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Abstract
We show that any toric Kähler cone with smooth compact cross-section admits a
family of Calabi–Yau cone metrics with conical singularities along its toric divisors.
The family is parametrized by theReeb cone and the angles are given explicitly in terms
of the Reeb vector field. The result is optimal, in the sense that any toric Calabi–Yau
cone metric with conical singularities along the toric divisor (and smooth elsewhere)
belongs to this family. We also provide examples and interpret our results in terms of
Sasaki–Einstein metrics.

Mathematics Subject Classification 32Q20 · 14M25 · 53C25

1 Introduction

Kähler–Einstein metrics with conical singularities along divisors are canonical differ-
ential geometric structures on pairs of algebraic varieties endowedwith real coefficient
divisors. More precisely, the natural algebro-geometric framework in which their the-
ory develops, is on the setting of klt pairs. From the analytic side, there is a general
existence theory of weak Kähler–Einstein metrics on klt pairs, see [20]. In particular,
one is interested in describing the tangent cones of these singular Kähler–Einstein
metrics. The theory of normalized volumes of valuations [31] associates, by purely
algebraic methods, affine cones to klt pair singularities. It is expected that these alge-
braic cones agree with the tangent cones of the appropriate singular Kähler–Einstein
metrics. This expectation has been verified in a few cases; in the absolute setting -
which means no cone singularities along divisors—see [24]. However, such results in
the logarithmic/cone singularities along divisors case are rare.
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In this paper, extending famous results of Martelli–Sparks–Yau [33] and Futaki–
Ono–Wang [18], we endow affine toric pairs with Calabi–Yau cone metrics with
conical singularities along the invariant divisors, which serve as natural candidates
for tangent cones in the toric setting. In particular, the metrics that we produce, are
plausible tangent cones of Kähler–Einstein metrics (as provided by [7]) on toric log
Fano pairs at isolated singular points of the ambient variety, see [16,pp. 357–358] for
a precise statement in the ‘absolute’ case with no boundary conical divisors. More
generally, we would expect our metrics to arise as tangent cones of weak Kähler–
Einstein metrics at isolated toric pair singularities of ambient (non-necessarily toric)
varieties.

1.1 Main results

Let X be a toric Kähler cone of complex dimension n+ 1 with smooth compact cross
section. In what follows, T = R

n+1/2πZn+1 denotes a compact torus of dimension
n + 1 acting effectively and holomorphically on X . As we recall in Sect. 2.2, the
associated moment cone is

C =
{

p ∈ R
n+1 \ {0} s.t. �a(p) ≥ 0 for a = 1, . . . , d

}
,

where �a are the linear functions defining the facets Fa = {�a = 0} ⊂ C . We take
inward normals to the facets, so �a is given by taking the Euclidean inner product
against a primitive integer vector va ∈ Z

n+1,

�a = 〈·, va〉.

The Reeb cone is the interior of the dual cone C∗0 , where

C∗ =
{

q ∈ R
n+1 s.t. 〈p, q〉 ≥ 0 for all p ∈ C

}

=
{∑

a

λava λa ≥ 0

}
.

We have an injective linear map L : Rn+1 → R
d given by

p → (�1(p), . . . , �d(p)). (1.1)

The angles’ cone is the image of L intersected with the positive octant, that is

B = {β = (β1, . . . , βd) ∈ R
d
>0} ∩ Image(L).

Equivalently, (β1, . . . , βd) belongs to B if and only if there is a point p in the interior
of C such that

βa = �a(p) for a = 1, . . . , d. (1.2)
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The map (1.1) embeds the interior of the moment cone as C0 ∼= B ⊂ R
d .

As a general rule, we use X to denote the cone without its apex. In particular, X
as well as its invariant divisors Da ⊂ X are smooth manifolds. We fix (X , ω) as a
symplectic compact cone manifold and consider compatible Kähler cone structures on
it, e.g. see [3, 33]. As a general fact, the corresponding compatible complex structures
that we consider are all biholomorphic. We provide a notion of a toric Kähler cone
metric on X with cone angles 2πβa along Da (Definition 2.8) by defining a suitable
class of symplectic potentials (Definition 2.11). With these concepts, our main results
are the following.

Theorem 1.1 There is a (n + 1)-family of T-invariant compatible Calabi–Yau cone
metrics on (X , ω) with cone singularities along its toric divisors. The family of metrics
can be realized in the following two equivalent ways.

• Fixing the Reeb vector field. For every ξ in the interior of C∗ there is a unique
β ∈ B such that X has a T-invariant Calabi–Yau cone metric with cone angles
2πβa along Da and Reeb vector equal to ξ .

• Fixing the cone angles. For every β in B there is a unique ξ in the interior of C∗
such that X has a T-invariant Calabi–Yau cone metric with cone angles 2πβa

along Da and Reeb vector equal to ξ .

In either case, the Calabi–Yau cone metric with prescribed Reeb vector or cone angles
is unique up to isometry.

More precisely, the map ξ �→ β ∈ B of the first part of Theorem 1.1 is explicitly given
by

βa = 1∫
Pξ

dx̃

∫

Pξ

�a(x̃)dx̃,

where dx̃ = dx̃1∧· · ·∧dx̃n and (x̃1, . . . , x̃n) are affine coordinates on the transversal
polytope Pξ := {x ∈ C | 〈ξ, x〉 = 1/2}.

Theorem 1.1 admits a Sasakian reformulation that goes as follows. Write S for the
link of the cone, so X = C(S) is diffeomorphic to

X ∼= R>0 × S

and S is a Sasaki manifold of dimension 2n + 1. Let �a the codimension two sub-
manifolds of S cut out by Da , so

Da = C(�a), with �a ⊂ S.

We can restate Theorem 1.1 in terms of the existence of toric Sasaki–Einstein metrics
on S with cone angles 2πβa along�a . In particular, Theorem 1.1 asserts that any toric
compact Sasaki manifold admits a family of Sasaki–Einstein metrics with conical
singularities in real codimension two.

Theorem 1.1 provides a complete family, in the sense that if there is a Calabi–Yau
cone metric on X with cone angles 2πβa along Da , then the cone angles must neces-
sarily satisfy Eq. (1.2) and the metric must be isometric to one given by Theorem 1.1.
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The next result translates our condition β ∈ B given by Eq. (1.2) in cohomological
terms.

Theorem 1.2 Let (X , ω) be a toric Kähler cone with smooth compact cross section.
The following statements are equivalent:

1. The cone angle condition given by Eq. (1.2) holds, i.e. β ∈ B.
2. There is a compatible toric Calabi–Yau cone metric on (X , ω) with cone angles

2πβa along Da.
3. For any compatible toric Kähler cone metric on (X , ω) with cone angles 2πβa

along Da, there exists a smooth function h on X such that the associated Ricci
form satisfies ρω = i∂∂̄h on X \ ∪a Da.

4. (X̄ ,
∑

a(1−βa)D̄a) is a klt log pair, where X̄ = X ∪ {o}, D̄a = Da ∪ {o} and {o}
is the apex of the cone.

5. c1(H) = ∑
a(1 − βa)[�a] and cB

1 −
∑

a(1 − βa)[�a]B > 0, where H ⊂ T S
is the contact distribution, [�a] ∈ H2(S,R) are the Poinaré duals of the smooth
toric submanifolds �a ⊂ S and cB

1 is the basic first Chern class.

Recall that X̄ = X ∪ {o} has the structure of an affine toric algebraic variety,
homeomorphic to

R≥0 × S/({0} × S).

Its apex {o} is characterized as being the only fixed point of the torus action and the
variety X̄ is singular at {o}, unless X̄ = C

n+1. The definition of a klt log pair will
be recalled in Sect. 4.2; it involves two conditions, which can be paired with their
corresponding Sasakian analogues as follows

K X̄ +
∑

a

(1− βa)D̄a isR-Cartier � c1(H) =
∑

a

(1− βa)[�a]

the log discrepancies are > −1 � cB
1 −

∑
a

(1− βa)[�a]B > 0.

From the algebraic point of view, the constraint on the cone angles given byEq. (1.2)
is equivalent to K X̄ +

∑
a(1 − βa)D̄a being R-Cartier. On the other hand, from the

Sasakian perspective, Eq. (1.2) is equivalent to the vanishing of the ‘logarithmic’ first
Chern class c1(H) −∑

a(1 − βa)[�a]. In the toric case we consider, it is a general
fact that if K X̄ +

∑
a(1−βa)D̄a is R-Cartier then the log pair (X̄ ,

∑
a(1−βa)D̄a) is

automatically klt. Similarly, if c1(H) =∑
a(1− βa)[�a], then the basic logarithmic

first Chern class cB
1 −

∑
a(1 − βa)[�a]B is automatically positive. The klt property

of the pair/positivity of the logarithmic basic first Chern class are natural necessary
assumptions in the search of conically singular Calabi–Yau metrics, as provided by
Theorem 1.1.

1.2 Transversal polytopes, barycenters, Reeb vector fields and cone angles

The proof of Theorem 1.1 is a combination of the principal result of [25] and an
adaptation of the variational characterization of the vanishing of the transversal Futaki
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invariant [33]. In the recent years, thanks to the work of many people, e.g. [3, 5, 14, 21,
33], a precise dictionary between toric Kähler geometry and convex affine geometry
over some convex polyhedral set (rational polytopes) has been established. This allows
us to translate any torus invariant geometric PDE problem on a toric polarized complex
manifold into a boundary value problem on a convex polytope P in an affine space H .
The boundary conditions depend on a labelling �̃ = (�̃1, . . . , �̃d), that is a minimal
set of fixed affine linear functions such that P = {x ∈ H | �̃a(x) ≥ 0, a = 1, . . . , d}.

An asset of this point of view is that given a Reeb vector, i.e. a toric polarized
symplectic cone (X , ω, ξ) as above, we get a natural labelled polytope

Pξ :={x ∈ R
n+1 | 〈ξ, x〉 = 1/2 and β−1a �a(x) ≥ 0, a = 1, . . . , d}

⊂ {x ∈ R
n+1 | 〈ξ, x〉 = 1/2} =: Hξ ;

(1.3)

which is not necessarily rational but onwhich the PDE analogue to theKähler–Einstein
problem makes sense and its resolution, given by Wang–Zhu [37] in the smooth, non
conical, compact toric case, still holds. Along these lines, a straightforward application
of [25,Theorem 1.6 and § 6] is:

There exists a toric Calabi–Yau cone metric with Reeb vector field ξ and conical
singularities of angles 2πβa along the toric divisors Da if and only if the transversal
polytope Pξ ⊂ C satisfies the following combinatorial condition:

(�)β The barycenter (with respect to any affine measure) of Pξ , say p ∈ Pξ , satisfies

β−11 �1(p) = · · · = β−1d �d(p) = (n + 1)−1.

It turns out that the condition given by (1.2) is exactly the right one to run the vari-
ational principle established by Martelli–Sparks–Yau [33] in our generalized setting.
Indeed, given β ∈ B, it is the image of a unique point (n + 1)pβ ∈ C0 via the map
(1.1) and we can define the set �β of Reeb vector fields whose transversal polytope
Pξ contains pβ . That is

�β := {ξ ∈ C∗0 | 〈ξ, pβ〉 = 1/2},

which is a cross section of C∗0 and a convex open polytope in the affine hyperplane
defined by 〈·, pβ〉 = 1/2. Then, extending the main result of Martelli–Sparks–
Yau [33], we prove

Lemma 1.3 The volume functional

vol : �β → R

is strictly convex and its unique minimum ξβ ∈ �β is the only Reeb vector field in
C∗0 satisfying the condition (�)β . In particular, ξβ is the only Reeb vector field in C∗0
admitting a compatible toric Calabi–Yau cone metric with cone angles 2πβa along
the toric divisors Da.
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The family of metrics given by Theorem 1.1 can be parametrized by either the Reeb
vector field ξ or by the cone angles β along the toric divisors, thus providing a bijection
between C∗0 and B ∼= C0. This illustrates a natural bijection between the interior of a
cone and the interior of its dual cone highlighted by Gigena in [19,Lemma 3.1]. The
maps ξ → β and β → ξ are inverses of each other, are (−1)-homogeneous, and
define an analytic bijection between the C∗0 and B. In particular, it follows from the
algebraic character of the volume function, that the components of ξ(β) are algebraic
numbers over Q(β) and vice-versa.

