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Abstract In this paper, we study the multiple ergodic averages of a locally constant real-
valued function in linear Cookie-Cutter dynamical systems. The multifractal spectrum of
these multiple ergodic averages is completely determined.

1 Introduction and statement of results

Let T : X — X be a continuous map on a compact metric space X. Let f1,..., fr (€ > 2)
be ¢ bounded real-valued functions on X. The following multiple ergodic average
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is widely studied in ergodic theory by Furstenberg [9], Bourgain [2], Host and Kra [10],
Bergelson, Host and Kra [1] and others. Fan, Liao and Ma [6] and Kifer [13] have indepen-
dently studied such multiple ergodic averages from the point of view of multifractal analysis.

Later on, the multifractal analysis of multiple ergodic averages have attracted much
attention. First works are done on symbolic spaces. Let m > 2 be an integer and S =
{0, ..., m — 1}. Consider the symbolic space ¥,, = S N* endowed with the metric

d(x,y) = R U S VTR Yy E X

The first object of study was the Hausdorff dimension of the following level sets ( [6])

n

1
E(@) = [(xk),fil €¥p : lim > xpxo = a}, ael0,1].
k=1

More generally we may consider the Hausdorff spectrum of the following level sets of
multiple ergodic averages

l n
[/ oo
E () = :(xk),?il €Xp : nll)n;o”glw(xk,xkq,...,xqul)za}, aeR (1)

where g > 2, ¢ > 2 are integers and ¢ is a real-valued function defined on {0, ..., m — 1}‘5.
The level set E(«) then corresponds to the set E(f; (o) with special choice ¢ = 2,¢ = 2
and ¢(x, y) = xy. See the works of Kenyon, Peres and Solomyak [11,12], Peres, Schmel-
ing, Seuret and Solomyak [16] on some specific subsets of level sets E(«). See Peres and
Solomyak [15] for the multifractal analysis of E(«). Fan, Schmeling and Wu [5,8] have
considered a class of functions ¢ that are involved in (1). Fan, Schmeling and Wu [7] have
also considered some similar averages called V -statistics.

All of the above mentioned results concentrated on the full shift dynamical system (%,,,, o)
where the Lyapunov exponent of the shift transformation is constant. Recently, Liao and Rams
[14] performed the multifractal analysis of a class of special multiple ergodic averages for
some systems with non-constant Lyapunov exponents. More precisely, they considered a
piecewise linear map 7" on the unit interval with two branches. Let Iy, I; C [0, 1] be two
intervals with disjoint interiors. Suppose that for each i € {0, 1}, the restriction T : [; —
[0, 1] is bijective and linear with slop e*, x; > 0.Let Jr be the repeller of T, i.e.

Jr = ﬂ 770, 1].

n=1

Then (Jr, T) becomes a dynamical system. As in [5,6,15], Liao and Rams investigated the
following sets

L(a) = {x e Jr: nirgo % Z 17, (T*x)1;,(T%x) = a} (@ € [0, 1]).
k=1

By adapting the method of [15], they obtained the Hausdorff spectrum of the above level sets
L(a).

We point out that the methods used in [15] and [14] seem inconvenient to be generalized to
other IFSs with many branches and more general potentials ¢. Some more adaptive methods
are needed to generalise Liao—Rams’ results. The aim of this paper is to use similar arguments
as in [8] to extend Liao—Rams’ results to the situation that we describe below.
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Let lo, ..., I—1 C [0, 1] be m intervals with disjoint interiors. Let T : U;":_Ol I, — [0, 1]
be such that the restriction 7]y, is bijective and linear with slope Mior >0 O<i<m-1).
Denote by Jr the repeller of T'.

Let £ > 2 be an integer, and ¢ be a function defined on [0, l]Z taking real values. We
assume that ¢ is locally constant in the sense that ¢ is constant on each hyper-rectangle
Iil ><I,'2 X e XI,‘[ O <iy,ip,...,ig <m-—1).

With an abuse of notation, we write

play,az,...,a¢) = @, iz, ...,10¢)

forall (ar,az,...,a¢) € Ij) X Iy x --- X I;,.
In this paper, we would like to study the following sets

1 _
Ly(a) := {x elJr: nlijgozzfﬂ(Tkx, Thyx, . T x) =ot}, a e R.

Our aim is to determine the Hausdorff dimension of L ().

