

(i)  We say that a state space S is locally quasi-equivalent if egn. (E) holds
for any pair of states w,o € S(M,g) (with GNS-representations m,7) whenever
(M,g) and O € X(M, g).

(iit) A state space S is called locally normal if there exists a locally quasi-

equivalent state space S so that for each w € S(M, g) there is some & € S'(M, g)
(with GNS-representation 7) so that (ﬂ) holds for all O € X(M, g).

(iv)  We say that a state space S is intermediate factorial if each state w €
S(M,g) fulfills the condition of intermediate factoriality.

We list a few direct consequences of the previous definitions.

3.2. Theorem.

(a) Let S be a state space which is intermediate factorial. Then for all spacetimes
(M,g),(M’',g") € Obj(Man) and all pairs of states w € S(M,g), w' € S(M’,g’)
with GNS-representations w, 7' there holds

(8) F(r'oayoano)=F(roamo), O€X(M,g),
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if and only if the state space is locally quasi-equivalent.

(b)  If the state space S is locally normal, then there exists a family of states
{war,g) : (M, g) € Obj(Man)} on </ with the property that each w € S(M,g) is
locally normal to w(pr,g)-

(o) If S isa locally quasi-equivalent and intermediate factorial state space, then
one obtains a convex, locally normal state space S by defining S(M,g) as the set
of all states which are locally normal to any state on S(M,g).

Proof. In our proof, we will make use of the following statements:
(o) Let A, B and € be C*-algebras with C*-algebraic endomorphisms
ALl.B e,
and let w be a state on C. Then there holds
F(m,0703) D F(Twoy 0 ) D F(Twoyop) s
where 7, denotes the GNS-representation of the state v, we will use this
notation also below.

(8) Let N be a factorial von Neumann algebra on some Hilbert-space H, and let
Hx be some N-invariant closed, non-zero subspace. Then for every density
matrix p = Y . Ai|¢i)(¢;|, where the ¢; are unit vectors in H, there exists a
density matrix p» = >~ 1i1x5) (x;], where the x; are unit vectors in Hay, so
that

(9) tr(p - N) = tr(p™ - N)
holds for all V € N.
These statements will be proved in the appendix.
a). A first immediate observation is that o S(M’,g’) C S(M, g) together with
5 g g) tog
the condition of local quasi-equivalence imply
(10) F(mwoa, 0an0) = F(roano), OecX(M,g).

Now fix O € K(M,g). According to the assumed condition of intermediate facto-
riality, there are a region O; € X(M, g) and a factorial von Neumann algebra N so
that

M (1(0)) €N C Mo (4(01)) -

Consequently, if we choose an arbitrary state w1 € F(m, 0 auy © an,0), then there
exists, according to statement (/3) above, a density matrix p™N = > 1ilxs) (x| with

X; € Hy = N (where ' is the GNS-vector of w’) with the property
w1 (A) = tr(p™ - T oy o aaro(A4)), A€ ano(H(0,90)).

Therefore, the state is in particular given by a density matrix pN in the GNS-
representation of w’ o a4 (0,), 0 that w; extends to a state

w1 € F(ﬂ-""loo‘h{’,w(ol)) .
Owing to covariance, this in turn shows that
W1 € F(Twoayoanmo, ).
Restricting @ again to wy = @1 o apr,0 on (0, gy) yields
w1 € F(Twoa, ©an,0) -

In view of statement (a) above and because of ([L0), we have thus shown that (§)
holds for all O € X(M, g) if S is locally quasi-equivalent. The reverse implication,
saying that (E) implies that S is locally quasi-equivalent, is evident.

(b). One may choose an arbitrary family of states w(yg) € S(M, g); since each
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such choice of states is locally quasi-equivalent to any other, by definition each state
in S(M, g) will be locally normal to w(s,g).

(c). If S is a state space, then it is clearly locally normal owing to the way it is
defined. So it suffices to prove that S is a state space, and convex.
To show that S is a state space, it is enough to demontrate that

ay(S(M'.g") C S(M,g),

since the contravariance property of the a;’s is inherited from the covariance prop-
erty of the ay’s. Now if w’ € S(M’,g’), then this means that

wl (@] aM’,O’ E F(T‘—L:) (@] aM’,O’)

holds for all O’ € K(M’, g'), where & is some element in S(M’, g’). Using covariance
one deduces from this relation

(agw')oan,o =w oayoano € F(mgoayoaymo).
Then part (a) of the proposition entails
(ayw’) o anro € F(mg 0 ano)

for all O € K(M, g) with some & € S(M, g), showing that ayw' € S(M,g).