2 Toric conical Kähler metrics in action-angle coordinates

2.1 Basic example

We start by looking atCn+1, we begin first withC. Let β > 0 and writeCβ = (C, gβ)

for the complex numbers endowed with the singular metric gβ = β2|z|2β−2|dz|2.
Writing z = r1/βeiθ , we have

gβ = dr2 + β2r2dθ2

which we recognize as the cone over a circle of length 2πβ. Its Reeb vector field is

I (r∂r ) = β−1∂θ

and the symplectic form is ωβ = βrdr ∧ dθ . The vector field ∂θ generates a circle
action by holomorphic isometries, with Hamiltonian

x = βr2

2
.

In action angle coordinates (x, θ), we have ωβ = dx ∧ dθ and

gβ = 1

2βx
dx2 + 2βxdθ2

= G ′′dx2 + (G ′′)−1dθ2,

with symplectic potential

G = 1

2β
x log x .

Consider next the product of two cones dr21 + β2
1r21dθ21 and dr22 + β2

2r22dθ22 . We
introduce variables (r , ψ) ∈ (0,∞) × (0, π/2) defined by r1 = r cos(ψ) and r2 =
r sin(ψ). It is then easy to check thatCβ1×Cβ2 is a cone, in the sense that gCβ1×Cβ2

=
dr2 + r2gS3

(β)
, with link



Toric Sasaki–Einstein metrics with conical singularities Page 7 of 40 64

gS3
(β)
= dψ2 + β2

1 cos
2(ψ)dθ21 + β2

2 sin
2(ψ)dθ22 .

We see that gS3
(β)

defines a Sasaki metric on the three-sphere, with constant sectional

curvature 1 and cone angles 2πβ1 and 2πβ2 along the Hopf circles defined by inter-
secting {z1 = 0} and {z2 = 0} with the unit three-sphere.

Same way, the metric productCβ1 ×· · ·×Cβn+1 defines a Calabi–Yau (indeed flat)
cone metric on C

n+1 with cone angles 2πβa along {za = 0}. Its link is the (2n + 1)-
sphere, endowed with a Sasaki–Einstein metric of constant sectional curvature 1 and
cone angles 2πβa along the (2n − 1)-spheres cut out by {za = 0} ∩ S2n+1. Its Reeb
vector field is

1

β1

∂

∂θ1
+ · · · + 1

βn+1
∂

∂θn+1
.

The diagonal action of T onCβ1 ×· · ·×Cβn+1 is by Hamiltonian isometries. We have
action angle coordinates (x, θ) with components xi = βi r2i /2. The moment cone is
∩i {xi > 0} ⊂ R

n+1 and the symplectic potential is

G = 1

2

∑
a

β−1a xa log xa .

The Reeb vector/cone angles correspondence of Theorem 1.1 in this case is simply

ξ(β) = (β−11 , . . . , β−1n+1).

2.2 Symplectic potentials

The goal of this section is to describe Kähler toric metrics with conical singularities in
terms of their symplectic potentials. To this end we need to review a bit action-angle
and complex coordinates on toric Kähler manifolds.

Remark 2.1 Since most of the content of the paper is differential-geometric, we use X
to denote the cone without its apex.

2.2.1 Symplectic potentials of smooth Kähler toric metrics

Let (Xn+1, J , ω) be a smooth Kähler cone over a compact base with radial vector
field, classically denoted r∂r ∈ �(T X). Recall that it means that r∂r induces a free,
holomorphic and proper action of R+ and ω is homogeneous of order 2 (i.e. Lr∂r ω =
2ω) and that X/R+ =: S is compact. TheReeb vector field is, by definition, ξ := Jr∂r .

In what follows we assume moreover that (X , J , ω) is toric meaning that a (n+1)-
dimensional compact torus T acts effectively on X in a Hamiltonian fashion and
holomorphically. In that case, there is a unique momentum map μ : X → t∗, homo-
geneous of order 2 with respect to the R+-action where t = Lie(T) and t∗ is its dual.
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According to [29], the moment cone C = μ(X) is then a strictly convex rational
polyhedral cone (without its apex) that can be written as

C = {x ∈ t∗ \ {0} | 〈x, �a〉 ≥ 0, a = 1, . . . , d}

where d is the number of facets of C and 2π�1, . . . , 2π�d ∈ � ⊂ t are primitives in
the lattice of circle subgroups of T = t/�.

Remark 2.2 In most of the paper, we identify t ∼= R
n+1 and � ∼= 2πZn+1. We also

use the Euclidean inner product to identify t ∼= t∗ ∼= R
n+1.

The fact that the cross section of the cone C(S) is a smooth manifold, amounts to C
being good in the sense of Lerman [29]. We let t ∼= t∗ ∼= R

n+1, then we have primitive
inward normals va ∈ Z

n+1 such that �a(·) = 〈va, ·〉, where 〈·, ·〉 is the Euclidean inner
product. The good condition on C means that, for any face F = ∩N

A=1{�aA = 0}, the
following holds

{
N∑

A=1
νAvaA , νA ∈ R

}
∩ Z

n+1 =
{

N∑
A=1

νAvaA , νA ∈ Z

}
.

Conversely, any good strictly convex rational polyhedral cone is the moment cone of
a smooth toric Kähler cone.

Let C0 be the interior of C , so

X0 = μ−1(C0) ∼= C0 × T (2.1)

is the set of points where the action is free [29]. The coordinates on X0 given by
the r.h.s. of (2.1) are called the action-angle coordinates, see [9, 21, 33]. Locally, it
gives coordinates (x0, . . . , xn, θ0, . . . , θn) ∈ R

2n+2 ∼= t∗ × t on X0 where the class
[θ ] -with θi ∼ θi + 2π - parametrizes T. Guillemin [21] proved that any T-invariant
Kähler structure (ω, J , g) in action-angle coordinates (x, [θ ]) (thus on X0), is of the
form

ω =
n∑

i=0
dxi ∧ dθi ,

with g = gG and J = JG given by

gG := Gi j dxi ⊗ dx j + Gi j dθi ⊗ dθ j , (2.2)

JG∂xi = Gi j∂θ j , JG∂θi = −Gi j∂x j . (2.3)

Here, Gi j = ∂2G/∂xi∂x j are the entries of the Hessian of a smooth strictly convex
function G : C0 → R and Gi j are the entries of the inverse matrix. It is common to
call G a symplectic potential of gG . Observe that we need action-angle coordinates
(therefore momentum map and a fixed symplectic form) to interpret G or gG as a



Toric Sasaki–Einstein metrics with conical singularities Page 9 of 40 64

metric on X0. The resulting metric does not depend on the choice of these coordinates
see [5].

The condition for a smooth strictly convex function G : C0 → R to define a smooth
Kähler cone metrics are well-known as we recall now.

Proposition 2.3 [2, 5, 21, 33] The tensor (2.2) extends as a smooth compatible Kähler
cone metric on (X , ω) if and only if

(i) the restriction of G to the interior of C -and to the interior of any of its faces of
positive dimension- is smooth, strictly convex and such that

G − 1

2

d∑
a=1

�a log �a ∈ C∞(C); (2.4)

(ii) the Hessian of G is homogeneous of order−1with respect to the naturalR+-action
on t∗ (i.e. radial vector field

∑n
i=0 xi

∂
∂xi

).

In that case, the Reeb vector field ξ = (ξ0, . . . , ξn) ∈ C∗0 ⊂ t ∼= R
n+1 of gG is given

in coordinates as

ξ j = 2Gi j xi .

Definition 2.4 We denote

Sξ (C, �) :={G :C0→R |G satisfies (i), (i i) and ξ j =2Gi j xi as in Proposition 2.3}

the space of ξ–symplectic potentials on C with respect to �1, . . . , �d .

A nice fact (see again [9, 21, 33]) is that (x, θ) �→ (y = DG(x), θ) are complex
coordinates on the tangent space, meaning that z = y + iθ are local holomorphic
coordinates on X0. If we let

zk = logwk = yk + iθk,

then (w0, . . . wn) are global coordinates on X0 ∼= (C∗)n+1. The Legendre transform
F of G, defined by

F(y)+ G(x) = 〈x, y〉, ∀(x, y) ∈ C0 × t,

is a Kähler potential of ω. Indeed

ω =
n∑

k=0
dxk ∧ dθk =

n∑
k=0

d

(
∂ F

∂ yk

)
∧ dθk =

n∑
j,k=0

∂2F

∂ y j∂ yk
dy j ∧ dθk = 2i∂∂̄ F;

as follows from the identity x = DF(y).
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Remark 2.5 Given another symplectic potential G̃ ∈ Sξ (C, �), the map

�GG̃ := (DG̃)−1 ◦ (DG) : C0 → C0

extends as a smooth T-equivariant diffeomorphism of X such that �∗
GG̃

JG = JG̃

and �∗
GG̃

ω = ω + 2i∂∂̄ f where f is a smooth homogeneous (degree 0) T-invariant
function on X , see [5, 14, 33]. This is one way to get that any two T-invariant smooth
complex structures on a toric symplectic cone manifold (X , ω) are biholomorphic.

Definition/Proposition 2.6 The Reeb cone C∗0 is the interior of the dual moment cone,
that is C∗0 := {ξ ∈ t | 〈ξ, x〉 > 0, ∀x ∈ C}. Any smooth toric Kähler cone metric on
(X , ω) has a Reeb vector field lying in C∗0 and any ξ ∈ C∗0 is the Reeb vector field of
a smooth toric Kähler cone metric on (X , ω).

2.2.2 Toric Kähler metric with conical singularities along a divisor

For any a ∈ {1, . . . , d} we denote the divisor Da := μ−1(�−1a (0) ∩ C) in X . Recall
that, as proved in [25,§ 6.3], for any fixed a ∈ {1, . . . , d}, the tensor gG given by
Eq. (2.2) extends as a metric on X0 ∪ Da with cone angle 2πβa along the divisor Da

provided that

G − 1

2
β−1a �a log �a ∈ C∞

(
C0 ∪

(
�−1a (0) \ ∪b �=a�−1b (0)

))
. (2.5)

Precisely, assuming that

G = 1

2
β−1a �a log �a + f

is convex on C0 ∪
(
�−1a (0) \ ∪b �=a�−1b (0)

)
with f smooth on C0 ∪

(
�−1a (0)\

∪b �=a�−1b (0)
)
, then

gG = 1

2βa xa
dx2a + 2βa xadθ2a + C∞ = β2

a |z0|2(βa−1)dz0 ∧ dz̄0 + C∞.

Here, up to a linear change of coordinates, we put xa := �a(x), θa = 〈�a, θ〉 and
z0 = (2xa/βa)1/2βa eiθa . The C∞ term on the r.h.s. is understood as smooth in terms
of (|z0|βa−1z0, z1, . . . , zn). The same comments apply at the intersection of two or
more divisors Da1 ∩ · · · ∩ Dak for 1 ≤ k ≤ n.