For simplicity of notation, we restrict ourselves to the case £ = 2 (the same arguments
work for arbitrary £ > 2 without any problem). For any s, r € R, consider the non-linear
transfer operator Ay ) on R’} defined by

m—l 1/q
Went); = | DOy | (1 =0..om=1). &)
j=0

forallt = (¢ j)’;’;ol € R%. In [8], a family of similar operators N; (s € R) was defined.
Notice that the Lyapunov exponents 2 ;’s are now introduced in the definition of Ny ;).
It will be shown in Proposition 1 (see Sect. 2) that the equation N ¢ = ¢t admits a unique

strictly positive solution (fo(s, r), ..., tyy—1(s, r)). We then define the pressure function by
m—1
P(s.r)=(q—1)log » tj(s.r)e”"™.
j=0

It will also be shown (Proposition 1) that P is real-analytic and convex, and even strictly
convex if ¢ is non-constant and the 1 ;’s are not all the same.
Let A and B be the infimum and the supremum respectively of the set

a € R: 3(s,r) € R such that a—(s, ry=ay. 3)
s

Let D, = {o € R: Ly(a) # @} . Our main result is as follows.

Theorem 1 Under the assumptions made above, we have
(i) We have D, = [A, B].
(i) Forany o € (A, B), there exists a unique solution (s(a), r(«)) € R? to the system

{ P(s,r) =as

P
G5 (s, r) =a.

“

Furthermore, s(a) and r(a) are real-analytic functions of o € (A, B).
(iii) The following limits exist:

r(A) .= limr(a), r(B) :=limr(x).
alA atB
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(iv) Forany a € [A, B], we have
dimpg Ly () = r(a).

The paper is organized as follows. In Sect. 2, we first prove that the non-linear transfer
operator N, ) admits a unique positive fixed point # (s, r) which is real-analytic and convex
as a function of (s, r). Then we recall the class of felescopic product measures studied in
[8,12]. From each fixed point (s, ), we construct a special telescopic product measure,
which will play the role of a Gibbs measure in our study of L, (c). In Sect. 3, we study the
local dimensions of the telescopic product measures defined by 7 (s, r) and the formula of
their local dimensions will be given. Sect. 4 is devoted to the proof of (ii) of Theorem 1. The
assertions (i), (iii) and (iv) of Theorem 1 are proven in Sect. 5.

2 Non-linear transfer equation and a class of special telescopic product
measures

Recall that § = {0, 1,...,m — 1} and X,, = SN Fori e S, let f; : [0,1] — I; be the
branches of T~!. Define the coding map IT: ¥,, — [0, 1] by

n((xk)/?il) = nlggo 1 0 frn oo [, (0).

Then we have I1(%,,) = Jr. Define the subset E, («) of X,, which was studied in [5,8]:

N R
Ey(a) := {(xk),fil € Xy : nlingog Z(p(xk,xkq) = a} .
k=1

Then with a difference of a countable set, we have Ly (o) = IT(E,()).

In [5,8], a family of Gibbs-type measures called telescopic product measures were used to
compute the Hausdorff dimension of E, (). Here we construct a similar class of measures in
order to determine the Hausdorff dimension of L (c). In the following, we suppose that ¢ is
non-constant (otherwise the problem is trivial) and that the A ;’s are not the same (otherwise
the problem is reduced to the case considered in [5,8]).

2.1 Non-linear transfer operator

In this subsection, we present some properties of the non-linear transfer operator N ),
which will be used later.

Proposition 1 Foranys,r € R, the equation Ns, )y = y admits a unique solution t(s, r) =
(to(s, 1), ..., tm—1(s, r)) with strictly positive components, which can be obtained as the limit
of the iteration N(”S’r)l =: t"(s,r), where 1 = (1,1, ..., 1). The functions t;(s, r) and the
pressure function P (s, r) are real-analytic and strictly convex on R2.

Proof (i) Existence and uniqueness of solution. Since ¢+ = 0 forall 0 < i, j <
m — 1, the existence and uniqueness of solution are deduced directly from the following
lemma.

Lemma 1 [8, Theorem 4.1] For any matrix A = (A(i, j))o<i,j<m—1 With strictly positive

entries, there exists a unique fixed vector X = (xg, ..., Xm—1) € R™ with strictly positive
components to the operator N : R — R} defined by

@ Springer



Multifractal analysis of some multiple... 67

m—1 1a

vy e R, Wy = [ D AG. jy, L (i=0,....,m—1).
j=0

Furthermore, the fixed vector x can be obtained as x = lim, N"(1).

(i) Analyticity of (s, r) > t(s, r). This has been proven in [8, Proposition 4.2] for the case
when all );’s are the same. We adapt the proof given there with minor modifications.
We consider the map G : R? x R% — R™ defined by

VZ= oy eszmet) G((si1),2) = (Gi((s,7), D)

where
Gi((s,r),2) = 2! Ze“ﬂ(”) tiz;.

