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Behavior of the Minimal Energy for the
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Dimensions
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Abstract. We consider the renormalized relativistic Nelson model in two
spatial dimensions for a finite number of spinless, relativistic quantum
mechanical matter particles in interaction with a massive scalar quantized
radiation field. We find a Feynman-Kac formula for the corresponding
semigroup and discuss some implications such as ergodicity and weighted
L? to LY bounds, for external potentials that are Kato decomposable
in the suitable relativistic sense. Furthermore, our analysis entails upper
and lower bounds on the minimal energy for all values of the involved
physical parameters when the Pauli principle for the matter particles is
ignored. In the translation invariant case (no external potential), these
bounds permit to compute the leading asymptotics of the minimal energy
in the three regimes where the number of matter particles goes to infinity,
the coupling constant for the matter-radiation interaction goes to infinity
and the boson mass goes to zero.

1. Introduction

1.1. General Introduction

The Nelson model, describing a fixed number of spinless non-relativistic quan-
tum particles linearly coupled to a field of spinless bosons, is an important test-
ing ground for various mathematical aspects of the ultraviolet problem. Orig-
inally proposed by Nelson [23,24] as an example of an explicitly ultraviolet-
renormalizable theory, it is the subject of ongoing research up to date.

We investigate an adaption of the original Nelson model in which the
particles have a relativistic dispersion relation, from now on referred to as
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the relativistic Nelson model, and focus on its probabilistic analysis. From a
physical point of view, such an ultraviolet-renormalizable relativistic model is
of special interest, because one expects the particles to obey the relativistic
dispersion relation if the system can also describe very high energies. Due to
a stronger ultraviolet divergence in three space dimensions, we restrict our
attention to the case of two space dimensions. We assume the bosons to have
a mass, for otherwise the model would be unstable in two dimensions.

The renormalization problem for the relativistic Nelson model has been
treated in the articles [32] and [9,12] in two and three spatial dimensions,
respectively. Recently, Schmidt [28] renormalized the two-dimensional model
using the technique of interior boundary conditions, which allowed him to
prove stronger convergence results and to give an explicit expression for the
renormalized operator. A related model, in which a fermionic scalar field is
linearly coupled to a bosonic scalar field, has recently been renormalized via
a resummation scheme technique in [1], where the physical example can also
only be treated in two space dimensions.

Motivated by the recently revived interest in the model, we derive a
Feynman—Kac formula for the renormalized relativistic Nelson Hamiltonian
and discuss some of its applications. Similar formulas for the non-relativistic
model have been derived in [10,22,24]. The technique we use is built upon
that of [22]. Explicitly, we derive an expression for the Feynman-Kac semi-
group with ultraviolet cutoff and a cutoff dependent energy counter term,
which still is mathematically meaningful when the cutoff is dropped. We then
prove that the generator of this semigroup without cutoff is the norm resolvent
limit of ultraviolet regularized Nelson Hamiltonians with added energy counter
terms as the cutoff goes to infinity. In particular, the generator of our limiting
semigroup agrees with the renormalized Hamiltonians constructed in [28,32].
Compared to [22], we need to replace the Brownian motion as generator of
the particle dynamics by a suitable Lévy process. Further, in comparison with
[28,32], the probabilistic technique easily allows us to treat a broad class of
external potentials.

Along similar lines to [22], our probabilistic analysis also entails a vari-
ety of lower bounds on the minimal energy of the relativistic Nelson model,
with only a minor amount of extra work. Combined with more well-known
trial function arguments, it further yields upper bounds, which asymptotically
match with the lower ones in the translation invariant case (no external po-
tential). More precisely, we are able to compute the leading asymptotics of the
minimal energy in the three regimes where the number of matter particles goes
to infinity, the coupling constant for the matter-radiation interaction goes to
infinity and the boson mass goes to zero. Here, we are always discussing the
minimal energy in our model without any symmetry restrictions imposed on
the matter particles (no Pauli principle).

Further results of our analysis are weighted LP to L? bounds on the
semigroup, which also is shown to map bounded sets in LP onto equicontin-
uous sets of functions. As observed in [19,22], the general structure of our
Feynman—Kac formula easily entails ergodicity of the semigroup, a result that
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has been obtained in [31] for the fiber Hamiltonian at total momentum zero in
the translation invariant case but seems to be new for the full Hamiltonian. A
well-known implication of our continuity and ergodicity results is the continu-
ity, non-degeneracy and strict positivity (for the appropriate phase factor) of
ground-state eigenvectors (if any). The weighted LP to L? bounds can be used
to turn L2-bounds on the exponential localization of ground-state eigenvectors
into pointwise decay estimates; see [14] for such results in the original Nelson
model. A Markov property satisfied by our Feynman—Kac integrands and the
ergodicity are the crucial prerequisites for the construction of path measures
associated with ground states; see again [14].

Structure and Notation

The article is structured as follows: In the remainder of this introduction, we
define the relativistic Nelson model studied here and take a first glance at our
Feynman—Kac formula, as its thorough presentation is somewhat lengthy. Pre-
cise statements of our results on the Feynman—Kac formula, ergodicity, as well
as bounds on and asymptotics of the minimal energy can be found in Sect. 2. In
Sect. 3, we prove the Feynman—Kac formula, relying on a number of properties
of our Feynman—Kac semigroups as well as an integral equation satisfied by
the Fock space operator part of the Feynman—Kac integrands with ultraviolet
cutoff. It is not difficult to verify the latter integral equation, whence this is
done first in Sect. 4. Establishing all required results on the semigroups is the
objective of the successional three sections: In Sect. 5, we provide technical
results on the two main contributions to the analogue of Feynman’s complex
action in our model, an effective interaction potential and a martingale part.
The full complex action is studied in Sect. 6; the bounds derived therein will
eventually imply our lower bounds on the minimal energy. In Sect. 7, we then
treat the full integrands in the Feynman—Kac formula and prove Markov, semi-
group and continuity properties as well as weighted LP to L? bounds. The final
Sect. 8 is devoted to proving upper bounds on the minimal energy. The main
text is followed by four appendices, respectively, dealing with the relativistic
Kato class, basic integral processes attaining values in the one-boson Hilbert
space, a corollary of an exponential tail estimate for Lévy type stochastic inte-
grals due to Applebaum and Siakalli [2,29] and bounds on the free relativistic
semigroup.
Let us fix some general notational conventions:

e The characteristic function of a set M C R™, n € N, is denoted by x /.
e The two-dimensional open ball of radius > 0 about 0 is denoted as

Bo={ye Ry <r)  Bo=0. (11)
The open unit ball about the origin in R*" is denoted as
1= {z e R*M||z| < 1}. (1.2)

For a,b € R, we write a A b = min{a, b} and a V b = max{a, b}.
The set of bounded operators on some Banach space X is denoted by

B(X).
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e The Borel o-algebra of some topological space S is denoted by B(.5).

e The symbol D(+) denotes domains of definition. If A is a selfadjoint oper-
ator in some Hilbert space, then D(A) is equipped with the graph norm
of A.

1.2. The Relativistic Nelson Model in Two Spatial Dimensions

Let us now define the model studied in this paper. For brevity we shall freely
use some standard notation for operators acting in the bosonic Fock space F,
which is modeled over the one-boson space L?(IR?); the definitions of F and
all relevant operators acting in it are recalled in Sect. 2.1.

In the translation invariant case our model is determined by four param-
eters: The number NV € N and mass my, > 0 of the matter particles, the boson
mass mp > 0 and the coupling constant g € R\ {0} for the matter-radiation
interaction. The dispersion relations for a single matter particle and a single
boson are given, respectively, by

b(n) = (Inf* +m)/? —my, neR?, (1.3)
w(k) := (k> +m2)2, keR2 (1.4)

The coupling function for the matter-radiation interaction is given by
v = gw /2, (1.5)

We shall use the capital letter K; to denote multiplication by k;, i.e.,

(Kif)(k) :==kif(k), ke€R? forevery f:R*—C andic{1,2}.
(1.6)

Since v ¢ L%(R2), the bosonic field operators p(e £ ¥y), y € R2, are ill-
defined. This makes the energy renormalization procedure necessary that we
employ in the construction of the Hamiltonian H hereinafter:

Let us write

r=(xy,...,oyn), with a1,...,25 € R? (1.7)
and introduce the ultraviolet cutoff coupling functions
VA = XB, U, A €[0,00). (1.8)

Since vy € L?(R?) for all A € [0, 00), the field operators (e 5 %iv, ) are now
well-defined. Furthermore, they are infinitesimally bounded, uniformly in z,
with respect to the radiation field energy dI'(w).

Finally, we add an external potential

V:V+—V7:R2N—>R7 with V+:V\/O

Throughout this article V is assumed to be Kato decomposable with respect
to the Lévy process describing the trajectories of the IV matter particles. The
latter notion will be explained in the beginning of Sect. 2.3. For the moment,
it is sufficient to know that our assumptions on V imply its local integrability
and infinitesimal form boundedness of its negative part V_ with respect to the
Hamiltonian for the free matter particles Z;V:I P(=iVy,).
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We can now define the regularized relativistic Nelson Hamiltonian with
ultraviolet cutoff A € [0,00), denoted Hyp. It acts in the Hilbert space
L2(R2N | F). Analogously to (1.7), we write

€= (&,...,6N), with &, ..., &y € RY (1.9)

and denote by U the F-valued Fourier transform of ¥ € L?*(R?N | F). Then the
form domain Q(H,) of Hy is the set of all ¥ € L2(R?VN, F) such that ¥(x)
is in the form domain of the radiation field energy dI'(w) for a.e. 2 and such
that

N ~
aW =Y [ w@IF@e+ [ (Vi@IV@I3 + a0 ¥ ) de

is finite. By the above considerations, the quadratic form ha : Q(Hpx) — R
given by

bA®] = ql¥] - / V(@) ()

N
2> /R (W()lple M wr00) W (@) rdz + NER |2, (1.10)

for all U € Q(H,), is closed and lower semibounded. In its definition we

already added the energy counter term NE}" with

g2

B = /B o) @ (k) 9 (h)

By definition, H, is the unique selfadjoint operator in L2(R?Y | F) representing
ba-

The renormalized relativistic Nelson Hamilton in two space dimensions
is now given by

dk, A €[0,00). (1.11)

H := norm-resolvent-lim Hy. (1.12)

As alluded to above, existence of the norm resolvent limit has been established
in [28,32], at least for the case V = 0.

Our Feynman-Kac formula for H (Theorem 2.1) can be stated as follows:
For all t > 0 and ¥ € L2(R?V, F), there is a unique continuous representative
of et satisfying

(7 W)(@) = E ¢ Ol VDS E, (U (2) Fyya(~UN (@) W (XE)] |

for all z € R?YN. Here X is a vector of N independent identically distributed R2-
valued Lévy processes with Lévy symbol —, and X* = z+ X. The real-valued
continuous and adapted stochastic process u¥ () is the complex action and
UN-*(x) are continuous adapted stochastic processes taking values in L?(IR?).
Furthermore, for fixed h € L?(R?), F;(h) is an operator on F explicitly given
as an exponential series of creation operators af(h) controlled by the semi-
group at time ¢ of the free radiation field; see (2.4). Its adjoint F;(h)* contains
annihilation terms. The processes u¥(z) and UN:*(z) are given by explicit



2882 B. Hinrichs and O. Matte Ann. Henri Poincaré

formulas involving (stochastic) integrals that are mathematically meaningful
directly without any cutoff. Nevertheless, we will actually re-prove the exis-
tence of (1.12), mainly to verify that H generates the semigroup defined by the
right hand side of the Feynman-Kac formula. Here we shall make use of our
assumption that V' be Kato decomposable in a relativistic IN-particle sense.

If the boson mass was zero, there would still exist a canonical selfadjoint
realization of H, for suitable V', whose spectrum was, however, unbounded
from below; see, e.g., Lemma 8.1 and Corollary 8.3. Hence, an energy renor-
malization is impossible for zero boson mass. This is why we assume my, to be
strictly positive, while m,, is only required to be non-negative.

2. Main Results

In this section, we present our main results in detail. To this end, we first recall
some necessary Fock space calculus in Sect. 2.1 as well as relevant facts on the
Lévy process X and related probabilistic objects in Sect. 2.2. In Sect. 2.3,
we will step by step introduce all processes appearing in our Feynman—Kac
formula and state the latter in Theorem 2.1. Applications of the Feynman-Kac
formula are described in Sect. 2.4 (ergodicity), Sect. 2.5 (two-sided bounds on
the minimal energy) and Sect. 2.6 (asymptotics of the minimal energy).

2.1. Important Operators on Fock Space

Here we shall briefly recall the definitions from Fock space theory necessary
for an understanding of this article. For a more detailed introduction, we refer
the reader to [3,25].

The bosonic Fock space over L?(IR?) is the direct sum of Hilbert spaces

F = C@@Lsym (R2"), (2.1)
with L2, (R*") denoting the closed subspace in L?(R*") of all its elements ¢,
satisfying én(kx(1), -+ kr(n)) = On(k1,...,kn), a.e. for every permutation 7

of {1,...,n}; here kl,...,kneRQ.

The first operator in F we introduce is the selfadjoint radiation field
energy denoted dI'(w). Each subspace in (2.1) is reducing for dI'(w). Its action
on ¢ = (¢,)22, € D(dI'(w)) is given by

(d0(w)p)o =0 and (AD(W)@)n(k1,. .. kn) = Y w(kj)dnlkr,. .. kn),
j=1
(2.2)
a.e. for every n € N. Here ¢ € F is in the domain of dI'(w), if and only if the
expressions on the right hand sides in (2.2) define a new vector in F.

Next, we introduce the annihilation operator, a(f), associated with f €

L?(R?). It is the closed operator whose action on ¢ = (¢,,)5°, € D(a(f)) reads

(@(F) Bk, Fn) = (n+ 1)1 /R T busalkokr, o k)dk,  (23)
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a.e. for every n € N, and (a(f)@)o = (f|¢d1). Again ¢ € F is in D(a(f)), if and
only if the previous right hand sides yield a vector in F. Finally, the creation
operator, af(f), and the selfadjoint field operator, (), associated with f are
given by

d'(f)=alf)",  (f)=(a"(f) +a(f))*

As is well-known, a(f), af(f) and ¢(f) are relatively dI'(w)'/?-bounded
for all f € L?(IR?), because my, > 0; see, e.g., [3, Theorem 5.16]. More generally,
the n-th powers of these operators are relatively dI’ (w)”/ 2-bounded for all
n € N. Employing suitable relative bounds we can in fact verify operator norm
convergence of the following series, that we shall encounter in our Feynman—
Kac formula,

o0 1 3
Fy(h) = acﬁ(h)"e W) ¢ >0, h e L*(R?). (2.4)
n=0
These series have been introduced in [11] and details can be found in Appen-
dix 6 of that paper. For instance,

IF: (W)l < S([IRlle), >0, h € L*(R?), (2.5)

where the time-dependent norm || - ||; on L?(R?) is given by

0l = [ (14 o ) Ina, (2.6)

and
o0

S(z)=>_ % zeC. (2.7)

n=1
2.2. Lévy Processes for Particle Paths

Next, we introduce in detail the Lévy process X describing (fictitious) paths of
the N relativistic matter particles. Furthermore, we collect some remarks on
associated Poisson point processes and stochastic integrals which are necessary
to understand the stochastic calculus applied later on. The intention is to
clarify notation and make this article more accessible for readers who might not
be well-acquainted with Lévy processes. Relevant textbooks are, e.g., [2,15,20].

Throughout the article, let us assume that (Q,§, (§t)t>0,P) is a filtered
probability space satisfying the usual hypotheses of completeness and right-
continuity, i.e., (2, §,P) is complete, Fo contains all sets of P-measure zero and
5 = ﬂs>t §s for all £ > 0. The letter E denotes expectations with respect to
P.

2.2.1. Lévy Processes for Relativistic Particles. For every j € {1,...,N},
we let X; = (X;)i>0 denote an (§:)i>0-Lévy process associated with the
Lévy symbol —1 given by (1.3). Hence, each X is an adapted stochastically
continuous R2-valued process with stationary increments such that X 50 =0,
P-a.s., X, — Xj, and §, are independent for all ¢ > s > 0 and the law of
X+ has the density pp,, . = (2r)"'(e”*)Y for all ¢ > 0. Here ¥ denotes
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inverse Fourier transformation. The well-known explicit expressions for py,,
are recalled (in arbitrary dimension) in (D.6) and (D.7). It might be helpful
for some readers to mention that each X is an example of an inverse Gaussian
process; see, e.g., [2, Example 1.3.32].

The processes X7i,..., Xy model the individual relativistic matter par-
ticles and we assume these processes to be independent. We gather them in
the R*N_valued process X := (X1,...,Xx) which again is (F;)i>0-Lévy. In
this article we stick to the convention that Banach space-valued stochastic
processes with time horizon [0,00) are called cadlag, iff all their paths are
right-continuous on [0, c0) and have left-sided limits at every point in (0, 00).
Since we are working under the usual hypotheses, we may and shall assume
that X is cadlag in this sense. Then X;_ stands for the pointwise defined left
limit limgpy X for all ¢ > 0.

For every « € R2V, we further abbreviate X® := z+X and X7 =x;+X;,
so that for instance X7, = x; + limg¢ X s for £ > 0; recall (1.7).

2.2.2. Lévy Measures. To be able to work with the pure jump processes X
and X; we have to know their Lévy measures. Recall that a Lévy measure is a
Borel measure A on R? such that A({0}) =0 and 1 A|-| € L%(\). In our case
they describe the distribution of the jumps of X and X, respectively; see [2,
§1.2.4] for a detailed introduction.