In this paper, we say that the toric metric gG has cone angle 2πβa along Da if
its symplectic potential satisfies the smoothness condition in Eq. (2.5). In practice,
when proving existence theorems, one has to relax the smoothness condition (see [25,
35]) and consider Ck,α metrics. At the end, regularity results show that these weaker
notions of conical singularities satisfy the smoothness condition provided they solve
the Kähler–Einstein equations on the complement of the conical divisors.
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Remark 2.7 Note that formaking sense of gG as ametric on X0 we are using the action-
angle coordinates of a fixed symplectic form ω which admits a smooth extension to
X . There are two differential structures on X , meaning that there are two atlas; one
in which our fixed symplectic form extends smoothly and the other in which the
complex structure does. The last differential structure depends on the cone angles β =
(β1, . . . , βd). These two differential structures are equivalent, by diffeormorphisms
modelled on reiθ → r1/βeiθ in transverse directions to the conical divisors. In the
paper, when we say smooth, we mean smooth with respect to the atlas of our fixed
symplectic manifold.

Definition 2.8 Let (X , ω) be a toric symplectic cone whose moment cone (C, �) is
strictly convex. A compatible toric Kähler metric g with cone angles 2πβa along the
divisors Da is a toric Kähler cone metric on X0 ∼= C0 × T

n+1 such that for each
a ∈ {1, . . . , d}

g −
(

1

2βa�a(x)
d�2a + 2βa�a(x)dθ2a

)
,

where θa = 〈�a, θ〉, extends smoothly (in the symplectic sense) over X0 ∪(
Da \ ∪b �=a Db

)
and restricts to a positive definite tensor on T Da . Similarly, for

1 ≤ k ≤ n and I = {a1, . . . , ak} ⊂ {1, . . . , d} with Da1 ∩ · · · ∩ Dak non-empty,
we require

g −
k∑

j=1

(
1

2βa j �a j (x)
d�2a j

+ 2βa j �a j (x)dθ2a j

)

to extend smoothly over X0 ∪
(∪a∈I Da \ ∪b �=I Db

)
.

By the observation above and putting together the work of many people (in the
compact Kähler case [1, 2, 5, 13–15, 21, 25], made clear in the Kähler cone case by
[33], see also [3, 26]) we get that

Proposition 2.9 Let β1, . . . , βd ∈ R>0. For G ∈ C0(C) ∩ C∞(C0), the tensor gG of
(2.2) is a toric Kähler cone metric with conical singularities of angles 2πβa along the
divisors Da if and only if:

(i) the restriction of G to the interior of C, and to the interior of any of its faces of
positive dimension, is smooth and strictly convex and such that

G − 1

2

d∑
a=0

β−1a �a log �a ∈ C∞(C); (2.6)

(ii) the Hessian of G is homogeneous of order−1with respect to the naturalR+-action
on t∗ (i.e. radial vector field

∑n
i=0 xi

∂
∂xi

).
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In that case the Reeb vector field ξ = (ξ0, . . . , ξn) ∈ C∗0 ⊂ t ∼= R
n+1 of gG is given

in coordinates as

ξ j = 2
n∑

i=0
Gi j xi .

Remark 2.10 The Reeb vector field ξ extends smoothly to the whole manifold X .
Following standard terminology, we say that (X , ω, ξ) is quasi-regular if ξ generates
a circle action (regular if the circle action is free) and irregular if ξ has at least one
non-closed orbit.

This prompts us to define the following set of functions

Definition 2.11 We denote

Sξ (C, �, β) := {G ∈ C0(C) ∩ C∞(C0) |G satisfies (i), (ii) of Proposition 2.9

andξ j = 2Gi j xi }

the space of ξ -symplectic potentials on C with respect to �1, . . . , �d and cone angles
2πβ1, . . . , 2πβd .

Remark 2.12 In Definition 2.11 we have distinguished the natural integer labelling
�1, . . . , �d determined by the geometric (complex, algebraic or symplectic) structure
of X - from the cone angles β1, . . . , βd . Alternatively, one can mix these, by letting
�̃a = β−1a �a for a = 1, . . . , d. This way �̃1, . . . , �̃d gives another labelling of C , and
we will also write Sξ (C, �̃) = Sξ (C, �, β).

We define the β-Guillemin potential as

Gcan := 1

2

∑
a

β−1a �a log �a

and we observe that Gcan ∈ Sξ can (C, �, β) for

ξ can =
∑

a

β−1a �a .

For later use, we record the following

∂

∂xi
Gcan = 1

2

∑
a

β−1a (1+ log �a)va
i , (2.7)

∂2

∂xi∂x j
Gcan = 1

2

∑
a

β−1a va
i va

j �
−1
a . (2.8)
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Remark 2.13 In the case where β1 = · · · = βd = 1, it was shown in [21], see also [9],
that Gcan is the symplectic potential of the toric Kähler metric obtained as the Kähler
reduction of the flat metric on C

d through the Delzant construction. It seems natural
to think that for general angles β ∈ R

d
>0, the β-Guillemin potential is the symplectic

potential of the toric Kähler metric obtained as the Kähler reduction of the flat metric
on Cd

β of § 2.1 this way.

Let us set

�∞ =
∑

a

β−1a �a

and, for ξ ∈ C∗0 ,

Gξ = 1

2
�ξ log �ξ − 1

2
�∞ log �∞.

We introduce a canonical symplectic potential with cone angles 2πβa along Da and
prescribed Reeb vector,

Gcan
ξ := Gcan + Gξ ∈ Sξ (C, �, β). (2.9)

The conditions (i) and (i i) defining Sξ (C, �, β) translate as

Corollary 2.14 Sξ (C, �, β) coincides with the subspace of strictly convex functions on
the interior of C (and interior of faces of C) that can be written as

G = 1

2

d∑
a=1

β−1a �a log �a − 1

2
�∞ log �∞ + 1

2
ξ log ξ + f

where �∞ = ∑d
a=1 β−1a �a and f ∈ C∞(C) is homogeneous of order 1 with respect

to the radial vector field
∑n

i=0 xi
∂

∂xi
.

Symplectic potentials in Sξ (C, �, β) correspond to symplectic potentials on com-
pact cross section labelled polytopes Pξ . This will be crucial in our application. We
recall the following notion.

Definition 2.15 Given a convex compact polytope P in an affine space H given by
P := {x ∈ H | �̃1(x) ≥ 0, . . . , �̃d(x) ≥ 0}, a symplectic potential on P with respect
to �̃1, . . . , �̃d is a continuous function u ∈ C0(P) such that its restriction to the interior
of P , or any of its faces, is smooth and convex and such that

u − 1

2

d∑
a=1

�̃a log �̃a

is smooth on P . We denote S(P, �̃) the space of symplectic potentials on P with
respect to �̃1, . . . , �̃d .
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Note that, as linear functions on t∗, β−11 �1, . . . , β
−1
d �d ∈ t define affine functions

on the affine hyperplane {x ∈ t∗ | 〈x, ξ 〉 = 1/2} which plays the role of H in the
Definition 2.15.

Corollary 2.16 A ξ -symplectic potential G ∈ Sξ (C, �, β) on C is uniquely determined
by its restriction to Pξ := C ∩ {x ∈ t∗ | 〈x, ξ 〉 = 1/2}, which turns out to be a
symplectic potential on Pξ with respect to the labelling induced by β−11 �1, . . . , β

−1
d �d .

Remark 2.17 For any β ∈ R
d
>0 and potential G ∈ Sξ (C, �, β), (gG, ω) is a t-invariant

Kähler cone structure on (C0×t, ω)with Reeb vector field ξ ∈ t over the non compact
Sasakian manifold obtained as the link {r = 1} � P̊ξ × t where r2 = g(ξ, ξ). Of
course, any local computation in the Kähler cone/Sasaki context is still valid here and
thus, for example

ω = i

2
∂∂̄r2

which implies that r2/4 is, up to addition by an affine-linear function of the complex
coordinates y = dx G, the Legendre transform of G. In this situation, there is no
preferred lattice and no equivariant torus compactification of P̊ξ × t into a smooth
manifold, but we always have a (non-compact) Kähler reduction (P̊ξ × (t/Rξ), ω̌, J̌ )

so that

P̊ξ × (t/Rξ) = x−1(1/2)/Rξ = {r = 1}/Rξ

and the pull back of ω̌ on {r = 1} is the restriction of i
2∂∂̄r2 which coincides with

i∂∂̄ log r2 on {r = 1}.

2.3 Scalar and Ricci curvature of symplectic potentials and log Futaki invariant

Each Reeb vector field ξ ∈ C∗0 , determines a hyperplane Hξ = {2〈ξ, x〉 = 1} and
a corresponding polytope Pξ which is labelled by β−11 �1, . . . , β

−1
d �d . In this section

we recall the Futaki invariant of the labelled polytope (Pξ , β
−1
1 �1, . . . , β

−1
d �d) which

provides an obstruction to the existence of scalar-flat metric on (X , ω, ξ) with conical
angle 2πβa along Da , [18, 25, 26]. Equivalently, this is an obstruction to the existence
of scalar-flat potential in Sξ (C, β−11 �1, . . . , β

−1
d �d). Note that this is just a convex

affine translation of the classical Futaki invariant [17]. It agrees with the log Futaki
invariant, which arises in the more general setting of metrics with cone singularities
along divisors (not necessarily toric) see [22].

In the next statement, we denote (Gi j ) the inverse Hessian of a potential G ∈
Sξ (C, �, β). It is a smooth matrix valued function on C by [5] and we recall the so-
called Abreu formula which expresses the scalar curvature of the metric associated to
a potential G on X as

RX = −
n∑

i, j=0

∂2 Gi j

∂xi∂x j
.
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The scalar curvature RX can be, and will be, seen as a smooth function on C or
sometimes identified with its pull back on X , as a smooth T-invariant function. In the
next claim, we state straightforward consequences of the computations in [3], see also
[26, 33], which hold on X0 and then apply directly on the singular toric Kähler metric
of Definition 2.8.

Proposition 2.18 A toric Kähler cone (Xn+1, J , ω) with Reeb vector field ξ and con-
ical singularity of angle 2πβa along the divisor Da is scalar flat if and only the
corresponding potential G on C satisfies

RX = −
n∑

i, j=0

∂2 Gi j

∂xi∂x j
= 0 (2.10)

and this happens if and only if the corresponding potential u ∈ S(Pξ , �) on Pξ satisfies

−
n∑

i, j=1

∂2 ui j

∂ x̃i∂ x̃ j
= n(n + 1), (2.11)

where (x̃1, . . . , x̃n) are coordinates con the affine hyperplane Hξ = {2〈ξ, x〉 = 1}.
Formula (2.11) is the usual Abreu formula with a specific constant n(n + 1).

Via the correspondence between metrics and symplectic potentials and thanks to
Proposition 2.18, it makes sense to define scalar-flat symplectic potential (respectively
csc symplectic potential) as a potential satisfying Eq. (2.10) (respectively (2.11)). It
also makes sense to say that a symplectic potential is Kähler–Einstein, as the Ricci
form ρG of the associate metric gG on C0 × T, see (2.1), is

Ric(gG) =
n∑

i, j,k=1

∂2 Gi j

∂xi∂xk
dx j ∧ dθk

with respect to action-angle coordinates. Using the computations in [3] we can there-
fore specialize the latter Proposition to Ricci-flat metrics on X as follows.