Finally, we show that S is convex. Let w’ = Aw; + (1 — A)ws be a convex
combination of two states wq and we in S(M,g). Then w;oan.o € F(rgoanm,o),
7 =1,2, for some state © € S’(M, g), and going back to the definition of the folium,
this shows in fact that w’ o ap0 € F(mg o an,0). Thus ' € S(M,g), showing
that S(M, g) is convex. a

Finally, we shall demonstrate that a locally normal and intermediate factorial
state space induces a generally covariant realization of the principle of local definite-
ness proposed by Haag, Narnhofer and Stein @] This principle was introduced in
the context of a net of observable algebras {A(O)}oecx(am,g) Over a fixed, globally
hyperbolic background spacetime (M, g). The principle of local definiteness
demands that there exists a Hilbert-space representation 7w of the C*-algebra A
generated by {A(O)}oex(nm,g) s0 that the set of states, 8, of the theory can be
characterized as consisting of all states w on A that can be extended to normal
states on the local von Neumann algebras M(0) = 7(A(0))”, O € X(M, g). Fur-
thermore, it was required in @] that the local von Neumann algebras M(O) are
factors, at least for a suitable collection of regions O. Here we take the point of view
that one should replace this condition by the (weaker) condition of intermediate fac-
toriality with respect to the family of local von Neumann algebras {M(O)}oex(,g)
since this avoids having to specify precise geometric conditions on the regions O for
which M(O) should be a factor.

Adopting this point of view, we may observe the following. Let < be a locally
covariant quantum field theory with a locally normal and intermediate factorial
state space S, and for (M,g) € Obj(Man), let {A(O)}oex(rr,g) be the net of
C*-algebras on (M, g) induced by & according Prop. 2.2. Let & be any state in
S (M, g) where S is a locally quasi-equivalent state space to which S is locally
normal (cf. Def. 2.3(iii)), and denote by 7 the corresponding GNS-representation.
This representation induces a representation 7 of 7 via defining the representa-
tions 7 | A(O) as T o 0@[170, and hence it induces the corresponding net of von
Neumann algebras {M(O)}oex(nm,g)- It is easy to see that each state w € S(M, g)
extends to a normal state on M(O) owing to local normality of S; additionally
{M(O)}oex(nm,g) satisfies the condition of intermediate factoriality because S is
intermediate factorial. We formulate the result of this discussion subsequently as
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3.3. Proposition. If S is locally normal and intermediate factorial, then the set
of states S(M, g) for {A(O)}oex(m.g) fulfills the principle of local definiteness, for
each (M, g) € Obj(M, g).

3.2. State Space of the Klein-Gordon Field Distinguished by Microlocal
Spectrum Condition.

For the locally covariant quantum field theory of the Klein-Gordon field, we will
show in the present subsection that the microlocal spectrum condition selects a
state space that is locally quasi-equivalent and intermediate factorial.

We have to provide some explanations first. Let (M, g) € Obj(Mlan) and let E,
(R, o) be defined with respect to the Klein-Gordon equatation (fil) on (M, g). A
state w on W(R, o) is called quasifree if its two-point function

ws? (foh) = 80y |,_. _ow(W(tEf)W (TER))
exists for all f,h € C§°(M,R), and if w is determined by wgw) according to
W(W(ES)) = e s D),

A quasifree state w is a Hadamard state if its two-point function is of Hadamard
form. This property is a constraint on the short-distance behaviour of the two-

point function. Qualitatively, it means that wéw) is a distribution on C§° (M, R) x
C§°(M,R) of the form

(1) w0 = iy [(Geleg) + Hle, ) @) dig () dig )

where H,, is a smooth integral kernel depending on the state w, while the singular
part of wéw) is given as the limit of a family of integral kernels G, which are deter-
mined by the metric g and the Klein-Gordon equation via the so-called Hadamard
recursion relations. The leading singularity is of the type 1/(squared geodesic dis-

tance from z to y). We refer to [@] for details. The Hadamard property can be

equivalently expressed in terms of a condition on the wavefront set WF(wéw)) of
the two-point function [BJ (see also [B4]): w is a Hadamard state exactly if the

pairs of covectors (z,n) and (2’,7') which are in WF(wéw)) are such that their
base-points x and z’ lie on a lightlike geodesic, and the co-tangent vectors n and
—n' are co-tangent and co-parallel to that geodesic, with 5 future-pointing.

This characterization of the Hadamard condition in terms of a constraint on the
two-point function of a state is also referred to a “microlocal spectrum condition”
because it mimicks the usual, flat space spectrum condition in the sense of microlo-
cal analysis; its advantage is that it may be formulated for general quantum field
theories, in contrast to the Hadamard condition which requires that the 2-point
function satisfies a hyperbolic wave-equation [ﬂ, @] We refer to the indicated ref-
erences for further discussion. In the context of the present subsection, we will use
“Hadamard condition” and “microlocal spectrum condition” synonymously.

Now let o/ be the locally covariant quantum field theory associated with the
Klei-Gordon field as in Subsec. @ It is important to note that, owing to the
functorial transformation properties of wavefront sets under diffeomorphisms [E],
a quasifree Hadamard state w’ on &/ (M’,g’) induces a quasifree Hadamard state
w' o ay on o7 (M, g) whenever ¥ € homonan (M, g), (M',g")). Furthermore, was
shown in [@] that there exists a large set of quasifree Hadamard states for the
Klein-Gordon field on every globally hyperbolic spacetime (M, g). Moreover, the
results in [@] show that the GNS-representations of quasifree Hadamard states are
locally quasi-equivalent, and in [@ it was proved that the condition of intermediate
factoriality is fulfilled for quasifree Hadamard states. We may thus summarize these
results in the subsequent
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3.4. Theorem. For each (M,g) € Obj(MMan), define S(M,g) as the set of all
states on </ (M,g) whose GNS-representations are locally quasiequivalent to the
GNS-representation of any quasifree Hadamard state on o/ (M, g). This assignment
results in a state space which is locally quasi-equivalent and intermediate factorial,
and S(M, g) contains in particular all quasifree Hadamard states on <7 (M, g).

