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ABSTRACT: We present a comprehensive study of the three-active plus N sterile neu-
trino model as a framework for constraining leptonic unitarity violation induced at en-
ergy scales much lower than the electroweak scale. We formulate a perturbation theory
with expansion in small unitarity violating matrix element W while keeping (non-W sup-
pressed) matter effect to all orders. We show that under the same condition of sterile
state masses 0.1eV? < m?, < (1-10) GeV? as in vacuum, assuming typical accelerator based
long-baseline neutrino oscillation experiment, one can derive a very simple form of the os-
cillation probability which consists only of zeroth-order terms with the unique exception
of probability leaking term C,p of O(W*). We argue, based on our explicit computation
to fourth-order in W, that all the other terms are negligibly small after taking into ac-
count the suppression due to the mass condition for sterile states, rendering the oscillation
probability sterile-sector model independent. Then, we identify a limited energy region in
which this suppression is evaded and the effects of order W?2 corrections may be observ-
able. Its detection would provide another way, in addition to detecting C,g, to distinguish
between low-scale and high-scale unitarity violation. We also solve analytically the zeroth-
order system in matter with uniform density to provide a basis for numerical evaluation of
non-unitary neutrino evolution.
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1 Introduction

Studies of neutrino oscillation entered into a “matured phase” after the structure of the
three-flavour lepton mixing [1] is elucidated. The long-lasted discovery phase of neutrino
oscillation has been unambiguously concluded by the Super-Kamiokande (Super-K) at-
mospheric neutrino observation which discovered neutrino oscillation and hence neutrino
mass [2]. It was followed by the KamLAND reactor and the solar neutrino experiments
which uncovered the three-flavour nature of the mixing by observing oscillation and/or
adiabatic flavour conversion of neutrinos in matter [3, 4] in the 1-2 sector [5, 6.1 The last
step of understanding the three-flavour structure of neutrino oscillation was carried out by
the reactor [13-15] and the accelerator [16, 17| measurement of 3. It lefts only the two
remaining unknowns in the standard three-flavour mixing paradigm, that is, measurement
of CP violating phase and determination of neutrino mass ordering.?

The completion of the theory of the three-flavour neutrino mixing, however, neces-
sitates the paradigm test. A well-known example of such efforts is to verify unitarity of
the quark CKM matrix [19]. We have argued in ref. [20] that we may need a different
strategy to test leptonic unitarity. That is, first prepare a generic framework which de-
scribes unitarity violation at certain energy scale, and then confront it to experimental
data. We contrasted the two typical alternatives, unitarity violation by new physics at
high (E > my) and low (E < my ) energy scales, which are dubbed as high-scale and
low-scale unitarity violation, respectively. They differ in certain characteristic features,
such as absence (low-scale) or presence (high-scale) of violation of flavour universality and
zero-distance flavour transition.

!The unique citation of the solar neutrino measurement here must be understood as the representative
of all the foregoing solar neutrino experiments [7-12].
2Recently, however, there exists accumulating indication that CP phase § takes value around ~ 37” [18].



The scenario of high-scale unitarity violation, based on the orthodox view of new
physics at high-energy scales, has been studied extensively in the literature [21-29].> On the
other hand, there exist a good amount of activities in recent years hinting the possibilities
of new physics at low energies. For scenarios which involve light sterile neutrino(s), see,
e.g., [40-42], and the references therein. In the former case, due to the preserved SU(2) x
U(1) symmetry at high scales, it is conceivable that the constraints from measurements
using probes in the charged lepton sector play a dominant role. On the other hand, in the
case of low-scale unitarity violation, neutrino oscillation experiments will play key role in
constraining unitarity violation.

In a previous paper [20], we have proposed a model-independent framework for testing
low-scale unitarity violation. It is based on the three active plus NN sterile lepton (called
neutrino) system, which is unitary in the whole (3 + N) dimensional state space but re-
striction to observables in the active neutrino subspace renders the theory non-unitary in
that subspace. It is referred to as the “(3 + N) space unitary model”. We have shown in
the context of accelerator and reactor neutrino measurement that the restriction on the
masses of sterile states* to 0.1eV? < m% <1 MeV? (with J being sterile state index) is
sufficient to make the observables sterile-sector model independent. That is, the neutrino
oscillation probability can be written in such a way that it is independent of details of the
sterile neutrino mass spectrum and mixing with active neutrinos. The model-independent
nature of the framework will be translated into that of the constraints obtained, thereby
making leptonic unitarity test more powerful.

As an outcome of our formulation we have pointed out a new way of distinguishing low-
scale unitarity violation from high-scale one by observing the probability leaking term in the
oscillation probability. The term signals existence of energetically accessible sterile states,
which is characteristic to low-scale unitarity violation, and it has been included for the first
time in the analysis of unitarity violation in [20] which uses a JUNO [43]-like setting. See
refs. [28, 44] for a comprehensive analysis of the currently available neutrino data with the
active plus sterile framework, and [28, 45] for analyses of the future experiments.

In this paper, we give a comprehensive treatment of the (3 + N) space unitary model.
We formulate a novel perturbative framework with small unitarity violating matrix element
W as the unique perturbing parameter, which we call “small unitarity-violation perturba-
tion theory”. It allows us to calculate the oscillation probability in the presence of matter
effect comparable in size to the vacuum mixing effect. It must be remarked that the sterile
sector model-independent nature of the (3 + N) space unitary model is demonstrated in
ref. [20] only in vacuum and in matter to first order in matter perturbation theory. Hence,
the first goal of this paper is to show that the model-independence holds after inclusion of
sizeable matter effect. In fact, we observe that the same condition on the sterile neutrino
masses guarantees this property, and the extremely simple expressions of the oscillation
probabilities result even with our computation to fourth order.

3Works have also been done on unitarity violation by sterile sector from somewhat different point of
view, e.g., if it exists, how it could disturb measurement of lepton Kobayashi-Maskawa phase dcp, or mass
ordering. See for example, [30-39].

4To be more precise, “masses of sterile states” implies hereafter masses of neutrinos which are mostly
sterile. In this paper, for brevity, we use this simplified terminology in most of the places.



The second goal of this paper is to utilize the oscillation probability formulas to uncover
in which region of energies and baselines unitarity violating effect is large, and to examine
the possibility of sizeable W? corrections which distinguishes between high- and low-scale
unitarity violation. These exercises may be useful in the application of our framework to
some of the ongoing and next generation neutrino oscillation experiments [16, 17, 46-52].
To carry it out, we derive an exact expression of the oscillation probability in leading order
in perturbation theory for uniform matter density. In summary, the framework can be used
in dual modes: it serves (1) as a suitable framework for leptonic unitarity test in neutrino
oscillation experiments, and (2) as a hunting tool for unitarity violation effects, which could
serve for another way of distinguishing low-scale unitarity violation from high-scale one.

2 Essence of the present and the previous papers

In this section, we present essence of the present and the previous [20] papers, in which
an adequate formulation is given to describe neutrino oscillations with unitarity violation
caused by new physics at energies much lower than myy. In section 2.1 we define the system,
section 2.2 serves for reviewing the content of ref. [20], and section 2.3 is to summarize the
key points of this paper.

2.1 Unitary 3 active + N sterile neutrino system with partial decoherence

The system we are considering consists of 3 active + N sterile neutrinos which is unitary in
the whole state space, but serves for a model of non-unitarity when restricted to observables
in the active neutrino subspace. The sterile-sector model independence is realized due to
decoherence between active-sterile and sterile-sterile states, which essentially wipes out
detailed informations of sterile sector such as mass spectrum and mixing structure with
active neutrinos. Generically, the decoherence condition associated with energy resolution
reads (see [20])

AnE [SE\ ! E L\ (oB/ENT
29> 217 (= ~ 2. —ZeV? :
Am3,| 2 — (E> 2.5 x 107 %eV <1GeV) (1000km> ( 01 > (2.1)

where Am%a denote either active-sterile or sterile-sterile mass squared difference and L is

a baseline. Tt simplifies to [Am?2,| > 2|Am3,| (§E/E)~" assuming the conventional setting
of accelerator long-baseline (LBL) experiments, i.e., a detector at around the oscillation
maximum.® It leads to [Am2,| = 5 x 1072eV? assuming 10% energy resolution, which
implies the lower limit of (mostly) sterile neutrino mass, m% > 0.1eV2, to ensure partial
decoherence [20]. Though we sometimes quote the lower limit as the reference value in this
paper, we have to rely on the formula (2.1) for the condition of partial decoherence in more
generic setting off the oscillation maximum.

We also restrict the sterile neutrino mass range from above such that they can be
produced energetically from a given source and participate to the neutrino oscillation to-
gether with active neutrinos. It yields the upper bound, typically, m?, < 1MeV? for

°In medium-baseline reactor neutrino experiments which utilize the solar oscillation maximum, such
as JUNO [43], the condition becomes |Am?,| > 2Am3, (E/E)™" ~ 5 x 1072 eV?, assuming 3% energy
resolution.



reactor neutrinos and m? < (1 — 10) GeV? for accelerator neutrinos. Thus, a minimal
range 0.1eV? < m% <1 MeV? results as quoted in ref. [20]. For more energetic neutrino
sources one can take the upper limit of m; as the kinematical limit of production.

Throughout this paper, we assume for validity of our discussion, the sterile neutrino
mass condition (2.1) and that it is below production threshold. When appropriate we may
quote the reference m? range, 0.1eVZ <m? < 1MeV?, or < (1 —10) GeV?, but otherwise
the readers must assume that m; obeys the general conditions above.

2.2 Non-unitary evolution of neutrinos in vacuum or with small matter effect

Here we summarize the main findings of ref. [20]. Thanks to partial decoherence, fast
oscillations in active-sterile and sterile-sterile channels are averaged out, which leads to a
very simple form of the active neutrino oscillation probability in vacuum

> i (Ap — Aj)z
* * TR ) k — j
P(l/ﬂ — Va) = Ca,B + Z UajUBj -2 Z Re (UajUﬁjUakUﬁk) sin fj
Jj=1 j#k
— Z Im (UajUEchtkUﬁk) sin(Ak - Aj):c, (2.2)
J#k
where 2 denotes baseline and
3+N
Cap = Y [Wasl*[Wayl?, (2.3)
J=4

in the appearance (a # [3) as well as in the disappearance (« = () channels with «, 5 =
e, i, 7. In eq. (2.2), the indices i, j,k = 1,2,3 and J =4,5,---, N + 3 are, respectively, for
(mostly) active and (mostly) sterile neutrino mass eigenstates. The active neutrino flavour
states v, are connected to mass eigenstates (v;,v) through

3 3+N
Vo =Y _(Daivi+ Y (W)asvs, (2.4)
i=1 J=4
that is, the (3 X 3) non-unitary U matrix describes mixing in the active neutrino space,

whereas the (3 x N) W matrix elements bridge between active and sterile state spaces.
2

i 2
We have defined the kinematical phase factors A; = % and Ay = % where m; and m
denote the active and sterile neutrino masses, respectively, and E denotes neutrino energy.
The characteristic features of the oscillation probability in (2.2) are:

1. The non-unitary matrix U replaces the standard unitary three-flavour mixing matrix
often parametrized with Particle Data Group convention Uppg [19].