Proposition 2.19 A toric Kähler cone (Xn+1, J , ω) with Reeb vector field ξ and con-
ical singularity of angle 2πβa along the divisor Da is Ricci-flat if and only the
corresponding potential u ∈ S(Pξ , �, β) on Pξ is a Kähler–Einstein potential with
scalar curvature n(n + 1), that is satisfies

−
n∑

i=1

∂2 ui j

∂ x̃i∂ x̃k
= (n + 1)δ jk, (2.12)

where (x̃1, . . . , x̃n) are coordinates con the affine hyperplane Hξ = {2〈ξ, x〉 = 1}.
Next, we note that the integral of the scalar curvature of a toric Sasakian metric

with conical singularities, depends only on the Reeb vector and the cone angles. The
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link S = X |r=1 corresponds, under the moment map, to

Pξ := {〈ξ, x〉 = 1/2} ∩ C .

Similarly, μ(X1) = �ξ , with X1 = X |r≤1 and �ξ is the polytope

�ξ = {x ∈ C s.t. 2〈ξ, x〉 ≤ 1}.

We let Da be the divisor corresponding to {�a = 0}. Set �a ⊂ S, so Da = C(�a).
Also, let Fa = �ξ ∩ {�a = 0}.
Lemma 2.20 With the above notation

Vol(S) = 2(n + 1)(2π)n+1 Vol(�ξ ), Vol(�a) = 2n(2π)n|va |−1 Vol(Fa),

(2.13)

where on the left hand sides the volume is computed with respect to the symplectic
form ω on S and the toric contact form ηξ form induced by ξ , and on the right hand
side the volume and the norm are computed with respect to the standard Lebesgue
measure on Euclidean space.

Proof The key point here is that (X , ω) is a smooth symplectic manifold,1 so the
conical singularities of the metric have no influence and the integral of the volume
form ωn/n! proceeds as in the smooth case. Following [33,p. 51], we compute the
volume of X1 = {r ≤ 1} in two different ways. First, using spherical coordinates

Vol(X1) = Vol(S)

∫ 1

0
r2n+1dr = Vol(S)

2n + 2
. (2.14)

In action-angle coordinates,

Vol(X1) =
∫

μ−1(�ξ )

ωn

n! = (2π)n+1 Vol(�ξ ). (2.15)

Equating the right hand sides of Eqs. (2.14) and (2.15) results into the first equation
in (2.13). The other equation follows the same way. ��
Proposition 2.21 We have

∫

μ−1(�ξ )

RX dx = 2π

n

∑
a

βa Vol(�a)− 2(n + 1)Vol(S). (2.16)

In particular, if RX = 0, then

π
∑

a

βa Vol(�a) = n(n + 1)Vol(S). (2.17)

1 Recall that smoothness is understood with respect to the symplectic coordinates, see Remark 2.7.
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Proof We follow [33,p. 52], incorporating the boundary conditions given by the cone
angles. We let dσ be the induced Lebesgue measure on the boundary of �ξ , integrate
by parts and use Eq. (2.7) to get

∫

μ−1(�ξ )

RX dx = (2π)n+1 ∑
a

∫

Fa

Gi j
i va

j |va |−1dσ − (2π)n+1
∫

Pξ

Gi j
i ξ j |ξ |−1dσ

= (2π)n+1 ∑
a

2βa |va |−1 Vol(Fa)− (2π)n+1 2(n + 1)

|ξ | Vol(Pξ )

= 2π

n

∑
a

βa Vol(�a)− 2(n + 1)Vol(S).

In the last equality we have used Eq. (2.13) together with the identity Vol(Pξ ) =
2(n + 1)|ξ |Vol(�ξ ). ��
Example 2.22 Let S be the three-sphere equipped with the metric gS3

(β)
(Sect. 2.1),

which constant curvature 1 and two Hopf circles with cone angles 2πβ1, 2πβ2 of
respective lengths 2πβ2 and 2πβ1. We have Vol(S) = β1β22π2 and Eq. (2.17) reads

π(β12πβ2 + β22πβ1) = 2β1β22π
2.

WelinkEq. (2.17)with a previous observationof [13] and introduce the (transversal)
log Futaki invariant. As shown in [3], the scalar curvature of a Sasaki metric gu ,
associated to u ∈ S(Pξ , β

−1
1 �1, . . . , β

−1
d �d), on the link S = {z ∈ X | 〈μ(z), ξ 〉 =

1/2} is the pull back of

scalgu = −2n − 4
n∑

i, j=0

∂2 ui j

∂xi∂x j
= RX + 2n(2n + 1).

A simple but useful calculation of [13,Lemma 3.3.5] using the boundary conditions
satisfied by u ∈ S(Pξ , β

−1
1 �1, . . . , β

−1
d �d) shows that, what we call the total transver-

sal scalar curvature is

S(ξ) := 1

4(2π)n

∫

S
(scalgu + 2n)dvolgu

= 2
∑

a

∫

∂ Pξ

σξ,β = 2
∑

a

βa

∫

Fa

σξ,1 (2.18)

where σξ,β is the volume form on ∂ Pξ defined by

β−1a d�a ∧ σξ,β = −dx̃1 ∧ · · · ∧ dx̃n on the facet Fa ∩ Pξ ; (2.19)

where the fibers of the cotangent space of t∗ are naturally identified to t and
(x̃1, . . . , x̃n) are affine coordinates on the hyperplane Hξ . Actually, the calculation
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[13,Lemma 3.3.5] shows more, namely that for any u ∈ S(Pξ , β
−1
1 �1, . . . , β

−1
d �d),

we have

∫

Pξ

⎛
⎝−

n∑
i, j=1

ui j
i j

⎞
⎠ f (x̃)dx̃ = 2

∫

∂ Pξ

f (x̃)σξ,β,

for any affine function f . Which in turn implies that the L2(Pξ , dx̃)-projection of the
transversal scalar curvature

−
n∑

i, j=1
ui j

i j

on the space of affine functions, does not depend on the potential u ∈ S(Pξ , β
−1
1 �1,

. . . , β−1d �d) but only on Pξ and the labelling β−11 �1, . . . , β
−1
d �d . We call this affine

function Aβ . We have Aβ(x̃) = A0 +∑n
i=1 Ai x̃i on Pξ with the constants A j given

by

n∑
j=0

(∫

Pξ

x̃i x̃ j d x̃

)
A j = 2

∫

∂ Pξ

x̃iσξ,β, for i = 0, . . . , n;

in particular A0 =
∫
∂ Pξ

σξ,β∫
Pξ

dx̃
. The (transversal) log Futaki invariant is the linear function

on t ∼= Aff(Hξ ,R) given by

Lξ,β( f ) =
∫

∂ Pξ

f σξ,β −
∫
∂ Pξ

σξ,β∫
Pξ

dx̃

∫

Pξ

f d x̃ . (2.20)

We recall the following well-known obstruction.

Corollary 2.23 The log Futaki invariant Lξ,β vanishes if and only if Aβ ≡ A0. Equiva-
lently, the log Futaki invariant vanishes if and only if the barycenter of (Pξ , dx̃) agrees
with the barycenter of (∂ Pξ , σξ,β). In particular, if there exists a compatible scalar-flat
Kähler cone metric on (X , ω) with Reeb vector field ξ and conical singularities of
angle 2πβa along Da then Lξ,β ≡ 0.

Of course the (log) Futaki invariant is an obstruction to constant scalar curvature
Sasaki metrics not only those for which RX ≡ 0.

Remark 2.24 Whenever ξ is regular, Pξ is a Delzant polytope associated to the smooth
toric symplectic reduction of (X , ω) at the level 1/2. In that case, it is easy to show
that (2.20) is, up to a positive dimensional constant, the log Futaki invariant of [22].
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3 Proof of Theorem 1.1

The first part of Theorem 1.1 is proved in Corollary 3.4 below and the second part
follows from Corollary 3.13.

3.1 Fixing the Reeb vector field

Summarizing the discussion of Sects. 2.2, 2.3 and in particular Proposition 2.19, the
search of Ricci-flat toric Kähler conemetric with conical singularities along the invari-
ant divisors boils down to the study of symplectic potentials on (labelled) polytopes
solving Eq. 2.12. This last problem has been studied in [25] for compact simple
polytope after a suggestion made in [15]. We recall the main result.

Proposition 3.1 [25] Let P be a simple compact convex polytope with d-facets
(ordered F1, . . . Fd) and labelling �1, . . . , �d . Given a set β1, . . . , βd ∈ R

+,
S(P, β−11 �1, . . . , β

−1
d �d) contains a KE symplectic potential if and only if there exists

λ > 0 and p ∈ P̊ such that λβa = �a(p) for a = 1, . . . , d where p is the barycenter
of P, up to an overall homothety.

In [25], the last statement is expressed in terms of monotone labelled polytopes,
which are defined just below. It says that a labelled polytope (P, �) admits a KE
potential in S(P, �) if and only if it is monotone and its log Futaki invariant vanishes.

Definition 3.2 A labelled compact polytope (P, �̃) is monotone if and only if there
exist p ∈ P̊ and λ > 0 such that �̃1(p) = · · · = �̃d(p) = λ.

Remark 3.3 To explain why themonotone condition is a necessary condition, we recall
that a compact symplectic orbifold (W , ω) is called monotone if ∃λ > 0 such that

λ[ω] = 2πc1(W )

in de Rham cohomology. In particular this condition is necessary to have a ω-
compatible Kähler–Einstein metric of positive scalar curvature. In the toric setting,
(W , ω) is monotone if and only the associated labelled polytope (P, �̃) is monotone
in the sense of Definition 3.2. The proof of this fact works for non-Delzant labelled
polytope, see eg [14] and [27,Lemma 2.4], as it amounts to compare the Ricci poten-
tial and the Kähler potential as functions on the moment polytope. That is, to check if
there exist p ∈ t∗, λ > 0 such that

x �→ −1

2
log det(ui j )x − λ(〈x − p, dx u〉 − u(x)) (3.1)

is smooth on P for some (and then any) u ∈ S(P, �̃). In Proposition 4.1, we give a
cone version of this monotone condition.

Proposition 3.1 applies directly to Kähler cone metrics thanks to Corollary 2.16
and Proposition 2.19 and we get the following existence result where we denote for a
facet Fa = {�−1a (0)} ∩ C , the corresponding divisor Da ⊂ X .
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Corollary 3.4 Let (Xn+1, J , ω) be a toric Kähler cone with Reeb vector field
ξ and moment cone C with primitive inward normals �1, . . . , �d ∈ Z

n+1.
There are β1, . . . , βd ∈ R

+, unique up to an overall homothety, such that
S(Pξ , β

−1
1 �1, . . . , β

−1
d �d) contains a KE symplectic potential. In particular, given

any Reeb vector field ξ there exists a unique Ricci-flat Kähler cone metric on X with
conical singularities along ∪Da (but the angles might be greater than 2π ).

This finishes the proof of the first item in Theorem 1.1.

Remark 3.5 The family of metrics in Theorem 1.1, parametrized by the Reeb cone, has
a natural ‘Weil–Petersson’ type metric. We can associate for any ξ ∈ C∗0 a conically
singular Sasaki–Einstein metric gSE (ξ). Up to a constant dimensional factor, the total
volume of gSE (ξ) is equal to Vol(�ξ ). The Hessian of the convex function

ξ → log(Vol(�ξ ))

defines a canonical completemetric on the interior of theReeb cone [34,AppendixA.1],
hence on our parametrized family of Calabi–Yau cone metrics. It is interesting to ask
what is the behaviour of the Calabi–Yau/Sasaki–Einstein cone metrics as the param-
eter β approaches ∂B. We expect that if one of the cone angles goes to zero, then the
corresponding divisor is pushed to infinity, modelled in transverse directions by a flat
cone Cβ that converges to a cylinder as β → 0. More interestingly, if we approach
a point in in ∂B for which non of the cone angles vanishes, then we would expect
that only the vertex of Calabi–Yau cone metrics is pushed to infinity by developing a
single cuspidal point.