It is clear that G is real-analytic. By Lemma 1, for any fixed (s,r) € R?, t(s, r) is the
unique positive vector satisfying

G((s,r), t(s,r)) =0.

By the Implicit Function Theorem, to prove the analyticity of (s, r) > t(s, r), we only
need to show that the Jacobian matrix

G
M(s) = (az,- (s, 7). 1(s, r)))

0<i,j<m—1

is invertible for all (s, r) € R To this end, we consider the following matrix

M(s) = (tj (s, r) ((S r), t(s, r))) ,
0<i,j<m—1

obtained by multiplying the j-th column of M(s) by t;(s, r) for each0 < j < m — 1.
Then det(M (s)) # 0 if and 0nly lfdet(M(s)) = 0. Thus it suffices to prove that M(s) is
invertible. We will show that M (s) is strictly diagonal dominating. Then by Gershgorin
Circle Theorem (see e.g. [17, Theorem 1.4, page 6]), M(s) is invertible.
Recall that a matrix is said to be strictly diagonal dominating if for every row of the
matrix, the modulus of the diagonal entry in the row is strictly larger than the sum of
the modulus of all the other (non-diagonal) entries in that row.
Now we are left to show that forany 0 <i <m — 1,

t; tj

>0. (5

0<j<m 1

i#]

In fact, we have

_ {qt?“ (s.7) — &$EDh i j =,

5P ) —rhj otherwise.

Then, substituting the last expression into (5), we deduce that the left hand side of (5) is
equal to

m—1
gt (s,r) =Y DTG5, r). (6)

Jj=0
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68 A. Fan et al.

By the fact that 1(s, r) is the fixed vector of Nis r), (6) is equal to (q — 1)tiq (s, r) which
is strictly positive.

(iii) Convexity of t(s, r) and P(s,r). When all X;’s are the same, the convexity results of
t(s,r) and P(s,r) have been proven in detail in Sections 4 and 5 of [8] by studying
the operator N ». The main idea there is to prove by induction the convexity of each
(s,r) — 1"(s,r). Then the limit t(s,r) = lim, " (s, r) is also convex. For the strict
convexity of t(s, r), one uses analyticity property and the fact that a convex analytic
function is either strictly convex or linear.

We will omit the proofs which are elementary and are just minor modifications of those
of [8]. One can refer to Sections 4, 5 and also 10 of [8].

O
To end this subsection, we give the following remark on the monotonicity of the function
re— P(s,r).
Remark 1 Observe that for any fixed s € R, the function r — ./\f(’; r)i is decreasing for all
n. Thus for all 0 < i < m — 1, the function r +— #;(s, r) is also decreasing, and so is the
function r — P(s,r).

2.2 Construction of telescopic product measures and law of large numbers

An important tool for the study of the multiple ergodic average of ¢, introduced in [11,12]
and used in [5,8,14,15], is the telescopic product measure. This class of measures will also
be the main ingredient of our proofs concerning the estimate of Hausdorff dimension of
Ly (o). Let us recall the definition of the telescopic product measure. Consider the following
partition of N*:

N*= | | A¢ with A; = {ig/};=0.
i>1,qti
Then we decompose %,, as follows:
Sa= [] sM.
i>1,qti

Let u be a probability measure on X,,. We consider x as a measure on S, which is
identified with X,,, forevery i with g {i.Let j1; be acopy of ;w on A and P, = [Ticn gt 1i-
More precisely, for any word u of length n we define

Pu(ul) = [] wluy,D,
i<n,qfti
where [u] denotes the cylinder set of all sequences starting with u and
Wy, =il Ui, iq) < ful <igt.

We call IP,, the telescopic product measure associated to .

Below, we construct a special class of Markov measures whose initial laws and transi-
tion probabilities are determined by the fixed point (; (s, r));es of the operator N . The
corresponding telescopic product measure will play a central role in the study of E, (c).

Recall that (¢; (s, r));es satisfies

m—1
(s, ) =Y eV ED (s, ), (=0.....m—1).
j=0
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Multifractal analysis of some multiple... 69

The functions #; (s, r) allow us to define a Markov measure p , with initial law w5, =
(7 (i))ies and probability transition matrix Qs , = (p;,j)sxs defined by

. —rki :
ti(s,rye " _ swlii)rh tj(s,r)

w(i) = , i .
®© 10(s, 7)e™0 + - 1y 1 (s, r)ePn-1 Prj ti (s, 1)

@)

We denote by P, the telescopic product measure associated to i . Recall that IT is the
coding map from X, to [0, 1]. Define

Vg.r = H*Px,r = Ps,r o H_1~
We will use the following law of large numbers which is proved in [8].