4. DYNAMICS
4.1. Relative Cauchy-Evolution.

For theories obeying the time-slice axiom one can define relative Cauchy-evolutions,
as follows. Let (M1,g,) and (Ms, g,) be in Obj($Mtan). We suppose that there are
globally hyperbolic sub-regions Nji of M;, j = 1,2 containing Cauchy-surfaces
of the respective spacetimes. Moreover, we assume that there are isometric (and
orientation/time-orientation-preserving) diffeomorphisms (* : N f[ — NQi when
the regions are endowed with the appropriate restrictions of the metrics g; and g,,
respectively. Henceforth, we shall suppress the diffeomorphisms * in our notation
and identify IV 1i and ]\]2jE as being equal. The isometric embeddings of N ji into M;
will be denoted by 1/)}. They are depicted in the following diagram:

P N _

N M, N;

n _
N2+ ¥y M2 Py N2—

By the functorial properties of a locally covariant quantum field theory <7, the
previous diagram gives rise to the next:

chf OLw,

o(N{") o (My) ——— o/(Ny)

« [0 Zp—
S(NF) — (M) e ()
where we have, for the sake of simplicity, suppressed the appearence of the spacetime
metrics in our notation. If the theory & obeys the time-slice axiom, then all the
morphisms in this diagram are onto and invertible, and hence one obtains from it
an automorphism 8 € homgyg(e/ (M), o/ (M)) by setting
-1
2
Under certain circumstances (which may be expected to be generically fulfilled) it
is possible to form the functional derivative of the relative Cauchy-evolution with
respect to the metrics of the spacetimes involved in its construction. This functional
derivative then has the meaning of an energy-momentum tensor. In fact, we will
show below for the example of the Klein-Gordon field that the functional derivative
of the relative Cauchy-evolution agrees with the action of the quantized energy-
momentum tensor in representations of quasifree Hadamard states.
In order to give these ideas a more precise shape, we introduce the following

—1
—Q,-00 _O0Q,+ 0
6 "1"1 1[12 %

Geometric assumptions.

e We consider a globally hyperbolic spacetime (M, 5) where it is assumed that
M can be covered by a single coordinate patch.
e We pick a Cauchy-surface C in (M, 5), and two open subregions N of M
with the properties:
— Ny C int J*(0),



THE GENERALLY COVARIANT LOCALITY PRINCIPLE 23

- (Ni,éNi) are contained in Obj(9Man),

— N contain Cauchy-surfaces for (M, g).
e Let GG be a set of Lorentzian metrics on M with the following properties:

— Each g € G deviates from 5 only on a compact subset of the region

My, = M\[J~(N_) UTH(N,),

each (M, g), g € G, is a member of Obj(Man),
— C'is a Cauchy-surface for (M, g), g € G,
— If g € G, then the family {g,}.c[o,1) of metrics given by

(o) [e]

g, =9g+s(g—g), 1>5>0,

is also contained in G.
— If ¢ is a diffeomorphism of M which acts trivially outside of M _), then
¢+g is contained in G.

It is clear from these assumptions that one may view the metrics g in G as “per-
turbations” around the metric 5 on M _y. Moreover, (Nx, éNi) are also globally
hyperbolic submanifolds of (M,g) for each g € G. Hence there are isometric

embeddings ¥} € homgman((Ni,éNi), (M,g)) for all g € G as well as isomet-
ric embeddings yF € homgman((Ni,éNi), (M,g)). To these embeddings one can
associate the relative Cauchy-evolution 8y € homey g (27 (M, g), (M, g)) given by

(12) Bg = ay o O‘ll e

5 o O(w;r o«
Remarks. (A) One may view (4 as a “scattering morphism” describing the change
that the propagation of a quantum field undergoes passing through the region with

the “metric perturbation” g — 5 compared to the background metric 5

(B) There is some relation between the relative Cauchy-evolution and the evolution
of Cauchy-data from one Cauchy-surface to another which e.g. in the case of the
scalar Klein-Gordon field is also known to lead to C*-algebraic endomorphisms
B, Bd]. We refer to the references for more discussion.

(C) Hollands and Wald [4] consider for the case of the free Klein-Gordon field

related operators ng" and T;et, which would correspond to the operators Qo

) vy
and Q= © aw;.