The Lévy measure of X, which does not depend on j, is denoted by
v B(R?) — [0,00]. As is well known, v has the density p with respect to the
two-dimensional Lebesgue-Borel measure, where

3/2
mp .
g (mplyl), if mp >0
91/2 372 23/2\plI1)s P )
Yy eR2\ {0} ply) = 1(”'9” (2.8)
e o=

and, say, p(0) = 0. Here, K3/5 is a modified Bessel function of the third kind;
see Appendix D.1 for more details. In fact we can directly obtain p(y) from the
law pp,, .« (y) of X; by calculating the limit limg o § pm, (y) for y € R?\ {0}.
Thus, dv(y) = p(y)dy and, by (D.5),

[l am <o >0 [ )= @9)
R2 B1(0)

The former integrability property reveals that v is indeed a Lévy measure. It
is the one associated with each process X, as the Lévy-Khintchine formula
for the logarithm of the characteristic function of X; reads

0 = =0 = [ @ <L G ), ne R (210

with the two-dimensional ball B; as defined in (1.1); see, e.g., [2, §1.2.6]. This
equality also reveals that X is a pure jump process, since the Lévy-Khintchine
formula for the characteristic function directly corresponds to the Lévy—Ito
decomposition of the Lévy process, cf. [2, §1.2.4] for details.
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Since X1i,..., Xy are independent Lévy processes with common Lévy
symbol —, the symbol of the 2/N-dimensional process X, call it —x, satisfies

N N

emtx (O = o6 Xartten X ] = [ Bl ] = [[e), £ e RV,
j=1 j=1

for every t > 0, where we use the notation (1.9). Thus,

N
wx(©) = 06 == [ @ 14 ivm () (), € e RV,
= (2.11)

Here Bj is the 2N-dimensional open unit ball defined in (1.2), and the Lévy
measure vx : B(R2Y) — [0, 00] of X is

N
uX::250®-~-®50® v R85 @ ® b, (2.12)
j=1

7’th factor

with §y denoting the Dirac measure on the Borel sets of R? concentrated in
0. To read off the formula for vx, we made use of (2.10) and observed that
xB;(2) = xB, (2¢) whenever z; = 0 for all j # /.

2.2.3. Infinitesimal Generator. For every bounded f € C%(R2?V) with bounded
first and second order derivatives, we set

x9N == [ (fa+2) = @) = xa ()91 (@) - o (o)
(2.13)

for every x € R?N. Here the integrals on the right hand side exist due to the
assumptions on f, Taylor’s formula, (2.9) and (2.12).

For instance, assume that f = g is the inverse Fourier transform of some
Borel measurable function g : R?Y — C such that R2N 3 & (1 + [¢[})g(¢) is
integrable. Then, in view of (2.11) and Fubini’s theorem, the above definition
of x(—iV) agrees with the usual one based on Fourier transformation, i.e.,

(N = oy [ S Ox@ade, ce RN, (214)

Let us for orientation mention that functions of the form f = g with ¢ as
above also belong to the domain of definition of the infinitesimal generator of
the Feller semigroup associated with X; applying this generator to f yields
—x (—iV)f.

2.2.4. Associated Poisson Point Processes of Jumps and Stochastic Integrals.
Twice in this article, we shall make crucial use of Ité’s formula for X: in our
derivation of the Feynman-Kac formula with ultraviolet cutoff and in order
to find a new formula for the complex action that still makes sense when the
cutoff is dropped. Therefore, we shall now briefly explain the point processes
and corresponding stochastic integrals appearing there. It6’s formula itself will
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be discussed when needed in Sect. 3.2. Note that the complex action without
cutoff will contain a martingale part given as a stochastic integral.

We denote the jumps of X by AXy(y) := Xe(y) — Xi—(7), t > 0, and
notice that the set of non-zero jump times D(vy) := {t > 0| AX;(y) # 0} is
at most countable for every v € €, since X is cadlag. Then the Poisson point
process Ny associated with X is the random measure given by

Nx(A):=> xa(t,AX;), AeB([0,00) x R*N).
teD
When reading some formulas below, it is helpful to keep in mind that Nx ((0, ¢]x
(R2V\ B)) < oo, P-a.s., for every t > 0. At every fixed elementary event, Nx
is an at most countable sum of Dirac measures and in particular

Z4(2)dNx (s,2) = Z:(AX,),
JECTL TR R SRR ATES

s€DN(0,t]

for every product measurable integrand Z : [0,00) x RV x Q — [0, oo]. Here
and below, Z(z) := Z(s, z, ).

For every B € B(R*) with vx(B) < oo, (Nx((0,t] x B))i>o is an
(8+)t>0-Poisson process with intensity vy (B), i.e., satisfying E[Nx((0,t] x
B)] = tvx(B). We remark that this is the precise way in which the Lévy
measure vy describes the distribution of the jumps of X. Further it implies
that the process (Nx ((0,t] X B));>0 given by

Nx((0,#] x B) := Nx((0,4] x B) — tux(B), >0, (2.15)

is a martingale. There exists a theory of stochastic integration extending the
relation (2.15); see, e.g., [15, §2 Sec. 3]. As corresponding integrands we only
encounter elements of /% in this article, where, for p € {1,2}, J, denotes
the set of predictable maps Z : [0,00) x R?Y x Q — R such that |Z|P is
integrable over [0,t] x R?Y x Q with respect to ds ® vx ® P for all ¢ > 0. For
every Z € g% the stochastic integral process (f(o,t]xRQN Z4(2)dNx (s, Z))t>0 18
a cadlag L?-martingale satisfying It6’s isometry

EK/«),t]wa Z4(2)dNx (s, z) z) } [/ /R?N 2)2dvx (2)ds|, (2.16)

for all ¢ > 0. In the case Z € 54 N 7% we P-a.s. know that, for all t > 0, Z is
integrable over (0,¢] x R?Y with respect to Nx and

/ Z,(2)dNx (s, 2)
(0,6 xR2N

:/ Zs(2)dNx (s, 2) / / z)dvx (z) ds. (2.17)
(0,¢] xR2N R2N

The above integrals show up in the Lévy—Ito decomposition of X,

X = / 2dNx (s, 2) +/ 2dNx (s, z), t>0. (2.18)
(0,t]x (R2N\B) (0,t]x B}



Vol. 25 (2024) Feynman—Kac Formula and Asymptotic Behavior 2887

Here, the first member on the right hand side is the P-a.s. finite sum of all
jumps of X of size larger than 1. The second member is referred to as a
compensated sum of all remaining, small jumps; notice that, by (2.9) and
(2.12), its integrand is in .74 but not in 7.

2.3. The Feynman-Kac Formula

We can now move to the presentation of our Feynman—Kac formula. We start
by properly introducing the class of external potentials considered in this ar-
ticle:

2.3.1. Relativistic Kato Class for IV Particles. Following [7] we introduce the
Kato class corresponding to the process X as

) t
iz B[ s =0}
(2.19)

Kx = {f :R*N — [0,00) Borel meas.

As indicated earlier the external potential V' is always assumed to be Kato
decomposable in the sense of Kx, i.e., x¢Vy, V- € Kx for all compact C' C
R2N . As a consequence, V is locally integrable and V_ is infinitesimally form
bounded with respect to the free particle Hamiltonian Zjvzl Y(=iVy,); cf. [7,
Theorem III.1 and the paragraph following its proof]. We also know that

M (x) == {7y € Q| V(XI (7)) : [0,00) — Ris not locally integrable} (2.20)

is a P-zero set for every = € R*™. Once and for all we fix the convention that
the integral paths fo. V(XZ)ds equal 0 on A7 (z). In Appendix A we discuss
some further properties of Kato decomposable potentials to be used later on.

For example, V' is Kato decomposable in the sense of Ly, if it has the
form

N
V@)=Y Vigla)+ D Viglei—z), =R,
J=1

1<i<j<N

where xc(Va)4, (Va)- € Kx, for all compact C C R? and all subsets A C
{1,..., N} of cardinality one or two. Here K, is defined as in (2.19) with R?¥
replaced by R? and X replaced by X;. This follows from the independence of
Xi1,...,Xn and since, for 7 < j and s > 0, the laws of X;, and X, have
the same, rotationally symmetric probability density p, s satisfying pp,, s *
Pmy,s = Pmy,2s- In view of Corollary D.4, we know that LP(R?) N L?!(R?) C
Kx, for every p € (1,00]. If m;, = 0, the corollary implies L?(R?) C K, for
all p € (2, 00].

2.3.2. The Processes Appearing in the Creation/Annihilation Terms. Next,
we discuss the two processes to be substituted into the creation term F; /5 (h)
and the annihilation term F/5(h)* in our Feynman-Kac formula. The bound

le™*v]| < |gl(x/s)'/%, s >0, (2.21)
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and Bochner’s theorem ensure existence of the following L?(R?)-valued
Bochner—Lebesgue integrals,

t t
U, [v] ::/0 e W K Y yds, U] ::/0 e t=)w—iKY s 1> 0.
(2.22)

Here v : [0, 00) — R? is assumed to be Borel measurable, 7, := 7(s) as usual,
and we used the notation (1.6). The regularizing effect of the damping terms
e ™, r >0, in (2.22) is illustrated by computing the integrals when ~ is zero,
which gives (1 — e~ )v/w € L?(R?). With this we define
N
UM () =) e FUUEX L], weRMN t>0. (2.23)

j=1

For each choice of the sign the L2(R2)-valued process (U;"=(x))¢0 is adapted
and all its paths are continuous; see Lemmas B.2 and B.3 for details.

2.3.3. The Complex Action. We shall next introduce the analogue of Feyn-
man’s complex action in our Feynman—Kac formula, which is the sum of three
contributions coming from the radiation field.

Let us abbreviate

Bi=(w+v) " v=gw V2 w+)"t e L2(R?). (2.24)

Then the simplest of the three contributions to the complex action is

N
o (z) =D (U (@) EXep), 2 eR¥™N t>0. (2.25)
=1
This expression is in fact real-valued and uniformly bounded in x and ¢ and on
Q; see Remark 6.3. The process (¢ (z))¢>0 is manifestly adapted and cadlag.
Secondly, the radiation field mediates an effective, translation and rota-
tion invariant pair interaction potential between the matter particles that we
call w: R? — R. The potential w comes into the picture as the distributional
Fourier transform of v3 which is an element of L?(R?) for every p > 1. More
precisely, w denotes a representative of that Fourier transform that is contin-
wous on R? \ {0} and given by the following formulas: With .J, denoting the
Bessel function of the first kind and order 0, cf. Appendix D.1, we set

2mrJo(rs)
w(r)(w(r) +¢(r))’

where we from now on introduce the slightly abusive notation

I(r,s) == r,s >0, (2.26)

w(r) == 24+ m)V2 i) = (r? + mf))l/2 —my, 72=0.

Then w is given by the following well-defined Lebesgue integrals

w(y) = ¢ / S0 lyhdr, v B2\ {o}, (2.27)
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and we complement this by the (immaterial) convention w(0) := 0. For N > 2
the total effective interaction term appearing in the complex action is

t

w(z) = Y / 2w(XP, — X7 )ds, zeR*™ t>0. (2.28)
1<j<t<N 70

For N = 1, there is no effective interaction and we set w}(z) := 0. As we

shall see in Remark 5.3, w € LP(R?) for all p € [2,00), whence w(z) is a
well-defined path integral process according to the conventions and examples
in Sect. 2.3.1.

Most work is needed to obtain control on the third contribution to the
complex action, namely the real-valued cadlag square-integrable martingale
(m ()0 with

N

mi\](x) . /0 ] xR2N Z UN+ _iKAX;Si(e_iK-Zj - 1)6>dﬁx(8,2)
] xR2

(2.29)

Here z; is the j’th two-dimensional component of z similarly as in (1.7). As
we shall see in Lemma 5.1, the integrand in (2.29) belongs to the space %
introduced in Sect. 2.2.4 and in particular m (z) is a well-defined isometric
stochastic integral.

Combined, our formula for the complex action reads
ul (z) == wN (z) — N (x) + mN(z), zeR* t>0. (2.30)

As it turns out in Corollary 6.9, the paths of u™(z) are P-a.s. continuous,
although the last two members of the right hand side of (2.30) are merely
cadlag.

2.3.4. Feynman—Kac Integrand and Formula. We are now in a position to
state our Feynman—Kac formula where we abbreviate

N t x . *
Wi(x) := et @Ol VIXDds g o (CUNT (@) Fyo (UM ()" (2.31)

For every ¢t > 0 the B(F)-valued function Wi(x) on Q is §-measurable and
separably valued and its operator norm |[W;(x)|| has moments of all orders;
see Remarks 3.2 and 7.4.

Theorem 2.1. Let ¥ € L2(R?N F) and t > 0. Then e *#U has a unique
continuous representative which for every x € R?N is given by

(e™"0)(x) = E[Wi(2) W (X])]. (2.32)

Proof. The continuity of the right hand side of (2.32) in z € R*V follows
from the stronger continuity result Proposition 7.13. Equation (2.32) itself is
established at the end of Sect. 3.4. As a byproduct we shall in fact obtain a
new proof of the existence of the norm resolvent limit (1.12). O

In the following subsections we present some applications of Theorem 2.1.
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2.4. Ergodicity

Let U : F — L*(g) := L?(Q,g) be a unitary map from the Fock space to a
O-space, so that g is a probability measure on the set Q and all field operators
p(h) with

h e = {f € L*(R*)| f(k) = f(—k), a.e. k} (2.33)

become Gaussian random variables on Q after conjugation with Y. Confer,
e.g., [25] for constructions of Q-space. We denote by the same symbol the
constant direct integral of U, i.e., (UV)(z) = UV (z), ae. x € RN, ¥ ¢
L2(R2N | F). Of course we have a canonical notion of positivity for functions in
L2(R*N L2(g)) = L*(R*N x Q,dx ® g), that we shall employ in the following
theorem. It is a consequence of Theorem 2.1 and its proof is a word by word
transcription of the proof of [22, Theorem 8.3]. The crucial point is that the
operators UFy j5(h)Fyj2(h)*U* with t > 0 and h € & improve positivity on
L2(g)) as observed in [19,22], and U}* (z) are in fact J%-valued in view of
(2.22).

Theorem 2.2. Let t > 0. Then Ue *HU* improves positivity.

Sloan [32] has shown an analogous result for the fiber Hamiltonian at total
momentum zero in the renormalized translation-invariant relativistic Nelson
model. In the non-relativistic renormalized Nelson model the ergodicity of fiber
Hamiltonians attached to arbitrary total momenta—with respect to a different
positive cone in F—has been shown in [17,21].

A standard conclusion (see, e.g., [22, Corollaries 8.5 & 8.6]) is the follow-
ing:

Corollary 2.3. (i) Let ¥ € L2(R?N  F)\{0} be such that UV is non-negative.
Then

1
info(H) = — lim 7 In(V|e W),
(i) Let f € L2(R*V)\ {0} be non-negative. Then

info(H) = — lim 1111( f(z)Efe® @=Jg V(XD)ds f(Xf)}dx).
RQN

t—o00

2.5. Two-Sided Bounds on the Minimal Energy

With the aid of Corollary 2.3 and exponential moment bounds on the com-
plex action, we obtain the estimates on the minimal energy presented in the
following. We only consider the translation invariant case. Non-zero external
potentials V' can be incorporated by using form bounds relative to H and
variational arguments.

2.5.1. Lower Bounds. The first lower bound in the next theorem seems to be
reasonably good for small coupling constants g. In this regime it provides a
lower bound proportional to —g*N?, which is the behavior observed for all
values of g and N in the non-relativistic Nelson model [22]. (The minimal
energy depends on the choice of the energy counter terms, of course. In [22]
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the authors work in 3D, set m, = 1 and use (1.11) with |k|?>/2 put in place
of ¢¥(k).) The second and third bounds in the next theorem show the correct
behavior for large g and/or N as we shall see in Sect. 2.6.

Theorem 2.4. Consider the translation invariant case V.= 0. There exist con-
stants b, b’ > 0 such that, for all coupling constants g and particle numbers N,

bg* N3 bVg*N2(N —1
info(H) > 29 (BN m, _ g()(l + mp)'
my mp mp
Furthermore, there exist constants c¢,¢’ > 0 such that
. 2 2 g*N 2772 /
info(H) > —qmg°(2N* = N)In | =—— |  —cg°N* — (N — 1)m,,
m,
’Lf gZN = Mp.

For mp, > 0, the term in curly brackets {---} can be replaced by

2N 2N
27g?N(N — 1)In <9m> +7g?NIn(1V (¢2N)) + 22—

P

[(9>N) A 1.

b
Proof. To prove these bounds we choose a bounded, integrable, non-negative
and non-zero f : R — R in Corollary 2.3(ii) and estimate f(X7) < | f|lco-
After that we apply the exponential moment bounds on the complex phase
in Theorems 6.6 and 6.7 with p = 1. Since the parameter a > 1 appearing
in these theorems is arbitrary, we obtain the asserted lower bounds in this
way. O

2.5.2. Upper Bound. We complement the lower bounds from the previous the-
orem with an upper bound, which follows from a combination of Corollary 2.3
and our exponential moment bounds on the complex action with a more well-
known trial state argument.

Theorem 2.5. Assume that V.= 0 and let § € (0,1). Then there exists
C (0, mp, 1vmy) € (0,00), depending solely on the quantities displayed in its ar-
gument, as well as a universal constant ¢ > 0 such that, whenever g?N > 2my,,
inf o(H) < ¢(N — 1)my + C(0,mp, 1V my,)g* N?
9°N
—270g°N(N — 1) In () —m0g*NIn(1V (g°N))

mp

1/\(92]\[)).

mp

— X{0} (mp)ﬂ'eglen (

Proof. The proof of this theorem can be found at the end of Sect. 8. 0

2.6. Asymptotics of the Minimal Energy

Combined the upper and lower bounds in Sect. 2.5 reveal the asymptotics of
the minimal energy in the three regimes where the particle number N and the
coupling constant g are large and the boson mass is small.
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For convenience we do typically not display the dependence of H and
related objects on the parameters IV, m,,, my, and g in our notation. An ex-
ception will be the next theorem and the subsequent remark where the minimal
energy of H in the translation invariant case is denoted by

E(g,N,mp,mp) :=info(H) when V =0.
Theorem 2.6. The following relations hold for V=10,

. g(g7N7mp7mb) _ 2
R T R (2:34)
. &(g,N,mp,my)
lim ST b oN2 ), 2.35
lgl—co g In(g?) ( ) (2:35)
. E(g, N, mp, my)
lim 92 e ) on 2NN — 1 2.
= () Tg N ( ), mp >0, (2.36)
N
lim SO NOMY) ooy (2.37)

Proof. All limit relations follow directly from Theorems 2.4 and 2.5, if we take
into account that the parameter 6 € (0,1) appearing in Theorem 2.5 can be
chosen arbitrarily close to 1. O

Remark 2.7. In the case N = 1 with m, > 0, where (2.36) does not reveal
any leading asymptotic behavior as my, | 0, the last statement in Theorem 2.4
implies the uniform lower bound
2
E(g, 1,mp,mp,) = —mg?In(g? vV 1) — %[ A1) = cg® (2.38)
P
That is, singular contributions to the minimal energy coming from my have

been compensated for by the renormalization energies E\™ in this case.