2. Probability leakage term C,g > 0 appears reflecting the nature of low-energy unitarity
violation in which the probability can flow out from active neutrino space to the sterile
state space, and vice versa.

3. Due to non-unitarity of the U matrix, d,3 term in the unitary case is modified to

3 * 2
2 j=1UajUg;| -



Notice that each term of C,g in (2.3) allows interpretation that “probability leaking from
active to sterile state spaces” and coming back. The simple terminology of probability
leaking assumes that the latter process must also exist which is ensured by generalized T
invariance. Another aspect of the probability leaking term, which has a form of incoherent
sum of the products of probabilities of active-to-sterile and sterile-to-active transitions
clearly illustrates the decoherence associated to the sterile states. For instance, near the
upper end of the sterile state mass region quoted in section 2.1, it describes effect of
decoherence caused by separation of wave packets between active and sterile neutrinos.

The points 2 and 3 above are important ones and the clarifying remarks about them
are in order:

e Presence or absence of the probability leakage term C,g distinguishes between low-
energy and high-energy unitarity violation [20]. Nevertheless, C,3 may be small
because it is of fourth order in W.

e Difference in normalization factor, the second term in (2.2), between unitary and non-
unitary cases is of order ~ W* (~ W?) in the appearance (disappearance) channels.

To understand the latter point, we notice that unitarity in the (3+ N) space unitary model
can be written as

3 N+3
Sap =Y _ UaiUsj+ > Was Wi (2.5)
j=1 J=4

2

2
Then, = ‘Zf]ﬁf WasW5;| in the appearance channel (a # ), and

3 *
S0 Uil
2 2
3-: Unsil?) = (1- N:+3 Was|?) =1— O(W?) in the disappearance channel (o =
7j=1 J J=4

B), which justifies the above statement.

We emphasize, therefore, that the probability leaking term C,g and the another con-
stant term ‘Z?:l UajUgj‘z in the oscillation probabilities are the same order, O(W4?), in
the appearance channels. Hence, we do not see any good reasons why the former can be
ignored, as was done in the existing literatures. It is also worth to note that O(W?) dif-
ference in normalization in the disappearance channel would make detection of unitarity
violation more feasible. It is one of the reasons for high sensitivity to unitarity violation
that could be reached in disappearance measurement in the JUNO-like setting [20].

In the same work, by including small matter effect up to first order, we have found that
as far as we remain in the region of unitarity violating element |[W| ~ 0.1,% or somewhat
larger, the matter effect does not alter the above features of the oscillation probability
in (2.2) under the same restriction on sterile neutrino masses. Notice that |W| ~ 0.1
implies that the unitarity violating effect in the probability is of the order of [W|* ~ 1074,
except for the O(W?) difference in normalization constant in the disappearance probability.
It is practically the limit of order of magnitude that can be explored by the next generation

neutrino oscillation experiments.

SSpeaking more precisely, we mean that all the W matrix elements are assumed to be small, of the order
of ~0.1.



2.3 Non-unitary evolution of neutrinos in matter to all orders

Given the fact that setup of some of the next generation accelerator LBL experiments
require consideration of the matter effect comparable with the vacuum mixing one, it is
clear that a better treatment is necessary to understand the influence of the matter effect
in the (3 + N) model. Then, we formulate in this paper the small unitarity-violation
perturbation theory, a systematic and controlled way of treating small unitarity violation
effect while including all order matter effect. We derive a simple expression of the oscillation
probability in matter which retains the favourable feature of the vacuum formula (2.2), the
sterile sector model independence under the same sterile neutrino mass condition as in
vacuum. That is, the model-dependent terms are either averaged out, or made small due
to large sterile state mass denominator suppression. We must note here that our treatment
of the matter effect in this and the previous papers is restricted to the case of uniform
matter density.

The resulting oscillation probability in matter between active flavour neutrinos in the
(3 4+ N) space unitary model to fourth order in W can be written as

2
3
P(Z/B — Va) = Cag + Z UajUEj
Jj=1
—2 Z Re [(UX)aj(UX)5;(UX) %4 (UX) g1 sin® W
Jj#k
= I [(UX)aj (UX) 3 (UX) 2 (UX) ] sin(hi — hj)z,  (2.6)

J#k

where h; (i = 1,2, 3) denote the energy eigenvalues of zeroth-order states of active neutrinos
in matter, and X is the unitary matrix which diagonalizes the zeroth-order Hamiltonian
used to formulate our perturbation theory. C,g is the same as we have in the vacuum
case in (2.3). The expression is valid under the same restriction on sterile neutrino masses
we have in vacuum, 0.1eV? < m?% < (1 — 10) GeV? for [W[* > 10~* assuming neutrino
energy and baseline (and the associated matter density) which correspond to accelerator
LBL experiments. For more precise conditions we require and for the restriction needed
on the sterile state masses for smaller W, see section 3.5.

The expression (2.6) is a very transparent result in the sense that (1) the vacuum
non-unitary mixing matrix U is “dressed” in a simple way by the matter effect represented
by X, and (2) the probability leaking term C,3 and the normalization term stay as they
are in vacuum. The latter feature is perfectly natural, given the nature of these terms as
probability leaking and (mis-) normalization at zero distance.” The detailed derivation of
eq. (2.6) is carried out in section 3. While in section 4, we derive an exact analytic expres-
sion for the matter dependent part of the oscillation probability (2.6). The combinations

"A comment is ready for the normalization term, the second term in (2.6). TIts original form is
Z?Zl(U X)aj(UX)%;, which is natural because it comes from the contribution of zeroth-order Hamilto-
nian with all orders effect of the matter potential. It is easily reduced to the vacuum form in (2.6) (or

n (2.2)) by using unitarity relation Zj.':l Xii X5 = Ont.



of X matrix elements that used in the derivation can also be utilized to calculate higher
order corrections in W. In section 5.1, the regions of visible effect of unitarity violation is
illuminated by plotting the probabilities with/without unitarity violation in wide ranges
of E and baseline L.

After understanding the general feature of perturbative series based on explicit calcula-
tion to order W4, we postulate the “Uniqueness theorem” which states that the oscillation
probability formula eq. (2.6) is valid to all orders in W expansion under the same con-
ditions on the sterile state mass and the kinematical region as used in the discussion of
fourth-order formulas. See section 6.3. The reasons for this interesting feature, the same
mass conditions as in vacuum to guarantee the sterile sector model independence prevail
in matter, will be partially explained at the end of section 3.5.

Finally, but probably most importantly, we point out that outside the region of validity
of our above theorem, there are regions of neutrino energy and baseline that condition for
suppression due to the large sterile state mass denominators is not fully effective. We show
that in such region, second order correction terms in W, together with the leaking term
Cap, may not be totally negligible, and it could be detectable. It would offer yet another
way of distinguishing low-scale unitarity violation from high-scale one. These new terms
are derived in section 3.4 and their effects are quantified in section 5.2.

3 Small unitarity-violation perturbation theory of neutrino oscillation
in matter

We formulate a perturbation theory of the (3 + N) state unitary model using an expan-
sion parameter of matrix elements of W signifying unitarity violation effect, assuming it
small. It will be done aiming at constructing a model-independent framework for leptonic
unitarity test. It necessitates the conditions on the sterile neutrino mass as discussed in
section 2.1. In most of the discussions in this section we presume, as an appropriate set-
ting for unitarity test, terrestrial neutrino experiments, i.e., accelerator LBL experiments,
and/or atmospheric neutrino measurement. Use of reactor and accelerator neutrinos at
short baselines offers an alternative way for testing leptonic unitarity but with only minor
matter effect.

In the main text we mostly confine ourselves to the formulas to second order in W,
but include fourth order terms whenever it is necessary. We take for simplicity the uniform
number density approximation for electrons and neutrons in matter. However, extension to
the varying density case is, in principle, straightforward as far as adiabaticity holds. Usage
of the same probability formula as a hunting tool of unitarity violation and discriminator
between low-scale and high-scale unitarity violation will be discussed in section 5.

3.1 3 active plus N sterile neutrino system in the flavour basis

The S matrix describes possible flavour changes after traversing a distance x

vo(x) = Sapra(0), (3.1)



and the oscillation probability is given by
P(vg = va; 1) = |Sapl*. (3.2)

The neutrino evolution in flavour basis in the (3 + N) space unitary model is governed by
the Schrodinger equation

d
z'%z/ = Hv. (3.3)

Given the flavour basis Hamiltonian H, the S matrix is given by

S = Texp [—i / ' dx’H(:):’)] , (3.4)

0

where T' symbol indicates the “time ordering” (in fact “space ordering” here). The right-
hand side of (3.4) may be written as e "% for the case of constant matter density.

The flavour basis Hamiltonian H is (3 + N) X (3 + N) matrix:

A1 0O 0 0 O 0 (A4 —Ap 0 0O 00O
0 Ay 0O 0 O 0 0 -Agp 0 000
0 0 A3 0 O 0 0 0 -Ag0 00
H=U ’ uf + " . (39)
0 0 0 A4 O 0 0 0 0O 00O
o o0 o o0 --- 0 0 0 0O 0---0
L 0 0 0 0 0 Asyn] L 0 0 0 00 0]
where
m2 m?]
Al ~9F (7’ 1a2a3>7 AJ = 9oF (J 4, ,3+N) (36)

Here, m; (my) denote the mass of mostly active (sterile) neutrinos and E' is the neutrino
energy. A4 and Ap are related to Wolfenstein’s matter potential [4] due to charged current
(CC) and neutral current (NC) reactions, a and b, as

Ap=— Ap=— (3.7)

where

0= 0IGPNLE ~ 1.52 x 104 [ 1P E ) o2,
gem—3 ) \ GeV

b=+V2GpN,E = L <N”) a. (3.8)
2 \ N,

In the above, both a and b are positive. For antineutrinos, we take Ay — —A4 and

Ap — —Ap. Here, G is the Fermi constant, N, and N,, are, respectively, the electron

and neutron number densities in matter. p and Y, denote, respectively, the matter density

and number of electron per nucleon in matter. In (3.5), U denotes the flavour mixing

matrix which relates (3 + N) dimensional flavour neutrino states to the vacuum mass



eigenstate basis as v = U¢,v,, where ¢ runs over active flavour a = e, i, 7 and sterile
flavour s = s1, - - -, sy indices, z runs over mostly active ¢ = 1,2,3 and mostly sterile mass
eigenstate J = 4,5, - -, N + 3 indices.