Theorem 2 (Theorem 2.6 in [8]) Let i be any probability measure on %, and let F be a
real-valued function defined on S x S. For P, a.e. x € ,, we have

‘ 1 5 o) 1 k—1
nll)fgo;kzF(xk,xkq) =@-1 kzk—HZEuF(xj,xjm.
=1 =1 j=0

3 Local dimension of v;_,

For a Borel measure 1 on a metric space X, the lower local dimension of y at a pointx € X

is defined by
1 B(x,
D, x) = liminf 2E#BCN)
r—0 logr

If the limit exists, then the limit will be called the local dimension of  at x, and denoted by
D(u, x).

In this section, we study the local dimension of v, . The main results of this section are
Propositions 3, 4, and 5. Proposition 3 gives estimates of the local dimensions of v , on the
level set L, (r). Proposition 4 proves that vy , is supported on L, (%—f (s, r)). In Proposition 5,
itis shown that v , is exact dimensional, i.e., the local dimension of vy , exists and is constant
almost surely. The exact formula of this constant is given as well.

We first give an explicit relation between the mass Py . ([x{]) and the multiple ergodic
sum % @(x;, Xg7). For x € y, define

By(x) =Y logty,(s.7).
j=1

Proposition 2 We have
L7] Ps. 1) n
n S, r
log Py (Ix}]) = s J;w(x,-, Xjq) = (n - LgJ) <=1 r];kx_,. —qB(2(x) + By (x).
Proof For q {i,let A;j(n) = A; N[1, n]. By the definition of P ., we have

_logPS,r[-x’f] = - Z logﬂs,r[xﬁA,-(n)l

qtiji<n
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70 A. Fan et al.

We classify A;(n) (¢ 1 i,i < n) according to their length |A;(n)|. We have
minq)[,»,,-g,, |[A;j(n)] = 1 and maxgy i<y |Ai(n)| = Llogq n]. Observe that |A;(n)| = k if
and only if :7 <i< qk’%l. Therefore

Llog, ]
—logPy [x{1=— Y Z 1og fus.r X7 Ay ) ®)
k 1 k <l< by ) qh

Denote t5(s, r) := ZJ —o tj(s, r)e~"i. For simplicity, we also write 3 and ¢; for t4(s, r)
and 7; (s, r) and keep their dependences on s and r in mind.
By the definition of -, for i with ik <i< q,j’—_l, we have

e i SP(j—15%;,)) =T hx, xigi
log s r X7 | A; )] = log + Zlog [ ! T

Xigi—1
=5Sn,i9(x) — (@ — DS it (x) + logfx,.qk,l —rSpir(x) —logy,
where $,,ip(x) = Y521 @(xig-1, Xig0),s Spit () = Yhjlogty ;- and S, ir(x) =
> jen;(n) Mx;- Substituting the above expressions in (8) and noticing that q"—k <i=< qk”j is

equivalent to g < iq"_l < n, we obtain

logPs [Xf1=5 Y Spio)—(g—1) Y Sutx)+ Y logt,

qtii<n qtii<n $§l<n
—r Y Suik(x) —tlg ti.i <n}logity
qj(i i<n
L7
= sZgo(x],qu) —(@—-1 Zlogtx + Z log t,
Z L)IJ+‘1

n
n
—r Y = <n - H) log 5.
j=1 1

We then end the proof by observing that (¢ — 1) logtg(s, r) = P(s, r) and

—(q—l)Zlogtx + Z logty, = —q B2 (x) + By(x).
t=171+1

3.1 Local dimensions of v, , on level sets

As an application of Proposition 2, we obtain an upper bound for the local dimension of
vy, on Ly, () in Proposition 3 below. The following elementary result will be useful for the
estimates of local dimension of vy ;.

Lemma 2 Let (a,),>1 be a bounded sequence of non-negative real numbers. Then

lim inf <aL ny— an) <0.

n—oo
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Proof Letb; = Agi-1 — agl for I € N*. Then the boundedness implies
b+ -4 b ay —a,
fim 2T, D,
[—00 l -0 l

This in turn implies lim inf;_, o, b; < 0. Thus

lim inf (“L ny— an) < hm inf by < 0.