3.2 Fixing the cone angles

Consider a toric Kähler cone (Xn+1, J , ω0) with moment cone C and primitive
inward normals �1, . . . , �d ∈ Z

n+1. Let β1, . . . , βd ∈ R
+ be a set of positive real

numbers. We wonder if there exists a Ricci-flat T-invariant toric Kähler cone met-
ric ω which is smooth on X\ ∪a Da and has conical singularities of angle 2πβa

along Da . That is, according to Proposition 2.19, if there exists a KE potential in
Sξ (C, β−11 �1, . . . , β

−1
d �d) for some ξ ∈ t+.

Lemma 3.6 If there exists ξ ∈ t+ such that Sξ (C, β−11 �1, . . . , β
−1
d �d) contains a KE

potential then there exists a ray Eβ ⊂ C such that ∀p ∈ Eβ ,

β−11 �1(p) = · · · = β−1d �d(p).

In particular, β = (β1, . . . , βd) ∈ B.

Proof If there exists a KE potential in S(Pξ , β1�1, . . . , βd�d) it implies [14, 25] that
(Pξ , β

−1
1 �1, . . . , β

−1
d �d) is monotone in the sense of Definition 3.2. That is, there

exists p ∈ Pξ such that

β−11 �1(p) = · · · = β−1d �d(p).
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This condition holds for any point in the ray passing through p ∈ Pξ ⊂ C by linearity.
��

Given a point p lying in the interior of C the set of angles βa = �a(p) satisfy the claim
of the last Lemma. It is easy to see that any set of angles satisfying the condition is
obtained this way. We conclude

Corollary 3.7 The set of angles β ∈ R
d+ satisfying the condition of Lemma 3.6 is a

(n + 1)-dimensional cone which agrees with the angles’ cone B ∼= C0 defined in the
Introduction.

Since β ∈ B, there is a ray Eβ ⊂ C and a constant λξ depending on ξ ∈ C∗0 such
that

β−11 �1(p) = · · · = β−1d �d(p) = λξ

where p is the single point lying in Pξ ∩ Eβ . Denote p = (p1, . . . , pn) the expression
of p in the coordinates (x̃1, . . . , x̃n) of the hyperplane Hξ := {x ∈ t∗ | 〈ξ, x〉 = 1/2}
and put

σξ,β := 1

λξ

n∑
i=1

(−1)i+1(x̃i − pi )dx̃1 ∧ · · · ∧ d̂ x̃i ∧ · · · ∧ dx̃n (3.2)

where d̂ x̃i means that dx̃i is omitted.

Lemma 3.8 Assume that β ∈ B. Then σξ,β as defined in (3.2) satisfies Eq. (2.19).

Proof Pick a ∈ {1, . . . , d}, restricted on Hξ , �a is an affine linear function so that
β−1a �a(x̃) = ca + 〈β−1a d�a, x̃〉 for some constant ca . Identifying the fibers of the
cotangent space of t∗ to t, we have β−1a d�a = ∑n

i=1 sa,i d x̃i for some constants sa,i .
For x̃ ∈ Fa ∩ Pξ , we have

β−1a d�a ∧ σξ,β = 1

λξ

n∑
i=1

sa,i (x̃i − pi )dx̃1 ∧ · · · ∧ dx̃n

= 1

λξ

〈β−1a d�a, (x̃ − p)〉dx̃1 ∧ · · · ∧ dx̃n

= 1

λξ

(
β−1a �a(x̃)− β−1a �a(p)

)
dx̃1 ∧ · · · ∧ dx̃n

= −dx̃1 ∧ · · · ∧ dx̃n

(3.3)

using that β−1a �a(p) = λξ for any a ∈ {1, . . . , d}. ��
Recall that the volume of the Sasaki metric gφ , associated to φ ∈ S(Pξ , β

−1
1 �1, . . . ,

β−1d �d), on the link Nξ = {z ∈ X | 〈μ(z), ξ 〉 = 1/2} is given by (2π)nvol(ξ) where

vol(ξ) := 1

(2π)n

∫

Nξ

�gφ =
∫

Pξ

dx̃1 ∧ · · · ∧ dx̃n .
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Using Stokes’ Theorem we have

Lemma 3.9 Assume that β ∈ B. Then σξ,β as defined in (3.2) is globally defined on
the hyperplane Hξ and

dσξ,β = n

λξ

dx̃1 ∧ · · · ∧ dx̃n .

In particular S(ξ) = 2 n
λξ

vol(ξ).

We are interested in the case S(ξ) = 2n(n + 1)vol(ξ) because we want Kähler–
Ricci-flat cones. By the latter Lemma 3.9 this coincides with the condition λξ =
(n + 1)−1. Therefore, we pick the unique qβ ∈ Eβ such that

β−11 �1(qβ) = · · · = β−1d �d(qβ) = 1

n + 1

and define the set of Reeb vector fields ξ ∈ C∗0 whose polytope Pξ contains qβ , that
is

�β := {ξ ∈ C∗0 | 〈ξ, qβ〉 = 1/2}. (3.4)

Pick ξ ∈ �β , then �β = C∗0 ∩ {ξ + ν | 〈ν, qβ〉 = 0} and so �β is an open convex set
in the hyperplane {ξ + ν | 〈ν, qβ〉 = 0}. Observe also that

�β = {ξ ∈ C∗0 | Pξ ∩ Eβ = {qβ}} = {ξ ∈ C∗0 | λξ = (n + 1)−1}.

In particular, for ξ ∈ �β we have S(ξ) = 2n(n + 1)vol(ξ) and

∫

∂ Pξ

σξ,β = n(n + 1)
∫

Pξ

dx̃1 ∧ . . . ∧ dx̃n . (3.5)

This will be used in the proof of the following Lemma.

Lemma 3.10 Assume that β ∈ B. Then the volume functional vol : �β → R is convex
and proper and its unique critical point ξ ∈ �β is characterized by the condition that
the barycenter of Pξ coincides with the one of (∂ Pξ , σξ,β). In particular, the critical
point of vol in �β is the unique ξ ∈ �β with vanishing transversal Futaki invariant.

Proof Let ξt = ξ + tν be a small path in �β , so that ν ∈ t is such 〈ν, qβ〉 = 0. As
before we use that any � ∈ t defines naturally, by restriction, an affine linear on the
affine hyperplane on Hξ ⊂ t∗ in which lies Pξ , so we may write �(x̃) for x̃ ∈ Hξ to
emphasis that it is not linear in x̃ ∈ Hξ . We pick again coordinates (x̃1, . . . , x̃n) on
Hξ .

One easily shows, see [32, 33], that

(
d

dt
vol(ξt )

)

t=0
= −(n + 1)

∫

Pξ

ν(x̃) dx̃1 ∧ · · · ∧ dx̃n .
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It readily infers that ξ ∈ crit vol if and only if qβ is the barycenter of (Pξ ,�). Indeed,
as a linear function on Hξ , since 〈ν, qβ〉 = 0, ν is linear in x̃ − qβ .

Writing � = dx̃1 ∧ · · · ∧ dx̃n , σ = σξ,β and qβ = (qβ,1, . . . , qβ,n), we have for
i = 1, . . . , n

∫

Pξ

x̃i � = λξ

n

∫

Pξ

x̃i dσ

= λξ

n

∫

∂ Pξ

x̃iσ − λξ

n

∫

Pξ

dx̃i ∧ σ

= λξ

n

∫

∂ Pξ

x̃iσ − 1

n

∫

Pξ

(x̃i − qβ,i )�.

(3.6)

Now using (3.5) and λξ = (n + 1)−1 because ξ ∈ �β , we get that

(
1+ 1

n

)
1∫

Pξ
�

∫

Pξ

x̃i � = 1∫
∂ Pξ

σ

∫

∂ Pξ

x̃iσ + qβ,i

n
(3.7)

using (3.5). This shows that qβ is the barycenter of (Pξ ,�) if and only if bar(Pξ ,�) =
bar(∂ Pξ , σ ).

Moreover, it is straightforward to check that

(
d2

dt2
vol(ξt )

)

t=0
= (n + 1)(n + 2)

∫

Pξ

ν(x̃)2�

which proves that vol is convex on �β . The properness of vol along the boundary of
the cone C∗0 , see [33, 34], implies the properness on �β . ��
Remark 3.11 The map ξ → Vol(�ξ ), is also known as the characteristic function of
C∗. Up to a constant dimensional factor, it is also given by

ξ →
∫

C
e−〈ξ,x〉dx .

The convexity and properness along the boundary are classical results, see
[34,Proposition A.10].

Combined with the existence result in [25] we have the next

Corollary 3.12 If β ∈ B, then there exists one and only one Reeb vector field ξ ∈ C∗0
such that Sξ (C, β−11 �1, . . . , β

−1
d �d) contains a KE potential.

Using the correspondence recalled in Proposition 2.9 it yields to the following

Corollary 3.13 Let (Xn+1, J , ω) be toric Kähler cone (over a compact link) with
labelled cone (C, �1, . . . , �d). There exists a (n + 1)-dimensional set of angles
β ∈ B ⊂ R

d+ for which there is a unique (up to isometry) Calabi–Yau cone met-
ric ω(β), compatible with the complex structure J , which is smooth on the open dense
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set where the torus action is free and has cone angles 2πβa along the divisors �−1a (0).
Moreover, the Reeb vector field of ω(β) is the unique critical point of the volume
functional in the set of β-normalized Reeb vector fields �β ⊂ t+.

We have now completed the proof of Theorem 1.1.

Example 3.14 As explained in the Introduction, our conically singular Calabi–Yau
cone metrics provide tangent cone models for singular Kähler–Einstein metrics on
toric klt pairs. We see how this works in the toy example of projective cones
[30,Section 3.2]. It is a general fact, that if ωC = (i/2)∂∂̄r2 is a Calabi–Yau cone,
thenωK E := (i/2)∂∂̄ log(1+r2) defines a Kähler–Einstein metric with positive Ricci
and its tangent cone at the apex is the given Calabi–Yau cone, T0(ωK E ) = ωC . The
metricωK E has finite diameter. IfωC is quasiregular thenωK E can be compactified by
introducing a suitable cone angle along a copy of the base as a divisor at infinity, see
[30,Proposition 3.3]. In the toric irregular case we can still think of ωK E as a solution
to the Kähler–Einstein equation on the polytope �ξ .

4 Proof of Theorem 1.2

In this section we provide a geometric interpretation of the cone angle constraints
defining the angles’ cone B, leading to the proof of Theorem 1.2. If Eq. 1.2 holds,
then Theorem 1.1 guarantees the existence of a Calabi–Yau metric on X with cone
angles 2πβa along Da , so (1) �⇒ (2) in Theorem 1.2. Clearly, (2) �⇒ (3).
From Proposition 4.1 below we get that (3) �⇒ (1), so we conclude that the first
three items in Theorem 1.2 are equivalent. The equivalence (1) ⇐⇒ (4) follows
from Propositions 4.3 and 4.4. Similarly, (1) ⇐⇒ (5) follows from Propositions 4.6
and 4.8.

4.1 Smooth Ricci potential and themonotone condition

Lemma 3.6 above, shows that the angle constraints β ∈ B, expressed by Eq. (1.2),
is a necessary condition for the existence of a Calabi–Yau cone metric on X with
cone angles 2πβa along its toric divisors Da . Coming up next, we strength this result
showing that the angle constraints β ∈ B is equivalent to the existence of a smooth
potential for the associated Ricci form on X . Precisely we have the following.

Proposition 4.1 Let G ∈ Sξ (C, �, β) define a toric Kähler cone metric on (X , ω)

with cone angles 2πβa along its toric divisors Da and let ρ be its associated Ricci
form. There is a function h, smooth outside the apex, which satisfies ρ = i∂∂̄h on
X0 := X \ ∪a Da if and only if β ∈ B.