For simplicity, we introduce a compact notation which writes (34 N) x (34 N) matrix
in a form of 2 x 2 matrix. By defining the active 3 x 3 matter potential matrix

As—Ap 0 0
A= 0 -Ap 0 (3.9)

the flavour basis Hamiltonian is written as

A, 0
H=U|"*? uf

A0

00 = Hvac + Hmatt (310)

where A, = diag(A1, Ag, Az) and Ag = diag(Ay, As, - -+, Ant3).

As an application of our framework, we anticipate leptonic unitarity test in the LBL ac-
celerator neutrino experiments which utilize atmospheric-scale neutrino oscillations. There-
fore, we assume that the system satisfies the following conditions in formulating our per-
turbation theory

Am3 L Am3,L o) alL  bL
2F 2F ’ 2F  2F

o0(1), (3.11)

where L denotes baseline, Am?i = m? - m?, and

alL P L
= — \V2GprN.L = 0.58 . 3.12
2F V2Gr (3 g/cm3> <1ooo km) (3.12)

They probably ensure that our oscillation probability formulas have applicability to the
terrestrial LBL and atmospheric neutrino experiments with baseline up to ~ 10* km and
energies from low to high, up to £ ~ 100 GeV. More precise discussions on where our
formulas are valid will be given in sections 3.5 and 6.2.

3.2 Vacuum mass eigenstate basis, or tilde basis

To formulate perturbative treatment it is convenient to consider the vacuum mass eigen-
state basis, the tilde basis, introduced in the previous section

7. = (U, (3.13)
The tilde basis Hamiltonian is related to the flavour basis one as

H=U'HU. (3.14)
The explicit form of H is given by

A0
00

~ A, O

H = E[vac + f{matt = @ + UT U. (315)
0 Ag




We parameterize the (3 4+ N) x (34 N) dimensional flavour mixing matrix U as

uw
ZV

U= . (3.16)

The matrix U and V are 3 x 3 and N x N matrices, respectively, and W and Z have sizes
that just fill in the space. In our (3 + N) model, unitarity is obeyed in the whole (3 + N)
state space:

vut = | VUM WWIhUzl s Wyt g 0
zUt +vwt zzt 4 vt 0 1nxn |’
T 7t7 Ut Al 1
vtu_ | UTU+ Utw + z1v :[M, o | (317)

Wit + viz wiw + vty 0 1nxn

Then, the Hamiltonian H in vacuum mass eigenstate basis is given by

~ A, O
H =
[0 As]+

As in vacuum, the neutrino oscillation is governed only by the U and W matrices, and is

UTAU UTAW

WTAU WHAW |- (3.18)

independent of Z and V matrices. It is natural that V matrix does not show up in physical
Hamiltonian matrix because the rotations inside sterile basis does not have any physical
meaning, if we observe the system only by the Standard Model interactions. However, the
flavour basis Hamiltonian H in (3.5) obviously depends on Z and V. The apparent puzzle
will be resolved in appendix A.

3.3 Formulating small unitarity-violation perturbation theory

We now construct the small unitarity-violation perturbation theory. It is natural to consider
the framework in which the tilde-basis Hamiltonian H is decomposed into the un-perturbed
and perturbed parts, Hy + Hq, as follows:

f
’ i = 0 U'AW

WTAU WTAW

A, +UTAU 0

Ho =
0 0 A,

. (3.19)

Therefore, what we mean by “expansion by unitarity violation effect” is an expansion by
the W matrix elements.® We assume, for simplicity, that all the W matrix elements are
small and have the same order ¢5. Then, 3 x N (/N x 3) sub-matrix elements in Hppatt are
of order ey, while the pure sterile space N x N sub-matrix elements are of order ¢2. For
simplicity, we often use the expression “expanding to order W"” which means to order €}
in this paper.

8Through unitarity (3.17), U matrix elements have some dependence on W matrix elements. We choose
not to expand U matrix elements by this W dependence. In this sense, we use a “renormalized basis” (in
the same sense as in ref. [53]) in which some higher order effects are absorbed into the zeroth-order state.
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3.3.1 Hat basis

To formulate perturbation theory with Hy and H; given above we transform to a basis in
which the un-perturbed part of the Hamiltonian is diagonal, which we call the “hat basis”.
Since the 3 x 3 sub-matrix A, + UTAU in Hy is Hermitian, it can be diagonalized by the
unitary transformation

hi 00
xt (Aa+UTAU)X: 0hy 0| =h (3.20)
0 0 hy

with X being the 3 x 3 unitary matrix. Then, Hy can be diagonalized by using

_|xo0
leo 1] (3.21)

as

) i i i
XX — [X (Aa+UTAU) X 0 ] _ [h 0 ]

= H, 3.22
0 A, 0 A, 0 (3.22)

the zeroth-order Hamiltonian in the hat basis. Since Hy is diagonal it is easy to compute
+ifoz.
e :

+ihx
+iHox € 0
etitoz _ [ 0 eiiAsx] (3.23)
Then, the perturbed Hamiltonian is given by
N - 0 (UX)T AW
o =X"mX = 3.24
! ! WTAUX) WTAW (3:24)

The eigenvalues of Hy is therefore hi, hg, hs, and Ay (J =4, -3+ N). Therefore, the
sterile neutrino masses are affected neither by the active states nor the matter potential
in our zeroth-order unperturbed basis. It must be a good approximation because we have
assumed that the sterile neutrino masses are much heavier than the active ones, and we
are interested in the energy region implied by a ~ Am%l.

To do real calculations of the S matrix elements we must solve the zeroth order Hamil-
tonian Hy. This task will be carried out in section 4.2, in which we derive explicit expres-
sions of the eigenvalues h; and the unitary matrix X.

Now, we formulate perturbation theory with the hat basis Hamiltonian, Hy in (3.22)
and Hj in (3.24) after a clarifying note in the next subsection.

3.3.2 The relationship between quantities in various bases

So far we have introduced the tilde- and the hat-basis:

H=U'HU, H=XHX, (3.25)

- 11 -



where X is given by eq. (3.21). Therefore,

= (UX)" H (UX). (3.26)

H = (UX) H (UX)T, S = (UX)S(UX)". (3.27)

Notice that both U and X are unitary, and hence UX is unitary too. The relationship

between wave functions of various basis are given by

Dy = X7, = (UX)] v,

ve = (UX)Cy Uy, (3.28)
where y denote the hat-basis indices. Using the explicit parametrization of the U matrix
we have

T t
UX — UW|[]XO0 _ Uux w (UX)T _ (UX) (ZX) (3.29)
ZVi||lo1l ZX VvV wit vl

It may be helpful for our discussions later to understand the relationship between S
and S matrix elements. For this purpose, we denote them in the block form

Saa SaS

S =
Ssa Sss

3.30
Ssa Sss (3:30)

Saa SaS ] &

where the subscripts a and S indicate that they act (for the right index) to the active or
the sterile subspaces. Notice that S,, and S,g, for example, are 3 x 3 and 3 x N matrices,
respectively. Then, the relationship between S and S matrix elements can be written
explicitly as

Saa = (UX)Sua(UX)T + (UX)Sus W + WSso(UX)T + W SgsWT,
Sus = (UX) 840 (ZX)T + (UX)SusVT + WSsq (Z2X)T + WSssVT,
Ssa = (ZX) Saa(UX) + (ZX) SusW + VS5 (UX) + VSgsWT,
Ss5 = (ZX) 800 (ZX) 4+ (ZX) SasVT + VSsa (ZX)T + VSssVT. (3.31)
3.3.3 Computation of S matrix elements
To calculate S(z) = exp [—i Iy dxf{(x)] we define Q(x) as
Q(z) = e 3(2). (3.32)
Q(z) obeys the evolution equation
ziﬂ(a:) = HQ(z) (3.33)
dx - ’ ’
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where
Hy = ¢ifoz ff g=iHoz, (3.34)

Then, Q(x) can be computed perturbatively as

Qz) =1+ (—i) /x dx/Hl(x’)+(—i)2/x da' Hy (") /x da’ Hy (2"

0 0 0
4 (_Z-)S/ dx’Hl(:c') / da:”Hl(:v")/ da:”’Hl(x”')
0 0 0
+ (—1)4 / dl‘lHl (ZL'I) / d.T//H1 (l'//) / dl’”/Hl (I'”/) / dﬂ?”//.Hl (xllll) + .
0 0 0 0

(3.35)

where the “space-ordered” form in (3.35) is essential because of the highly nontrivial spatial
dependence in Hy. Upon obtaining Q(z), S matrix can be obtained as

~

S(z) = e~tHozQ(z). (3.36)

By knowing S matrix elements, the S matrix is obtained by using (3.27), or (3.31).
The perturbing Hamiltonian H; defined in (3.34) has a structure

H, = (3.37)

0 e (UX)TAW emiAs2
eiAsJ:WJrA(UX)e—th: eiAstJ[AWG—iASJ:

That is, (H1);; = 0 in the whole active neutrino subspace. The non-vanishing elements of
H are as follows:
(Hy)iy = e &7 R {(UX)TAW},J ,
3

(Hy)y; = e (him B {WTA(UX)}JA ;

(Hy) g = e (A=A {WTAW}JK . (3.38)

Inserting eq. (3.38) into (3.35), we can compute all the  matrix elements. The simplest
ones in first order in Hi, the second term in (3.35), are given by

O1] =0,
Qigl1] = e((:i:)_ . {(UX)TAW}iJ,
Quill] = —ei((A g;?;; ! {WT A(UX)} L
Qiklizr[l] = e_i((:I;_AJA)i)_ 1 {WTAW}JK7
Q1] = (—iz) {WTAW}JJ, (3.39)
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which serve as a building block of the perturbation series because of the structure in (3.35).
The notation “[1]” implies that the terms come from first order perturbation with Hy. For
more about notations, see appendix B.