3. Proof of the Feynman—Kac Formula

In this section we present the proof of our Feynman—Kac formula. In doing so
we employ some results of later sections as starting points. We proceed in this
way so that the reader can quickly grasp the general proof strategy leading to
the Feynman—Kac formula and see which ingredients are needed. The latter
are formulated precisely in Sect. 3.1 after the necessary notation has been set
up. We shall in particular introduce a Feynman-Kac semigroup (T3 ;)¢>0 for
every A € (0,00]. When A < oo, the interaction terms in this semigroup are
ultraviolet cutoff at A. Proving the Feynman—Kac formula for the ultraviolet
regularized Hamiltonian H, then amounts to identifying H, as the generator
of (Ta ¢)t>0. This is done in Sect. 3.3, essentially by combining an integral
equation for the Fock space operator part of the ultraviolet cutoff Feynman—
Kac integrands, stated as a substitution rule in Sect. 3.1, with an It6 formula
discussed in Sect. 3.2. In the final Sect. 3.4 we establish the Feynman-Kac
formula for H, exploiting that Tp;, — Tuot, A — 00, in operator norm for
every t > 0 as shown in Sect. 7.3.
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3.1. Definitions and Main Ingredients for the Proof

We start by defining the complex action ﬂ% ,(z) for finite A and the Fock space
operator part Wy ;(x) of the ultraviolet cutoff Feynman-Kac integrands. The
formula (3.2) for 12,1;[ () is a direct analogue of Feynman’s expression for the
complex action in the polaron model. To see the analogy, one has to pull the
integrations coming from (2.22) out of the scalar product in (3.2) and evaluate
the so-obtained new scalar products, which amounts to computing the Fourier
transform of v%. As opposed to the polaron model, we cannot simply drop
the cutoff A in (3.2) after these manipulations. Before doing so, and to derive
useful, A-uniform bounds on 12% .(x), we have to re-write it by means of Itd’s
formula. This procedure results in the definition of the limiting complex action

ul¥ (x) we saw in Sect. 2.3.3; see Lemma 6.5.

Definition 3.1. Let A € (0,00) and z € R?Y. Then we define

Uyi (@) = xp, U (), (3.1)

Z/ UN + K'Xf,sUA>dS — tNEren7 (32)

for all ¢ > 0. Furthermore, we set W o(z) := 1 £ and, for ¢t > 0,
Wi (@) = e =l VDA o UV (@) Fya(~URNT (2)". (3.3)
To unify notation we also set
Weot(2) := Wi(z), t=0, xR,

where Wy(x) is defined in (2.31). We shall shortly make use of the following
observations:

Remark 3.2. Let x € R?Y. We know from [11, §17] that (0,00) x L%(R?) >
(s,h) — Fy(h) € B(F) is continuous. Together with (3.2), Lemma B.3 and the
way we defined the limiting complex action u}¥ (x) this implies that Wy ,(x) :
Q2 — B(F) is §-measurable and separably valued for all ¢ > 0 and A € (0, co].

In conjunction with (3.2) and Lemma B.2 it further follows that all paths of
(Wa ()10 with A € (0, 00) are continuous on the open half-axis (0, c0). (In
the case A = oo, Corollary 6.9 will imply that (0,00) > t — W +(x) € B(F)
is continuous P-a.s.)

In the next proposition we state the substitution rule involving Wa ()
with finite A alluded to above. It can be combined with the It6 formula (3.6).
For every A € (0,00), we abbreviate

ha (@) +Z<p “iK i) + V(e) + NER", zeRN. (3.4

Thus, each ha(x) is a selfadjoint operator in F with domain D(dI'(w)) con-
taining all terms in H, apart from the kinetic energy of the matter particles.
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Proposition 3.3. Let A € (0,00), z € RN, ¢; € D(d'(w)), ¢2 € F and
abbreviate

Ay = (1 [Wap(z)p2)r, t20.

Assume that V' is bounded. Then A is adapted and all its paths are abso-
lutely continuous on every compact subinterval of [0,00). Furthermore, Ay =
(p1|p2) 7 and, for every complex-valued predictable process (Zs)s>o with locally
bounded paths,

t t
/ Z.dA, — / Zulha(XD)ot|[Wa o () pds, 0. (3.5)
0 0

Proof. Adaptedness of A follows from Remark 3.2. The remaining statements
follow directly from Lemma 4.2. O

In view of Remark 3.2, our next definition is meaningful:

Definition 3.4. Let A € (0,00] and ¢t > 0. Assume that ¥ : R2N — F is
measurable and such that [|[Wy ;(x)*W(XF)||# is P-integrable for all z € R2V,
Then, we define Ty ;¥ : R?N — F by

(Tr+ ) (2) == E[Wa(2)*U(X7)], xRN,

Since P(XF € #) = 0 for all zero sets A4 € B(R2Y) and t > 0, the
maps Th ¢, t > 0, are also well-defined on equivalence classes of functions. We
will often and tacitly make use of this. The symbol T} o always stands for the
identity mapping, whether acting on measurable functions or their equivalence
classes.

In Sect. 7 we shall study the maps T ; when applied to functions in
LP(R?N | F) with p € (1,00]. We summarize all results of that section needed
to derive the Feynman—Kac formula in the next proposition:

Proposition 3.5. For all t > 0, z € R?YN and ¥ € L*(R?N,F), the random
variable |[Wa +(x)*U(X]F)||7 is P-integrable and TV is square-integrable.
Seen as a family of operators on L?(R*N | F), (Tx4)i>0 is a strongly continu-
ous semigroup of bounded operators for every A € (0,00]. Furthermore, there
exists ¢ € (0,00) such that ||Ta.|| < eV for all t > 0 and A € (0, ).
Finally, T+ — Toor as A — oo in operator norm for every t > 0.

Proof. This proposition summarizes assertions proven in Sect. 7. More pre-
cisely, the first integrability statement can be found in Proposition 7.5(i), the
stated L2-properties are a special case of Corollary 7.11 and Proposition 7.12,
and the limit A — oo is treated in Proposition 7.7. g

3.2. A Special Case of Ito’s Formula

To streamline later proofs and clarify where and how the operator ¢ x (—iV)
emerges in our computations, we note the following special case of the standard
1t6 formula for X. It will be applied in Sect. 3.3 and Lemma 6.5.
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Lemma 3.6. Assume that f € C%(R?N) is bounded with bounded first and sec-
ond order derivatives. Let (Ai)i>0 be an adapted cadlag real-valued process all
whose paths have locally finite variation. Assume that sup,eg ) |As| € L?(P)
for all t > 0. Finally, let x € R*N. Then, P-a.s.,

Af(XE) = Aof(x / FXT)dA, / AL ($x (—iV) £)(XT)ds

+ / Ao (F(XT_ +2) — (X2 ))dNx(s.2), £3>0.
(0,¢] xR2N

(3.6)
The process comprised of the stochastic integrals in the second line is a mar-

tingale.

Proof. Since f is bounded with a bounded derivative,

sup |As—(f(X +2) = F(XT) < (A DIV flloo V 2 flloc) sup, |45,
s€[0,t] s€[0,t

forall 2 € R*N and t > 0. Thus, (s, z,7) — As_ (7)(f(XZ_ ('y)—ﬁ—z)—f(Xi )
belongs to 7% in view of (2.9) and (2.12). In particular, recalling the discussion
before (2.16), its dNx-integral is a martingale. Furthermore, since (a,z) —
af(z) is in C2(R*2Y), the standard textbook version of Itd’s formula (see,
e.g., [2, Theorem 4.4.7] or [15, §2 Theorem 5.1]) in conjunction with the Lévy—
1t6 decomposition (2.18) of X directly implies

AF(XE) = Apf(a / FXE)
+ / Ao (F(XZ_ +2) — F(XZ))dNx(s, 2)
0,t]x (R2N\ BY)

" / Ao (F(XZ_ +2) = F(X2_))dNx (s, 2)
(0,t]x B}

/ | ad AT+ 2) = JXD) = 2 VI v () ds,

(3.7)
for all t > 0, P-a.s.; recall the definition (1.2) of Bj. Since f is bounded and
SUP,eo,4 | As| € LY(P), by assumption, we further see that the map
(5,2,7) — xean g (2) A (1) (FXE_(3) + 2) — F(XZ_(4))) belongs to 4.

Hence, we can subtract the double integral

/ / Ao (F(XE+2) = F(XZ))dvx(2)ds (3.8)
0o JR2N\B/

in the second line of (3.7) and add it to the last one at the same time. Taking
(2.17) into account, we then find a dNx-integral over (0,t] x (R®Y \ B}) in
the second line of (3.7), that we can combine with the one over (0,¢] x Bj in
the third line. Further, the cadlag paths of A and X have at most countably
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many discontinuities. Thus, As_ and X can be replaced by As and X7,
respectively, in (3.8) without changing the value of the double integral. We
thus P-a.s. arrive at

AOE) = dofa) + [ LT YA,

+ / Ao (F(XZ_ +2) — F(XZ_))dNx (s, 2)
0,t] XxR2N

/ [ AT +2) = FOE) = Xy ()2 V- FXE))dvx (2) ds
R2
for all ¢ > 0. On account of (2.13) this proves (3.6). O

3.3. Feynman—Kac Formula with Ultraviolet Cutoff

We can now prove the Feynman—Kac formula in presence of a finite cutoff.

Theorem 3.7. Let A € (0,00) and t > 0. Consider Ty, as an operator on
L*(R?N | F). Then e 2 =Ty ; and in particular Ty ; is selfadjoint.

Proof. To start with we assume that V' is bounded. By Proposition 3.5 and
the Hille-Yosida theorem, the semigroup (Ta ¢):>0 has a closed generator, call
it G, whose spectrum is contained in {¢ € C|Re[(] > —c} for some ¢ > 0. We
shall show that Hy, = G, which is equivalent to T ; = e tHa > 0.

Let ¢; € D(dT'(w)) and f € C°(R*Y). Since V is bounded, we can infer
from (1.10), (2.14) and (3.4) that (a representative of) Hy f¢1 can be written
as

(Hrfon)(z) := (Wx (=iV) )(@)d1 + f(z)ha(x)pr, xR, (3.9)

Let also ¢ € F and fix € R?V for the moment. Thanks to Lemma 4.2
we know that all paths of the process given by A; := (¢1|Wa (x)po2)F are
absolutely continuous on every compact subinterval of [0, c0). Employing (2.5)
and (B.1) (with ¢ = 0) and a trivial estimation of aﬁlt(a:) (see (6.13)) we find
some b € (0,00) (depending on A and ||V| e besides other model parameters)
such that |A;| < e®(F9||¢1] £||¢2| 7, t > 0. Therefore, the Ité formula (3.6) is
available, and in conjunction with the substitution rule (3.5) it P-a.s. yields

(o1 W i(z) o) 7 F(XT) — (d1|2) £ f(2)
- / (61 W (2)b2) 7 (x (V) F) (X7)ds

- [ TR0 s(e)in) s
_ /(0 , R2N<¢1|WA,s(x)¢2>f(7(X§, +2)— f(Xf,))d]VX(s, 2)

t
= —/ (W s(x)" (HafP1)(XT)|p2) 7ds — [a martingale starting at 0],
0
(3.10)
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for all ¢ > 0. Here we used (3.9) in the second step as well as that the term in
the fourth line defines a martingale, by Lemma 4.2, see the discussion before
(2.16). Upon taking expectations in (3.10), the martingale drops out and we
find

(Tapfor)(@)|d2)F — (f(x)P1]2) 7 = —/0 (Ta,sHafr1)(@)|d2) 7ds, t > 0.

After choosing ¢, = ®(z) for every z and some ® € L?(R?", F) and integrat-
ing with respect to x, we can use Fubini’s theorem to interchange the order of
the dz- and ds-integration. Since s +— Ty Hp f¢1 € L*(R?N | F) is continuous
and in particular Bochner-Lebesgue integrable over [0, ¢], this reveals that

t
Tasfor — o1 = — /O Ta Haférds, 30, (3.11)

Again by strong continuity of the semigroup, Th sHa fé1 — Haf¢pr, s | 0, in
L*(R?N | F), whence (3.11) implies

ln %(TA,tqul ~fé)) = —Hafér in  LERN,F).

This is equivalent to saying that f¢; lies in the domain of G with Gf¢, =
Hp f¢p1. Again since A is finite and V' bounded, we know that the linear hull
of all vectors of the form f¢; with f and ¢; as above is a core for Hpy; see,
e.g., Lemma 8.1. Since G is closed, we conclude that Hy C G. As noted above,
there is a uniform lower bound on the real parts of all points in the spectrum
of G. Since Hy is lower semibounded, we clearly find some ¢ € C belonging to
the resolvent sets of both G and Hy. Then Hy C G and the second resolvent
identity imply (G — ()™t = (Hx — ¢) 7}, thus G = Hy.

To generalize this result we follow a standard approximation procedure:
Let V be Kato decomposable and bounded from below. Set V,, :=n AV and
denote by T}',, Hy and b} the corresponding semigroup members, Hamil-
tonian and quadratic form for n € N. Let ® € L?(R?",F). By the above
result, e tHA D = Ty @ for all n € N. By dominated convergence and Proposi-
tion 3.5, (T} ;®)(x) converges to (Ta +®)(x) asn — oo forallz € R2N. Further,
h’% T ha on D(ha) as n — oo, which by a convergence theorem for an increas-
ing sequence of quadratic forms entails strong resolvent convergence of H} to
Hp; see, e.g., [27, Theorems VIII.20(b) and S.14]. Thus, etHA ® — e tHAD,
¢ — oo, a.e. for some strictly increasing sequence (n¢)een in N. This proves
the theorem when V is bounded from below.

For general Kato decomposable V', we consider (—n) VvV and argue anal-
ogously, employing a convergence theorem for a decreasing sequence of qua-
dratic forms; see, e.g., [27, Theorems VIII.20(b) and S.16]. (When applying
Theorem S.16 in [27] we take into account that the quadratic forms corre-
sponding to V' and to every (—n) V V with n € N all have the same domain,
namely Q(Hy) described prior to (1.10)). O
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3.4. Feynman—Kac Formula for the Renormalized Hamiltonian

After the next corollary we can finally prove the Feynman—Kac formula for H.

Corollary 3.8. When its members are considered as operators on L*(R*N | F),
the semigroup (Too 1 )10 s strongly continuous and every Teo ¢ is bounded and
selfadjoint with | Too +|| < e8¢ >0, for some ¢ > 0. Furthermore, Hy con-
verges in norm resolvent sense to the selfadjoint, lower semibounded generator
of (Tso,t)t>0, as A — oo.

Proof. Apart from the claimed selfadjointness, the first statement just repeats
parts of Proposition 3.5. Given ¢ > 0, selfadjointness of Tt ; follows, however,
from the operator norm convergence Ty + — T+, A — 00, asserted in Propo-
sition 3.5 and the selfadjointness of each Ty ; = e~ "2 A € (0, 00), established
in Theorem 3.7. This implies existence of a selfadjoint, lower semibounded
generator of (Tw ¢)i>0. The equivalence of the operator norm convergence of
all semigroup members T ; — T ¢ and norm resolvent convergence of the
selfadjoint generators is well-known and follows directly from the represen-
tation of the resolvents of the generator as Bochner-Lebesgue integrals over
semigroup elements (Hy + A)~' = [ e *(#a+2d¢, which holds for any A < ¢
with ¢ as in the first statement. O

Corollary 3.8 especially provides the

Proof. (Proof of the Feynman-Kac formula (2.32)) Corollary 3.8 extends the
known existence results [28,32] for the norm resolvent limit H := limp_,o, Ha
to general Kato decomposable V. Furthermore, the corollary ensures that
et =T, t >0, which is equivalent to saying that (2.32) holds for a.e.

xr € R?N given any t > 0 and ¥ € L2(R2VN F). O

4. Integral Equation for UV Cutoff Feynman—Kac Integrands

In this section we only consider finite A. Our aim is to derive a pathwise integral
equation for matrix elements of Wy ;(x) as defined in (3.3), that will complete
the proof of Proposition 3.3. To this end we need the integral equation for
Ujj\\ff () observed in the next lemma; recall the definitions (2.22), (2.23) and
(3.1).