As the theory & is locally covariant, it follows that the relative Cauchy-evolution
is insensitive to changing g into ¢.g when ¢ is a diffeomorphism of M that acts
trivially outside of the intermediate region M, _). More precisely, one obtains:

4.1. Proposition. Let ¢ be a diffeomorphism of M that acts trivially outside of
My —y (i.e. $(x) =z for all x in the complement of My _y). Then

ﬁg:ﬁqﬁ*gu QEG

Proof. Tt holds that ¢ is a morphism in homggan ((M, g), (M, ¢.g)), and hence

d)odjét = 1/}:;*9
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owing to the definition of wgi since ¢ acts trivially on Ni. On the other hand, it
holds that

-1 -1
= e [¢] @]
Bg Qs OO, - 0Qut o

—1 —1
= - oW o o o« o
Xy ¢ OOy O+

<] 1/}5
= a,-oa ' _oa +ocf1
Yo porhy pothg d
- -1
= - oaw;g Oa¢$*goa¢0+
= 6‘1’*9 .
O
We will now make assumptions that allow us to define the functional derivative of
Bg with respect to g € G. To this end, we assume that 7 is a Hilbert-space repre-
sentation of &/ (M, 5), and that there is a dense subspace V of the representation-
Hilbert-space H and a dense x-sub-algebra B of o/ (M, 5) so that, for all smooth
curves [0,1] 3 s+ g, € G with g(,_¢) = g, there holds

d
< 6,7(5,,(B))0)

- / b ()59, (2)(~§ () d
M

for all # € V, B € B with a suitable smooth section & — b*’(x) in TM @ TM
(depending on @ and B); we have written 0g = dg,/ds|,_,, and ¢ is the determinant

s=0

of 5 in the coordinates used for M. Then we write

1)
, ——7(ByB)0) = b (x),
o) B0 = @)

and thus the functional derivative of the relative Cauchy-evolution 84 with respect
to the metric g,

T

)

09, ()
is defined in the representation 7 for all B € B in the sense of quadratic forms
on V. (As announced before, these assumptions are realized for the free scalar
Klein-Gordon field in representations of quasifree Hadamard states, see Sec. @
below). The functional derivative of 54 with respect to g describes the reaction of
the quantum system to an infinitesimal local change of the spacetime metric. As
known in classical field theory, this is described by the energy-momentum tensor,

and we will find this corroborated in the quantum field case by Thm f.3 below.

It is mentioned in [@] that the functional derivative of ngv/ " with respect to g

describes the advanced /retarded response of the quantum system upon infinitesimal
metric changes.

When the indicated assumptions are fulfilled, then we find that the relative
Cauchy-evolution is divergence-free.

m(BgB)

4.2. Theorem. For all B € B, one has

0
"8g,, ()
m zihe sense of quadratic forms onV where V is the covariant derivative with respect
to g.

v 7(Bg(B) =0, weM,

Proof. Let X be a smooth vector field on M which vanishes outside of M, _), and
let ¢s, s € R, be the one-parametric group of diffeomorphisms that is generated by
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X. By Prop. §.1, we have o, — o = 0 for all s, and hence one obtains that
Y g Psxg

d —
ds bsxg

On the other hand, using the notation b**(z) = (0,07 (84(B))/ég,, (x)0) and re-
calling the definition of §34/dg,,, (), we have

d
— pHv -
s=0 /M (x) ds

for all B € B, # € V. Now one can conclude that V,b*” = 0 as in the case of

classical field theory (cf. 23], Sec. 3.3): It holds that %}5:0 (bs*éw = ‘£X§W =
VX, +V, X, where £x denotes the Lie-derivative, and hence

0.

d

0= (0.8, .(B))

ds ¢S*§yu(x)(_§)1/2(x) dx

s=0

0= /M D () £, (2)(—5) V2 ()

= 2/ (Va0 X)) (@) = (Vb (@)X, () (—9) /2 (z) da
M

The first term in the last expression is a divergence and can be converted to a surface
integral which hence vanishes since X has compact support. As X was an arbitrary
vectorfield supported inside My _y, one thus concludes that V,b"(x) = 0 for
x € M4 _y; on the other hand, b*¥(x) = 0 for all z outside of M _y according to
the definition of the functional derivative of the Cauchy-evolution. Thus V,0*” =0
on M, and this completes the proof. O

4.2. Relative Cauchy-Evolution for the Klein-Gordon Field.

In the present sub-section we will investigate the relation between the functional
derivative of the relative Cauchy-evolution for the quantum Klein-Gordon field with
respect to the spacetime metric, and the quantum field’s energy-momentum tensor.
This will be the presented in Theorem @ below. Before stating this result, we
will discuss the form of the relative Cauchy-evolution for the generally covariant
Klein-Gordon field in some detail.

Let (M,g) be an object in Obj(Man) and let (N, gy) be globally hyperbolic
sub-spacetime of (M, g), so that the identical injection ¢y : N — M, ty(x) = x is
a morphism in homgnan((N, gy ), (M, g)), where g is g restricted to N. Further-
more, let (R, o) denote the symplectic space of solutions of the Klein-Gordon equa-
tion ([l) on (M, g), and (Ry,on) the corresponding symplectic space of solutions
on (N,gy). E and Ex will denote the associated propagators, respectively. We
have seen above that ¢y induces a C*-endomorphism «,, : 2(Ry,on) — W(R, 0)
by

(Wi (p) =W(Tny), ¢€Rn,

where we have denoted by Wi (.) the Weyl-generators of 20(Ry,on) and by W(.)
those of (R, o). The map Ty assigns to each element En f, f € C§°(N,R), of Ry
the element Ef € R.