We need to compute up to fourth order in H; because we want to keep all the order
W4 terms. The requirement arises because the probability leaking term, whose observation
is crucial to distinguish between low-energy and high-energy unitarity violation, is of order
W*. The other normalization term, the second term in (2.2), also deviates from the one in
unitary case by a quantity of order W* in the appearance channels, but in an implicit way.
The resulting expressions of S matrix elements to order W* are summarized in appendix B.

There exists important consistency check in the calculation. That is, the identity

relation between S matrix elements that follows from generalized T invariance:”

Sap(U,W,X,A) = Spa(U*,W* X* A*), AB = {ij,iJ, IJ} (3.40)

where S; is obtained by performing the exchange h; <> Ay in SZ 7- The generalized T
invariance relation is explicitly verified by the computed results of S matrix elements to
fourth order in W given in appendix B.!°

3.3.4 Computation of S matrix elements

Given the results of S matrix elements it is straightforward to calculate .S matrix elements
by using the formulas in eq. (3.31). The active neutrino space S matrix elements can be
written in perturbative forms, S,g = Sg]ﬂ) + ng + Sglﬁ), where

sgg =Y UX)a(UX) 5517,

il
2 « &2 4
S5 = D UX)ar(UX)5S + D (UX)ax W3Sy,
il kL
+ Y War(UX) 588 + 3 WarcW3,5%).
Kl KL
4 « &l A
S((xﬁ) = Z(UX)ak(UX)@ZS,EZ) + Z(UX)akWBLS](fL)
el kL
+ ZWaK<UX)EZS§?l) + ZWaKWELSQ)L. (3.41)
Kl KL

Using (3.41) the explicit expressions of S matrix elements can be easily obtained with
use of S matrix elements given in appendix B. For example, S, in zeroth and second
orders in W are given, respectively, by

SO =S (UX)an(UX) e, (3.42)
k

9As in the Standard Model in particle physics T invariance is broken in our system only by complex
numbers in the mixing matrix.

YGince H system is a consistent dynamical system it is legitimate and easier to verify generalized T
invariance in the S level, though it can be done in the S matrix level as well. A pedagogical treatment for
proving generalized T invariance is given in version 1 of this work, arXiv ePrint: 1712.02798.
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—iAgT _ ,—ithgx
() fihkx € € * t
= L R S [ g Ty @ {0t
AK hk —ihyx _ (AK_hl)e—ihkx_(hl_hk)e_iAKx]
WTA(UX)
{ } I;; —hi)(Ax —he)(Ax —h)
~iAgT _ g—ihyx
x(UX)ak(UX);;l{(UX)TAw} {WTA Ux} +Z =

" [(UX)QngK {(UX)TAW}kK+WaK(UX)Ek {WTA(UX)}KJ

+D e TR W (3.43)
K
3.4 The oscillation probability to second order in W

In this section, we discuss the oscillation probability to second order in W. It is to illuminate
the principle of calculation, how averaging over the fast oscillation works, and to show which
constraints are obtained on the sterile state masses by the requirement of suppression by
the large sterile state mass denominators to make these sterile-sector model dependent
terms negligible.

Of course, we will calculate in this paper all the oscillation probabilities P(vg — v4)
in matter to fourth order in W to keep the necessary term, the probability leaking term
Cap, as mentioned earlier. The key features of the fourth-order terms will be described in
the next section 3.6.

The oscillation probability P(vg — v4) is given to second order in W as

i RG]
=2 (UX)ax(UX )ﬁk(UX Jar(UX) g+ D _(UX)ar(UX) (U X) 5y (UX) e~ Pt
k kAl

—Z(AK—hm)CE _ e—i(hk—hm,)iﬂ
)

—i(hg—hm)z
+2Re{ZZAK I [m) =

m kK

% (UX)ae(UX) g (UX ) (UX) i {(UX)*AW}W {whawx)}

o ZZ Z (AK — hk) e_i(hl_hm)m — (AK _ hl) e—i(hk—hm)x _ (hl . hk>e—i(AK_hm)x

m k£l K (hl - hk)(AK - hk)(AK - hl)

< UXabU XU X (UKo {wxytaw} {wtawx)}

Kl
(Ax—hm)r _ e—i(hk—hm)x
* * 1
+X ;{ X)W X U X) a0 {00 W},
+ Wor UX 0 X om0 {WHAUX}
+ ZZe—i(AK—hm)xWangK(UX);;m(UX)Bm}. (3.44)
m K
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The following formulas include the cases of both disappearance (o« = ) and appearance
(o # ) channels.
Notice that there is no matter dependent terms without suppression either by high-

frequency oscillations o< cos(A g —h,,)x (or sin), or by large sterile state mass denominators
1
X A
We take averaging over fast oscillations due to active-sterile and sterile-sterile mass

squared differences which leads to
(sinAjiz) = (sinAjgx) =0, (cosAyz) ~ (sinAjgz) ~ 0, (3.45)

where (...) stands for averaging over neutrino energy within the uncertainty of energy res-
olution, as well as averaging over uncertainty of distance between production and detection
points of neutrinos.!’ The second approximate equalities in (3.45) assume that there is no
accidental degeneracy among the sterile state masses. That is, we assume that the relation
|Am? | > |Am3,| always holds.

After averaging out the fast oscillations, P(vg — 14) is given to second order in W as

P(vg = 10) Y = P(rg = 1) + P(vg — va)?. (3.46)

The zeroth-order term P(vg — Vq)(©) is nothing but the one in eq. (2.6) except for dropping
the probability leaking term

2
> i)x
P(vg— 1) 0 = ;UajUgj —Qj%Re [(UX)aj(UX)5,(UX)ii (UX) 3] sin® (}““_2}”)
= I [(UX)a(UX)5;(UX) 3 (UX) gi] sin(lg—hy)e, (3.47)

J#k
while the W? correction terms are given by

ei(hkhm)x]

1 ,
P . 2 _— 92 . —i(hg—hm)z _
(vg = Va) Re{ Em kgK - [(zx)e N

X (UX)ar(UX )54 (UX) i UX ) { X AW} WA}

—i(hi—hm)x _ (AK _ hl) efi(hkfhm)z

(Ag —hi)e
- ; %‘; ; (b — Px)(Ax = h) (A — )
X (UX)ah(UX)(UX o UX)m {UX) AW} {WHAU)}

—i(hg—hm)z
DI

(A — h)

[(UX)akWEK(UX)Zm(UX)Bm {(UX)TAW}kK

+ Wk (UX)54(UX ) (UX) 3 {W*A(UX)}M] } (3.48)

1To check the point of how the “averaging out the fast oscillation” procedure works, we numerically
solved the 3 + 1 system explicitly and confirmed that it does, as it should be.
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The W? correction terms in P(vg — Va)(2), together with the probability leaking term
Cop in eq. (2.6), will be utilized in section 5.2 to explore the possibility of distinguishing
between low- and high-scale unitarity violation. If such terms are detected, the sterile
sector model-dependence in P(vg — Ve ) would serve for identifying the structure of the
sterile sector.

3.5 Suppression by the large sterile state mass denominator

In this section, we study the conditions under which P(vg — v4)®) in eq. (3.48) can become
negligibly small. Tt would allow us to use P(vg — va)® + Cop (= eq. (2.6)) for leptonic
unitarity test in a sterile sector model-independent manner.

We start by examining the effect of suppression by the large sterile state mass de-
nominator which characterizes transition between active-sterile states, 1/(Axg — hy). We
demand that the matter dependent terms in (3.48) be smaller than the probability leaking
and the normalization terms of order ~ W*. It leads to

’ AAL AA

(he—hj)(As—hs)

(Ay—hi) <|WP, (349

< WP, '

<|W|?, and ’

A
(Ay—hi)
where L is the baseline distance and ¢ and J denote, respectively, generic indices for active
and sterile states. For notational convenience, we define A; (i = 1,2, 3) to be the eigenvalues
of 3 x 3 submatrix 2EH, in (3.19) corresponding to the active neutrino mass squared in
matter and hence \; = 2Fh;,.

In region \; ~ |Am3,| and near the atmospheric oscillation maximum, L ~ TAnZl]

TR hkih.‘ holds. Then, the left-hand side of the first two inequalities in (3.49) receive an
J
hki‘hj ’ ~ |A?’CII’L§1| ~ (.1 (2'8;“113) (1(5e\/>’ which further suppresses

the first and the second items in (3.49) unless pE > 10 (g/cm®)GeV. Therefore, in this
region the last one in (3.49) gives the severest constraint (taking the matter potential due

extra factor |LA| ~

to CC in A and removing the factor %)

a o a 9
mZ — X R Am?, < |W|=. (3.50)
Notice that, in order for the first inequality in (3.50) to be valid, we have restricted the
energy region for a given matter density such that A; remain in the order of active neutrino
masses. Roughly speaking, it corresponds to —50 (g/cm®)GeV < YopE <50 (g/cm®)GeV
where the negative sign is relevant for antineutrinos. See e.g., figure 3 of ref. [53]. Clearly,
it excludes the interesting region of “IceCube resonance” due to sterile neutrino mass of
eV scales [54], for which an entirely different theoretical framework would be necessary.
Then, we notice that in a regime |W|? ~ 1072, the condition in (3.50) is valid given
the estimation (assuming Y, = 0.5)

a Am2, \ 7! P E
—— =213x107° I8 ’ 351
Am3, g <0-1 6V2> (2.8g/cm3> <1 GeV) (3:51)

unless pE > 10 (g/cm®)GeV. That is, the second-order matter dependent correction

terms can be ignored in comparison with O(W*?) terms if Am?, > 0.1eV?, which is already
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required in vacuum. If we want to treat the regime |W|? > 10~", we need to limit the sterile
masses to Am?, ~m?% > 10(7=3) V2 to keep our (3 4+ N) space unitary model insensitive
to details of the sterile sector [20]. We note, however, that terms of order |[W|* ~ 1074
may be the limit of exploration for near future neutrino oscillation experiments.

The condition (3.50) is identical with the one obtained using the first order matter
perturbation theory [20], which may look strange to the readers. Let us understand the
reason why taking care of all order matter effect does not alter the condition obtained by
first-order treatment in matter perturbation theory. The matter-dependent term in the
zeroth-order Hamiltonian Hy only involves U matrix, but no W matrix. Since we treat
Hy in an unperturbed fashion it produces all-order effect of the matter potential which is
however independent of W matrix elements. On the other hand, perturbative effects that
come from single or double powers in W in H, are always accompanied by the matter
potential in the form of WA or WA, as in eq. (3.37). That is, perturbative effect of W
is always accompanied by matter potential, and hence can always be dealt with matter
perturbation theory.'? It is the reason why the matter perturbation theory is able to yield
the same condition on sterile masses as obtained in a fuller treatment of matter effect done
in this paper.