Lemma 4.1. Let A € (0,00) and z € R*V. Abbreviate
N .
v%s(m) = Ze_lK'Xﬁst, 52 0. (4.1)
j=1

Then all paths of (U[]\\{;Jr(:r))go are absolutely continuous on every compact
subinterval of [0,00) and

t
Uf\\ff(x): / (UJAVS(Q:)*WU;V”S*(:U))ds, t>0. (4.2)
0
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Proof. Let v : [0,00) — R? be cadlag and g € L*(R?). In view of (2.23) it
suffices to show the second relation in

0(t) = {glxa Uy 1) = / (gle™ K0y — wxp UF[)ds,  (43)

forallt > 0. Let n € Nand 0 < tg < t; < --- < t, < t. Employing (2.22) and
straightforward estimations, we then find

n

D 10G) =0t 1) < llglllloall(1 + tllaxs, o) (tn — to).
i=1

Hence, 6 is absolutely continuous on every compact subinterval of [0, c0). Fur-
thermore, 0'(t) = (gle" ®vy — wxp,U; [7]), whenever v is continuous at
t > 0. Since the set of discontinuities of v is countable, the second relation in
(4.3) now follows from the fundamental theorem of calculus for the Lebesgue
integral. O

When dealing with Wy ;(z), it will be convenient to do the computations
for exponential vectors, i.e., Fock space vectors of the form

e(h) :==(1,h,...,(n)"Y20®" ye F, he L*R?), (4.4)

where h®" (k1,... k) = h(k1) - h(ky), a.e. (k1,..., k,) € R?N with k; € R2.
As explained in [22, Remark 5.2],

Fy(g)e(h) = e(g+ e ™h),  Fi(g)"e(h) = e!Me(e™™n), (4.5)

for all t > 0 and g,h € L?(R?). Hence, the action of Wy ;(x) with A € (0, 00)
on an exponential vector reads

Wi (2)e(h) = e®ra@ s V(XD)ds—(UR, @)Ih) ¢ (e=tw, — U,J\\ff(a:)), (4.6)
for all t > 0 and = € R2N,

Lemma 4.2. Assume that V is bounded and let A € (0,00), x € R?N | ¢, €
D(dI'(w)) and ¢2 € F. Then

(1IWae(x)d2) 7 — (b1]92) 7 = —/O (ha(XT)P1|Wa s(7)¢2) £ds, > 0.
(@7)

Proof. To start with recall that the linear hull of all exponential vectors
e(h) with h € D(w) is a core for d'(w). We also recall that ¢(e K ¥vy,)
is relatively dI'(w)-bounded uniformly in y € R2. Finally, U} ’jt(a:)”f/2 <
67g>N?/my, t > 0, according to (B.1), which together with (2.5) implies that
supseqo, [Wa,s(z)| is finite for every ¢ > 0 and pointwise on (2. Thus, by
sesquilinearity and dominated convergence, it suffices to prove the assertion
for ¢; = e(h;), i € {1,2}, with hy, he € D(w). Employing (4.6) and using that



2900 B. Hinrichs and O. Matte Ann. Henri Poincaré

(e(9)|e(h))z = t9IM) for all g, h € L*(R?), we find (e(h1)|Wa.i(x)e(he))F =
e®®) t >0, with

0(1) = i, (0) ~ [ VX2~ (U7 (@lha) — Gl @) + hafe™ )

- / 9(s)ds + (haha),

where, in view of (4.2) and (2.22) and Definition 3.1,

9(s) = D (N (@)e K Nowy) — NER™ - V(XT)
j=1
N ) N
= Y e T N vy [hg) = 3 (e Ny
j=1 j=1
+ (Mlw(UR S (x) — e7™hy)). (4.8)

Since v(k) = v(—k) = v(—k), the scalar product in the first expression is real:
(URH @)le™H Xhruy) = (7K Xy U (). (4.9)

Further, since ¥ : [0,00) — R is locally integrable, © is absolutely continuous
on every compact interval in [0, 00), and

e®®) _ 80 = /t 9(s)e®®ds, ¢ >0. (4.10)
On the other hand, using i
a(g)e(h) = (glh)e(h), g,h € L*(R?),
(e(9)|dT(W)e(h))x = {glwh)e™, g € L*(R?), h € D(w),
and taking (4.6) into account, we find
(T up [UN () = €7 ha)e® ) = —(e(h)a(e™ T va) Wi s (2)e(ha)) .
(| (UX () = €7 h2))e®) = —(e(h)|dT (@)W, s (2)e(h2)) 7
(hale™ " Fiewun)e® ) = (e(h)al (€T N vn)Wa s (2)e(ha)) #

Combining the previous three relations with (4.8) and (4.9), we see that (4.10)
is equivalent to the statement with ¢; = e(h;).

5. Main Contributions to the Complex Action

With this section we start our investigation of the Feynman—Kac semigroups,
that eventually will result in a proof of Proposition 3.5 and generalizations
thereof in Sect. 7. As mentioned earlier, a crucial step will be to derive a
more regular expression for the complex action ﬁ% () permitting to drop the
ultraviolet cutoff. Before we do so in the succeeding Sect. 6, we shall study
the two main contributions to the new expression for the complex action in
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this section, namely a martingale contribution and the effective interaction
potential mediated by the radiation field.

For technical purposes, we introduce versions of these with infrared and
ultraviolet cutoffs, usually denoted by o and A, respectively. The purpose of
o is twofold: Firstly, when studying convergence properties as the ultraviolet
cutoff goes to infinity, we encounter difference terms with an effective, large in-
frared cutoff o and with A = oo. Secondly, to obtain good exponential moment
bounds on the complex action, we have to split up some of its contributions into
two parts, comprising boson momenta |k| < o and o < |k| < A, respectively,
and treat both parts differently.

5.1. The Martingale Contribution to the Complex Action
We first want to discuss the martingale introduced in (2.29) and certain in-
frared and/or ultraviolet cutoff versions of it. These are stochastic integrals

with respect to Nx as described in Sect. 2.2.4. The integrands we are inter-
ested in are given by

N
hoa(z,s,2) = Z(Ug}\tg(x)\e*m'xis— (e7iE2 _1)3), s>0,z 2R,
(=1
where 0 < o < A < oo and
N,+ , _ N,+
Upis(®) = x5, U () = x: Uy i (2). (5.1)

As a consequence of Lemmas B.2 and B.3, (Ug/’;(x))go is adapted and

continuous. Thus, we can read off from the above formula that all paths
s+ hga(x,s,z) are left-continuous and, for fixed s > 0, the map (z,w) —
(hon(x,8,2))(w) is B(R?Y) @ Fy-measurable. In particular, hy (z,-, ) is pre-
dictable. Recall that the space of integrands 7% has been introduced prior to
(2.16).

Lemma 5.1. Let0 <o <A< o0,z € R2N and consider
mf,VA (z) = / hmA(a:,s,z)d]vX(s,z), t>0. (5.2)
o (0,¢] xR2N

Then the following holds:

(1) hoa € % and in particular the integrals in (5.2) are well-defined iso-
metric stochastic integrals. Up to indistinguishability they define a unique
cadlag square-integrable martingale mf,\fA(x) = (mi\{mt(m))t}o.

(ii) For every p > 2 there exists ¢, > 0, depending solely on p, such that

N3p/24p/2 Nrtlg
E N Pl < 2p ; =20
LZ?OI,)t] M., ()] ] 9 < w(o)p/? - W(U)p_1>

(iii) There exists a universal constant ¢ > 0 such that

2 4 n13
E[ “up eipmi&,w] <% exp (CO‘P 9Nt .e4mpg2zv/w<o>),
s€[0,¢] a—1 w(o)

foralla>1,p>0andt>0.
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Proof. We split the proof into four steps

Step 1: Bounds on h, . Since U [ X 4] is, pointwise on €, given by a Bochner-
Lebesgue integral in L2(R2), we can 1nsert the definitions (2.23) and (5.1) into
the formula for h, s and switch the order of integration and taking scalar
products. Applying Fubini’s theorem afterwards we thus get

hoa(z,s z)

o~ (5= r)w(k)+ik-(X] . — X7 g_)( —ikze ) (5.3)
/BA\B [ R+ 58 At

for all s > 0 and z € R?Y. Under the double integral we can apply the bounds
le=ik2e 1] < 2179 |k|%|z|% as long as a, € [0, 1) to retain integrability. Thus,
we find, for all s > 0, z € R?Y and ay,...,ayx € [0,1),

jZl

—rw(k) |k‘a[

hoa(z,s,2)| QgN 2y 4/ / drdk
froal Z' " Jos Sy @ + o)
292NZIZ [,
w(k)3

N a
<arg?NY. el 1 (5.4)
ST 1—a; w(o)t-a’ '

where we used |k|% < w(k)? in the last step. Given a vector z € R?" and
¢ e{l,...,N} such that z; = 0 for all j € {1,..., N} \ {¢}, the sum in (5.4)
reduces to one summand when we pick ap = 0 and a; € (0,1) for j # £. Since,
by (2.12), at most one two-dimensional component of z € R?" is non-zero for
vx-almost every z € R?V | this implies

Ang’ N
sup [ho o (2,5, 2)] < —o—,
=0 w(o)

vx —ae. z € R?V, (5.5)

Given a € (0,1), we apply (5.5) whenever |z|w(s) = (1 — a)'/® for some

¢e{l,...,N} and choose a; = ... =ay = ain (5.4) otherwise. For any p > 0
and vx-almost every z € R?V, this yields

(4 2N
sup e 5. 2) < CTEE Zl (S5ar). 5o

s=0

The Bessel function asymptotics (D.5) and (2.8) imply the estimate

/W tn <%’Zf|pa> dv(ze)

< /]Rz {1 A (%ul”“> }|Zj3d2z = j;rc_pci (1 —t:(ir)g)l/a’
(5.7)

which applies to all particle masses m, > 0 and p,a > 0, ¢ > 0 with pa > 1
and a + ¢ < 1. (The parameter ¢ is needed only in the proof of Lemma 5.2.)
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Choosing € = 0 and a = 2/3, say, we arrive at

2p NP+1¢
// hoa(z,s,2)Pdvx (2)ds < 222 1>0,p>2  (58)
R2N Cw(o)pt

Step 2: Proof of (i). By (5.8), hya € 3, whence (5.2) are well-defined iso-
metric stochastic integrals and the corresponding integral process is a square-
integrable martingale. Since we are working under the usual hypotheses, the
latter has a cadlag modification that is unique up to indistinguishability, cf.
[2, Theorem 2.1.7].

Step 3: Proof of (ii). Let p > 2. According to Kunita’s inequality (see, e.g., [2,
Theorem 4.4.23]), there is a solely p-dependent ¢, > 0 such that

t p/2
E| sup |maAS( P}gcpEK// |hU,A(x,s,z)|2dVX(z)ds) }
s€[0,t] 0 JR2N
t
—HE[// |hg,A(x,s,z)|pdVX(z)ds], t
0 RZN

Inserting (5.8), we find the bound asserted in (ii).
Step 4: Proof of (iii). Let & > 1 and p > 0. Then an elementary manipulation
of the exponential series yields

WV

0.

1 2
—|eio‘ph"”\($’s’z) — 1 F aphoa(z,s,2)| < %VzmA(x, s, z)|2eap|h°"‘($’s’z)‘.

a 2
(5.9)

Employing (5.5) in the exponent of the exponential on the previous right hand
side and using (5.8) with p = 2 we find, with some universal constant ¢ > 0,

1 t
5/ / leFaPhen(®:52) _ 1 5 aph, A (z, s, 2)|dvx (2) ds
R2N

capQg4N3t . e47rapg2N/w(0')

= w(o)

t>0. (5.10)

The asserted exponential moment bound now follows from (5.4) (with a; =0
for all ¢), (5.8) (with p = 2), (5.10), an inequality due to Applebaum and
Siakalli [2,29] and a standard argument based on a suitable layer cake repre-
sentation; see Lemma C.1. ]

The next lemma about continuous dependence on the initial positions
of the matter particles is analogous to [22, Lemma 4.14]. It is proved in a
similar, standard fashion with Kunita’s inequality replacing the Burkholder
inequalities used in [22].

Lemma 5.2. Let 0 < 0 < A < oo. Then, for every x € RV, the cadlag
modification of m{,\TA(m) found in the first part of Lemma 5.1 can be chosen
such that

(a) R*N 52— (m), ,(z))(w) is continuous for allt >0 and w € €.

(b) For allt >0, w € Q and compact K C R?N,

i sup 0., (0) = (0] = O
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Proof. Let x,% € R?N. By (5.3),

hon(E, @, s, 2) = th(aE $,2) — hoa(z, 8, 2)

/ / e~ (s=mw(k)+ik-(X;r—Xes-) 0. (k. Jdr dk
U e\K, T, X, 2)dT )
Ba\B, w(k)(w(k) + (k) ’

je=1
where 0 o(k, &, z,2) = (el (@i=e) _ gik-(z=ze))(e=ik2 _ 1), We note
10,0k, &, 2, 2)] < 227 |2 — Z[F| 2| k[T,
foralle,as,...,ap € [0,1]. Assuming e+ max{as,...,an} < 1, replacing 2|k|*

by 4|z — Z|?|k|*T* in the second and third members of (5.4) and following the
derivation of (5.6), we obtain

= - 8mg?N)P|x — Z|Pe pa “
sup|hgyA(x,x,s,z)|p<( Ul (1 3 | Zl/\( —a)p |ze” >,

s>0 w

for all a,p,e > 0 such that a+¢ < 1. Here the right hand side is vx-integrable
provided that pa > 1. Again using (5.7) and choosing a = 2/3, we find

t - 2p NP+l — |Pet
/ / |hoa(Z, 2,8, 2)[Pdrx (2) ds < p.cd 2 — 3] , t=0,
R2N

w(o-)pfpafl

for all p > 2 and € € (0,1/3). (Here and in what follows constants depend only
on the quantities displayed in their subscripts.) Combining these remarks with
Kunita’s inequality, we arrive at

E[ sup [m¥y (@ >—m£¥,A,s<x>|ﬂ
s€[0,t]

l
<o K/ /Rw (3,3, 5, 2)Pdvx (= )ds)pﬂ}
+]E{ /O /R oG, 2)Pdux (2) ds]

< CMbm,e,g,N(tp/Q +t)|x — Z|PF,

= E[ sup
s€[0,t]

/ he A(:E,x,s,z)dlvx(s,z)
0,s] xR2N

for all t > 0, ¢ € (0,1/3) and p > 2. Choosing ¢ = 1/4 and p such that
pe = 2N + 1, we see that all assertions follow from the Kolmogorov-Neveu
lemma; see, e.g., [20, pp. 268/9]. O

5.2. Effective Interaction Terms

Next, we treat the effective interaction introduced in (2.27) and (2.28) together
with variants containing cutoffs.
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Since xpcvaf is integrable for finite A > o > 0, we can consider the
Fourier integrals

wen(y) = (€ ¥YxpevalB)

=g e _ 2 A (5.11)
-’ /BA\BC, o) () + o = /U O(r, [yl)dr,

for 0 < o0 < A < oo and y € R?, where ¢ is defined in (2.26). Since the Bessel
function Jy in (2.26) satisfies the bound (D.3), it is clear that

i woa(s) = woe(v) = [ T o lydr, v e B2\ {0},

A—oo

Setting w,, 0 (0) := 0, say, Wy : R? — R is the up to its value at 0 unique rep-
resentative of the distributional Fourier transform of x pc v/ that is continuous
on R%\ {0}.

Remark 5.3. Since v = g% /w(w+1) € LP(R?) for every p > 1, the Hausdorff-
Young inequality implies wo,oe € LP(R?) and [|wo,ollp < |IxBcv8, for all
p € [2,00), where p’ is the exponent conjugated to p. For all p € (1,00), or
equivalently p’ € (1,00), and o > 0, we further have

o0 2r /p 9”
) 2 S —
IxBevBllpy < g (ﬂ'/a (r2 + m2)r’ dr) (024 m 2)t/p’

for some solely p-dependent ¢, € (0,00). Combined, we find the bound

2
lwoallp < ( 9 0<o<A<o0,peE (2 0). (5.12)

o2+ mg)l/e’

We can now treat a (possibly) cutoff version of the full effective interaction

expression defined in (2.28). For all 0 < 0 < A < oo and x € R*V | it is given
by

UAt Z/wUAXZS X]x,s)ds

J,l=1
J#L

t
- Z /meA(XZS—XfS)ds, whenever N >2. (5.13)
1<j<t<N 70

Notice that wya(—y) = wea(y) for all y € R?. Also notice that we are again
using the conventions introduced in Sect. 2.3.1 in the case A = oo; i.e., the
pathwise integrals in (5.13) are 0 by definition, unless they are well-defined for
allt > 0 which is the case with probability 1. For N = 1, we set w,, , ,(z) := 0.

The next Lemma is an exponential moment bound for the effective inter-
action.

Lemma 5.4. There exist universal constants c,c¢’ > 0 such that

1
sup E | sup e?m%ns()l] < oV exp (tC’p2g4N2<N— (50 +))
zER2N s€[0,t]
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forall0 <o <A<oo,t>0andp€[l,00).

Proof. Let t > 0 and z € R?YN. Exactly as in [22, Equation (4.26)] (where an
observation from [5] is used; see also [22, Appendix B]), we can exploit the

independence of the processes X1, ..., Xy to obtain the bound
(N=1)/2
E [ sup eplin,A,s(w)l‘| < max E| sup 02PN [ lwo A (X7 .~ X7 )lds
s€[0,1] ISG<ESN | s¢(0,4]

Pick two indices j and ¢ with 1 < j < ¢ < N. Since X; and X, are independent
and since (—n) = 1 (n) for all n € R?, we know that the difference X, — X; is

a Lévy process associated with the Lévy symbol —2v. Therefore, we can apply
the bound (D.24) with a = d = p = 2 to deduce that

t z z
E sup e2prD [woa (X7 —X7 )]ds
s€[0,t]

< cexp (¢/(my/?[2pNwa 2 + 2PN waa[l4)t)

with universal constants ¢, ¢’ > 0. Combining the above remarks with (5.12),
we arrive at the asserted inequality. O

We can also bound the p’th moments of the effective interaction.

Lemma 5.5. Let p € [1,00). Then there exists ¢, > 0, depending solely on p,
such that for all0 < o < A < oo, t >0 and x € RV,

1/2
m 1
E| sup |wl, .(z p] < cpg®? NP(N -1 ptp_1/2< L +> . (5.14

Le[o,t]| A ( )| P ( ) w(U)Q w(o‘) ( )

Proof. First applying the ordinary and afterwards the generalized Minkowski
inequality, we find

» ¢ Py
IE[ sup |wé\{A7S(m)|p] < Z ]E[(/O 2|wU,A(X§”)S—Xj”iS)|ds) ]

s€[0,t] 1<j<t<N
t 1
<2 ). /EU%,A(XZS—X;S)w]vds.
1<j<t<N 70

Here Xy s — X s has the same law as X o5. Thus, by (D.19) (with p =d = 2)
and (5.12),

E[|woa(XE o = X)) < elllwoallf, +my/?llwoall,)s
2p 1/2
cpg 1 mp
<2 , > 0.
7w (s i)

Putting these remarks together we arrive at (5.14). O

6. Discussion of the Complex Action

After the preliminary technical discussions of its main contributions in the
previous section, we now turn to the analysis of the complex action itself. In
Sect. 6.1 we shall rewrite the formula for the complex action with ultraviolet
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cutoff, obtaining a more regular expression that stays meaningful when the
cutoff is dropped. Sects. 6.2 and 6.3 are devoted to exponential moment bounds
and convergence properties as A — o0, respectively. In most parts of this
section we allow for optional infrared cutoffs for the technical reasons explained
at the beginning of Sect. 5.

6.1. Definition of the Complex Action

First, we introduce an abbreviation for the complex action with finite A con-
taining an optional infrared cutoff; recall the earlier notation (3.2), (5.1) and
(4.1).