Let us now consider the case where N contains a Cauchy-surface for (M, g). In
this case, Dimock [E] has shown that the map Ty is surjective, i.e. TyRy = R.
Ty is also injective (since it is symplectic), and we want to derive the form of the
inverse map T&l. To this end, let ¢ € R, and let ¥ be a Cauchy-surface for (M, g)
contained in N. There exists a pair of two other Cauchy-surfaces 24V and ¥ret
for (M, g) in N where X2V lies in the timelike future and X" in the timelike past
of ¥, hence U = int J~(X2¥) N J*(Xt) is an open neighbourhood of ¥ whose
closure in contained in N. Now we choose a partition of unity {x*V, x***} of M
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so that x*V = 0 on J~(¥™!) and x™* = 0 on J*(¥*!V). Then the properties
X + ™t =1 and (VOV, + &R +m?)p = 0 imply

(13) (VOV4 + ER+mD) (*VV ) = —(VOV, + ER +m?) (X" p) .

Since the left-hand side vanishes on J~ (') and the right-hand side vanishes on
JH(23V) while ¢ = Ef has support in J(supp f) for some compactly supported
f, one deduces that both the left- and right-hand side expressions of ([LJ) are
compactly supported in U C N. Using the properties of the propagator E, one can
moreover show (cf. [[Ld])

E(VV,+ &R+ mz)(xadv/retgo) =+p, @peR.

Since E(VHV ,+m2+£R) (/™) is contained in E(C§°(N,R)) and Ef — En f,
f € C§°(N,R), is a symplectic map from (R, o) onto (Ry, on) owing to the unique-
ness of advanced and retarded fundamental solutions of the Klein-Gordon equation
in globally hyperbolic spacetimes, we can see that T&l i (R,0) — (Rn,on) is given
by
Ty'(p) = £EN(VVa + ER +m?) (™).

Now we wish to study the relative Cauchy-evolution for the scalar Klein-Gordon

field. We assume that we are in the situation described in the previous subsection:

We are given a globally spacetime (M, 5), with subregions Nx and M4 _) on the

latter of which metrics g in a set G deviate from 5, where these data are subject
to the geometric assumptions listed above.
For the generally covariant theory of the Klein-Gordon field, we see from our

discussion above that 3 acts on the generators W(.) of the CCR-algebra of the
Klein-Gordon field on (M, g) like

Bg(W(p)) = W(kgp):
here, Fg : R — R is the symplectic map
Fg=Tn_o0 T&ig oTn, g0 Tﬁi,o
with
TNy g: ENygf = Egine«f, [€CF(Ng,R),
TNi7°:ENif'_)ELNi*f7 fEC(())O(NiaR)u
Tlﬂl,g tp e —En g Kg(XE'0), &€ Ry,

[e] [e]

T]Gi,o SOH_ENiK(XYith)a <P€:Ra

o [e] o [e]
where E,R, 0, En,,Rn,, gNi, Eg,Rg,04 and En, g,RN, g,0N, g denote the
propagators, range-spaces and symplectic forms corresponding to the Klein-Gordon

equation on the spacetimes (M, 5), (Ni,gNi), (M, g) and (M, 5), respectively. The

functions Xidv/ " are defined relative to suitable pairs of Cauchy-surfaces Eidv/ ret

lying in Ny. By K4 and K we denote the Klein-Gordon operator
VoV, +ER+m?

on the spacetimes (M, g) and (M, g), respectively. Note that (up to identification)

En, g = En, for all g € G according to our geometric assumptions, and thus also
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)
o . .
Rn.,g =Rny, ony,g = 0n,. This entails

(14) Fyp = EKgX\""EgKX "¢, ¢€R,

where we have dropped the embedding identifications ¢, » from our notation. This
relation will be the key ingredient in the proof of the next theorem. Prior to stating
it, some further preparation is required.

Let us select some arbitrary quasifree Hadamard state w on o (M, g) = 20(R, &),
the Weyl-algebra of the Klein-Gordon field on (M, g). Then we will write

Wo(p) = mu(W(p), ¢eR,

for the Weyl-operators in the GNS-representation 7, of w; then we have
Wo(p) = e'®(®)

with suitable selfadjoint operators @, () in the GNS-Hilbert-space H,,, depending
linearly on ¢, and

Wl (f,h) = (Qu, S (B, (ER)Q),  f,h € CE(M,R),

with the GNS-vector 2,. Let V. the set of all vectors 6 in H, which are vof the
form 6 = B, where B is an arbitrary polynomial in the variables W,,(¢), @, (¢")

[e]
as ¢ and ¢’ vary over R. One can show that each § € V,, is in the domain of all

operators @, () and that the wavefront sets WF(wge]) of the two-point functions

induced by 6 € V,,,

Wl (f,1) = (0, 8,(E)®,(ER)O),  f,h € C(M,R),

are of the same shape as those of the two-point functions of Hadamard states [[L5].
Furthermore, denoting by