We note here that h assumed to be smooth with respect to the differential structure
of the fixed smooth symplectic manifold (X , ω) and ρ is the Ricci form of the Kähler
structure defined by G via. The argument of the next proof goes along the lines of
[18, Proposition 6.8].

Proof Since ρ is invariant under T and the R+ action by dilations, that is L∂θi
ρ = 0

for all i and Lr∂r ρ = 0, we can assume that the same holds for h. On the pre-image
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of the interior of the moment cone, X0 = μ−1(C0) ∼= (C∗)n+1, we have a Kähler
potential F given by the Legendre transform of the symplectic potential G. The Ricci
form is

ρ = −i∂∂̄ log det Fi j

= i∂∂̄h.

We use logarithmic complex coordinates z j = logw j = y j + iθ j with
(w0, . . . , wn) ∈ (C∗)n+1 ∼= X \ ∪a Da . Any T-invariant pluri-harmonic function on
(C∗)n+1 is an affine function of (y0, . . . , yn). Therefore, up to subtracting a constant
from h, we have

log det Fi j = −2γi yi − h

with γ = (γ0, . . . , γn) ∈ R
n+1. Equivalently,

det Gi j = exp

(
2γi

∂G

∂xi
+ h

)
. (4.1)

Taking the derivative with respect to x j∂x j , we get

〈γ, ξ 〉 = −n − 1.

Write

G = 1

2

d∑
a=1

β−1a �a log �a − 1

2
�∞ log �∞ + 1

2
ξ log ξ + f

as in Corollary 2.14.

(i) Incorporating the boundary behaviour (2.7), we see that exp
(
2γi

∂G
∂xi
+ h

)
equals

(up to a constant factor)

∏
a

(�a/�∞)β
−1
a 〈va ,γ 〉�−n−1

ξ exp

(
2γi

∂ f

∂xi
+ h

)
;

(ii) and det Gi j = f0
∏

a �−1a with f0 smooth on C minus the apex, see [2].2

It follows from Eq. (4.1) together with (i) and (ii), that

〈va, γ 〉 = −βa for all a. (4.2)

We see that p := −γ belongs to the interior of C and Eq. (1.2) holds.

2 Indeed f ∈ H(d − n − 1) meaning that is homogeneous of degree d − n − 1.
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Conversely, assume that β ∈ B and G ∈ Sξ (C, �, β). Same as before, det Gi j =
f0

∏
a �−1a with f0 smooth and positive on C . As usual,

ρ = i∂∂̄ log det(Gi j )

= i∂∂̄

(
S1 −

∑
a

log �a

)

with S1 = log f0 smooth onC . On the other hand, we have complex coordinates (y, θ)

for the Kähler structure defined by G, where yi = ∂G/∂xi . Given γ = (γ0, . . . , γn) ∈
R

n+1, we have a pluriharmonic function on X0

2〈y, γ 〉 = 2
∂G

∂xi
γi

=
∑

a

β−1a 〈va, γ 〉 log �a + S2,

where S2 is smooth onC . Ifwe take γ = p, so 〈va, γ 〉 = βa , we see that S2+∑
a log �a

is pluri-harmonic on X0. We conclude that ρ = i∂∂̄h on X0 with h = S1+ S2 smooth
on C . ��

In the setting of Porposition 4.1, the volume form ωn+1/(n + 1)! defines an Her-
mitian metric on K X (outside the apex, of course) regarded as an holomorphic line
bundle with the complex structure determined by G. This Hermitian metric is smooth
on X \∪a Da and |dz0∧. . .∧dzn|2 = (det Fi j )

−1. The volume form e−hωn+1/(n+1)!
defines a flat smooth Hermitian metric on K X |X\∪a Da , which extends only continu-
ously (w.r.t. to the complex atlas detrmined by G) over the invariant divisors outside
the apex. On X \ ∪a Da , we can write a locally defined unitary section of K X by

� = eiαe−h/2(det Fi j )
1/2dz1 ∧ · · · ∧ dzn,

where α is a real valued function of the arguments (θ0, . . . , θn). If we set α =
−∑

i γiθi , then

� = e−
∑

i γi zi dz1 ∧ · · · ∧ dzn

= w
−1−γ1
1 . . . w−1−γn dw1 ∧ · · · ∧ dwn

is a unitary holomorphic (or equivalently, parallel) section of K X . Up to a constant
factor, the volume form of any Ricci flat Kähler cone metric on X with cone angles
2πβa and Reeb vector ξ as above, is given by � ∧ �̄.

Let ρT denote the transverse Ricci form, it is related to the Ricci curvature of the
cone via

ρ = ρT − (n + 1)dη. (4.3)
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The existence of a Ricci potential as above, where h is a smooth function on C ,
homogeneous of degree 0 and basic, that is

r∂r h = 0, ξ(h) = 0;

is equivalent -as follows from Eq. (4.3)- to h being a transverse Ricci potential ρT =
(n + 1)dη + i∂B ∂̄Bh on the complement of the toric submanifolds �a ⊂ S of the
Sasakian link. Here ∂B denotes the basic ∂-operator, see [18]. Globally, we have the
current equation

ρT −
∑

a

(1− βa)[�a] = (n + 1)dη + i∂B ∂̄Bh

on S. The existence of such a Ricci potential h is guaranteed if we assume that cB
1 −∑

a(1−βa)[�a]B ∈ R · [dη]B ⊂ H2
B(S). Indeed after a D-homothetic transformation

one can always assume that the constant multiple of [dη]B is equal to n + 1. Finally,
we note that cB

1 −
∑

a(1− βa)[�a]B ∈ R · [dη]B ⊂ H2
B(S) is equivalent to c1(H) =∑

a(1− βa)[�a] as cohomology classes in H2(S,R).
The content of Proposition 4.1 can also be interpreted in terms ofmonotone labelled

cones as mentioned in Remark 3.3. More precisely, we let (C, �̃) with labelling �̃a :=
β−1a �a . We say that (C, �̃) is monotone if any of the following (equivalent) conditions
holds

(i) there exists a ray E
�̃
⊂ C such that ∀y ∈ E

�̃
,

〈y, �̃1〉 = · · · = 〈y, �̃d〉;

(ii) the inward normals �̃1, . . . , �̃d are contained in an affine hyperplane of t;
(iii) ∃ξ ∈ C∗0 such that (Pξ , �̃) is a monotone labelled polytope;
(iv) ∀ξ ∈ C∗0 , (Pξ , �̃) is a monotone labelled polytope.

With this notion, the condition β ∈ B is equivalent to (C, �̃) being monotone.

4.2 Algebraic point of view

Wesetup some standard algebraic geometry notation, followingCox–Little–Schenck’s
book [11]. Our toric Kähler cone X̄ is isomorphic to a complex affine variety

X̄ = Uσ = Spec(C[Sσ ]).

Here, σ = C∗ and Sσ is the semigroup given by �∗ ∩ C where �∗ is the dual lattice
to the kernel of the exponential map � = ker(exp) ⊂ t.3 Our affine toric variety X̄
corresponds to the fan that consists of the single cone σ and all of its faces.

3 The standard algebraic notation ([11]) is � = N , �∗ = M . So t = N ⊗ R, t∗ = M ⊗ R and our
complexified torus T⊗ C agrees with TN = (N ⊗ C)/N .
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Remark 4.2 This is the only sectionof the paperwith purely algebro-geometric content.
For simplicity of notation, in this section we will write X for the cone with the apex.
Similarly, we also write Da for the invariant Weil divisors, so o ∈ Da .

X is a normal affine variety with an isolated singularity at {o}, so K X is well-
defined as a Weil divisor, see [11, Definition 8.0.20]. We also have the toric Weil
divisors D1, . . . , Dd . The basic fact, [11, Theorem 8.2.3], is that

K X = −
d∑

a=1
Da,

meaning that K X +∑d
a=1 Da is the principal divisor of a meromorphic function. In

particular, K X +∑d
a=1 Da is always Cartier.

Proposition 4.3 The angle constraint expressed by Eq. (1.2) is equivalent to the log
canonical divisor

K X +
d∑

a=1
(1− βa)Da

being R-Cartier.

Proof Given real coefficients ca , the R-divisor E = ∑d
a=1 ca Da is R-Cartier if and

only if, there is p ∈ t∗ such that ca = −〈p, va〉, where va ∈ � ⊂ t are the vectors
corresponding to Da in the fan description; see [11,Theorem 4.2.8]. In our notation,
�a = 〈·, va〉 are the linear functions defining the facets of the moment cone C of X
and �∗ ⊗ R = t∗. We are interested in the case where

E = K X +
d∑

a=1
(1− βa)Da

= −
d∑

a=1
βa Da .

We conclude that the divisor E is R-Cartier if and only if there is p ∈ t∗ such that
βa = �a(p) for every a = 1, . . . , d. Since βa > 0 we must necessarily have that p
belongs to the interior of C ⊂ t∗. ��

Assume that K X +∑
a(1 − β)a Da is R-Cartier and write � = ∑

a(1 − β)a Da ,
then (X ,�) is said to be a log pair. Let π : Y → X be a log smooth resolution, that is a
proper birational morphism with Y smooth and Exc(π)∪a π−1(Da) a simple normal
crossing divisor. Write �′ for the proper transform of �, that is �′ =∑

a(1−β)a D′a
with D′a equal to the closure of π−1(Da ∩ Xreg), with Xreg = X \ {o}. Write Ei for
the irreducible divisors lying on the exceptional locus of π , so Exc(π) = ∪i Ei . Since
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K X +� is R-Cartier, we can pull-it back to the resolution and write

KY +�′ = π∗(K X +�)+
∑

i

ai Ei , (4.4)

for some ai ∈ R. The numbers ai are the (log) discrepancies. The pair (X ,�) is klt if
the discrepancies satisfy ai > −1 for all i .4

Proposition 4.4 If K X+∑
a(1−β)a Da isR-Cartier, then the pair (X ,

∑
a(1−βa)Da)

is klt.

Proof Recall that, the fan of X consists of the single cone σ and all its faces, with
σ = Cone(v1, . . . , vd). The generating rays of σ are v1, . . . , vd and we write σ(1) =
{v1, . . . , vd}. We take a toric log smooth resolution π : Y → X . The variety Y is given
by a fan � which is obtained by adding some vectors v′ in the interior of the cone σ .
That is, the generating rays of� are given by v1, . . . , vd together with some vectors v′i
lying on the interior of σ . We write�(1) = σ(1)∪{v′i }. The map π corresponds to the
inclusion map of fans of� into σ and the v′i correspond to the irreducible components
Ei ⊂ Y of the exceptional divisor.

Let p ∈ C0 ⊂ t∗ be as in the proof of Proposition 4.3, so 〈p, va〉 = βa for
a = 1, . . . , d. We have

π∗(K X +�) = −
∑

u∈�(1)

〈p, u〉Du

= KY +
∑

u∈�(1)

(1− 〈p, u〉)Du

= KY + �̃+ E −
∑
v′
〈p, v′〉Dv′ ;

where�′ =∑
u∈σ(1)(1−〈p, u〉))Du is the strict transform of� =∑d

a=1(1−βa)Da

and E =∑
v′ Dv′ is the exceptional divisor. Therefore,

KY +�′ + E = π∗(K X +�)+
∑
v′
〈p, v′〉Dv′ .