Definition 6.1. Let A € (0,00), 0 € [0,A), t > 0 and z € R*. Then we define

t
ay (x) = / UV @)X (2)ds — ENER, (6.1)

where
E?R = <XBA\B(,U‘/B>' (6.2)
In view of (1.8) and (2.24) we indeed have Eg°y = ER" with EX" given
by (1.11). To reduce cluttering of indices a bit, we shall return to the earlier
notation @'y () = @y ,(x) whenever o = 0.
Using It6’s formula, we shall rewrite the integral in (6.1) in Lemma 6.5.
The alternative expression for the complex action we find is (6.3) in the next
definition. As opposed to @Y, ,(z), the new expression u?, ,(x) is meaningful
for A = 0o as welll . .
Recall the definition of the martingale contribution (5.2) and the effective
interaction (5.13). For all A € (0, 00], we also abbreviate
N
Ba = XBA D, B (x) = Ze_iK'Xf*tﬁm t>0,zeR?
j=1

Definition 6.2. Let z € R2V. Then we define

uda (@) =wi s (@) = p (@) +mi ) (z), t>0, (6.3)
for all 0 < o < A < oo, with
N,
N pi(@) = (U5 (@)[BY (2)). (6.4)

Recall that the three contributions to the complex action and the action
itself for our model without any cutoffs have already been introduced in (2.26)
through (2.30). In fact,

ul (z) = u(])\{wt(x), and analogously with ¢, m or w put in place of u. (6.5)
Remark 6.5. We note for later use that
21g2N?

t>0, 6.6
w(o) ’ % (6.6)

lesas(@)] <

for all z € R?V | by the last two relations in (5.4) with a, = 0.
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Remark 6.4. Let 0 <o <k < A <ooand x € R?N. Then (5.2), (5.11), (5.13)
and (6.4) P-a.s. imply

Ug a1 (%) = g (%) Uy o (2), 20 (6.7)

Lemma 6.5. Let 0 < o < A < 0o and z € R?N. Then, P-a.s.,
g a (%) = ugp (), 20 (6.8)
Proof. We pick an orthonormal basis {e; : ¢ € N} of the real Hilbert space
Mz defined in (2.33) and put P, := >, |e;)(e;| for every n € N. We intro-
duce the projections P, as we wish to employ the It formula (3.6). (Alterna-
tively, we could also use an Itd formula for infinite dimensional processes [20,
Theorem 27.2] and re-write the d X-integrations and summations over jumps

appearing there.)
Let i € {1,...,n}. Recalling that U A , Is HR-valued, cf. Sect. 2.4, and in

view of (4.2), the paths of the adapted process given by A;; := (UNAJ;( )|es)

g,
are real-valued and absolutely continuous on every compact subinterval of

[0,00), and it satisfies

¢
/ ZsdA; s = / Z5<XB(3U/]\V,5(5U) — wUé\f[’js(xﬂei)ds, t >0, (6.9)
(0,4] 0

for every real-valued predictable process (Z5)s>o with locally bounded paths.
Furthermore, since A < 0o, the function f; : R*Y — R given by

N
filw) = (eile8y), we RN,
j=1
is smooth and bounded with bounded derivatives of any order. Thus,
Yx (—iV) f; is well-defined by (2.13). Also taking (2.12) into account, applying
Fubini’s theorem and using (2.10) afterwards, we find

N
Ux (—iV) fi(x) =Y (eile TiyBy), xRN,
Jj=1

Applying the Ité formula (3.6) to each term under the sum over j and using
A;o=0and (6.9) with Z, = f;(XZ_), we P-a.s. obtain

A fi(X Z / ool (@)le) (exle™ 5 By ds
B Z/O (WU (@)]ei)(eile™ X Ba)ds
—Z / 2)les)eile < rpBa)ds

i Z/( I xR2N <chf\,];\j,Ls( )|ei><6i|eiiK.Xﬁsf (e_iK‘ZJ - 1)ﬂ/\>dﬁx (s,2),
j=1 R
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for all ¢ > 0, where the first two ds-integrals are the dA, s-integral from the
It6 formula in conjunction with (6.9). Summing over i € {1,...,n} we P-a.s.
find

(PAUNRL@)BY (@) = L(n,0) + Ta(n, ) + I(n,t) + Ta(n, 1), (6.10)
for all ¢t > O and n € N, with

L(n,t) = / (Poxse v, (@) B, () ds
L(n.t) :=—/0< Pl () 8Y (@) ds
Iy(n.t) = — /0<P UMt (@) [8Y () ds

L(nt) == / (s, 2)dNx (5, 2),
(0,¢] X R2N

where the integrand of Iy(n,t) is given by
N
hn(s,z) = Z(PnUg}\fs(xﬂe_iK'X;S* (7= _1)By), s=0, 2R,
j=1
Next, we pass to the limit n — oo for fixed ¢ > 0. Since P, — 1 strongly,
the expression on the left hand side of (6.10) converges pointwise on € to
cé\fmt(x). By dominated convergence, (5.11), (5.13) and (6.2) we further have,
again pointwise on 2,

Li(n,t) ——"—w}, ,(z) + tNES},

Lo(n.1) + Iy(n,£) = / UM ()] (w + 9)BY, (2)ds
= Y, ,(z) — tNEL.

Here we used (6.1) and (w + ¢)Ba = vy in the last step. Finally, recall that
hea(z,-), the integrand of the martingale mé\fA(x), has been introduced prior
to Lemma 5.1. Clearly, h, (s, z) — hea(z,s,2), n — oo, pointwise on  and
for all s > 0 and z € R?V. Since A is finite, we can employ some (g, N, my,)-
dependent constant (coming from (B.1) with e = 0) times (|z|||KBal]) A |25
as square-integrable dominating function to conclude that h,, — hs a(z,-) in
L2((0,#] x R?2N x Q,ds® vx @ P). By means of [td’s isometry (2.16) we deduce
that I4(n,t) — mé\ZA,t(x), n — oo, in L%(P) and in particular P-a.s. along a
suitable subsequence.

All these remarks prove P-a.s. an identity that is obviously equivalent to
the one in (6.8) for fixed ¢ > 0. Since the processes on both sides in (6.8) are
cadlag, they consequently are indistinguishable. O

6.2. Exponential Moment Bounds

Exponential moment bounds on the complex action are the essential quantita-
tive ingredient for the proofs of our lower bounds on the minimal energy. The
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first one, stated in the next theorem, is good for small ¢>/N and obviously very
bad for large ¢g>N.

Theorem 6.6. There exist universal constants b,c,c’ > 0 such that, for all
a>1,p>0,0<A <00, t>0 and z € R?N,

1/2
E|: sup epué\{/\’s(z):| < bN (Oé) e27rpN292/mb

s€[0,1] a—1

2 4772 2 4773
- exp <tc’ PNV Y V-1 (1 + @) e LI N -esmI’gQN/mb> .
my mp my

Proof. This follows from (6.3), (6.6), Lemmas 5.4 and 5.1 with ¢ = 0 and the
Cauchy—Schwarz inequality. (After using the Cauchy—Schwarz inequality, we
have to apply Lemmas 5.1 and 5.1 with 2p put in place of p; hence the factor
87 in the exponent of e8moPs’N/mn). O

We infer another exponential moment bound on the complex action, ex-
hibiting a better behavior for large g?N. For N = 1 and m,, > 0 we also find
a bound that is uniform in my, > 0.

Theorem 6.7. There exist universal constants b,c,c’ > 0 such that, for all
a>1,0<A<o0,t>0, 2R and p >0 such that pg> N > my,,

N a Y2 pg*N
E[ sup epuOvA-rs(z)} <oV ( ) exp (tﬂpg2(2N2 — N)ln ( )>
s€[0,¢] a—1 mp

- exp (tc’(N —1)(myp + pg®N) + tcangNQe&r“).
For my, > 0, the argument of the first exponential can be replaced by
m™g* N

P

pg*N
t2mpg* N(N — 1) In (T) + trpg® N[In(pg®N) v 0] + ¢
b

[(pg°N) A 1].

Proof. Thanks to our assumption pg?/N > my,, we can fix o > 0 such that
w(o) = (02 + m¥)/2 = pg®N. (6.11)

Let us further assume that A > o. Then, by (6.3), Remark 6.4 and Lemma
6.5, we may P-a.s. split up the complex action as

ug]\{A,s(x) = ﬂfr\{s(x) - chf\fA,s(x) + wzjr\{A,s(x) + mcjf\fA,s(x)? s = 0. (612)

The first two terms on the right hand side of (6.12) can be estimated trivially
using (6.6) and

. . b s g—(s—r)w(k)
Uy (x) < g°N / / / —————drdsdk —tNE;™"
' B, Jo Jo w(k)

1
<tg?N? [ ——dk —tNEX", t>0. 6.13
N [, G - (0:49)
Direct computation and our choice of o satisfying (6.11) lead to
1 pg* N
2/ Ar2 2
N - N ——dk =27g*N(N — 1)1 . 6.14
g°( )/ng(k)Q g N( )n(mb> (6.14)
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Since w(k) > |k| = ¢ (k), the remaining contribution proportional to N can be
estimated using

1 ¥(k)
N / dk — NEX*™ = ¢°N dk
T s, wk)? T o, w2 (k) + 0 (k)
2 2
< gN Ldk = ¢’Nrln pg N .
2 Jp, w(k)? my

Combining (6.13) to (6.15) we find

sup pal (z) < twpg?(2N? — N)In (
s€(0,t] ’
Finally, we can bound the expectation of the product of sup,¢c(oy ePWo s ()

and sup,¢o 4 oPMon,s (@) by means of the Cauchy—Schwarz inequality and Lem-
mas 5.1 and 5.4 with the above choice for o. Putting all these remarks together
we obtain the asserted bound for general m, > 0.

If mp > 0, then we can instead use the following estimates in (6.15).
Observing that (k) (¢ (k) 4+ 2m,,) = |k|?, we find

9>y (k) _ K[> 9’
/B SRR (w(k) + 0B = /B Sk () (E) + 2mp) + R

2
g 1

< = ——dk
2my, /Bam w(k)

2
7r
<19

k

2
g 9
< 1) < = N) A1,
o A < [N A
and, similar to above,
2 2
g-v(k) g / 1 2 2

dk < = ——dk < wg“[In(pg”N) Vv 0].
/BG\B(,M w(k)?(w(k) + ¥ (k)) 2 JB\B,n w(k)? n )V ol

Replacing the bound in (6.15) by the latter two estimations proves the last
statement.

Finally, if A < o, then we write ué\fms(z) = ﬂﬁ[’s(x), s = 0, P-a.s., and
employ (6.13) and the first equality in (6.15) both with A put in place of o.
Replacing B by the larger ball B,,, we then see that aﬁ () is again bounded
from above by the expression in the last line of (6.13) as it stands there. It is
now clear that all asserted bounds also hold for A < o. O

6.3. Convergence Properties of the Complex Action

Using the bounds derived in Sect. 5, we can easily deduce convergence state-
ments for the complex action when removing the ultraviolet cutoff.
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Theorem 6.8. Let o,t > 0 and p > 0. Then

sup B[ sup ua,(0) - w0 200 (66)
z€R2N [ selo,t] 7

sup E[ sup ‘e“gms(z) —e“gm(z)‘p} Azee ), (6.17)
rER2N s€0,t]

Proof. By (6.3) and Remark 6.4, for o < A < 0o, we P-a.s. have

u{t\{oo,s(x) - uo]\'{A,s(x) = w/Jy,oo,s(‘rE) - cljy,oo,s(‘r) + mlly,oo,s(x% s 2 0.

Therefore, the convergence (6.16) follows directly from Lemmas 5.1 and 5.5,
(6.6) (all applied with (A,00) put in place of (o,A)) and Jensen’s and
Minkowski’s inequalities. Now (6.17) follows from the bound |e® — e®| < |a —
ble?e®, a,b > 0, Holder’s inequality, the exponential moment bound in Theo-
rems 6.6 and (6.16). O

The following conclusion easily follows and is a helpful technical ingredi-
ent for our proof of strong continuity of the Feynman-Kac semigroup.

Corollary 6.9. For any A € (0,00] and z € R?*N, the paths [0,00) > t
ud's () are continuous P-a.s.

Proof. The statement directly follows from Definition 6.1 and Lemma 6.5 for
A < oo. Further, by (6.16), there exists an increasing sequence of cutoffs
A, € (0,00), n € N, with lim,_,o A, = oo such that ué\fAmS(x) converges
P-a.s. to ué\{oo’s(a:) uniformly in s on any compact subinterval of [0, 00). This
takes care of the case A = oco. O

7. Feynman—Kac Integrands and Semigroups

In this section we discuss the Feynman—Kac integrands and semigroups we
introduced in Sect. 3.1 and in particular we shall prove all assertions of Propo-
sition 3.5. In Sect. 7.1 we first provide some pathwise bounds on the Fock
space operator-valued part of the Feynman—Kac integrands, which in conjunc-
tion with our results on the complex action are applied in the succeeding
subsections. There we prove weighted LP to L? bounds on and convergence as
A — oo of semigroup members (Sects. 7.2 and 7.3), Markov and semigroup
properties (Sect. 7.4) and finally strong continuity of the semigroups as well
as equicontinuity in the range of semigroup elements (Sect. 7.5).

7.1. Some Pathwise Bounds

We start out by collecting some additional bounds on the Fock space opera-
tors Fy(h) defined in (2.4). Recall the definitions (2.6) and (2.7) of the time
dependent norms ||-||; and the series S, respectively, as well as the bound (2.5)
on the operator norm of Fy(h).
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Lemma 7.1. Let g,3,h,h € L?(R?) and t > 0. Then

1F:(g) — Fe(R)]| < 4llg — Rl SI[JOPHS(HTQ+ (1= 7)hll), (7.1)
T€|(0,

and

| Fi(g)Fe(g)" — Ft(h)Ft(iL)*H

Furthermore, for all € € (0,1],

I(Fi(9)Fi(9)" — D)1+ dl(w) ="l < 4(llglle + lgll)SUgll)Sale) + (20)°.

(7.3)
Finally, if wg € L*(R*N), then Fy(g)F C D(dl'(w)) and
1
10 (@) Ee(g)ll < 4llwglleSllglle) + —SClglle-r), 7 € (0,1). (7.4)
Proof. In [11, Lemma 17.4], it is shown that, for all f € L?(R?),
- 1 n, — w
Zﬁ\\af(f)ﬂﬂ(g) e T < 4| (1S llglle) (7.5)
n=0

This directly implies (7.1), which in turn entails (7.2). Applying (7.2) with
h = h = 0 and recalling that F(0) = e tI(@) | we see that, to verify (7.3), it
only remains to show that [|(1 — e~ 2*"(“))(1 4 dT'(w)) || < (2t)°. The latter
bound, however, follows directly from the spectral calculus, dT'(w) > 0 and the
simple bound sup,q(1 — e 2) /(14 5)¢ < (2t)°.

Finally, (7.4) follows by using the commutation relations [d['(w), a'(g)] =
a(wg) and [af(g),a’(wg)] = 0, which hold on the range of af(g)*e~*'«) for
every k € Ny, the bounds (2.5), (7.5) and the simple estimate ||d['(w)e~ 740 ()||
< 1/er. O

In the next lemma, we consider the Fock space operator-valued part of
our Feynman—Kac integrands, i.e.,

D) := Fypa(=U, (@) Fyja (<UL (@),

where t > 0, z € R*V and A € (0, 00]. The aim is to obtain norm bounds and
study their convergence properties as A goes to infinity or ¢ goes to zero.
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Lemma 7.2. Abbreviate s, := S((127/my)"/?|g|N). Let t > 0, x € R*N, ¢ ¢
(0,1/2) and A € (0,00]. Then

| Das@)] < 52, (7.6)

4
10 (@) D e (2)*[| < 4(6m) 12 [gINw(A)/2s2 + — o5 A<, (7.7)
8(6m)'/?|g| N5

WA/

|(Dase)* — 1)(1 + dT(w)) | < ¢ (1 o

|IDat(x) — Doo i (2)|| < if A< oo, (7.8)

8(6m)"/*|g|N's2
(1-2¢)/2 (7.9)
— 25)1/2mb

Proof. From (2.6) and (B.1) with ¢ = 0 = 0, we know that
272U @) ega < NURT @)llej2 < (67 /mu)'/2|g|N. (7.10)

Hence, (7.6) directly follows from (2.5). Similarly, (7.7) follows from (7.10) in
conjunction with (B.2), (2.5) and (7.4), the latter with (¢/4,t/2) put in place
of (7,t). Further, (7.2) and (7.10) imply that the left hand side of (7.8) is less
than or equal to 4(||U1]\V; ()] /2 + ||U/]\Vo; +(@)[¢/2)s2. Again employing (B.1)
with ¢ = 0 and (A,00) put in place of (O’ A), we see that (7.8) holds true
as well. Finally, (7.9) follows from (7.3), (7.10) and (B.1) applied with (e, o)

replaced by (2¢,0). O
7.2. Weighted LP to L? Bounds

We now want to derive bounds on the maps T’ ; introduced in Definition 3.4
seen as operators from LP(R2N, F) to LY(R*N F) for any 1 < p < ¢ < 0.
We also cover Lipschitz-continuous weight functions, in the sense of the norm
given in (7.12). Similar bounds for the free relativistic semigroup are derived
in Appendix D and applied in what follows.

As in Appendix D, it would also be possible to include the case p = 1
in the discussion of the families (T )¢>0, A € (0,00]. This would, however,
require additional arguments proceeding along the lines in [22] at several places
in the article. As we have no actual need to include the case p = 1 here, we
refrained from doing so. (Only considering the case p = 2 would not lead to
any simplifications).

For a start it makes sense to clarify the following product measurability:
Lemma 7.3. Let A € (0,00] and t > 0. Then (Wx .(x))(y) is BR?*N) @ F-
measurable and separably valued as a B(F)-valued function of (x,7) € R?N x Q.

Proof. Recall the definition (2.20) of the P-zero sets A4 () and the convention
introduced in Sect. 2.3.1. In view of the latter and

M= {(z,7) € RV x QlyeM(z)}

U{(mv )yeRM x

max / Vo(XZ(7))ds = oo} e BR*™)® 3,
06{""77} 0

the expression fo V(XZ(y))ds is B(R?Y) ® F-measurable in (x,7) for every
> 0. Analogous remarks apply to wé\f ¢ defined in (5.13). The assertion now
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follows from the continuity of h — Fs(h) (see, e.g., (7.1)), as well as from

Lemmas B.2 and 5.2 and Definitions 3.1 and 6.2. O
Remark 7.4. For all p,t > 0 we abbreviate
1/p

Uy (p,t):= sup sup E| sup [|[Wa(2)||P| - (7.11)
A€(0,00] zeR2N s€(0,t]

Recall that Wy 4(x) depends on V. Also observe that '&AN <(x), which appears
in the definition (3.3) of Wy «(x) with A < oo, can be replaced by uf'y ,(x)
under the expectation in (7.11) because of Lemma 6.5. Thus, Uy(p, t)? is less
than or equal to the product of s?? from Lemma 7.2 with the minimum of
the applicable alternative right hand sides in the exponential moment bounds
of Theorems 6.6 and 6.7. Combining the lemma and the two theorems with
Holder’s inequality and (A.1) (to bound expectations of exponentials of the
external potential V'), we obtain

Oy (p,t) < =000 (Op, 1)/  elrmvte VD),

for all § € (1,00). Here, ¢, € (0,00) depends on p, #, the model parameters
mp, My, g, IV, the parameter o appearing in Theorems 6.6 and 6.7, but not on
t. Moreover, cg p v € [0,00) depends solely on p, § and V_. If V_ is bounded,
then we can also choose # =1 and ¢pp v = ||V_||oo.