(I)w(f):(i)w(Ef)v feC(())o(MvR)a

the quantum field induced by ®,,, one can show that there is for each pair of vectors
6,0" € V,, a smooth function = — (8, @, (x)0') on M so that

(6,2, ()0) :/ (0, 9u(2)8") f(z) (~9)"/? (2) dx

M

where we recall that B(x) is the determinant of 5 in the coordinates used for M.
These assertions rest on the fact that (1) €, is an analytic vector for all ®,,(y),
(2) [®u(), Wo(P)] = —a(p, @)W, (@), and iterated use of this relation, (3) the
distribution f — wgw)(f, h) is induced by a smooth function, and w[;] (f,h) can be

reduced to a sum of products of such wéw)( f,h;) (with suitable coefficients) since
w is quasifree.

After these preparations, we obtain:
4.3. Theorem. Under the geometric assumptions listed above, there holds

) o 7 o
7ﬁwww:__T#Vx7ngo7 ERa‘TEM —)>
oy a)a(0) = 5T @ W), )

in the sense of quadratic forms on V,,, where T, is the generally covariant renor-

(15)

malized energy-momentum tensor of the quantized Klein-Gordon field on (M, 5) m
the GNS-representation of w, and w is an arbitrary quasifree Hadamard state.
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Remarks. (A) Note that the classical expression for T}, is T),, = \/% @%SKG .
g9=g
where Skg is the action integral of the Lagrangian density

1 v
Lxa =5V (9" VoV — (m* + ER) %) .

Here we use the convention that 7}, is defined in this way, and that T"" =

EMO‘EVBTQB and not THY = —\/2_—(]%5}{(;} .- The latter expression differs from
g v 9=g
the former, which we use, by a sign.

(B) Instead of the generally covariant renormalized energy-momentum tensor one
may also use the energy-momentum tensor renormalized with respect to w as refer-
ence state, since the two definitions differ by a term which is a multiple of the unit
operator and hence is cancelled by the commutator on the right hand side of )
In fact, one may even use (after point-split regularization) the “unrenormalized,
formal expression” (cf. [[[4]) for the quantum energy-momentum tensor since only
the commutator of the energy-momentum tensor appears.
(C) Similarly one can show that
) i
Py = —5[1""(x), P|
0g,,(x) ¢ 2

holds in the sense of quadratic forms on V,, for all polynomials

P= Z (i)w(spj,l) T ‘i’w(%‘,kj)

Proof. We will give the proof only for the case £ = 0 in order to simplify notation;
however, the case of arbitrary £ can be carried out along the same lines. For any

smooth curve [0,1] 3 s — g, € G with g,_, = g, we will write dg = dg,/ds|,_q,
and dyg = % ‘s:O Yyg, for any function y, depending on g € G.

Let 6 € V,,. Since ﬁg(V?/(go)) = V?/(Fg ), one finds by a general argument (cf.
e.g. L)) that
. o
3(BgW)wt = 6(W(EFgp))wt = S{Pu(0Fg9), Wu(@)}0, »eR,

where {A, B} = AB+ BA denotes the anti-commutator. One must therefore derive
an expression for §Fy. It holds that (cf. ([L4))

0Fgp = 5(EKgX1ftEngft<p)
= E(0Kg)X“'¢ + EKX""(0Eg)x "¢

Now 0Ky is a partial differential operator whose coefficient functions are compactly
supported within M4 _y as a consequence of the geometric assumptions. Since

M, yNJ~(N-) =0, and supp x*** C J~(N_), it follows that E(6Kgx***)¢ =0,
and hence

6Fgp = EKX"'(0Eg) KX p.
On the other hand, it holds that

X EgKX o = X By KX o — X B KX e,
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[e]
and since ESdVKxﬂft has support in JT (N, ), while x** has support in J~(N_),
the first term on the right hand side vanishes, leaving us with

0Fgp = —Eleft((;E;Ct)left(p .
Then we deduce from E*Kgf = f for all f € C5°(M,R) that
5E;et — _Eret (5K9)Eret ,
and thus we obtain
6Fgp = EKX™'E™" (6 Kg)E"™" KX
Now we use the same support arguments as before to conclude that ertEadV(SKg =

0 and 5KgEad"Io()éftgp = 0, and hence it holds that
§Fgp = EKX"'E(5Kq)EK X' v = E(0Kg)p

)
for all p € R.
Therefore, our discussion so far shows that (E) is proved as soon as we have
shown that, given g € G,

/<9, {20 (2), W (9)}0) (6K ge) (z) (=9)'/? () dx
(16) = —/<97 [T (x), W (01609 .0, (2) (=) * () dx

holds for all ¢ € R and all 8 € V,; note that 6Kg4 is a differential operator on
C*(M,R) containing ég,,,. Due to the coordinate-independent nature of the in-
tegrals, it is sufficient to demonstrate that (@) holds in some arbitrarily chosen

coordinate system for M. We may thus choose coordinates so that —5(3:) =1 for
all . In such coordinates, one obtains

1 [e] o [e]
0Ky = 3 W((?“(go‘%gaﬁ))a” —0"6g,,0" (—g=1).