3.6 The oscillation probability in fourth order in W

The oscillation probability in fourth order in W contains the two terms

P(vs — va)® = )56(52 ‘2 +2Re [(sg;;) Sc(f‘)] . (3.52)
We will show in appendix C.1 that the first term in (3.52), after averaging over the fast
oscillations and using the suppression by large sterile state mass denominator as discussed
in the previous section, leaves the unique term, the probability leaking term C,p in eq. (2.6),
which can be seen in eq. (C.6). An interesting feature of C,3 in matter is that it is identical
to the one in vacuum, eq. (2.3) without any matter effect dressing. In our computation
the term comes from the hat basis S matrix in zeroth order, the first term in the last
line of eq. (B.4), and hence it is free from the matter potential.'®> We will also show in
appendix C.2 that the second term in (3.52), under the same treatment for the first term,
gives vanishing contribution. Therefore, no matter-dependent fourth order term survives
after large sterile state mass denominator suppression is used and averaging over the fast
oscillations is performed.
In conclusion, the oscillation probability in matter between active flavour neutrinos
in the (3 + N) space unitary model to fourth order in W in our small unitarity-violation

'2An example of this feature can be observed in eq. (7.13) in ref. [20]. We must remark, however, that
this reasoning does not prove that the first order in matter perturbation theory is sufficient to obtain all
the necessary conditions on the sterile state masses.

130ne may suspect that including higher order corrections could alter the feature of matter potential
independence of Cog. However, one can show (see section 6.3) that higher order W corrections to the piece
of S matrix elements relevant to Cop organize themselves as a phase factor, so that Cog has no matter effect
dressing. The rest of the correction terms are suppressed due to the dimensional reason, an extra matter
potential must be accompanied by an energy denominator.
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perturbation theory can be written as in eq. (2.6) in section 2. We hope that it serves as
a useful tool to test leptonic unitarity in various ongoing and future neutrino oscillation
experiments.

4 Analytical and numerical methods for solving non-unitary evolution
in matter

In this section, we describe the numerical and analytical methods for calculating the neu-
trino oscillation probability by solving non-unitary evolution in matter.

4.1 Numerical method for calculating neutrino oscillation probability

We describe a numerical method for computing the oscillation probability in matter. This
method can be used, assuming adiabaticity, in cases with varying matter density. We
show that in zeroth order in W the system simplifies to an evolution equation in the 3 x 3
active subspace.

We solve the Schrodinger equation in the vacuum mass eigenstate basis (“tilde basis”),
7, = (U),cve with Hamiltonian H in (3.18):

)
dx I7J_

where 1 = 1,2,3 and J = 4,5, --,3 + N denote mostly active and mostly sterile neutrino

A, +UTAU  UtAW
WTAU  Agq+ WTAW

”] , (4.1)

vy

mass eigenstate labels, respectively. The initial condition with only active component
implies

7i(0) =Y (UNiava(0),  75(0) =D (W) jarva(0). (4.2)

Using the solution of equation (4.1), we need the wave function of active flavour component
to calculate the probability at baseline x = L.

va(L) = Uniti(L) + > Wayis(L). (4.3)
7 J

Therefore, in the mass-basis formulation only U and W are involved, which is consistent
with our experience in W perturbation theory. An apparent contradiction to this property
that one faces in the evolution equation in the flavour basis is resolved in appendix A.

A drawback of this method is that we have to solve explicitly the evolution of the
sterile states which are coupled to the active states. Then, we need to specify the sterile
sector model, and have to know how to deal with averaging over the fast modes.

We notice, however, that in the zeroth-order in W the system simplifies. Since the
Hamiltonian H is block-diagonal it suffices to solve the equation only in the 3 x 3 active
neutrino subspace:

iy, = 3 (Aa n UTAU)U

da I/j . (44)
J
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The initial condition (4.2) and final reverse-back formula (4.3) involve only U matrix ele-
ments. Therefore, the oscillation probability in the zeroth-order in W can be calculable in
a manner independent of sterile sector models. !

4.2 An exact solution of zeroth-order oscillation probability

Here, we describe a method for obtaining the analytical solution of the zeroth-order Hamil-
tonian. The exact solution, as well as the numerical one described in the previous section,
provides the basis for computing the higher order corrections in W.

We calculate an exact form of the oscillation probability P(vg — 1,) in leading order
in our perturbative framework, the one in (2.6) except for C,s, in the case of uniform
matter density.

The zeroth-order S matrix element Sgg in (3.42) can be written as

0 * * —thrpx
SO =3 U.Up; (Z X X e~ e ) : (4.5)
1,5 k

and the factor in parenthesis can be calculated by the KTY technique [55]. We want to
diagonalize the Hamiltonian

) m? 0 0 a—b 0 0
Ho = 5 0m20|+U| 0 —b0|Uyp, (4.6)
0 0 m3 0 0 —b

the active 3 x 3 block of Hy in (3.19). We have defined in eq. (3.20) the unitary matrix X
which diagonalize Hy as

1 A1 0 0
Hy=5:=X |0 X 0 XT=H,. (4.7)
0 0 Mg
For our notational convenience we call this form of Hy as H;. Note that h; = 2’\—]5 where
1 1 2
A2 = §¢3]:cosg—\/§]:sing, A3 = z;—l—g]-"cosg, (4.8)
where
1 273 —9 27D
F=VT?-3A, §=-arccos T AT +3 5 , (4.9)
3 2 (T2 — 34)Y
with

T = (2E)TrHy, A= (2E)*Tr(AdjHy), D = (2E)>det Hy. (4.10)

1 As we remarked in footnote 8 the non-unitary mixing matrix U has some W dependence through
unitarity of the U matrix in the whole (3 + N) space. Therefore, the nature of the eq. (4.4) as the
zeroth-order in W is ambiguous. However, following [20], we remain in the treatment with this “W effect
renormalized basis” in this paper.

—90 —



The adjugate of Hy is defined as AdjHy = (Hy) 'detHy. Notice that 7, A and D are
invariant under unitary transformation of Hy — K HyK' with K any unitary matrix and
SO are \;.

Following the notation in [55] we define p;; and ¢;; as (4,5 = 1,2, 3)

Notice that p;; and ¢;; are written only by the known (or given) quantities. Then, the
equations

together with unitarity of X, become the equations to determine X XT:
X1 X5 + X XGo + Xiz X35 = by,
M Xi1 X1+ A Xio X5 + A3 Xis X5 = pij,
A A3 Xi1 X571 + A3 M Xip X5p + M A Xi3 XT3 = g4 (4.13)
They lead to the solution (k =1,2,3)
Qij + Dij Ak — Oi AN+ Am)

X X5 = , 4.14
ek (A = M) (Am — Ak) (4.14)
where k, 1, m is cyclic, and sum over k is not implied in (4.14).
Therefore, to zeroth-order in W expansion, the S matrix elements are given by
0) . e—ihkl‘
Sa = D | D Uai aij + pijhi = 6ijAe(N + An)] U (4.15)

(N = M) A — Ag)

k ]

and the oscillation probability by P(rvg — vo) = |S£23)\2.
Finally, armed with the solution (4.14), we can also calculate all higher order terms in
oscillation probability for e.g. those in eq. (3.48) since only such combination Xk X5 (no

sum over k implied) can appear.

5 Where are the unitarity violation and W?2 corrections?

Having formulated the small unitarity violation perturbation theory, we now utilize it to
answer the following questions: (1) Where is the regions of energy F and baseline L in which
the effect of unitarity violation is significant?, and (2) how large can the W? corrections
be? We address the questions (1) and (2) in sections 5.1 and 5.2, respectively.

5.1 Comparison between the oscillation probabilities with and without
unitarity violation

To know where the effect of unitarity violation is large, and how large it is, we calculate

AP(Vﬁ — Va) = P<V,3 — Voz)standard - P<Vﬁ — Va)(O) (51)

non-unitary
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(0)

non-unitary
spectively, the oscillation probabilities calculated with the standard unitary mixing matrix

as a function of E and L, where P(vg — Vq)standard and P(vg — vq) imply, re-
and the leading order (i.e., W°) one with non-unitarity. The probability leaking term Cqgs
in eq. (2.6) as well as the W2 correction terms in eq. (3.48) are not included in the analysis
here. Therefore, the results given in section 5.1 apply to both high-scale unitarity violation
as well as low-scale one in its leading order in W.!'5 On intuitive ground, at zeroth order
in W our system describes high-scale unitarity violation. There is no “W corrections” in
high-scale unitarity violation because the energy scale is so high that the high-mass sector is
truncated. We examine the three channels v,, — v,, v, — v,, and v, — v,. However, we do
not enter into any quantitative analyses, nor attempt to cover the whole parameter space.

Here is a brief note on how the standard mixing and the unitarity violating parameters
are chosen: we take the (3 4+ 1) model in which the constraints on the parameters are
best understood [27, 56-58]. In consistent with the current constraints we have chosen:
sin? 614 = 0.02, sin® fa4 = 0.01, and sin® 634 = 0.1 for Am?ﬂ = 0.1eV?, and set all the CP
phases to zero. Then, we cut out the 3 x 3 active neutrino mixing matrix, which is non-
unitary.16 For the standard leptonic mixing parameters in Uppg, we take sin? @9 = 0.3,
sin? a3 = 0.5, sin?(2613) = 0.09, and the mass squared differences Am3; =74 x107°eV?
and Am3; = 2.4x 1073 eV?, and set the CP phase dcp to zero. The uniform matter density

3

is taken as p = 3.2 gem ™3 over the entire baseline, which may not be realistic.!”

5.1.1 P(v, — ve)

In figure 1-(a) (upper panel) and (b) (lower panel), presented are the iso-contours of P(v,, —
z/e)(o) and AP (v, — ve) = P(vy — Ve)standard — P (v, — Ve)(o)

non-unitary non-unitary

in E— L space.
Here, the superscript (0) implies that it is calculated in zeroth-order in W by solving (4.4)
with appropriate initial condition and final projection to flavour eigenstate. In most of
the £ — L space P(v, — I/e)(o)

non-unitary
where P(v, — Ve)l(i(z))n—unitary is relatively large, 2 0.3. One of them is at low energy,
E < a few hundred MeV, and baseline L 21000 km. The other one is a region E ~ 10 GeV
and L ~ 10000 km. The former may be understood as due to the solar MSW enhancement,

is small. However, we identify the two regions

and the latter as the atmospheric MSW enhancement [3, 4]. Roughly speaking, the regions
with relatively large |[AP(v,, — v.)| overlap with these regions.