[—o00 [— 00

Proposition 3 For any x € E,(a), we have

1 II[x" P -
i inf og v, (IM[x1']) < r 4 limsup (s,r)/q —as/q

n log [IT[x7]] — n (Z;:lA’Xj)/n

Proof Since vy - (TT[x]]) = Py - ([x]]), by Proposition 2 we can write log v (IT[x]]) as

LgJ n
P
Sy () xjg) — (n = L D e ? =7 )y =By () + By(x).

=1 j=1

On the other hand, log |TT[x]]| = — Z" | Ax;- Thus, for x € Ey,(a)

.. dogvg (TT[x]])
11m 1nf _—
n log |TT[x{]|

LB n)(x) — LB, (x)
P(s, — o Lg!
< lim sup (. 1)/q = as/q + r + lim inf i

n (2;21)\)@-)/” n (Z] 1 Ax;)/n

Then, we end the proof by applying Lemma 2 to the sequence %B,, (x):

1
lim inf <1Bm(x) = an(x)) <0
n n q n

O
Remark 2 Denote Apyjn = min; A; and Aya,x = max; A;. Let
A(x) = hm 1nf Z Ax;-
Then %(x) € [Xmin, Amax] and
. P(s,r)/q —as/q  P(s,r)/qg —as/q
im sup - = < .
n (ijl )‘X‘,')/n Ax)
Hence we deduce from Proposition 3 that for any x € Ly (a)
P(s, —
Doyyox) < r 4 L0120y o g2, ©)

A(x)

We have estimated the local dimension of vy, on the level set L, (). In the following
proposition we show that v, is supported on L(p( L5, r)).
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Proposition 4 For P ,-a.e. x = (x;)72, € Xy, we have

P
lim — Zsﬂ(xk,qu) S5 81

n—-oon

In particular, vs,r(L(p(%(S, r)) =1

(10)

Proof We first prove the statement (10). By Theorem 2, we have for P ,-a.e. x € ),

[’} k—1
1
nlggofi 0k, xkg) = (@ — D7) e} > " Epiy, @0 Xnt1)-
k=1 h=0

(In

Thus we only need to prove that the right hand side of (11) equals to 3A L (5, r). Observe that

E,,,®xn, xp+1) can be expressed as
70" 0,

with

—r; .
_ <fi(S, rye”" ) . 0= (enp(i,j)fr)hj 1 (s, r))
tg(s,r) ieS ti(s,r)? (i,j)eSxS

and

~ ti(s,r
Q _ ( so(i,j)— rk,(p(l )t{]( )) )
i (8.7 (i.j)eSxS

Recall that (7; (s, r)); is the fixed point of N,

m—1
sy =) DT (s, r), (L) eSxS.
j=0

Taking the derivative with respect to s of both sides of (12), we get

m—1

_ at;
qt! 1(s)a—’(s,r) = Z( SEDTRi g, it (s, r) + €00 f’ (s r))
N

Jj=0
Dividing both sides of the above equation by tl.q (s, r), we obtain

m—1 m—1
)

(s, r)

Jj=0 j=0

Let w and v be two vectors defined by

(e )
YEINT0G) T )

and
m-l L(s,r) m-l L(s,r)
v = Z s¢(0, /) Baq o Z sp(m—1, /) Bs
= I (s) = w1 ()

@ Springer
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Then, by (13), we have
o) =w—v.

Observe that Qw = qv, therefore

k—1 k—1

Y r0" 0 =) 70" (w—v)

h=0 h=0
k—1 k—1 (14)
=nw+anQh_1v —Zthv

h=1 h=0

=nw+ qSk—1 — Sk,

where we denote Sy = Zﬁ;g] 7 Q"v for k > 1 and Sy = 0. Denote by a(s) the right hand
side of (11). Observe that Sk/qk — 0 when k — oo. Substituting (14) in (11), we obtain

o0
1
als) =(q—1>) T (T + S = S
k=1

=1
QZ
= (q - 1) qk+1 Tw
k=1

_1 g —y
g—1 Y G eT ™ gp
=—naw=(@-1) =——(s,r).
q ty(s, r) s

Now we show that vs,r(Lw(%(s, r))) = 1. Since (10) holds for Ps , a.e. x we have

oP
P, (E(p <g(s, r))) =1.

e (G m)) =2 (07 (1)
P, , <Ew(%(5‘, r))> =1

Hence

[m}

Let A(s, r) be the expected limit with respect to P, . of the average of the Lyapunov
exponents % 22:1 Aw, With w € 2. By Theorem 2, we have

00 1 k—1
Msr) = (g =17) =5 > B by
=1 2o

As an application of Proposition 4, we show that the measure vy, is exact dimensional and
we have the following formula for its dimension.