For 1 < p < g < oo, we shall denote the norm on the space of all bounded
operators from LP(R*V, F) to LI(R*N | F) by || - ||, in what follows. In the
next proposition we also set

|z == |z1| + -+ |zn], x=(z1,...,25) € R?Y, (7.12)
where | - | is the Euclidean norm on R2.

Proposition 7.5. In the case m, > 0, we assume that G : R*N — R satisfies
|G(z) — G(z')| < Lz — 2|y, x,2 € R?N,

with L € [0,mp). In the case mp, = 0 we set G = L = 0. If m, > L > 0,
then we pick some r > 1 such that rL < my. Otherwise we set r = oo so that
' =1. Let A € (0,00], p € (1,0¢], ¢ € [p,00] and t > 0. Then the following
holds:

(i) The random variable |[Wa ¢(z)* (e~ W) (X])| 7 is P-integrable for all v €

RN and ¥ € LP(R*N, F).

(ii) e“Tx e~ maps LP(R?N | F) continuously into LI(R?*N | F).

(iii) There exists b, > 0, depending solely on my, N, L, p, ¢ and r, such that
1 mp— L]N T

\Y

LNt /7
o) ; "M Uy (p'r')t).

||eGTA,te_G||p7q < b. {

We can actually work with the supremum over x € R?N instead of the
essential supremum when q = oo, i.e., we can use the convention

1€9Tx e lpoc = sup  sup (T e~ CT)(z)] 5.
1w, <1 zer2N
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Proof. All assertions are direct consequences of Lemma 7.3, Remark 7.4, Corol-
lary D.6. g

Our next lemma holds only for finite A. It is essential for our proof of the
continuity results in Proposition 7.13.

Lemma 7.6. Let A € (0,00), p € (1,00], ¢ € [p,o0] and 0 < 71 < T2 < o0.
Then Ty, with t > 0 maps LP(R?*N | F) into LI(R*N  D(dl'(w))) and
sup || dT(w)Tatllp,q < 00.
te[T1,2]
Proof. In view of (6.13), (7.7) and (A.1) it is clear that
sup  sup E[[d0(@)Was(2)* ] < oo, 0 [1,00).
te[r,m2] x€RZN

In conjunction with Corollary D.6 (there we choose d =2, G =L =0,7" =1)
this implies all statements. O

7.3. Convergence Properties

Next, we derive the semigroup convergence when removing the ultraviolet cut-
off.

Proposition 7.7. Let 1 <p<g< oo and 0 <11 < 10 < o0o. Then

A A
sup |[Tat — Tootllp.p ——=0, sup ([ Tat — Too tllp.g ——0.

te(0,71] te[T1,72]
Again we can work with the actual supremum over x € R*N when q =0, i.e.,
in both convergence relations we can use the convention
[Ta = Tootllpoe = sup  sup [[(Th¥)(2) = (Too,e¥)(2)l|l7, > 0.
1], <1 zeR2N
Proof. Let 6 € [1,00). By Minkowski’s inequality, i.e., the triangle inequality
in L(P), and Lemma 6.5, we have

1/6
E[ sup [Waa(2) — Woes ()]’
s€[0,t]

1/6
< E[efot V- (XD)ds gqup |euéYA,s(w) - eugfoo,s(w)fw,\’s(m)”e]
s€0,t]

1/6

+E [eﬁ OV-(XDds qup efMd0es (|| Dy (2) — Dw,s(x)nﬂ ,
s€[0,t]

for all t > 0 and x € R?N. Here the first expression can be bounded by Hélder’s

inequality together with (7.6) and Theorem 6.8 as well as (A.1), to bound the

factor involving the external potential V. To treat the second one we apply

Theorem 6.6, (7.8) and (A.1) instead. As a result we see that

sup IE[ sup |[Was(2) — Weo s ()|’ A g, >0 (7.13)
r€R2N s€[0,t]

Now the assertion follows from Corollary D.6 (again with d =2, G =L =0,
r’=1). O
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7.4. Markov and Semigroup Properties

Next, we derive a Markov property of our Feynman—Kac integrands that will
entail semigroup properties for the families (T4 ;);>0. The Markov property
will be a consequence of a flow relation we prove first in Lemma 7.9.

For these purposes it is convenient to observe the existence of certain
canonical representatives of the processes (Wa . (7))i>0. With D = D
([0,00), R*) denoting the set of all cadlag functions from [0,00) to R2Y,
these are given by product measurable separably valued maps

R*N % D 3 (2,7) — Wale,] € B(F), (7.14)
such that, for all A € (0,00] and x € R?V|
(Wai(x))i=0 and (Wy [z, Xe])i>0 are indistinguishable. (7.15)

Here X, : 2 — D is the path map of X.

The canonical representatives are helpful for the following reasons: Firstly,
for every t > 0, we obtain time-shifted versions (W s[z, Xi4+e — Xi])s>0 of
(Wa s(x))s>0 simply by substitution of the path map of the time-shifted Lévy
process. Moreover, since X, and X1, — X; have the same law, it is then ob-
vious from (7.15) that Wy s(z) and Wi [z, Xi1e — X;] have identical laws as
well, for each s > 0. Secondly, having the product measurable map (7.14) in
whose arguments the independent random variables X7 and X;;o — X; can
be inserted, permits to apply the “useful rule” (see, e.g., [13, (6.8.14)]) for the
computation of the conditional expectation ES¢ in the proof of the Markov
property.

Let us give more details on (7.14) and (7.15): On D we introduce the
evaluation maps ev, : D — R?N |~ v;, as well as the associated o-algebra
®’" and filtration (D})i>0, i.e.,

D :=oc(ev,: t €[0,00)), D;:=o(evy: s€0,t]), t=0.

While the choice of our basic cadlag Lévy process X is not unique, all possible
choices have the same law on D that we denote by P, . That is, P, =
P o X;! where the path map X, is as usual considered as a measurable
map from (Q,F) to (D,®’). The process (evy)i>o on (D, D', PL, ) is the so-
called canonical representative of X with paths in D. Furthermore, we let
(D,®, (D)0, Pcan) denote the completion of the filtered probability space
(D, (D})i>0,PL,,)- Since (evy);>o is Lévy with cadlag paths, we know that
(D4)t>0 is automatically right-continuous; see, e.g., [2, Theorem 2.1.10]. Thus,
(D,D, (D¢)1>0, Pcan) satisfies the usual hypotheses. Again we can write Peay =
Po X, ! provided, however, that X, on the right hand side of this relation is
now treated as a measurable map from (2, %) to (D, D).

Let us now agree on the following notational convention for our stochastic

processes parametrically depending on x: When the data
(D,D, (Dt)t>05 Pean; (eVt)t0) (7.16)

is put in place of (2, F, (§t)i>0,P, (X¢)i>0) in their constructions, then we
replace the argument (z) of the processes by [z,-]. For example, we denote by
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(Mo t[2, ])ez0, © € R*N | the particular versions of the martingales we obtain
by applying Lemma 5.2 to the data (7.16), and these martingales are used to
define W ¢[z, ].

The product-measurability of (7.14) for all A € (0,00] and ¢ > 0 then
follows from Lemma 7.3 applied to the data (7.16). Manifestly, we further
have transformation rules for the following processes which have all been con-
structed pathwise:

U/I\V’ti(m) = U/]\V’ti[a? X,], forall A € (0,00
iy () =0y [z, Xa], Wau(z) = Wayulz,X,], for finite A € (0,00);
(7.17)
w(])\,foo,t(x) = wé\,foo,t[m7X']? Cé\{oo,t(x) = C(])\,Ioo,t[x7X°]’

These relations hold on  and for all t > 0 and « € R?V; the fourth one follows
from the first three and a similar relation involving V. They prove (7.15) for
finite A. When A = oo, the complex actions

¥, ] = ol ) el ]l ) 20,2 € RV,

contain the stochastic integrals m{ ., [z, ], whence (7.15) becomes less obvi-
ous.

Lemma 7.8. (ul¥(x));>0 and (ulN [z, Xe])i>0 are indistinguishable. In particu-
lar, (7.15) holds for A = oo as well.

Proof. Denoting expectations with respect to Pean by Ecan, the first assertion
follows from

E| sup |[ul(x) —uiv[x,X.HQ} = hm ]E[ sup |uAS[Jc X — [x,X.]|2]
s€[0,t] A—o0 s€[0,t]
= i B sup [0~ 0o 1P
A—oo s€[0,t]
=0, t>0.

In the first equality we applied (6.16) (with ¢ = 0 and filtered probabil-
ity space (2,3, (Ft)t>0,P)) and took into account that (ué\jA,t(x))@O and
(ﬂ%t[as,X.])@o are indistinguishable for finite A by Lemma 6.5 and (7.17).

The second equality follows from Pg,, = Po X !. In the last one we again ap-
plied Lemma 6.5 and (6.16), now with filtered probability space (D, D, (D¢):>o0,
Pean)- O

We are now in a position to derive the flow relation, arguing similarly as
in [22, Proposition 5.5]:

Lemma 7.9. Let A € (0,00], t > 0 and x € R*N. Then, P-a.s.,
WA,S[th7 Xt+. — Xt]WA’t[ﬁr,X.] = WA’S+t[CE,X.], S 2 0 (718)



Vol. 25 (2024) Feynman—Kac Formula and Asymptotic Behavior 2919

Proof. To start with we consider only finite A. It will be convenient to ver-
ify the flow relation in this case by applying the operator-valued processes
to exponential vectors of the form (4.4). Repeatedly applying the following
analogue of (4.6),

Wi o[z Ale(R) = PR =I5 V (920~ (UR W) (o= — TN [z, ),

which holds for all 7 > 0, z € R?Y and v € D, we see that the P-a.s. validity
of

Wi s[X7, Xevo = Xe] Wi slz, Xole(h) = Wi sqslz, Xole(h), s >0, h € L*(R?),
is implied by the P-a.s. validity for all s > 0 of the four relations

s+t s t
/ V(X2)dr = / V(z + Xigr — X¢)dr + / V(XH)dr,  (7.19)
0 0 0

z=X{
as well as
N,— —twrrN,— vz N,—
UA,s—i—t[x?X'] =e UA,s [Xt ,Xt+. — Xt] + UA,t [Z‘,X.], (720)
Un e, Xo) = U [XT Xipe — Xo] + U [2, X ], (7.21)
and

ﬁ%s+t[$, X'] = ﬁXS[Xf, Xite — Xt] + a/{t[l‘? X’]
+(UNT XD Xeyo = X |UR T [, X)) (7.22)

Recall that the left and rightmost integrals in (7.19) are set equal to zero on the
P-zero set A4 (x) introduced in (2.20), and the analogous convention applies
to the expression in the middle for each z. However, if v € Q\ A4 (x), and
X7 (y) = z, then V(z+ Xy ye(7) — Xt (7)) is locally integrable. This implies that
(7.19) holds for all s > 0 at least on Q\ A7 (z). Straightforward computations
further show that (7.20) and (7.21) hold on € for all s > 0 and 0 < A < oo.
Again by direct computations based on (6.1) (virtually identical to the ones
in the proof of [22, Lemma 4.18]), we can also verify (7.22) on  for all s >0
and A € (0,00). (Here we also use that the scalar product in the second line of
(7.22) is real.) Since the set of exponential vectors is total in F, these remarks
prove the assertion for finite A.

By approximation we can P-a.s. extend (7.18) to A = co: Since X and
Xi1e — X are independent, the law of X; has the probability density p%?ﬁlmt
defined prior to (D.20) and X, — X; has the same law as X,, we infer from
(7.15), Lemma 7.3 and (7.13) that

E[ sup [|[Wa,s[X7, Xete — Xe] — Woo,s[ X7, Xere — Xt]||p}
s€(0,7]

= / E{ sup [[Wa,slz, Xite — Xt] = Woo,s[2, Xto — Xt“\p} Pormy.t(z — x)dz
rR2N | s€[0,7]

A—oo

—0, p>1,7>0.

On account of this convergence relation and (7.13) we find an increasing se-
quence of cutoffs A,, € (0,00), n € N, with A,, — 0o, n — oo, such that, after
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substituting A = A,, in (7.18), both sides convergence P-a.s. in operator norm
and locally uniformly in s > 0. The limiting relation is (7.18) with A = co. O

We are now in a position to derive the promised Markov property. We
shall denote by ES¢ the conditional expectation with respect to F; for ¢t > 0.

Theorem 7.10 (Markov property). Let A € (0,00], p € (1,0¢], s,t > 0, z €
R2N and U € LP(R?N). Then, P-a.s.,

ES Wi st [2, X W(XT )] = Waelo, Xo] (Ta s ) (XT). (7.23)

Proof. Let x € R?N. By Proposition 7.5(i) and (7.15), Wy e[z, Xo|*¥(XZ,,)
is P-integrable, whence the left hand side of (7.23) is well-defined. Furthermore,
we infer from Lemma 7.3 applied to the data (7.16) that the function © defined
by
O, ¢',7) == (¢ [Wa e/, A"V (2 +evi(y)r, o' €eRN,¢' e F,yeD,

is BR x F) ® D-measurable. Pick + € R?N and ¢ € F. Then
(X, Whilr, Xo]o) : Q@ — R2N x F is §;-measurable by Remark 3.2 and
(7.15), while the path map X;1e — X : Q@ — D is §-independent. On ac-
count of the first remark in this proof and Lemma 7.9 we further know that

O(XE, W [z, Xo|d, Xite — X;) is P-integrable. The “useful rule” for condi-
tional expectations, cf. [13, (6.8.14)], thus implies the first relation in

ES [O(X], Wailz, Xo]d, Xite — X¢)]
= E[@(]}/, ¢/a Xt-‘,—o - Xt)]

(@/,0")=(X7 , Wa,i[z,Xe]¢)

, P—as.,

=E[O(, ¢, X,
O, ) (2/,¢")=(XF,Wa,t[r,Xe]0)

where the second equality holds because X; o — X; and X, have the same law.
The resulting identity is equivalent to the second one in

(GIES W spel, Xo* U(XE, )7
= ES [(@|Waslz, Xo* Wa o[ XT, Xivo — X U(XE, ) ]
= (p|Wa e[z, Xo* (Ta s 0) (X)) 7, P-as.

Here the first equality follows from (7.18) and the fact that the F-valued
conditional expectation ES¢ can be interchanged with taking the scalar product

with ¢. Applying this for every ¢ in a countable dense subset of F we arrive
at (7.23). O

Taking expectations on both sides of (7.23), using EES* = E and em-
ploying (7.15), we obtain the following corollary:

Corollary 7.11. Let A € (0,00] and p € (1,00]. Then (Tx1)i>0 s a semigroup
of bounded operators on LP(R?N F) such that | Ta |y, < e, ¢ >0, for
some constant ¢ € (0,00) whose dependence on the model parameters and p
can be read off from Remark 7.4 and Proposition 7.5.
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7.5. Continuity Properties

We end this section by deriving the strong continuity and regularizing property
of the semigroup in the next two propositions.

Proposition 7.12. Letp € (1,00) and A € (0, 00]. Then the semigroup (Ta t)t>0
is strongly continuous on LP(R?N | F).

Proof. Due to the semigroup property and the bound supe(g 17 [|7a tllpp < o0
from Corollary 7.11, it suffices to show that T ;® — @, ¢ | 0, for every ® in
a dense subset of LP(R2YN F). Hence, we assume in the following that ® is of
the form ® = (1 + dT'(w))~ Y4V for some ¥ € LP(R2N, F).

Minkowski’s inequality implies ||Ta @ — ®||, < N7 (t) +Na(t) +N5(t), for
all ¢ > 0, where the norms Nj(t) are given by

Na(or = [ [EDVaa) (@(XD) - a(a))] [
Nt = [ El(esins BV 1) Dy (o 0o [

Ns(t)P = |E[(Das(@)” — 1)(1 +d0(w)) /48 ()] ||
RQN

Employing Hélder’s inequality and setting f(z) := [|®(- — 2) — @, z € R?¥,
we find

MO <E[f(X)] sup  sup B[|Wa ()" 177, ¢ e(0,1],
s€[0,1] zeR2N
where the double supremum is finite due to Remark 7.4. Furthermore, we know
that f is bounded and continuous. Since the laws of X;, ¢t > 0, converge weakly
to the Dirac measure concentrated in 0, we deduce that E[f(X;)] — f(0) =0
ast ] 0.
Furthermore, by (7.6),

Na(t)P < s2° /R » E[|ev0:(#) =l VXDds _ 1|17\ () || da. (7.24)

For fixed x € R?Y | the integrand under the expectation in (7.24) goes P-a.s.
to 0 as ¢t | 0 by Corollary 6.9. It is dominated by G, = 1 + elo V-(XD)ds
SUP,e(0,1] ev0.a.:(2) a5 long as t € (0,1]. The majorant G, is P-integrable by
Theorem 6.6 and (A.1), which in fact imply that sup,cpsv E[G5] < 0o. Ap-
plying the dominated convergence theorem for each x, we first see that the
expectation in (7.24) goes to 0 as ¢ | 0 pointwise in z € R*V. Since [|®(-)||%
is integrable, we can invoke dominated convergence a second time to conclude
that N5(t) — 0 as ¢ | 0. By virtue of (7.9) and the integrability of [|¥(-)|/%, it
is finally clear that N3(t) — 0 as ¢ | 0. O

The proof of the regularizing property is based on a similar one due to
Carmona [6, Proposition 3.3]; see also [4, Theorem 4.1] and [19, Theorem 8.1].
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Proposition 7.13. Let p € (1,00], A € (0,00] and 0 < 71 < 7o < co. Then the
family

{Ta ¥ |W € LP(R*N, F), |V, < 1,t € [11, 7]}

is uniformly equicontinuous on every compact subset of R*N. Further, if V €
Kx, then uniform equicontinuity holds on all of R?N .