For each v′ ∈ �(1) \ σ(1), we write v′ = ∑
a λava with λa ≥ 0. So, 〈p, v′〉 =∑

a λaβa . Since βa > 0 for all a, λa ≥ 0 for all a and not all λa vanish, we see that
〈p, v′〉 > 0 for all v′. We conclude that

KY +�′ = π∗(K X +�)+
∑
v′

av′Dv′,

with av′ = 〈p, v′〉 − 1 > −1. Hence, the pair (X ,�) is klt. ��
4 We have assumed that βa > 0 for all a, so the coefficients of � are always strictly less than one, and this
avoids the log canonical case.
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Proposition 4.4 is a pair version of the well known fact that toric Q-Gorenstein
singularities are automatically klt.

Remark 4.5 It follows from Propositions 4.3 and 4.4 that, if β = (β1, . . . , βd) belongs
to the n + 1-dimensional polytope B ∩ (0, 1)d , where B ⊂ R

d is the angles’ cone,
then the pair (X ,�) is klt and � =∑

a(1− βa)Da is effective.
The above is an affine analogue of the fact that projective toric varieties are of ‘log

Fano type’, see [11,Example 11.4.26]. Indeed, let Z be a projective toric variety, for
simplicity, assume it is smooth. Let L be an ample line bundle on Z , so it gives a
Delzant lattice polytope. Multiplying by a sufficiently large constant and translating
we can assume that the origin is an interior point of the polytope, and this implies that
L = ∑

ρ aρ Eρ where Eρ are the toric divisors, and aρ > 0. If ε > 0 is small so that
εaρ < 1 for all ρ, then

∑
ρ(1− εaρ)Eρ is effective and the pair (Z ,

∑
ρ(1− εaρ)Eρ)

is log Fano. The last assertion follows from the following

c1(Z)−
∑
ρ

(1− εaρ)c1(Eρ) = ε
∑
ρ

aρc1(Eρ)

= εc1(L)

> 0.

4.3 Sasakian point of view

We denote by [�a] ∈ H2(S,R) the Poincaré duals of the toric sumbanifolds �a ⊂ S
and by H = ξ⊥ = ker(η) ⊂ T S the contact distribution, with first Chern class
c1(H) ∈ H2(S,R).

Proposition 4.6 The angle constraint, given by Eq. (1.2) are equivalent to

c1(H) =
∑

a

(1− βa)[�a] (4.5)

as de Rham co-homology classes in H2(S,R).

Proof The main ingredient is the following exact sequence, see [8,Equation 7.2.1],

H0
B(S)

α→ H2
B(S)

ı→ H2(S,R)→ H1
B(S) (4.6)

where α(a) = a[dη]B and ı[·]B = [·]. On the other hand H1
B(S) ∼= H1(S,R), see

[8,Proposition 7.2.3, item (v)]. A well known result of Lerman asserts that the funda-
mental group of S is finite, π1(S) = spanZ{v1, . . . vd}/Zn+1, so H1(S,R) vanishes
and the last term in the sequence (4.6) is 0. We can then split the sequence and write

H2
B(S) = H2(S,R)⊕ R · [dη]B .
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We recall that ı(cB
1 ) = c1(H), see [18, proof of Proposition 4.3]. It follows that

Eq. (4.5) is equivalent to

cB
1 −

∑
a

(1− βa)[�a]B ∈ R · [dη]B . (4.7)

On the other hand, it follows from the formula for the transverse Ricci curvature, that

cB
1 =

∑
a

[�a]B,

which is a Sasakian analogue to a well-known toric formula. It follows that Eq. (4.7)
is equivalent to

∑
a

βa[�a]B ∈ R · [dη]B . (4.8)

Consider the linear map L from the vector space⊕aR · [�a] ∼= R
d to H2

B/R · [dη]B ∼=
R

d−n−1 that sends (α1, . . . , αd) to�◦(∑a αa[�a]B)where� : H2
B → H2

B/R·[dη]B
is the quotient projection. The conclusion is that Eq. (4.5) is equivalent to (β1, . . . , βd)

belong to the kernel of the above linear map. Because the linear map is surjective, the
dimension of its kernel is equal to n + 1.

Recall that ∂̄∂ log �a can be interpreted as the curvature of a smooth Hermitian
metric on the line bundle associated to Da ⊂ X , see [21]. (Here we are working on
the outside the apex, so X and Da are smooth.) We can restrict this line to a complex
line bundle La on S. The pull-back of i

2π ∂∂̄ log �a by the inclusion S ⊂ X gives
a representative of c1(La) ∼= [�a] ∈ H2(S,R), see [18] for a reference on Chern
classes of basic complex vector bundles. On the other hand, if p ∈ t∗ then

∑
a

〈p, va〉∂∂̄ log �a = 0 (4.9)

on X . Indeed, we let G = 1
2

∑
a �a log �a , with �a = 〈va, ·〉; so

y = DG(x)

= 1

2

∑
a

va (1+ log �a(x)) .

Given some fixed p ∈ R
n+1, the affine linear function of the y coordinates 〈p, y〉 is

given by taking inner product with p in the above equation:

2〈p, y〉 =
∑

a

〈p, va〉 log �a(x)+ C,

with constant C = ∑
a〈p, va〉. In particular, since affine linear functions of y are

pluri-harmonic, (4.9) holds. Restricting Eq. (4.9) to S, we see that
∑

a βa[�a] = 0
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in H2(S,R) (equivalently β ∈ ker(L)) if there is some p ∈ t∗ such that βa = �a(p)

for a = 1, . . . , d. By dimension counting, we conclude that if β ∈ ker(L) then there
must be some p ∈ t∗ such that βa = �a(p) for all a = 1, . . . , d. Hence, the lemma
follows. ��
Remark 4.7 The above proof shows that Eq. (4.5) is equivalent to

∑
a βa[�a] = 0 in

H2(S,R). It is well known that if M is a compact toric manifold, then H2(M,R)

is generated by the Poincaré duals of its toric divisors subject to the relations∑
a〈va, p〉[Da] = 0 for every p ∈ t∗. The above argument gives a Sasakian ana-

logue, showing that H2(S,R) is generated by the Poincaré duals of �a subject to∑
a〈va, p〉[�a] = 0 for every p ∈ t∗.

We now prove that if the logarithmic first Chern class of the contact distribution
vanishes, then the logarithmic basic first Chern class is automatically positive. This is
a special feature of the toric set up, and it can be considered as a Sasakian analogue
of Proposition 4.4.

Proposition 4.8 If Eq. (4.5) holds, then

cB
1 −

∑
a

(1− βa)[�a]B > 0. (4.10)

Proof Combining the exact sequence (4.6), together with Eq. (4.5), we get that

cB
1 −

∑
a

(1− βa)[�a]B = τ [dη]B,

for some τ ∈ R. The fact that τ > 0 follows by taking the wedge product with
(dη)n−1 ∧ η integrating over S. Up to positive dimensional factors, we have:

• The l.h.s. is the transverse scalar curvature, which is positive and given by the
volume of the boundary of the cross section polytope determined by the Reeb
vector.

• The r.h.s. is τ Vol(S).

We deduce from the above two bullets that τ > 0.
Alternatively, we can also argue as follows. If Eq. (1.2) holds, then the compact

polytope Pξ labelled by β−1a �a is monotone. The constant τ is given by evaluating
β−1a �a at some interior point of Pξ , so this number can only be positive. ��

5 Examples

In this section we provide examples and compare our work with previously known
results about Kähler–Einstein metrics on toric manifolds with conical singularities,
[12, 25].

We make explicit the cone angle constraints expressed by Eq. (1.2). In order to
determine the angles’ cone B ⊂ R

d , in the general context of Theorem 1.1, we



Toric Sasaki–Einstein metrics with conical singularities Page 33 of 40 64

consider the linear map R
n+1 → R

d given by the d × (n + 1) matrix A whose d
rows are the vectors vT

1 , . . . , vT
d . Then B = Image(A) ∩ R

d
>0. In practice, we find

a basis {η1, . . . , ηd−n−1} for the kernel of AT = (v1, . . . , vd) and then B is the
intersection of the positive octant Rd

>0 with the linear space given by 〈β, ηi 〉 = 0 for
i = 1, . . . , d−n−1.The condition that X̄ admits a smoothCalabi–Yau conemetrc, that
is the affine toric singularity X̄ isQ-Gorenstein, is equivalent toR>0×(1, . . . , 1) ∈ B,
in other words the image of A contains the ray where all the entries are equal.

5.1 Cones over projective toric varieties

Let (M, L) be a compact polarized toricmanifold, so it corresponds to a latticeDelzant
polytope

P = ∩d
a=1{�̂a ≥ 0} ⊂ R

n,

where �̂a = 〈v̂a, ·〉 + λa with v̂a ∈ Z
n the primitive inward normals. Under this

correspondence,

L =
∑

a

λa D̂a,

where D̂a are the toric divisors corresponding to �̂a . We consider the cone over P ,
that is the affine toric manifold X̄ whose moment cone is

C = {(p, s) ∈ R
n+1| s ≥ 0, p ∈ s P}.

As an algebraic variety, X̄ is the Spec of the C-algebra of the semi-group C ∩ Z
n+1,

and it is isomorphic to the total space of the dual of L with its zero section contracted
to a point, (L∗)×. The facet normals to C are

va = (v̂a, λa).

A well-known family of examples is when P is the anit-canonical polytope of a Fano
variety, in which case P is reflexive and we can take λa = 1 for all a. Then, the
singularity X̄ is Gorenstein and it admits a smooth Calabi–Yau cone metric by [18].
But in general, there is no reason for the vectors va to lie on a hyperplane, which
correspond to the Q-Gorenstein condition, necessary to admit smooth Calabi–Yau
cone metrics.

For any polytope P as above, not necessarily reflexive, there is one parameter family
of toric Kähler–Einstein metrics ωt , for t > 0, with cone angles 2π tβa along D̂a and

βa = �̂a( p̂), with p̂ = Barycenter(P).
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The Kähler–Einstein equation is

Ric(ωt ) = αtωt +
∑

a

(1− tβa)[D̂]a .

We recall that, up to 2π factors, the class of Ric(ωt ) is c1(M) and it is equal to
∑

a[D̂]a .
On the other hand, for any p ∈ R

2 we have
∑

a �̂a(p)[D̂]a = c1(L). We conclude that
αt = t . The supremum of t > 0 such that tβa ≤ 1 for all a is the invariant R(M, L)

studied by Datar–Guo–Song–Wang [12]. We can lift these conical Kähler–Einstein
metrics on the polytope P to regular Calabi–Yau cone metrics on X̄ with cone angles
2πβa along Da . Recall that ξ ∈ t+ defines a cross section {〈y, ξ 〉 = n + 1}, so this
cross section is equal to P × {1} for ξ = (0, n + 1). Note that R>0 · (0, 1) ⊂ t+. The
Reeb/cone angle correspondence restricted to this ray of regular structures is then

t(β1, . . . , βd) = t(�̂1( p̂), . . . , �̂d( p̂))↔ t−1(0, n + 1).

5.2 Three dimensional cones

Consider first the case when X̄ = (KM )× is the canonical bundle of a smooth del
Pezzo surface M with its zero section contracted at the apex. The corresponding M
is either CP2, CP1 × CP

1 or the blow ups of the projective plane at either one, two
or three points: d P1, d P2, d P3. All the corresponding X̄ admit smooth Calabi–Yau
cone metrics, the structure is irregular in the d P1 and d P2 cases and a regular lift of a
smooth Kähler–Einstein metric on the base in the remaining cases. Since K X̄ is Cartier
in all these cases, the angles’ cone is determined by the requirement that

∑
a βa D̂a is

R-Cartier. The list of reflexive polygons, taken from [11,Section 8.3], and associated
cones goes as follows.

1. M = CP
1 × CP

1, then

vertices of P = {(−1,−1), (−1, 1), (1, 1), (1,−1)}.

In the following we use σ = C∗ and σ(1) is the set of facet normals to C ,
equivalently, the ray generators of σ .