Proposition 5 For v; »-a.e. x we have

P(s,r — 5P s, r
D(Vsrax)=r+ ( ) 3S( )
’ qA(s,r)
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74 A. Fan et al.

Proof We only need to show that for P ,-a.e. y € )

log P n P(s,r) — sdP S, r
im og s,r([):ll]) — (s,7) 9 (s, 1) (15)
n—o0 log [TT([yy' DI gA(s,r)
Since [TI([y{D| = e~ izt *3 | from the discussion preceding Proposition 5, we get for
P -ae.y
log [TI([y}
lim 2EMOADT_ . (16)
n—o00 n
On the other hand, by Theorem 2, Propositions 2 and 4, we have for Py ,-a.e. y
logP T aP 1
lim w = i—(s,r)— —P(s,r) —ri(s,r). a7
n—00 n q 0s q
Combining (16) and (17), we get (15).
O

4 Further properties of the pressure function and study of the system (4)

The main result of this section is Proposition 6 below on the solution of the system (4).
We will use the following lemma concerning the range of the partial derivatives of P (s, r).
Recall the definition (3).

Lemma 3 For anyr € R, we have
opP
—(s,r):s€R} = (A, B)
as
Proof Fix rg € R. Since s — P (s, r) is convex, It suffices to show that

. oP . P
lim —(s,r9) =B and lim —(s,rp) = A.
s—>+00 0§ s—>—00 0§

We only give the proof for the case when s goes to +00. The case for s tending to —oo is
similar. The proof will be done by contradiction. Suppose that there exists € > 0 such that

oP
87(571’0) <B—¢ forall s eR.
s

By the Mean Value Theorem, for any s > 0, we have
P(s,rg) — P(0,r9) < s(B —e). (18)

By the definition of B, there exists (s’,7) € R? such that %f’:(s’, ) = B — €/2. By
Proposition 4, vy ./ (Ly(B — €/2)) = 1,50 Ly(B — €/2) # . Letx € Ly(B — €/2). By
Proposition 3 and Remark 2, we have

P(s,r0)/q — (B —€/2)s/q

DWg 0, x) <ro+ ~
i(s,ro ) 0 )\'(x)

Substituting (18) in the above inequality, we get

P(0,r0)/q —€s/2q
*x) ’

Q(Vs,ros x) <ro+
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Since X(x) € [Amins Amax] C (0, 4+00), the second term in the right hand side of the
above inequality tends to —oo when s — 4-00. Hence, for s large enough we must have
D(vs,ry, x) < 0.Butthis is impossible since vy, is a probability measure. Thus, we conclude
that lim_, 4o 2E (s, r9) = B.

[m}

Proposition 6 For any o € (A, B), there exists a unique solution (s(o), r(a)) € R? 10 the
system

{P(s,r) =us (19)

Lsr)=a,
Moreover the functions s(a), r (o) are analytic on (A, B).

Proof (1) Existence and uniqueness of the solution (s(a),r(«)). Fix ¢ € (A, B). By
Lemma 3 and the strict convexity of s — P (s, r), for any r € R, there exists a unique
s = s(a, r) € R such that

oP
—— G, r),r) =a. (20)
as
In the following, we will show that there exists a unique solution r = r(«) € R to the
equation
P(s(oe,r), r) =as(a,r).
Set h(r) := P(s(a,r),r) —as(a, r). By (20)

ds(a,r) 0P das(a, r)
+ —Gr),r) —«a
ar ar ar

) P
h(r)y = —((a,r),r)
as

= g(s(a, r),r).

Note that we can take the partial derivative of s with respect to r by the implicit function
theorem. For fixed s the function r — P(s, r) is strictly decreasing, since it is strictly
convex and decreasing (Remark 1). Hence %(s(oc, r),r) < 0 and thus &(r) is also
strictly decreasing. For the rest of the proof, we only need to show lim,_, y, h(r) < O
and lim,_, _o 2 (r) > 0, then we conclude by applying the Intermediate Value Theorem.

By Proposition 5, we have
P(s(a,r),r) —s(a, r)a
gr(s(a, r),r)

Observe that for any r € R, we have always 0 < dim v, < 1 and 0 < Apyjn <
A(s(a, 1), r) < Amax. Therefore we have

dim vy, py,r =7+

rEI—Pooh(r) = r—liToo (dim Vs(a,r),r — r) gr(s(a,r),r) <O0.