Making also use of the fact that the dg,,, are compactly supported, and that ¢ is a

solution of the Klein-Gordon equation ([l) on (M, g) (for £ = 0), one obtains after
partial integration in coordinates where — f] =1,

(41 [ (60,10 () Wal@)))(0Ky) (o) do

J((6.00" 20 W (000007 ) = 5 (216, 070 0). W ()10 ()

3 (Dm0, (2,(0). Wo)}0)6(a) ) b, (0)do.

We shall next investigate the right hand side of (fl§). The commutator of W, (¢)
with the formal, point-split expression for the bitensor T""(x,x’) is given by
<9= [THV(x’ CL'/), Ww(@)]9> = (0, [a“@w (;C)a”(I)w (‘Tl)v W, ((p)]@>

1o » o
B igup ()Y (2, 2")(0, [(OaPu ()Y “5(z, xl)aﬁq)w () - m?®,, () @y (2")), Wa (9)]0)
where Y”,(z,2’) denotes the bitensor of parallel transport of vectors in T,y M to
T,M. In order to be able to take the limit ' — z, one uses the relations

(@0, (h), W ()] = i[®u(h), P (9)]Wa(yp) and
i[Pu(z), P ()] = —p(x), heCg°(M,R), p €R;

_|_
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the first relation holds generally in quasifree representations of the CCR-algebra as
a consequence of the Weyl-relations, and the second relation is easily deduced from
the equations

[®w (h) o ()] = io(Bh, o) =i [ ho(=9)"? da,

(0, [@u(h), €, (0)]60) = [(8, [®u(2), Du(¢)]0)h(2)(=9)"/*(2) da

which hold for all h € C§°(M,R), 0 € V,,. Inserting these relations together with
the identity [AB,C] = [4, C|B + A[B, C] yields for all § € V,,

(0, [T (2, "), W, ()10)
= —(0,(0" Py (2) W (9)0” () + "o ()W (0)0" By ('))0)

+-9"(x )Yp”<97 Yaﬁ(aaq)w (x)Ww(@)‘?B‘P(‘T/) + Oatp(z)Wey (90)8Bq)w ($I>)9>

_§gup( )Ypym2 (0, (D ()W (@)p(2") + p(x)We, (p) @y (2))0)

where we have abbreviated Y,”(x,2") by Y,”, etc. In the last expressions, one can
clearly take the limit 2/ — z without occurrence of any divergencies to obtain, upon
observing 6g,,, = 6g,,,,

(15) (0, [T (2), W (2)16)39,, ()
= —(0,{0"®u(2), W, (£)}0)0" p(x)dg,,, ()
50 ()00, {0a (), W (9)}0)0" o(2)53,, (1)

— 5 @m0, {@u2), W (£)}0) ()59, (2).

Comparing ([[7) and ([[§), one can see that the right hand side and the left hand

side of ([L) agree for coordinates where —g = 1, for all ¢ € R, § € V,,, and all
g € G. As this is sufficient for the validity of ), the proof is complete. O

5. WICK-POLYNOMIALS

The enlarged local algebras formed by the Wick polynomials defined in [ﬁ] (with
the extended microlocal domain defined in [ff]), which can be constructed in rep-
resentations of quasifree Hadamard states of the free field over globally hyper-
bolic spacetimes, also satisfy the condition of local covariance. However, the Wick-
polynomials themselves are in general not locally covariant quantum fields in the
sense of Def. @

This point has been taken up recently by Hollands and Wald [@], and they have
shown (among other things) that one may suitably define Wick-polynomials of the
free scalar field which have the property to be locally covariant quantum fields
in the sense of Def. @ Here, we sketch an alternative —yet very much related—
approach to constructing such locally covariant Wick-powers which emphasizes the
cohomological nature of the problem.

Let, for (M, g) € Obj(Man), w(ar,g) be a quasifree Hadamard state of the Klein-
Gordon field on (M,g), and let : ®" 3, = denote the n-th Wick-power of the
quantized Klein-Gordon field in the GNS-representation of w = w(ys,g), as defined in
. 6. By W (M g) we denote the unital *-algebra formed by all these Wick-powers.
When ' = w( M.g) is another quasifree Hadamard state, then one can show (cf. [@
that there is a *-isomorphism & : #,,(M,g) — #.,(M,g), so up to isomorphisms,
#.,(M, g) is independent of the chosen quasifree Hadamard state. Now, to illustrate
that the Wick-powers defined with respect to a reference Hadamard state are not
locally covariant, and how they may be re-defined to become locally covariant in
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terms of the solution of a cohomological problem, we will consider in the following
the case of the Wick-square.