Proof. By the uniform convergence as A — oo from Proposition 7.7 (recall the
last remark in that proposition) it suffices to prove the assertion when A is
finite, which we assume in the rest of this proof. We write

(P)@) =BG = [ 5,0 = 0¥y, ¥ e LEN.F),

where the probability density function p?’ ;vva,t is defined as in Appendix D with

d = 2. For given 7 > 0, it is well-known that P, M is uniformly equicontinuous
on R?N for any bounded family M C L*(R?Y, F). In fact,

1Prf (@) = Prf I < 1P, (@ =y =) = Py Ll f oo @y €R*Y, fe M,

and x +— ||h(x — ) — h||; is continuous for any h € L'(R?Y). Hence, since
| T t]|p,00 is bounded uniformly in ¢ € [11/2, 72] by Proposition 7.5, the set

{PrThu— U ¥ € LP(R?N, ), | 0|, < 1,t € [r1, 7]}

is uniformly equicontinuous on R*V for every 7 € (0,71/2). In view of the
semigroup property from Corollary 7.11, it therefore suffices to prove

lim sup sup sup ||((Pr —Tar)Ta—-T)(z)|| 7 =0, (7.25)
710 tefr 7] ||, <1 €K

where K C R?Y is compact (or K = R?Y in case V € Kx).
However, by Proposition 7.5 and Lemma 7.6 and since A is assumed to
be finite,

M= {(1+dT(W) 4 Tas—r O[], < 1, t € [71, 7], 7 € [0,71/2]}
is bounded in L>°(R?Y, F). Further, for ® € L>=(R*N  F), 7 > 0 and z € R*V,
(P = Tar) (2 + dT(w)) "4 @) (2)]

= |[E[@ - War @)@ +are) e |

<E[|1 - e i VEDAIR- @) Dy - (@)]] 9]
~N
+E [Je"+ @) — 1] Do+ (@)]] 9]
+E[l(1 = Dar(@)) (@ +d0@) ] @floc (7:26)

Since A < oo by the present assumption, a trivial bound analogous to (6.13)
entails |ay ()] < 277g?N? In(w(A)/my,) + 7N E™. Therefore, (7.25) follows
from the above remark on M and (7.26) in conjunction with (7.6), (7.9) and
(A.3) and (A.4). This concludes the proof. O
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8. Upper Bound on the Minimal Energy

In this last section, we prove the upper bound on the minimal energy of the
translation invariant Hamiltonian stated in Theorem 2.5.

8.1. A Well-Known Trial Function Argument

In Lemma 8.2 we carry through a trial function argument yielding an up-
per bound on the minimal energy for finite A, which in combination with
our exponential moment bounds on the complex action will allow us to prove
Theorem 2.5 later on. The procedure we follow in the proof of Lemma 8.2.
is well-known and leads to the minimization of the Pekar functional in the
non-relativistic case in three dimensions; see, e.g., [22, §8.2] and the references
given there. Here we encounter relativistic analogues of Pekar’s functional (see
the last two displayed relations in the proof of Lemma 8.2), parametrically de-
pending on my, /g2 N. For our purposes it will, however, be sufficient to simply
insert a family of Gaussians into these functionals.

In Sect. 8.1 we do not require the boson mass to be strictly positive, and
we only consider finite A. We pick a core Z for dT'(1 + w) and set

¢ :=span{f¢| f € S(R*), ¢ € 7},

N
(HAY)(z) == (¥x (—iV)¥)(2) + dT (@) T () + Y (e %) U(x), ¥eT,
j=1

with .7 (R2Y) denoting the set of Schwartz functions on R?V. Again ¢x (—iV)
is defined via Fourier tranformation analogously to (2.13). Since w™'/2v, ¢
L?(R?) for my, = 0, we cannot rely on the Kato-Rellich theorem to ensure es-
sential selfadjointness of Hj in this case. We can, however, still apply Nelson’s
commutator theorem:

Lemma 8.1. If my, > 0 and A € (0,00), then H) is essentially selfadjoint on
€.

Proof. Since [|o(h)d| < 2||Al|[|(1 +dT(1 4+ w))/2¢|, h € L*(R?), ¢ € 2, well-
known and simple estimations reveal that, for sufficiently large C' € (0, 00),
the operator K’ := H) + dI'(1) + C is essentially selfadjoint on D(K') := %
by the Kato-Rellich theorem, its selfadjoint closure is lower bounded by 1 and
|H\Y| < c||[K'¥||, T € €, for some ¢ € (0,00). Furthermore,

N
(VK'Y = Y [ () lplie o) U(w) e
= R2N

by the commutation relation between field operators and dI'(1); see, e.g., [3].
This implies [Im(H) ¥|K'¥)| < d(V|K'T), ¥ € ¥, for some d € (0,00). The
assertion now follows from Nelson’s commutator theorem [26, Theorem X.37]
applied with the selfadjoint closure of K’ as test operator. 0

In what follows we shall denote the unique selfadjoint extension of HY)
again by the same symbol.
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Lemma 8.2. Let my, >0, 0< 0 < A < oo and s > 0. Assume in addition that
o >0 when my = 0. Then

1/261/2 2 N2 o |kI?/4sg* N?
inf o(H)) < T 5 92 2N2/ ———dk. 8.1
1mn J( A) 21/2 g BA\BU |k|2—|—m2b ( )

Proof. Let f:R? — C be a Schwartz function, normalized in L?(R?), and let
h € L?*(R?) be such that supp(h) C Ba. We set (recall the definition (4.4) of

€(h))

fy(@) =[] fx;), 2 eR*™N, and ((h):=e M2e(n),

==

Jj=

so that fy and ((h) are normalized in L*(R?Y) and F, respectively. Direct
computation shows that

NG G = N [ )|y + o0
+2N [ Re(e Vo |h)|f(y)]*dy.
R2
Setting p := |f|? and choosing h = —QﬁgNw_B/QXBA\BGﬁ, we obtain

~ T 2
wto(iy) < N [ winlfonPay-gn? [ ETAL

dk.
Ba\B, w(k)?

Replacing f by its unitarily scaled version f,(y) := af(ay), y € R?, a > 0,

writing p, := |f.|? and taking fa( ) = f(n/a)/a and py(k) = p(k/a) into
account, we deduce that

(i) < N [ wanlfnPan -8 [ B

BB, |K[?+m}

Estimating v(an) < a|n| and choosing a = >N we find

~ Y 2 2
inf o (H}) §92N2/ |n||f(n)|2dnfg2]v2/ [2mp(k/g"N)I*
RQ

dk.
BB, |k[>+m

Since 21p = f f( 1), it is convenient to choose f(k) := (27rs)*1/2e"k|2/45,
a Gaussian that is normalized in L2(R2). Then 27p(k) = (fx f)(k) = e~ IF*/8s.

Taking also [, \77|e*|’7|2/23d77/27rs = (ms/2)"/? into account we arrive at
(8.1). O

Corollary 8.3. If mp =0 and A € (0,00), then H)\ is unbounded from below.

Proof. In the case my = 0, the right hand side of (8.1) goesto —c aso | 0. O
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8.2. Derivation of the Upper Bound

We now add the renormalization energy to both sides of (8.1) and derive
bounds on the so-obtained right hand side. The estimates found in this way
then allow us to prove Theorem 2.5. Throughout the remainder of this section,
we will again work under the assumption my, > 0.

Corollary 8.4. Assume that g N > my, > 0 and choose Ay n > 0 such that
A;N +mi = g'N?. Let s > 0. Then, for every e € (0,1), there exists cx > 1,
depending only on €, myp and my, V 1, such that

1/2.1/2 2 N2 2 2N
: / ren m s g m 2 g
inf o(Hy, v + NEK,) < 5172 —md NN -1 (mb>

2
mg°N 2 —2¢ _ s
T el/as 9 _ 2 [0VIn(e;'g?N)] + —¢*N

4s
2 2
wg°N 1A (g°N)
~ X0y (mp) el/4s . ( emy, .

(8.2)

Proof. We shall apply (8.1) with ¢ = 0 and A = A, ny. Observing that
Ay n/g*N < 1, we can estimate N(N — 1) copies of the integral on the right
hand side of (8.1) as

—|k|?/4s9* N? AgN 9 92 2N
/ c —dk > — / L odr=—" (22,
B |k‘2+mb el/4s o T2_|_mb el/4s mp

Ag.N

To deal with the NV remaining copies and the term N Ef\e;N, we use

o~ IkI?/4sg' N

2 ren
9N dk — NE
Bag n |k7|2 +m% Ro.
—|k|*/4sg* N? L |k|?/4sg*N?
= ¢’N - V) 4 — 2N 1-c dk
B,  W(K)?(w(k) + (k) By, Wk (W (k) +¥(k))
9°N (k) k|2

dk.

1
Z o Jp, Gk T uR)  dsg?N /B R (k) T 0(0)

Since w(k) < (|k|> + (1 V my)?)Y/2, we find some R, > 1 depending only
on ¢, mp and 1V my, such that (k) > (1 — e)w(k) as soon as |k| > R..
Since (0,00) 3 a — a/(w(k) + a) is increasing and we always have the bound
w(k) = ¢(k), we can thus continue the above estimation as follows,

oIk /45g' N? .
S ————dk — NEX",

2
g°N
|E]2 +m}

BAg.N

2 2 _ (B
¢*N w(k)dk+gN 1 s/ 1 dk_vo( Ag,N).
Ba, n\Br. w(

7 el/4s Broan, x w(k)3 el/4s 2 —¢
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In the case m;, > 0, we simply estimate the integral over Br, ap, , from below
by 0. For my, = 0 it is equal to the expression in the first line of

i
———dk
/B (k)

1 my,
> —_dk —/ b 4k
/BR*/\Ag’N w(k)? Br.na, w(k)?

. 2 2 1 1
:7rln<(R M) +mb)—27rmb(— )7

m? mp /(R AAgN)2+m

where we used |k| > w(k) —mp. If Re AAg N = Agn, then (R A Ay N)? +
m% = ¢g*N2. Otherwise, (R, A Ag,N)2 + m% > 1+ m% > 1 because R, > 1.
Hence, the term containing the logarithm in the previous bound is > 27 In([1A
(g2N)]/my,), while the second term is obviously > —27. Finally, we calculate

1 g'N? ) 4772
de?Thl( X(R24m2 o0) (G N?),
Lo o0, 50 RE+ )i )

where we obtain a lower bound on the right hand side by putting myp V 1 in
place of my, in it. Putting all remarks above together we arrive at (8.2). O

Proof. (Proof of Theorem 2.5) In Corollary 8.4 we proved an upper bound on
the minimal energy of the relativistic Nelson operator H, with an ultraviolet
cutoff o := Ay n chosen such that o2 —|—m% = ¢*NZ2. This upper bound already
contains all leading contributions to the upper bound for the renormalized
operator H asserted in Theorem 2.5 (when ¢ and s are chosen appropriately
as in the end of this proof). Hence, what remains to do, is to bound the minimal
energy of H, from below by the one of H modulo error terms that won’t harm
these leading contributions. By means of Corollary 2.3(ii) and its analogue
for H, we shall translate this task to the comparison of integrals involving
exponentials of complex actions, which can be done thanks to our exponential
moment bounds of Sect. 5.

Besides o > 0 satisfying 0% + m? = g*N? we also pick some measurable
f:R*N — Rwith 0 < f <1and [g.n f(z)dz = 1. Furthermore, we pick some
p € (1,00) and let p’ denote its conjugated exponent. We again employ the
splitting (6.12) of u} (z) = u{,, ,(x) with our new, p-independent choice of
o, however. Applying Holder’s inequality and afterwards (6.6), Lemma 5.1(iii)
and Lemma 5.4 (all with A = oo and o as chosen above) we find

E[ee®) F(X7)] < [le0%oet(® | ey E[e 200 @) (X))
E[em2m e f(x7)] TR  f 0]

< ch(l)L/Zpetc'p(Nf1)(777,]34»_(]2N)thcocng1\7268"”77

‘E [ep/ufv(w)f(Xf)] 1/10'7
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for all @ > 1 with ¢, := /(e — 1) and universal constants b,c,¢’ > 0. This
entails

e—tc’p(N—l) (mp+g>N)—tcapg? N2e8mP

ﬁNt T T
bNCé/Qp RZN f(x)EI:e 7 ( )f(Xt )] dx

1/p’
< ( F(a)E[er @) f(X7 )]dw> :
R2N

where we used Holders inequality and ||f||; = 1. Let H(y/p’g) denote the
renormalized relativistic Nelson operator with coupling constant v/p’g. Then
the complex action corresponding to it is p’ul¥ (), and we infer from the pre-
vious inequality and Corollary 2.3(ii) that

i/ian(H(\/]?g)) = — lim i/ In ( f(x)E[ep/uiv(m)f(th)}df)
D t—oo p't R2N

< Ip(N —1)(my + g2 N) + capg? N2e®™ P + inf o (H., ).
(8.3)

Here H, again has coupling constant g as usual, and we used the relation

info(Hy) = — lim 1ln ( f(x)E[eagt(w)f(Xf)]dx>,
t—oo ¢ R2N

which in analogy to Corollary 2.3(ii) follows from the Feynman-Kac formula

for H, obtained in Theorem 3.7 and the proofs of [22, Theorem 8.3 and Corol-

laries 8.5 & 8.6]. Combining (8.3) with (8.2) (recall that A, y defined in Corol-

lary 8.4 is equal to our present choice of &), multiplying by p’ and passing to

the limit a | 1 we obtain

1/2,1/2, 7 2 \r2
. ap . T %s
inf o (H(\/p'9)) < ¢p(N = 1)(p'mp +p'g*N) + epp' g N5 4 =2 BT
2T, o ¢*N
_el/4spg N(N—l)ln <m7b

™

/2
N 2-2 _
™9 ) € 0V In(c; 192N)] + ZSP/QQN

el/ds  2—¢
/2 2

' g°N 1A (g°N)
— X{o} (mp) el/4s In ( emy, )

for all s > 0 and € € (0,1) with ¢, > 1 as described in Corollary 8.4. The
constants appearing here do not depend on g. We have, however, used that
g*N > my. Assuming g2N > mpp’ we may thus put g/v/p’ in place of g
in the above bound. Given 6 € (0,1), we conclude afterwards by choosing
p=p =2 s> 1 large enough as well as € € (0,1) small enough such that
(2—2¢)/(2—¢)e'/** > 0; we also observe the elementary bounds 1A (g2 N/2) >
(1A (g%N))/2 and 0V In(g®N/2c,) = In(1 V (¢°N)) — In(2¢,). O
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A. The Relativistic Kato Class

In this appendix, we briefly discuss some implications of our standing assump-
tion that the external potential V' is Kato decomposable with respect to the
process X, i.e., that V_ € Kx and yxV, € Kx for any compact K C RV,
Here, the Kato class Kx is as defined in (2.19).

The following statements are corollaries of a theorem originally proven
in [16]. Especially, we apply (A.1) with the choice f =pV_, p > 1.

Lemma A.1 ([8, Proposition 3.8]). Assume f € Kx. Then there exist b,c > 0
such that

sup E [e-[tf f(X:)ds} <be, t>0. (A1)
z€eR2N
Further,
lim sup E [efff f(X:)ds] =1. (A.2)
tl0 zER2N

Combining (A.2) with the estimate |e* — 1|7 < e?I*l —1, we directly obtain
the following bound.

Corollary A.2 ([8, Proposition 3.9]). Let f : R*¥ — R be measurable with
f+r € Kx. Then

t x p
lim sup E Hefo F(XE)ds _ 1‘ ] =0, p=>1 (A.3)
t|0 rER2N
Finally, following [4, Lemma C.4], we prove an analog of (A.3) for Kato
decomposable functions, i.e., functions in which f; merely belongs to the local
Kato class.
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Lemma A.3. Let f : RV — R be measurable with f— € Kx. Further, assume
Xk f1+ € Kx holds for all compact K C R?N. Then, for any compact K C R?N,

o P
lim sup E He_ Jo F(X3)ds _ 1‘ } =0, p=>1 (A.4)
t10 reK

Proof. Given x € R?N and v : [0,00) — R?" Borel measurable, let

1 if |z 4+ <R, s€]0,4],
0 else.

Api[z,7] = {

Then, by the Cauchy—Schwarz inequality, we have
L » L 2p11/2
E He7f0 FXDds _ 1‘ ] <E[l- AR,t[faX]]l/Z]E Uef0 FXI)ds _ 1’ }
t x p
+E [(1 ~ Apyfz, X)) ‘e*fo F(X2)ds _ 1] ] .
(A.5)

By the assumptions and (A.3), we have

"t x p

lim sup E [(1 — Apalz, X)) ‘e*lo FXD)ds _ 1‘ } -0, R>0.
tl0 zER2N

Further, since f_ € Kx, E[je”Jo /(Xds _ 1)20]1/2 i uniformly bounded in

t € [0,1] and z € R?V, by (A.1). Finally, using Lévy’s maximal inequality

similar to [4], also see [30, Theorem 3.6.5 and § 7], we find

Bl - Anele X = P( sup 21> 7) <P( sup |X.]> 7/2)
s€[0,t] s€[0,t]

<2P(Xi| > R/2), ol < R/2.
By the stochastic continuity of X, the right hand side converges to zero as

t 10, cf. [2, p. 43]. Given a compact set K C R?Y, the statement now follows,

by choosing R > 0 such that K C Bg/; and combining the above observations
with (A.5). O

B. Processes Appearing in the Creation/Annihilation Terms

In this Appendix we derive some basic results on the processes U™V:*(z) that
directly follow from their definition in (2.22) and (2.23).