!5Tn fact, it is in agreement with the formulations in ref. [28] with which we share the same evolution equa-
tion (4.4) in the vacuum mass eigenstate basis. See also [21]. However, it appears that the flavour basis for-
mulation of neutrino evolution in matter in high-scale unitarity violation poses some nontrivial features such
as non-Hermitian Hamiltonian [21], or the evolution equation i-Lv, = > (U (Aa+UTAU) UT] ap VB [29].
The latter is not equivalent to (4.4) in the vacuum mass eigenstate basis due to non-unitarity of the U matrix.

161t can be re-parameterized in terms of the “a matrix parameterization” defined in ref. [26]. The resultant
values of o parameters are given as follows: ai11 = 0.990, a1 = —0.0141, a2 = 0.995, az1 = —0.0445,
Q32 = —0.03167 Q33 = 0.949.

"One can apply our formulas of S matrix obtained under the constant matter density approximation to
semi-realistic calculation for earth crossing neutrinos by using them in each shell (core, mantle, and crust
regions, etc.) with proper connecting conditions at the boundaries.
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P(VH —- ve) for the non-unitary case, BCP =0

Distance [km]

Neutrino Energy [GeV]

P(V & Vc)standurd - P(Vu ¥ Vc )non-unitary

Distance [km]
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Figure 1. In the upper panel (a), presented is the iso-contour of P(v, — Ve)l(l?))n—unitary in space
spanned by neutrino energy E and baseline L. In the lower panel (b), the iso-contour of the
difference AP (v, — v.) = P(v, = Ve)standard — P(Vy — ue)fl?n_unitaw is presented. For the values

of unitarity-violating as well as the standard mixing parameters taken, see the text.
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5.1.2 P(v, — v,) and P(v, — v,)

In figures 2 and 3, the same quantities (in each upper (a) and lower (b) panels) are presented
but in v, — v, and v, — v, channels, respectively. In contrast to v, — v, channel, P(v, —
© and P (v, — yu)(o)

Vr ) non-unitary non-unitary
apart from the solar MSW region, both in the standard (not shown) and the non-unitary
(0)

non-unitary

contours are globally “vacuum effect dominated”,

cases. The first oscillation peak of P(v, — v;) scales roughly as the vacuum

oscillation peak does, L/103km = 0.33E/1GeV. This feature is more or less seen in
Py, — Ve)(o) but P(v, — VT)(O) has a higher peak height ~ 0.7-0.8, and

non-unitary °? non-unitary
the effect of atmospheric MSW enhancement is less prominent.
(0)

non-unitary’

(0) ~
non-unitary =

For P(v, — ) roughly speaking, the relation P(v, — v,)

(0) (0)

1 - P(Vﬂ - VT)non—unitary non-unitary
the case in the unitary case, but even in non-unitary case the relation holds approximately

holds in region where P(v, — v.) is small. It must be

because unitarity violation is small in our choice of the parameters. Therefore, P(v, —
(0) (0)

Vﬂ)non—unitary non-unitary
in figure 3. It appears that the anticorrelation is inherited to the relationship between

AP(v, — v,) and AP(v, — v;). Relatively large AP(v, — v;) in first a few oscillation
maxima, or similar large depletion of AP(v, — v,), would allow detection of non-unitarity

is large in region where P(v, — v;) is small, and vice versa, as seen

if the detector has a good 7 (in the former channel), or x (in the latter channel) detection
capabilities. If the detector can detect the both, anticorrelation between p and 7 yields
must help.

Some comments on observational aspects: in the two regions where |[AP (v, — ve)| is
large, and AP(v, — v,) in energy region £ < 10 GeV may be explored by high-statistics
atmospheric neutrino observation by Super-K, Hyper-K/HKK, or DUNE [46, 48-50]. The
atmospheric MSW enhanced region of P(v, — v.) would be a good target for PINGU
extensions of IceCube and KM3NeT-ORCA [51, 52]. P(v, — v,) and P(v, — v,) would
be explored by them, with possibility of seeing anticorrelation between p and 7 yields.
Although it is very interesting to investigate these experimental prospects, a detailed ex-
amination of these questions is beyond the scope of this paper.

5.2 The probability leaking and W?2 correction terms

5.2.1 Low-scale versus high-scale unitarity violation

In leptonic unitarity test, a clear understanding of the relationship between low-scale and
high-scale unitarity violation may be one of the key issues. We have stressed in our previous
paper [20] that observing the probability leaking term Cqp in eq. (2.3) would testify for low-
scale unitarity violation. As mentioned in section 3.6 the leaking term is not dressed by the
matter effect, which is perfectly natural for the effect of probability leakage. In this paper,
we propose yet another way of distinguishing low-scale unitarity violation from high-scale
one. That is, detection of the W? correction terms in eq. (3.48). In this section 5.2, we
give a brief sketch of how and where we might see visible effects of the probability leaking
and the W? correction terms.
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P(vpl — v_) for the non-unitary case, 8, =0

Distance [km]

Neutrino Energy [GeV]

Plv —v )

— =
P(Vu vt) standard " T “non-unitary
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10 10" 10' 10°
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Figure 2. In the upper panel (a), presented is the iso-contour of P(v, — UT)(O)

non-unitary in E—L
space. In the lower panel (b), the iso-contour of the difference AP(v, — v;) = P(v, — V7 )standard —
Py, — ’/T)S;)n-unitary is presented. The parameters used are the same as in figure 1.

— 95—



P(Vu - Vu) for the non-unitary case, §_, =0
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Figure 3. In the upper panel (a), presented is the iso-contour of P(v, — V,L)Sl%)n_unimry in E—L

space. In the lower panel (b), the iso-contour of the difference AP(v, — v,,) = P(Vy — Vy)standard —
Py, — I/H)fl%)n_unitary is presented. The parameters used are the same as in figure 1.
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5.2.2 How large are the W2 corrections and Cap?

Let us go back to the expression of the oscillation probability to second order in W,
eq. (3.48), in section 3.4 to know where we might see visible effects. If we enter into the
region pE > 10 (g/cm®)GeV at around the first oscillation maximum, the first two terms
in eq. (3.48) can become large apart from W? suppression,

Am2, \ 7! E 2
:0.27< mJg) < = > (5.2)
0.1eV 100(g/cm”) GeV

Comparing to the conditions (3.49), they can be larger than W* terms and hence cannot

AAL

’ AA
(A — hy)

- ‘(hk “hy) (A — hy)

be neglected. After taking account of W? suppression of ~ 0.01 (assuming W ~ 0.1),

!(A@éﬁi)WQ\ ~3x 1072 at E ~ 100 GeV, assuming Am?%, = 0.1eVZ.

To know more quantitatively the sizes of W? corrections and their E or L dependences,

we have to fix the W matrix elements which have large arbitrariness. We defer this technical
discussion to appendix D, which describes the recipe we took to fix them with a common
m? = 0.1eV2.'"® We plot in figure 4, P(v, — va) = P(Vy — va)® + Cpa, that is, the
order W? correction terms in P(v, — v,), eq. (3.48), plus the probability leaking term
Cua, @ = e (top panel), @« = 7 (middle panel), and o = p (bottom panel). In other
words, §P (v, — V) is equal to the total probability minus P(v, — v4)®, if the fourth
and the higher-order in W correction terms with matter are neglected. In each panel the
three cases are examined. N =1 case with maximal C,, (solid line), the universal scaling
model'® with N = 3 (dotted line), and the order W? correction only (dashed line). The
last case corresponds to the universal scaling model with N = co. The blue lines are for
E =10GeV, and the red for £ = 100 GeV.

We will first focus on the appearance channels v,, — v, and v, — v;. At E =10 GeV
(100 GeV) dP depends very much on the above three cases, N =1, N = 3, and N = c©
for baseline L of several 100 km (L 2 1000 km). The maximum value of [§P| is always
given by the case of maximal (minimal) C, for positive (negative) 6 P(v, — v4) shown by
the solid (dashed) lines. These maximal values of [0P(v, — v)| are, roughly speaking,
~ 1073 for v, — vr, and >~ a few x 10~ for v, — Ve. The effect might be visible for
the former, though it might be challenging for the latter channel.?’ For the disappearance
channel v, — v, [6P(v, — v,)| ~ 1073(1072) for E = 10GeV (100GeV). In this case,
the contribution from C,, is subdominant compared to W? correction terms.

At longer distance and in appearance channels, we see enhancement. At £ = 10 GeV,
we observe a factor of several enhancement in [0P(v, — v4)| for both o = e and o = 7

18We are aware that the assumption of equal sterile neutrino masses is contradictory to the assumption
of no accidental degeneracy in the sterile mass spectrum we made in section 3.4. It was done not to
complicate term by term evaluation of the perturbative series, and to avoid using degenerate perturbation
theory. Fortunately, we can remove this assumption to second order in W in which no purely sterile state
mass splitting denominator is involved.

9The universal scaling model is defined in appendix E. It prescribes a way of distributing W,4 matrix
element in 3 + 1 model to the W matrix elements in 3 + N model in such a way that the size of order W?
correction terms in (3.48) remains unchanged when all the sterile masses are equal.

200f course, there is an issues of how to separate effects of W2 correction terms from unitarity violation
through U matrix in leading order.
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Figure 4. The sum of the order W? correction terms in eq. (3.48) plus the probability leaking
term C, (see eq. (2.3) for definition) in P(v, — v,), namely, P (v, — v4) = Cua + P(V) — 1) ?
is plotted assuming a common m?, = 0.1eV2. The top, middle and bottom panels are for o = e, 7,
and p, respectively. In each panel the three cases are shown: N = 1 case with maximal C,, (solid
line), the universal scaling model with N = 3 (dotted line), and the order W? correction terms only
(dashed line). The last case corresponds to the universal scaling model with N = oco. The blue
lines are for E = 10 GeV, and the red for £ = 100 GeV. The leaking terms in the N = 1 model
(shown without superscript (N = 1) in the legend) have values C., = 2 x 1074, C;, = 9.5 x 1074,
and C,;, = 9.6 x 107°.
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in region L 2 3000 km. They may provide a clear signature. The similar tendency exists
at £ = 100GeV, but in a less pronounced way. In this case, §P(v, — vo) flips sign at
around 1000-3000 km for o = e and 3000-6000 km for o« = 7 channels. It produces, assum-
ing detector’s sensitivity, a peculiar zenith angle dependence. The relevant energy region
of pE = 50-1000 (g/cm3)GeV may be explored, for example, by atmospheric neutrino
observation by Deep Core, PINGU, or KM3NeT-ORCA [47, 51, 52] as well as Super-K,
Hyper-K/HKK, or DUNE [46, 48-50] in relatively lower energy region.