In order that the family {:®? o M’g)} of Wick-squares, defined with respect to a
family {w(as,g)} of quasifree Hadamard states, be a locally covariant quantum field,
it is required that there is for any ¥ € homgnan((M, g), (M’,g’)) a unital x-algebraic
morphism 7y, : #,(M,g) — #,(M',g’) so that 7, (: ®%:,,,, ) =: P fwintr.gry QW
But actually it holds that

Gy (020, (@) =187, ((@)) + (wy ) (), () — wi ) (2, 2)

where we have indicated distributions by their variable entries (x), and &y is an
appropriate extension of the C*-algebraic morphism associated with the Klein-
Gordon field’s functor /. Thus, the difference term on the left hand side will have
to vanish in order that {: ®? ‘wiar.g } De alocally covariant field. As we have already
indicated in Sec. B.1, this will not hold in general (see also [24]).

Let us indicate how this problem may be solved. If w = w(js gy and W' = ng,ﬂ,)
are two quasifree Hadamard states over the spacetime (M’ g’), then there is a
smooth function By, on M’ so that :®%:, (z/)— :®?:,/ (2') = By (2'). These
functions satisfy the covariance condition

Buody wod, () = Bow (¥(x), €M,
for ¢ € homopan((M, g), (M’,g’)), and moreover, they fulfill a cocycle condition
By o + By + By = 0.
The aim is now to trivialize this cocycle while preserving its covariance properties.
In other words, we are seeking to associate with each quasifree Hadamard state

w = w gy over (M',g’) a smooth function f,,, , € C°(M’) so that the
resulting family of smooth functions transforms covariantly, i.e.

fwodw(x) = fw(w(x)), 1/} Ehomma“((Mag)a(M/ag/))v
and trivializes the cocycle, i.e.
Bw,w/(xl) = fu.) (ZE/) — fu.)’ (I/) s ,I/ = ]\4/7

for w = W gy, W = wéM, o) any pair of quasifree Hadamard states over (M, g).
Hence we would obtain a locally covariant Wick-square by setting

1 P2 (M,g) (I) =:¢? ‘Wi, g) (I) - fw(M,g) (I)

for arbitrary choice a of quasifree Hadamard state w(,s gy over (M, g).

It is not too difficult to find the solution to this cohomological problem. Recalling
the definition of the Hadamard form by Kay and Wald [%one finds that the
diagonal values of the smooth, non-geometrical term H,, (cf. ([L1))) of the two-point
function of a quasifree Hadamard state w have the required properties, i.e. a solution
of the cohomological problem is provided by defining

folz)=H,(x,2), =€ M,

for all quasifree Hadamard states w = w(ar,g) over (M,g). Actually, H,(z,y) is
defined off the diagonal x = y only up to a C*°-function owing to the fact that
the geometrical terms G, are affected by the like ambiguity. However, one can
show that this ambiguity vanishes for y — z and that, consequently, H,(x,z) is
well-defined, see the discussion in Sec. 5.2 of [p4].

Higher order Wick-powers which are also locally covariant may then by obtained
by differentiating the generating functional

A0 (@) (Mog)= e%)ﬁj»w(z) L 2(2) ‘o
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with respect to the real parameter A\, where w = w(y/ g) is any quasifree Hadamard
state over (M, g).

Finally we remark that we have only considered Wick-powers without derivatives.
A discussion of Wick-powers with derivatives is contained in a recent work by
Moretti [B]].
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6. APPENDIX
a) Proof of statement () in the proof of Thm. [3.3

It is clearly sufficient to prove that F(m,o3) C F(m, o 3) for all states w on a
C*-algebra B and all C*-algebraic endomorphisms ( : A — B, where A is another
C*-algebra. Consider the GNS-representation (H,,, 7., 2,) of B corresponding to
the state w. Define a new Hilbert-space H® as the closed subspace of H,, which
is spanned by m,(@(A))Q,. Then we may clearly identify the GNS-representation
(Huwoas Twoas Qwoa) 0f A induced by the state w o a with (H*, 7, o a, ) since
this triple has all the properties of the GNS-triple corresponding to w o o, and the
GNS-triple is unique (up to unitary identifications). Hence, if w’ € F(7y0a), then
there is a density matrix p’ =3, 11;|$;)(¢;| with unit vectors ¢; € H® such that

W' (A) = tr(p'm, 0 a(A))

holds for all A € A. This density matrix is then also a density matrix on H,, O H,
and owing to the just displayed equality, then also w’ € F (7, o «) according to the
definition of the folium of a representation.

b) Proof of statement (j3) in the proof of Thm. 3.4

We quote the following result which is proved as Prop. 5.3.5 in : Let B be a
C*-algebra and 7 a representation of B on some Hilbert-space H; moreover, let
H’" be a closed subspace of H which is left invariant by 7(B) and non-zero, and
define the subrepresentation 7'(B) = w(B) | H', B € B, of m on H'. Then = is
quasi-equivalent to 7’ if the von Neumann algebra 7(B)” is a factor.

We apply this to prove statement (3) as follows: Let 7 the identical represen-
tation of the factor N on the Hilbert-space H, and let «’ the subrepresentation
relative to H' = Hy. According to the quoted result, F(r) = F(7’). And this
just says that for each density matrix p on H there exists a density matrix p™ on
Hyc = H' so that

tr(p- N) = tr(p- 7(N)) = tr(p™ - 7/ (N)) = tx(p™ - )
holds for all N € N.
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