Similarly,

lim h(r) > 0.
r——00

(2) Analyticity of (s(a), r(«)). Consider the map
F Fi\ _(P(,r)—as
“\R) \Een-a)
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The jacobian matrix of F' is equal to

9RO 0P g 0P
— 0 9 — as r
J(FL—(@@)— 2p a2p |-

ds  or 952 oros

Thus we have

Zp 9P

AL
ds2 8r7’é

det(J (F)ls=s(a),r=r(@) = —

Then by the Implicit Function Theorem, s(«) and r(«) are analytic.

5 Proof of Theorem 1
5.1 Computation of dimy L, () for o € (A, B)
We will use the following Billingsley Lemma.

Lemma 4 (see e.g. Proposition 4.9. in [3]) Let E C X, be a Borel set and let u be a finite
Borel measure on 2,,.

1) If w(E) > 0and D(u, x) > d for -a.e x, then dimyg (E) > d;
(i) If D(u,x) <d forall x € E, then dimy (E) < d.

Theorem 3 For any o € (A, B), we have

dimpg Ly(a) = r(a).
Proof By (9) and the equality P (s(«), r(a)) = as(a), we have

D (V@)@ x) <r(a) forall x € Ly(a).

Then Lemma 4 implies that

dimpy Ly(a) < r(a).
By Proposition 4 and the equality % (s(a), r(a)) = o, we know that

Vs(a),r() (Lo () = 1.
On the other hand, by Proposition 5,

D(s@),r@), X) =r(a) for vg(e) r@) —a.e. x.

Applying Lemma 4 again, we obtain

dimpy Ly(a) > r(a).
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5.2 Range of {o : L, () # 0}

Proposition 7 We have {« : L, (o) # ¥} C [A, B].

Proof We prove it by contradiction. Suppose that Ly () # @ for some o > B. Let x €

Ly(a). Then by (9) and taking » = 0, we have

P(s,0) —as
g (x)

On the other hand, by the mean value theorem, we have

D(vs,0,x) = forall s € R. 1)

oP
P(s,0) —as = 8—(773, 0)s —as + P(0,0) (22)
K

for some real number 1, between 0 and s. In the following, we suppose thats > 0. Substituting
(22)in (21), we get

(15,005 —as + P0,0) _ (B —a)s + P(0,0)

qAr(x) - qAr(x) .
Since B —a < 0 and X(x) € [Amin, Amax] C (0, +00), the last term in the above inequalities
tends to —oo when s — +o00. But this is impossible since we have always D (vs 0, x) > 0.

Thus we must have L, () = @ for any o > B. Similarly we can also prove that L, () = ¢
for any o < A. o

D(vg0,x) <

As we will show, we actually have the equality {« : Ly(a) # ¥} = [A, B] (see Theo-
rem 4).

5.3 Computation of dimy L,(A) and dimpy L, (B)

Now, we consider the level set L, (o) when @ = A or B. The aim of this subsection is to
prove the following theorem.

Theorem 4 (i) The following limits exist:

r(A) := lim r(a), r(B) := lim r(a).
a—A a—B

(ii) Ifa = A or B, then Ly(a) # ¥ and
dimy Ly(a) = r(a).

We will give the proof of Theorem 4 for the case « = A, the proof for « = B is similar.
5.3.1 Accumulation points of [Ls(«),r(«) When a tends to A.

As all components of the vector 7, and the matrix Qg , (see formula (7)) are non-negative
and bounded by 1, the set {(7s(«),r(«)> Os().r(@)) @ € (A, B)} is precompact. Thus there
exists a sequence («,), € (A, B) with lim, o, = A such that the limits

nli)nolons(a,,),r(an)s nlgrolo QS(Otn)J(Oln)

exist. Using these limits as initial law and transition probability, we construct a Markov mea-
sure which we denote by . It is clear that the Markov measure fis(a,),r(a,) cOrresponding
t0 Ty (ary),r(ay) AN Os(a,),r(ay,) CONVETEES tO [Loo With respect to the weak-star topology. We
denote by P, the telescopic product measure associated to jLso and set vy, := Py 0 .
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Proposition 8 We have
Voo (Ly(A)) = 1.
In particular, Ly(A) # §.

Proof Since voo(Ly(A)) = P (Ey(A)), we only need to show that P (Ey(A)) = 1, ie.,
for Py-a.e. x € X,, we have

1
nlggo;;ka,xkq) = A.