σ(1) = {v1 = (1, 0, 1), v2 = (0, 1, 1), v3 = (−1, 0, 1), v4 = (0,−1, 1)}
angles’ cone B = {β1 + β3 = β2 + β4} ∩ R

4
>0.

The fan of X̄ is consists of the single cone σ with generating rays v1, . . . , v4. There
is a sub-cone σ ′ ⊂ σ with generating rays

{v′1 = (0, 0, 1), v′2 = (0, 1, 1), v′3 = (1, 1, 1), v′4 = (1, 0, 1)}.

The toric variety associated to σ ′ is known as the conifold, or T 1,1-singularity,

C = Uσ ′ = {U V = Z W } ⊂ C
4.
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The variety C is isomorphic to the total space ofO(−1,−1) overCP1×CP
1 with

its zero section contracted to a point. The inclusion σ ′ ⊂ σ realizes a twofold
covering map and X̄ = C/Z2. The base of the conifold, S = C ∩ S7, is identified
with S2× S3. The Kähler–Einstein product metric onCP1×CP

1 lifts to a smooth
homogeneous Sasaki–Einstein metric, which leads to a regular Calabi–Yau cone
on C, known as the Stenzel metric. More generally, the ray of regular Calabi–Yau
cone metrics on C with equal cone angle 2πβ along the four toric divisors, are lifts
of CPβ × CPβ . Here we have used CPβ to denote the Riemann sphere endowed
with the rugby ball metric with cone angles 2πβ and polarized by O(1) (area =
2π ), its symplectic potential is

β−1y log y + β−1(1− y) log(1− y).

The link S of C can be identified with the set of unit vectors on O(−1,−1) on
each factor. Write �i = Di ∩ S for the real codimension two submanifolds of
S given by the intersection of the four toric divisors with the link. Each �i is
diffeormorphic to S3. We have H2(S) = R, and each of the Poincaré duals of �i

is a generator. Moreover [�1] = [�3], [�2] = [�4] and [�1] = −[�2]. On the
other hand, c1(H) = 0, where H ⊂ T S is the contact distribution. We see that
the requirement associated to the angles’ cone condition: β1 + β3 = β2 + β4; is
equivalent to c1(H) =∑

i (1− βi )[�i ].

Up to a constant factor, the volume functional Vol(�ξ ) in σ ′, with coordinates
(ξ1, ξ2, ξ3), is equal to

ξ3

ξ1ξ2(ξ3 − ξ2)(ξ3 − ξ1)
.

Given β = β(p) ∈ B, the Reeb vector is given by minimizing Vol(�ξ ) on C∗ ∩
{〈ξ, p〉 = 3}.

2. M = d P1, the blow up of CP2 at one point, then

vertices of P = {(−1,−1), (−1, 1), (0, 1), (2,−1)},
σ (1) = {v1 = (1, 0, 1), v2 = (0,−1, 1),

v3 = (−1,−1, 1), v4 = (0, 1, 1)}
angles’ cone B = {2β1 + 2β3 = 3β2 + β4} ∩ R

4
>0.

The barycenter of P is located at

Pc = 1

4

(
1

3
,−2

3

)
.

The affine linear functions defining P are

�̂1 = x + 1, �̂2 = −y + 1, �̂3 = −x − y + 1, �̂4 = y + 1.
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Evaluating at the barycenter, βa = �̂a(Pc), we have

β1 = 13

12
, β2 = 7

6
, β3 = 13

12
, β4 = 5

6
.

The vector β = (13/12, 7/6, 13/12, 5/6) satisfies 2β2 + 2β3 = 3β2 + β4. The
family of Kähler–Einstein metrics ωt on M , which solve

Ric(ωt ) = tωt +
∑

a

(1− tβa)[D̂a],

lifts to a family of regular Calabi–Yau cone metrics on X̄ with Reeb vector field
and cone angles related by

ξ = t−1(0, 0, 3)↔ tβ.

The ‘upper Ricci lower bound invariant’ R = R(M, KM ) is the supremum of all
t > 0 such that the entries of tβ are all≤ 1, equivalently R = (maxa βa)−1. In the
case M = d P1, we easily see that R = 6/7. On the other hand, the ray of angles
R>0 ·(1, 1, 1, 1) corresponds to a ray of irrational vector fields, see [32], which give
rise, when all cone angles are equal to 2π , to a smooth irregular Sasaki–Einstein
metric.

3. M = d P2, the blow up of CP2 at two points, then

vertices of P = {(−1,−1), (−1, 1), (0, 1), (1, 0), (1,−1)},
σ (1) = {v1, . . . , v5}

with

v1 = (1, 0, 1), v2 = (0,−1, 1), v3 = (0, 1, 1)

v4 = (−1, 0, 1), v5 = (−1,−1, 1)
B = {β1 + 3β4 = 2β3 + 2β5, β2 + 2β4 = β3 + 2β5} ∩ R

5
>0.

The barycenter of P is located at

Pc = 2

7

(
−1

3
,−1

3

)
.

The affine linear functions defining P are

�̂1 = x + 1, �̂2 = −y + 1,

�̂3 = y + 1, �̂4 = −x + 1, �̂5 = −x − y + 1.
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Evaluating at the barycenter, βa = �̂a(Pc), we have

β1 = 19

21
, β2 = 23

21
, β3 = 19

21
, β4 = 23

21
, β5 = 25

21
;

and R = 21/25. The same commentaries as in the d P1 example apply, namely the
metrics ωt lift to regular Calabi–Yau cone metrics on X̄ with cone angles 2π tβa

along the toric divisors and Reeb vector t−1(0, 0, 3).
4. M = d P3, the blow up of CP2 at three points, then

vertices of P = {(−1,−1), (−1, 0), (0, 1), (1, 1), (1, 0), (0,−1)},
σ (1) = {v1, . . . , v6}

with

v1 = (1, 0, 1), v2 = (0, 1, 1), v3 = (1,−1, 1)
v4 = (−1, 1, 1), v5 = (−1, 0, 1), v6 = (0,−1, 1).
B = {β1 + 3β5 = 2β4 + 2β6, β2 + 2β5

= 2β4 + β6, β3 + 2β5 = β2 + 2β6} ∩ R
6
>0.

The barycenter of P is located at zero and M admits a family of conical Kähler–
Einstein metrics ωt with cone angles t · (1, . . . , 1), smooth at t = 1. The ωt lift
to regular Calabi–Yau cone metrics on X with cone angles 2π t along the toric
divisors and Reeb vector t−1(0, 0, 3).

In the previous examples we have considered the anti-canonical polarization and
X̄ = (KM )×. However, we can still apply Theorem 1.1 to X̄ = (L−1)× where L is
any polarization L on M . Taking different polarizations L we obtain different sets of
inward normal vectors va and different toric varieties (L−1)×. In particular, if L is not
a positive rational multiple of the anti-canonical, then the vertex singularity of X̄ is not
Q-Gorenstein and its angles’ cone B does not contain the ray R>0 · (1, . . . , 1). This
situation is also contemplated by our Theorem 1.1 and the cohomological conditions
on the angles given by Theorem 1.2 apply the same way. Following next, we provide
a few examples.

1. If a and b are positive integers, with a < b, we can take L = O(a, b) over
CP

1 × CP
1. Its moment polytope is the rectangle P = [0, a] × [0, b] and C =

Cone(P × {1}) is the moment cone of X̄ , one easily checks that the facet normals
of C do not lie on a hyperplane. The family of regular structures, with Reeb vector
t−1 ·(0, 0, 3) and cone angles 2π t(a/2, b/2, a/2, b/2), are lifts of products of two
rugby ball metrics,CPβ1×CPβ2 with β1 = ta/2 and β2 = tb/2 and polarizations
O(a) on the first factor and O(b) on the second.

2. Let M be the blow up of CP2 at one point and take as a moment polytope P the
convex hull of (1, 0), (1, 1), (2, 2), (2, 0) with inward normals v̂1 = (1, 0), v̂2 =
(1,−1), v̂3 = (−1, 0), v̂4 = (0, 1). The Picard group of M has rank two, it is
generated by D̂1, . . . , D̂4 subject to relations D̂1 + D̂2 = D̂3 and D̂2 = D̂4. The
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anti-canonical class is −KM = ∑
a D̂a = 2D̂1 + 3D̂3. On the other hand, the

polarization on M associated to P , is L = D̂1+2D̂2. There is a family of Kähler–
Einstein metrics ωt , in the cohomology class 2πc1(L), with Ric(ωt ) = tωt on
M\∪a D̂a ∼= (C∗)2 and cone angles t(5/9, 7/9, 4/9, 7/9). In particular, at t = 9/7
(which is the invariant R(M, L)), the cone angles are (5/7, 1, 4/7, 1). The metrics
ωt can be written explicitly, see [25,Section 6.4], and therefore so do their regular
lifts to X .

There is no need for M to be Fano, so we can also consider polarized Hirzebruch
surfaces (M, L) with M = Fa = P(O ⊕ O(a)). In general, X̄ does not have to be
(L−1)×with L an ample line bundle over a smooth compact toric surface. For example,
the affine toric varieties X̄ corresponding to the Y p,q singularities, see [33]. These are
Gorenstein and admit smooth Calabi–Yau conemetrics, our Theorem 1.1 realizes each
of thesemetrics as amember in a three dimensional family by introducing cone angles.
Following [33], the facet normals to the moment cone of the Y p,q singularity are

σ(1) = {v1 = (1, 0, 0), v2 = (1, p − q − 1, p − q), v3 = (1, p, p), v4 = (1, 1, 0)}

and B given by (p + q)β1 + (p − q)β3 = pβ2 + pβ4.

5.2.1 Explicit formula for symplectic potentials

As a final remark we give a recipe to get explicit toric conically singular Calabi–
Yau metric on Kähler cone whose moment cone has 4 facets. Recall that all
the Kähler–Einstein potentials on convex quadrilateral are explicitely known by
Apostolov–Calderbank–Gauduchon [4] and the second author [28]. To write down
the explicit formula one needs to put suitable coordinates on the quadrilateral that
depends on the type (trapezoids, parallelogram or generic) of the quadrilateral. Thus,
given any Calabi–Yau cone metric as in Theorem 1.1 with a four faced good moment
cone the associated potential on the tranversal polytope has no choice to fall into the
category of metrics studied by [4]. On the other hand, we note that any two strictly
convex four faced cones in R

3 are equivalent under SL(3,R). Thus, the symplec-
tic potential of a Calabi–Yau cone metric as in Theorem 1.1 with a four faced good
moment cone can be realized (on the complement of the invariant divisors) as one
of KE potential the family of a fixed cone C (with base a square, say) and various
labelling. Let’s do an example in detail. To simplify assume the Calabi–Yau metric
we started with on X is a smooth one (i.e. β1 = · · · = β4 = 1) and the moment cone,
image of μ : X → R

3, is some four face strictly convex cone C̃ ⊂ R
3 with inwards

primitive normals w1, . . . , w4 ∈ Z3. There is a unique automorphism φ ∈ SL(3,R)

sending C̃ to C := {(x0, x1, x2) ∈ R
3 | x0 ± x1± x2 ≥ 0} and then (φ−1)∗wa = rava

for some ra > 0 where the v1, . . . , v4 ∈ Z
3 are the unique inwards primitive normals

to C . Then the symplectic potential associated to the Calabi–Yau metric on X (with
respect to the moment map φ ◦μ and associated action-angle coordinates) is the only
KE potential in Sξ (C, �, β) where β = (r−11 , . . . , r−14 ) ∈ B, �a = va and ξ is the
Reeb vector field. Moreover, this KE potential can be written down explicitly using
Hamiltonian 2-form coordinates [4, 28].
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