A final remark on Cyg vs. W? corrections. Since Cap is a constant term in the oscillation
probability, it can in principle be distinguished from the other normalization term which
shares U matrix element dependences with the oscillation terms. In particular, they can
dominate for large m?, since the W?2 correction terms are suppressed by at least ~ 1/ mQJ.
In this case, they will be the sole indicator of low-scale unitarity violation. In general
(though not in the N = 1 model), the order W? terms depend upon details of the sterile
sector, e.g., matrix structure of W. Therefore, once the effect is seen it would give us useful
information on the structure of low-scale leptonic unitarity violation.

6 Some remaining theoretical issues and extending

In this section, we will give some remarks on the theoretical basis in our framework, basic
one as well as on its perturbative aspects. They include our treatment of decoherence,
generic structure of higher-order corrections and its relation to the “Uniqueness theorem”
(see section 2.3), absence of enhancement due to small solar mass splitting denominator,
and its relation to the other non-standard physics.

6.1 Decoherence imposed onto coherent evolution system

We have started with the Schrédinger equation (3.3) with Hamiltonian (3.5) assuming
that all the neutrino states remain coherent. We have shown in this and the previous
papers that the coherence between active and sterile, and sterile and sterile states are not
maintained for sterile mass differences larger than 0.1eV2. The effect of decoherence is
taken into account by making average over the fast oscillations. We feel it desirable for
the current treatment be replaced by the real quantum mechanical one using wave packets,
in which the effect of decoherence would automatically come in. Yet, we do believe that
our present framework is able to describe effectively the right physics derived from such
improved treatment.

6.2 Smallness of expansion parameters and higher order corrections

Here, we discuss general structure of the perturbation series without recourse to averaging
out the fast oscillations. The effective expansion parameters in our perturbative framework
are the following four,

AW AW

Aj—h’ hj —hy’

ALW, and W. (6.1)

~ 99 —



We already saw them, except for the last one, in the discussion in section 3.5, and it can
be seen by inspecting the expressions of the oscillation probabilities up to the fourth or-
ders given in section 3.4 and appendix C. Formally, the expansion parameter is the first
one in (6.1) in view of (3.35) with Q[1], the kernel, in (3.39). But, the spatial integra-
tion in (3.35) produces different effective expansion parameters, the second and the third
ones in (6.1). The extra factor of W’s without the kinematical factors is provided when
transforming from the Sto S matrices, as seen in section 3.3.4.

For simplicity of the discussion in this section, we limit ourselves to the case of |[W| ~
0.1. Under the same conditions we have imposed in section 3.5, the first one in (6.1)
is ~ 7.6 x 107* for Am?, = 0.1eV? and pE = 10 (g/cm®)GeV while the second and
the third, which are comparable to each other at around the first oscillation maximum,
are estimated to be 2.3 x 1072, Therefore, the smallness of the expansion parameter is
ensured unless pE > 10 (g/cm®)GeV. In fact, a close examination of the order W* terms
in the oscillation probability (see appendix C) shows that all the formally W* terms are
actually further suppressed. The largest term in the fourth-order oscillation probabilities
is of the one suppressed by a factor ‘ ( A‘j‘ivhi) (ALW) W2‘ < 1.7 x 1077, which is as small
as ~ 107% even in the case |[W| = 0.5. Therefore, we expect that the formula for the

oscillation probability in (2.6) works under much relaxed conditions than the one in (3.50).

6.3 On Uniqueness theorem and matter-dependent dynamical phase

We have shown in sections 3.4 and 3.6 that there is no surviving matter dependent correc-
tion term in the oscillation probability up to order W# after averaging out fast oscillations
and using the suppression by large sterile state mass denominators. Should we expect that
this feature is stable against higher order corrections beyond order W*4? We argue that the
answer is Yes. Based on the feature of perturbative series we have learned, we postulate
the following theorem:

Uniqueness theorem. All the matter dependent perturbative corrections in W in the os-
cillation probability either vanish or can be ignored after averaging over the fast oscillations
and using the suppression due to the large sterile state mass denominators, leaving only
the probability leakage term Cqp, the first term in eq. (2.6) with (2.3).

It must be remarked here that unitarity violation effects which are hidden in non-unitary
active space mixing matrix U produces zeroth- to higher order effects of W. The above
theorem is only about the terms generated by explicit perturbative corrections in W.

We first note that higher-order corrections in terms of W are computed by using Q[1]
as the kernel, as indicated in eq. (3.35). Notice also that all the elements of Q[1], except for
Q[1] 7, carry the sterile state mass denominator, as shown in (3.39). Then, higher order
correction terms are always accompanied by the sterile state mass denominators which are
composed of some of the first three in (6.1), and therefore they are suppressed. The unique
exception for it is the terms generated only by Q[1];; which lacks the sterile state mass
denominator. Therefore, apart from this special case, we have shown that higher-order
corrections in W does not produce the surviving terms after averaging over fast oscilla-
tion and using the sterile state mass denominator suppression. It is consistent with what
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we saw in our explicit computation to order W4. This concludes our justification of the
Uniqueness theorem.

We need to clear up the issue of special type of perturbative correction terms which
involve only Q[1]7; as the kernel in (3.35). It produces the unique form of Sy as

SJJ — oA Z (_:;)n {(WTAw)JJ}n , (6.2)

a collection of terms of matter-dependent higher order renormalization to ) ; W, JWE 7>
the probability leaking term at the amplitude level. However, it exponentiates and has
contribution to the S matrix element as?!

Sap =Y Was Wiy exp [—7; {AJ n (WTAW)JJ} x} . (6.3)
J

The unique form of S matrix, in principle, raises an interesting issue of dynamically gener-
ated phase produced jointly by unitarity violation and the matter effect.?? In our setting,
however, it either disappears from the amplitude squared, or has vanishing effect when the
high frequency oscillation is averaged out.

Finally, we should remark that our discussion to justify Uniqueness theorem in this
section assumes the same kinematical region as in the treatment of order W?2 and W*
correction terms in sections 3.4 and 3.6, in particular, pE < 10 (g/cm®)GeV. However, as
mentioned at the end of section 6.2, it is likely that the region of validity of the probability
formula (2.6) with vanishingly small higher order corrections is wider. At present, the
precise boundary of kinematical region for its validity is not known to us.

6.4 Absence of enhancement due to small solar mass splitting denominator

In perturbation theory one has to sum up intermediate states including off mass shell states.
Therefore, even though we sit in the kinematic region where atmospheric-scale oscillations
are large, the denominator can become small, to the order of solar Am? mass splitting.
Then, one might question whether the correction terms blow up at the small denominator,
which would invalidate our perturbative treatment.

Fortunately, one can show that the “singularity” which could be produced in the limit
of small solar mass splitting always cancels against the small numerator of the similar
size. This problem exists already in the second-order expression of the oscillation probabil-
ity (3.44). See the second term in second order (in W) term. If we denote h; — hy = € the
term would have 1/e singularity in the limit of € — 0. However, one can see by inspection
by eye that the expression inside the square parenthesis is antisymmetric under [ < k,
and hence it is of order e or higher. Therefore, the singularity cancels. Notice that the
antisymmetry under [ <+ k is not required for the whole expression including the matrix
element factor.

211t might be easier to obtain the phase factor if we use a different decomposition of H from (3.19) by
absorbing WTAW into Ho.

22The phase itself needs not be small. Taking the matter potential of CC reaction and the earth diameter,
AL =6.2 ( ) Therefore, ALW? can be order unity for |W| =~ 0.4.

P _ L
5g/cm? 6,400km
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The situation is a little bit more complicated in the fourth-order expression of the
oscillation probability given in appendix C. In addition to 1/e singularity similar to the one
we already saw, there exist apparent singularity of 1/e? type. See, for example, the second
term in (C.11) and the last term in (C.12). But, an explicit calculation shows that the 1/¢2
singularity always cancels against order €2 numerator in the limit of small solar splitting.

This phenomenon is reminiscent of the finiteness of the oscillation probability at the

small solar mass splitting limit in helio-perturbation theory with the unique expansion
Am

Améi

interpretation of applicability of the perturbative framework to the region of solar level

parameter (or a renormalized one), see e.g., [53] and the references therein. Possible
crossing has been discussed [59, 60]. Another example for the similar phenomena is the
one at the small atmospheric mass splitting limit with additional expansion parameter
sin 613. In this case it is observed that near the atmospheric resonance region not only the
oscillation probability is finite but also its accuracy improves when the higher order terms
to fourth order in sin 613 is added [61].

Then, one might ask if our small unitarity violation perturbation theory gives quantita-
tively accurate result at around the denominator with small solar mass splitting. However,
we note that this problem is not relevant in our case because all these terms with ap-
parent singularities vanish after averaging over the high-frequency oscillations and using
the suppression by the large sterile mass denominators. Yet, we must remark that if we
investigate possible enhancement of the correction terms outside the condition (3.50), as
done in section 5.2, the quantitative accuracy of the expression may become an issue.

6.5 Leptonic non-unitarity and the other non-standard physics

This final subsection is to mention the related but different approaches, and to make some
clarifying remarks. Our 3 + N model has obvious relation with the various versions of ac-
tive plus sterile neutrino models proposed in the context of LSND-MiniBooNE anomaly, as
reviewed in [62], see also the references therein. The clear difference exists in the attitude
of the treatment of the model, in our case seeking the conditions to make the predic-
tions as model-independent as possible, while in the others pursuing the particular model
which provide the best fit to the data. Unless we use our model-independent simplified
formula (2.6), we would have to marginalise over the huge parameter space of the (3 + N)
model to obtain the bound on non-unitarity 3 x 3 mixing matrix U.

It is pointed out that one can establish a mapping between parameters in the mass
eigenstate basis which describe non-unitary leptonic mixing and the ones for non-standard
neutrino interactions (NSI) under certain conditions between neutron and electron number
densities [28]. However, when we rotate back to the flavour basis, a non-unitary mixing
matrix is involved in unitarity violating case, but not in the NSI case, as far as propagation
in matter is concerned.