By Theorem 2, for Py-a.e. x € X, the limit in the left hand side of the above equation
equals M (iue0) Where M is the functional on the space of probability measures defined by

[ee) k—1
1
M) =(q-1*) :—qm > Eup(x), xj11).
k=1 j=0

The function v +— M (v) is continuous, since the above series converges uniformly on v and
the function v > E,¢(x;, x;11) is continuous for all j. Since ftg(q,),r(«,) CONVErges to oo
when n — o0, we have that

lim M(P«s(a”),r(an)) = M(oo).
n—00

Recall that the vector (s(a), r(c)) satisfies aa—f (s(a), r(a)) = a. By Proposition 4, we know
that

M(Hs(a,,),r(a,,)) = Up.
Thus
M) = lim o, = A.
n—0o0
O

From Theorem 3, we know that for each @ € (A, B), r(a) = dimpy Ly(a) € [0, 1].
Hence, in particular the set {r(«) : « € (A, B)} is bounded.
We have the following formula for dimg vo.

Proposition 9 The limit r(A) := lim,, r (o, ) exists and we have
dim vy, = r(A).
Proof Let (a0, )k be any subsequence of (c,), such that the limit limy (e, ) exists. We will

show that this limit is equal to dim ve.
We first claim that the measure v, is exact dimensional and its dimension is given by

. dim(Poo)
dim Voo = W,
[o.¢]

where dim(Py,) is the a.e. local dimension of Py, and A(P) is the expected limit with
respect to P, of the average of the Lyapunov exponents % Y et hey Withw € B, L.,

oY) 1 k—1
MPoo) = (g = 1* Y~ > B o
P A —
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To prove the claim, we only need to show that for Py-a.e. x

logvee (M[x7])  dim(Pe)

im = .
n—oco  log [M[x{]| 2(Poo)
This is proved by using the facts voo (TT[x]]) = Poo([x]]), log [IT[x}]| = — Z’}:l Ay; and

applying Theorem 2.
By similar arguments as used in the proof of Proposition 8, we can show that the functions

w i dim®,), pu— AP,
are continuous on the space of probability measures. Thus, we deduce that

dim(P
dim vy = lim
k—oo A(P

#S(Ctnk)vr(&nk)) . . .
= lim dimvs(, )r@,) = lim r(oy,),
k k k— 00

MJ(Dtnk)J(Ctnk)) k=00

where we have used Theorem 3 for the last equality. Since the subsequence (o, )i is arbitrary,
we deduce that the limit 7 (A) := lim,, r(«,) exists and dim vy = r(A). m}

In the proof of Theorem 4, we will use the following lemma. Recall that for « € (A, B),
the vector (s(«), r(«)) is the unique solution of the Eq. (19).

Lemma 5 There exists A’ € (A, B) such that
s(@) <0 for a € (A, A)).
Proof Let

P
D := {—(O,r):r € [0, 1]}.
as

P
as

increasing and inf e %(s, r) = A (Lemma 3), we get %(0, r) > A for all r € R. Thus
we have A’ := min{D} > A. Now, we consider the following subset of D:

Then D is a compact subset of R. Since for any r € R the function s = %-(s, r) is strictly

, oP
D =1—O,r(@)):xe(A,B);.
as
We have inf D’ > A’ > A. For any @ < A’, we have
P . 9P
— @@, r@)=a <A <—(0,r(@).
as as

Using again the fact that the function s +— % (s, r) is strictly increasing, we get

s(@) <0 for a € (A, A").

Now, we can give the proof of Theorem 4.

Proof of Theorem 4 (i) Fix any sequence (8;,), € (A, B) with lim,, 8, = A. Then there
exists a subsequence (B, ) of (B,), such that the limits

kgn;o TCs (B ). (B ) klﬂl;o Qs(Buy).r (Buy)

exist. Arguing as in the proof of Proposition 9, we can show that the limit limy 7(8,,)
exists and equals to dim ve.. Thus, we deduce that the limit lim,_, 4 7 (o) exists and
equals to dim veo.
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(i) We will show that
dimpy Ly (A) =r(A).
By Propositions 8 and 9 and Lemma 4, we get
dimpy L, (A) > r(A).
We now show the reverse inequality. By (9) and Lemma 4 again, we obtain

P —A
M for any (s, r) € R2.
qr(x)

Note that ')t(x) € [Amin, Amax] C (0, +00), and hence X(x) > 0. For any o € (A, A'), we
have

dimp Ly(A) <r +

P(s(a), r(a)) — As(ax) = P(s(a), r(a)) —as(x) + (¢ — A)s(a) = (¢ — A)s(x) < 0,

where for the second equality we have used the fact that P (s(«), r(a)) = as(«) and the last
inequality follows from Lemma 5. Thus, we deduce that

dimp Ly(A) < r(a) forall o € (A, A'l.
Since o, — A and r(a;,) — r(A), we have
dimy Ly(A) < lim r(ay,) = r(A).
n—oo

[m}
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