In the main text we repeatedly make use of the following bounds in the
time-dependent norm || - ||; > || - || on L?(R?) given by (2.6):

Lemma B.1. Let 0 <o < A< oo, t>0 and x € R?N. Then
6  g>N%te

e for all e € [0,1). (B.1)

N,+
||XBA\BU Uy (z) ||?/2 <

Further, we have

lox s, U (@)]7)2 < 619°Nw(A), A < oc. (B.2)
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Proof. For a,e > 0 such that a + § <1 and ¢ < 1, we find

7sw(k —uw(k)
lw™*XBA\B, U ||2<92N2/C/ / AIEET - dudsdk

1— e—tw(k))
—_ 2N2/ ( dk
9 . w(k)prea

S t2a+€
<N [ St
B 2r g2N2t2a+a
S l—e¢  w(o)t—E

(B.3)

Applying this estimate with both @ = 0 and @ = 1/2, we arrive at (B.1). By a

similar argument, we have
+ 27
ooz, UM @ < 25

Applying this estimate with € = 2 and both a = 1/2 and a = 1 yields (B.2). O

FN WA, a>0,e € (1,00) N [2a,2a + 2].

The next two Lemmas ensure in particular the continuity and adapted-
ness of UN:*(z) for both choices of the sign.

Lemma B.2. Let A € (0,00]. Then at every fized elementary event, the map
[0,00) x R?N 5 (t,2) — x5, UNF(z) € L*(R?) s continuous.  (B.4)

Proof. In view of (2.21), the assertion is clear when the minus sign is chosen in
(B.4). Let 7 : [0, 00) — R? be Borel measurable. Then dominated convergence
ensures that I; 5 : [0,00)? — L?(R?) is continuous for every A € (0,00), where

¢
In(t,T) ::/ emImslw=iK Yy ds, 1 > 0.
0

Hence, [0,00) > t — xp,U; [7] = Ia(t,t) is continuous and so is the map in
(B.4) with plus sign as long as A < co. By virtue of (B.1), with (A, co,0) put
in place of (o,A,¢) there, we further know that, pointwise on €2, the norm
IxB, UN T (2) — UNT(2) goes to 0 as A — oo uniformly in (¢, ) € [0, 00) X
R?N . Hence, the statement in (B.4) holds for A = oo as well. O

Lemma B.3. Let v € R?YN. Then (UtN’i(x))@o is predictable.

Proof. By virtue of (B.4) it suffices to show that both processes are adapted.
In view of (5.1) we only have to show that (U[X;.e])¢>0 are adapted.

So fix t >0 and j € {1,...,N}. Then (X[O,t)( s)e (=)WiK -Xjsg) o0 is
adapted with right-continuous paths, hence progressively measurable. In par-
ticular the integrand in U;[X; 4] = f[O,t) e~ (t=9)w—iK X5 0ds is B([0,1]) @ Fi-
measurable, whence U, [X;.] itself is J;-measurable. Likewise,
(X(0,00) ()7~ IK-Xis=v) >0 is adapted with left-continuous paths, hence pro-
gressively measurable (predictable in fact). Furthermore, for every w € € the
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left-continuous path s — X; ;_ (w) differs from s — X ;(w) at most at count-
ably many points, which permits to write U, [X; ] = f(o 4 e swIK-Xjs— 0 ds

on Q. As before we conclude that U, [X} 4] is §;-measurable. O

C. A Useful Exponential Estimate

Here we infer an exponential moment bound on some Lévy type stochastic
integral from a corresponding exponential tail estimate from [2,29]. We use this
bound to treat the martingale contribution to the complex action in Sect. 5.1.

To that end, we assume that v, is some Lévy measure on R? with d € N
and that N, is the martingale-valued measure on [0, 00) x R corresponding to
some cadlag Lévy process with characteristics (0, 0, v, ) on the filtered probabil-
ity space (€, §, (§t)t>0, P) satisfying the usual hypotheses. Further, we assume
that h : [0,00) x R? x Q — R is predictable such that, for all ¢ > 0,

¢
sup sup |h(s,z)] < oo and / / h(s,2)?dv.(z)ds < o0, P —as.,
s€[0,t] zeRd 0 JRrd

where h(s, z) := h(s, z,-) as usual. These are the conditions required in [2,29]
to construct the corresponding cadlag stochastic integral process Y and to
apply the Ito formula for Y, where

Y; :2/ h(s,z)dN,(s,z), t>0.
(0,t]xR4

Moreover, these conditions and a bound analogous to (5.9) ensure that the
process Z, is well-defined P-a.s. by

1t
Zoy = —/ / (e2M2) 1 — ah(s, z))dv.(z)ds, t>0.
« 0 Rd

WV

Lemma C.1. In the situation described in the previous paragraph, let o > 1
and assume in addition that

sup Zas < fa(t), P—a.s,
s€[0,t]

for allt = 0 and some deterministic function f, :[0,00) — R. Then

IE[ sup eYS] < a ef‘*(t)7 t>0.
s€[0,1] a—1

Proof. We know from [29, Theorem 3.2.5] (see also [2, Theorem 5.2.9]) that

IP’( sup (Y — Z,)s >T> <e ™, 1,t>0. (C.1)
s€[0,t]
Furthermore, it is clear that

]E{ sup eYS} < E{exp ( sup (Y — Za)s)}ef“(t).
5€[0,t] s€[0,1]



2932 B. Hinrichs and O. Matte Ann. Henri Poincaré

For every measurable function ¢ : 2 — R, the layer cake representation (see,
e.g., [18, Theorem 1.13]) entails, however,

oo
/equP’<1+/ (eq—l)dIEDzl—i—/ P(qg > 7)edr.
Q {a>0} 0

The exponential tail estimate (C.1) thus implies

oo
1
E|:exp ( sup (Y - Zoc)s>:| <1 +/ e_(a_l)TdT =14+ —".
s€[0,t] 0 a—1

Putting all these remarks together we arrive at the asserted bound. O

D. Bounds on the Relativistic Semigroup

In this appendix, we consider Lévy processes in dimension d € N with d > 2,
whose Lévy symbols are given by some negative constant times the relativistic
dispersion relation

va(8) = (I§* +m)t? —my, €ERY (D.1)
As in the main text, my > 0. After briefly introducing the Bessel functions
also playing a role in the main part of the article, we use the second subsection
to derive some weighted LP to L? bounds for the semigroup associated with
these Lévy processes, in a straightforward fashion. In the third subsection, we
extend some of these bounds to N independent copies of the Lévy processes.
As we briefly observe in the last subsection, the L? to L> bounds obtained in
the second one can be combined with Carmona’s derivation of his bounds on
Kac averages for Brownian motion [6], thus yielding bounds on Kac averages
for the considered Lévy processes. Without doubt all results of this appendix
are essentially well-known, but we couldn’t find a reference containing precisely
the bounds we need.

In the whole Appendix D, unexplained symbols like c,, ¢4 p, Cdp.q cfi’p
and so on denote positive constants solely depending on the quantities dis-
played in their subscripts. Their values might change from one estimate to
another.

D.1. Brief Remarks on Some Bessel Functions

In the main text we repeatedly employed Bessel functions and standard upper
bounds on their behavior. For the convenience of the reader, we collect the
essential formulas here. Standard literature includes the extensive monography
[33].

The Bessel function of the first kind and order 0 is given by

27 Cesint dt
Jo(s) = / et — = Jy(-s), seR. (D.2)
0 271_
In view of this formula and the asymptotic expansion of Jy(s) at s — oo we
find some constant ¢ > 0 such that
o) <1A—=

7 r > 0. (D.3)
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Let v € (0,00). Then the modified Bessel function of the third kind and order
v is given by the integral formula

1 [~ -
K“”:i/ e HTN/2q p s 0, (D.4)
0
Estimating ¢! > 0 and computing the resulting integral we find the first
upper bound in

—CZ, r € (0,1],
0< K, (r)<{" (D.5)
cy
172 e, r>1

The second one follows from the well-known asymptotics of K, (r) as r — oo.

D.2. Weighted LP to LY Bounds

In this subsection, we always assume that X is a d-dimensional Lévy process
with symbol —tg given by (D.1). Hence, the law of X; has a density p,, ,
which is equal to (27) ~%/2 times the inverse unitary Fourier transform of e %<,
The latter can be computed using the subordination identity, Fourier trans-
forms of Gaussians, elementary substitutions and (D.4). The well-known result

1S

Pot(y) = F(f:f;&}f) et ‘y|t2)(d+1)/2, y €RY, (D.6)
when mp, = 0, and
(d+1)/2 iyt

Pyt (Y) = (22777:;(”1)/2 NG f;lg)(dﬂw “Kar1))2 (mp(t2 + |y\2)1/2) ;
(D.7)

for my, > 0; cf. also, e.g., [18, §7.1]. For all ¢ > 0 and L > 0, we abbreviate
Ty = {y € R my(#* + [y*)'/? < 1}, (D.8)
Pyt () = e"Wpp (y), yeR?, (D.9)
p(Ll,)mp,t = XY PLymy b p(Lz,)mp,t = XT¢PLmp - (D.10)

Lemma D.1. Assume that m, > 0. Let t > 0 and L € [0,m). Then the
following bounds hold for all p € [1,00],

1 _ ’
1P il < capt™", (D.11)
||P(Lz,)mp,t||p < Cd,peLtmg/Q(mp - L)_d/th_d/Qpl- (D.12)

In the case p = oo, (D.11) and (D.12) also hold for L = my,. In particular,

]E[eLlth] — /Rd PL,mp,t(y)dy < Cd(]- —+ eLtmg/2(mp — L)id/z)- (D13)
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Proof. Tf my (2 + |y|?)"/? < 1, then myt < 1, Lly| < L/m,, < 1. Hence, (D.7)
and (D.5) entail ppm,:(y) < cqa/t?, which is the case p = oo of (D.11). If
otherwise my, (t2 + |y|?)'/2 > 1, then (D.7), (D.5) and L < m,, yield

CqMp . 7mpt(l+r2)1/2+mpt+L7‘t

To obtain (D.12) with p = oo, we apply the bound

—mpV1+712+my+Lr < —(m, — L)(V1+7r2—1) + L, (D.14)
whose right hand side is < L. For finite p > 1, the bound (D.11) follows from

) tpep+PL/mp
/Tt PLmyt(Y)'dy < cap /Rd @+ |y|2)(d+1)p/2dy’

upon substituting y = tz on the right hand side. Furthermore,

tPePmpt+pLly| 2 2y1/2
Py < dp/2 .o~ Pmp(t+[yl7)
/T : PLmy t(Y)Pdy < capmy /R (2 1 [y2)@+2p/a " © ’ dy

0o rdflefpmpt(1+r2 ) 1/2+pmpt+ert

0 dp/24d—dp/2
=Capmyp 7t /0 (1 + r2)(@+2)p/a dr.

To dominate the integral in the last line above we first apply (D.14). Afterwards
we use the bound
2 1

r? r
Vi4rz—1= > >
VIdrZ+1 7 214727 22

Together with r%/2 /(1 + r2)(d+2P/4 L1 for r > 1, this permits to get

(r* A7), r=0.

> rd—1 2\1/2
. efpmpt(lJrr )1/ +pmpt+ertdr
. (L r2)@rop/

1 e8]
< eth / rd—le—p(mp—L)trz/Qﬂdr + eth / Td/Q_le_p(mp_L)tT/QﬂdT
0 1

£/ (mp—L)t
_ eth((mp o L)t)_d/2/ P Sd—le—psz/Q\/idS
0
+ eth((mp o L)t)fd/Z /OO ud/2flefpu/2\/§du
(mp—L)t

< cape?™ ((my — L)) ™2,
where we estimated both integrals by integrals over (0, 00) in the last step. O
In the following we shall repeatedly employ the bound
s fllg < Nk ISP/ R £/ <RI/ RIT £, (D.15)

which holds for all h € L'(RY)NLP (R), f € LP(R”), p € [1,00] and ¢ € [p, o0
in any dimension v € N. If ¢ = oo, then the L*-norms on the left hand sides
of (D.15) as well as of (D.16) and (D.17) can be replaced by actual suprema.
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Lemma D.2. Suppose that m, =0 and let p € [1,00] and q € [p,o0]. Then

1

oo % fllg < Capat @ =" Dy, f € LR, ¢ >0, (D.16)

Proof. In view of (D.15) and ||po|l1 = 1 it suffices to verify that ||po.|l,y =
capt~%P for p € [1,00), which follows by scaling (y = tz). O

Lemma D.3. Let m, >0, p,p € [1,00] and q € [pV p,o0]. Then
-1
£l

d/2 dip~t—q 1) /2
e o my / my — L (P~ =a )/ i
\Psq my — L t Do
(D.17)

a1
lpLmp * fllg < capat™

for all f € LP(RY) N LP(R?), L € [0,m;) and t > 0.

Proof. Again using the notation (D.9) and (D.10) and applying (D.15) for two
choices of exponents p and p we find
1Pz Flla < 050 olls > N TN E s + 10 ol ™ P IE N 1l

Combining this bound with (D.11) and (D.12) (with 1,p" and 1, p’ put in place
of p, respectively) we arrive at (D.17) for my > 0. O

By the previous two lemmas and the rotation invariance of pr, s, ¢,

E[eXXlf(XT)] = (PLmp,t * f)(x) = (pg7)177,p,t * f)(@) + (p(Lz,)mp,t * (),
(D.18)

forallt >0,z € RY, f € LP(R?) and p € [1,00],if 0 < L < mp or L =m, = 0.
The previous two lemmas combined with the case L = 0 of (D.18) further
imply the following result.

Corollary D.4. Considering arbitrary my, > 0 and p € [1, 0], we always have

sup B[ F(XD)] < capt™ (| fll2p +my/* | 1), ¢ >0, (D.19)
xTE

provided that f € LP(R?) N L?(R?), if my, > 0, and f € L*(R?), if m;, = 0.
D.3. Weighted LP to L? Bounds for [N Relativistic Particles

We also need a variant of our weighted L? to L? bounds applying to a vector
X = (Xy,...,Xn) comprising N independent Lévy processes X, each having
Lévy symbol —q with m;, > 0. To state the next result we write

DL (W) = Lyt (U1) - pLmy e (Un)s Y = (Y1, yn) € RN
The independence of X7, ..., Xy entails (recall our definition (7.12) of |- |1)
E["Xf(XIN) = (0F5, 0 % [fD(@), = eR™, fe LP(R™).  (D.20)
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Lemma D.5. In the situation described in the preceding paragraph let t > 0,
L € [0,mp) formy, >0 and L =0 formp, =0, p € [1,00] and q € [p,oc]. Then

HPL mpt ¥ fllg < Cfi\{p,qedypyq(mp,Lat)N”f”pv (D.21)
for all f € LP(RN), where

d/2 dip~t—q~1)/2
1 m m, — L
Oupalmp, Lit) i= oy 1>+eLt<m EL) <pt ) 7
P

for m, >0, and 4, 4(0,0,t) := ™t =gt

Proof. We put p(L“n’%’ZN)(y) p(L“%w (y1) -~ p(Lfrzp (yn) foriq, ... iy € {1,2}.
On account of (D.15),
2
1055 Fla < 0 lot™) s [l
01,00 N=1
2

T genesl 1 D1 yeensl
S DI 17l (el st R
115N =1
/a)| (@) N
- ,

(ZMMWMPW@%M@mp
Here we used that [l ll5 = 1o, olls = [2L0), ol for all f € [1, 0]
in the last equality. We conclude exactly as in the proofs of Lemma D.2 and
Lemma D.3, again using (D.11) and (D.12) for m, > 0. O

Corollary D.6. Let 57 be a separable Hilbert space and let Y : RN x Q —
B(F) be strongly product measurable. Write Y (z) := Y (x,-) and assume that

C(0) := sup E[|Y(2)]]/* < o0, 6€[l,00).
zERIN
Lett >0, p€ (1,00], q € [p,o0] and ¥ € LP(RN J#). Finally, let G, L and

r be given as in Proposition 7.5. Then Y (z)(e~%W)(XF) is P-integrable for all
x € R¥™ and the function ® : R — 2 defined by

O(z) := “@E[Y (z)(e W) (XT)], zeRW,
is in LY(RIN | ) with

MEC ('),

1 m L 2 G
N —
[ < e galmp. )% | 5 v o
where p’ and v’ denote the dual exponents of p and r, respectively. In the above,
the essential supremum in || @)« can be replaced by a supremum. Furthermore,

a(mp,rL) :=my/(mp —rL), if mp >0, and a(0,7L) := 1.

Proof. Successively applying the bound |G(z) —G(X})| < L|X:|1 and Holder’s
inequality with p=! + (rp/) =t + (r'p’) = = 1, we find

E[“Y (@)™ C0)(XF) o | < C'r )Ele™ X2 (BN [ w (x|, 17,
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for all z € R¥ when p < oo. If p = oo, the expression in curly brackets {---}
should be replaced by ||¥||~. Applying (D.20) and (D.21) (with f = 1 and
p=gq = o0), we find

, dN/2p’r
E[erL\Xth]l/p’r < CN/D TeNLt/p/ mp ) (D.22)
d mp — 1L
This finishes the proof in the case p = oo, whence we assume p < oo from
now on. Since [[¥(-)||%, is in L'(R*") with L'-norm |||, we can also apply
(D.20) and (D.21) (with 1 and ¢/p put in place of p and ¢, respectively) to the

function given by h(z) := E[eXIXtl1|W(XF)|]5,]. Since ||Y/P||, = ||h||1/p this

a/p’
leads to
mp \[1_ mp—L] 26
1 N NLt P P
021y < e (e ) T Ly B . o)
Combining the above Holder estimate with (D.22) and (D.23) we arrive at the
asserted bound for finite p. O

D.4. Carmona’s Bound on Kac Averages in the Relativistic Case

Next, we observe the relativistic variant (D.24) of a bound derived by Car-
mona for Brownian motions. The crucial aspect of (D.24) is the comparatively
explicit dependence on the potential v of the exponent on the right hand side.
This becomes important in the derivation of our bounds on the minimal energy
of the relativistic Nelson operator.

Theorem D.7. Let a > 0 and Y be a d-dimensional Lévy process with Lévy
symbol —aw)q, where 14 is given by (D.1). Furthermore, let p > d/2 and assume
that the Borel measurable function v : RY — [0, 00] is 2p-integrable, if mp =0,
and both p- and 2p-integrable, if my, > 0. Then

¢
sup E[exp (/ v(z + l@)ds)}
z€R4 0
< gy exp (capa™ ¥ PN (mp/ 2Pl + [[o]l2p) /). (D.24)

Proof. Thanks to (D.19) we can almost literally follow Carmona’s proofs in
[6, Theorem 2.1 and Remark 3.1] to obtain (D.24) with a = 1. The general
case then follows from the equivalence of YV and (X4t)i>0 and elementary
substitutions; here X again has Lévy symbol — . O
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