7 Concluding remarks

In this paper, we have presented a comprehensive treatment of the three active plus N
sterile neutrino model in the context of leptonic unitarity test. We have formulated an
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appropriate perturbative framework with expansion in small unitarity violating W matrix
elements, while keeping (non-W suppressed) matter effect to all orders.
What we have done in this paper is mainly threefold:

e We have shown that the oscillation probability in matter between active states can
be made sterile-sector model independent, apart from N dependence in the lower
bound on probability leaking term C,g [see eq. (D.2)]. The property holds under
the environment of active and sterile neutrino evolution with decoherence in active-
sterile and sterile-sterile channels, which requires 0.1eV? < m?% < (1-10) GeV? for the
typical kinematical setting of LBL experiments. It leads to a very simple expression
of the oscillation probability in matter, eq. (2.6).

The model-independent nature of the observable is demonstrated by showing that
perturbative corrections to eq. (2.6) either vanish or are negligible after averaging
over fast oscillations and using large sterile state mass denominator suppression. It
is done by an explicit computation to fourth order in W which lefts the unique
non-vanishing vacuum term, the probability leaking term C,3. We have argued by
postulating the “Uniqueness theorem” that this feature prevails to all orders in W
perturbation theory.

e We have used the oscillation probability formula, eq. (2.6), to analyze v, — v,
channels (o = e, u, 7), to know in which region of energy and baseline the effect of
unitarity violation is large. As a general tendency the effect is sizeable in regions
where standard oscillation probability is large, with notable amplification in the two
regions corresponding to the solar and the atmospheric MSW enhancement. We have
observed relatively large effect in v, — v, and v, — v; channels, and pointed out,
though qualitatively, that anticorrelation of signals between them would enhance the
sensitivity to unitarity violating effects.

e We have discussed the question of how to distinguish low-scale unitarity violation
from high-scale one. We have pointed out that outside the region of validity of
our Uniqueness theorem, pE > 10 (g/cm®) GeV, the second order W correction
[eq. (3.48)] to the leading order could become large and, if detected, it would signal
low-scale unitarity violation, offering new way of discriminating between low- and
high-scale unitarity violation. Then, it would allow us to probe structure of W ma-
trix elements which bridges between active and sterile sectors. This is to add to
the method of detecting the probability leaking term C,g discussed in [20], which
may have a broader applicability by relying on the existence of “sterile”, or unde-
tectable but communicable, sector at low energy scales, a generic feature beyond the
(34 N) model.

Notice that in “constraining mode” of unitarity violation, the model-independence of the
framework translates into a universal nature of the bounds, thereby making them more
powerful. Whereas in “discovery mode” of unitarity violation, the model dependence, in
particular through the W dependent correction terms, is welcome because it serves for
identifying the structure of the sterile sector.
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During the course of this work, we have obtained the new results and had some inter-
esting observations including:

e We have obtained an exact solution, eq. (4.15), of S matrix for the Hamiltonian (4.6)
with uniform matter density. It describes neutrino evolution in low-scale unitarity
violation in zeroth-order in W, which applies also to the case of high-scale unitarity
violation. It has been utilized in section 5 to calculate the oscillation probability
in the leading-order as well as its higher order corrections in W. When applied to
each shell inside the earth, it could provide a semi-quantitative way of simulating
non-unitary neutrino evolution for the terrestrial experiments.

e The value of C,g, if detected, could reveal structure of the hidden sterile sector. In
this paper, this point is illustrated only in a toy model of equally distributed W
matrix elements within each flavour, as defined in appendix E. In this model, the
probability leaking term scales as 1/N depending upon number of sterile states.

We emphasize that neutrino experiment is the most powerful way to execute leptonic
unitarity test in scenarios of low-scale unitarity violation, though it is unlikely in the case
of high-scale unitarity violation. Nonetheless, we have to admit that our observations on
what we could do for experimental detection of possible non-unitarity effects are rather
qualitative to make any definitive claim for possible detection in the future. Clearly, more
detailed analyses are called for.

While we worked exclusively on the (3 + N) state unitary model as a model of low-
scale unitarity violation, we do not know if it is the unique choice, or it merely reflects our
ignorance. Even in the case there exist more generic class of models for low-scale unitarity
violation, the phenomenon of probability leaking is likely to survive. It is because the
probability leaking must take place whenever the extra light sector exists and communicates
with the three active neutrinos.
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A Neutrino evolution equation in flavour basis

The Schrodinger equation takes the form with flavour basis Hamiltonian H in (3.10)

i el —
de | vs |

where v, (vs) denotes 3 (N) component vector in active (sterile) space. Apparently, the

UA U+ WAWT + AUAZT+ WAVT
ZAUT + VAW ZAZT+ VAV

Vs

”“] , (A1)

system depends not only on U and W, but also on Z and V matrix elements, which is not
the case in our treatment using the mass eigenstate basis.

Here, we show that the dependence on Z and V is superficial. Since there is no physical
meaning of the particular basis for the sterile sector fermions we can redefine it by doing

HEIHEE

where Y is a N x N unitary matrix. In the primed basis the Hamiltonian becomes

the transformation

10
oY

o~

] , (A.2)

10
0Y

10
0Yf

(UAUHWAWT+A) (UAZT+WAVHYT

H =
Y(ZAU +VAWT) Y(ZAZT+VAVHYT

. (A3)

We can arbitrarily choose Y = V. Then, one can show by using unitarity (3.17) that

[ (UAUT + WA W + A) —UAUTW + WAL — W)
| WU ALUT + (1 = WIWAWT WIUAUTW + (1 — W) Ag(1 — W)
(A.4)

Therefore, our system depends only on U and W, and the dependence on Z and V is
superficial.

B S matrix elements

The method of computing S matrix elements is outlined in section 3.3.3 and here, we
will collect the results. We denote computed results of the matrix elements of S as S [n]
to indicate that it is the one that comes from n-th order contribution in Hj. Since the
elements of Hy are of order either W or W2, S[n] generally has order W" or higher. To
show that a particular contribution is of order W™ we use the superscript “(m)”. That is,
S(m) [n] denotes contribution to S that arizes from n-th order perturbative contribution in
H;i and is of order W™.
In the following, we will denote

CiJ = [(UX)T AW]U’ drj = [WTAW} - dyr, (B.1)
e; = e i ey = e MBI .
AijEAi—A]’, A[jEA]—Aj, A]]EA[—AJ. (B3)
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B.1 Contribution to § matrix elements from zeroth and first order in H,

The zeroth and first order S matrix elements can be calculated as follows:
Si(g(‘]) [0+1] = (e_iﬁ0x> ik (i) + (e—iﬁox) K (i) = e M (Qy) = bijes
1 (A

85041 = (e707) (@) (e707)  (Qpcp) =M (Qug) =

ij

& —iHox —ifox x €J €
$500+1] = (6 o )Jk (ka‘)+<€ o >JK Qi) =c5y A,

S [0+1] = ( _Zg0m>Ji (Qur)+) (e_iﬁox)Jz(QlK):d‘]KeZ;jJ
I

S(OH) [0+1] = Z (eiiH0x> Ji (Q”>+Z (eimox> JI (Qy)=es(1-izdss).
I

i

€J—¢€;
iK ‘ AJ@

(B.4)

The terms above are invariant under generalized T transformation S’pq(U,I/V,X JA) —

Syp(U*, W*, X* A*) [egs. (3.40)).

B.2 Contribution to S matrix elements from second order in H,

Likewise, S matrix elements can be calculated in second order in H; by using the formula

for  in (3.35) and S-Q relation in (3.36) as
ZCZK iK Z] Ka
= ZCZ‘KdKinJK, 5(3) Z C]KdIKfIJ K

(2
Sy ZCkJCk]f[Jk+ZdIKdKJf[JKa

where
f(2) A%ﬁ (ifﬂei + 7%2?) for j =i
HvK = A ” . L)
I Vet (e ke ) o
(2) 2) —All (wcej + & he’) for K = J
firx = ik = " A A A tor K )
aca (exAui —ejAki+elAgy) for K #J
7@ & <w61 + < Ii’“) for J =T
Lk = )
—xaoa (€A —erA gy —epAry) for J#1
—Zer forJ =1 K=1
f](i?K == A%] (’LﬂjeI + &r J(]z[) fOI‘ J # I’ K e I
An (z:cej—#—ei;’) forJ£1I, K=J
_m(eJAIK_eIAJK—eKA[J> for J#1, K#1,J
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In the expressions above, the combinations of the couplings remain invariant taking the
complex conjugate together with p <> ¢ while one can verify directly that f;g?r = féf),)r
Hence the expressions are T invariance [egs. (3.40)].

What we should do in the rest of appendix is to compute S matrix elements pertur-
batively to fourth order in H;. In the rest of the appendix, we present only the terms
which are required to compute S matrix elements to order W#. In view of the relations
between S and S matrix elements given in eq. (3.41), S; J) , S’}il,), and S’i(ﬁ) (and gb(;i)) are
all unnecessary. We only give the results of manifestly generalized T invariant form of S
matrix elements with which it must be straightforward to prove generalized T invariance.

B.3 Contribution to § matrix elements from third order in H,

For the third order terms in H;, we have

4 3
S Bl =2 cucdir s er (B.3)
K,L
3 5 &(3 3 5
S( )[ 3= ¢ LckLckakaL+O(W ) S§j)[3] :ZCkLCZIC;LfI(j,)kL+O(W ) (B.9)
k,L k,L
I1J191= kLCkJOILI gkt 2 CkLCRIOLIN jpr T , .
k,L k,L
where
r . J— . —_—p . .
—&man (mei_ AR AKIT A A, ALi) forj=i, K#L
1 e €4 M _
f(;)[(L: Az [Z$(€L+€z)+A2 LA } o o o forj=i, K=1L
ij, e AgiAgj—ex AriAL;  ejAgiAri—eiAgiAr; - ’
AKiAKjALiALj < A]LK - Aij = J) fOr]#Z,K#L
k_m (erL_’_ez €; +eL ez+€]A;jj) fOTj#i,K:L
_A.]iAJklAL/L'ALk (eLAJiAJkA;iJALiALk+€kAJiALiAziiAJkALk> fork#£i, L#J
f f _ _AJ}AL; (’L’l’ei_i_eJ*?i_i_eZ;fi_EJA;iL) fOl"k:LL;éJ
BIRL 4 JikL —AJ:AM (’L.’L‘@J— Stk L +=X gl el + eJA_]Z’“) fork#£i, L= J’
_Aigi [i$(€i+6j) 2%} fork=1¢,L=J
) 1 3 B
A;zZIL[+A]kAL]ALk (ezLijAIk_‘_ AIkkALI> fOrJ—I,L#I
ﬁ( acez_{_AIkeI_ekAzeI) fOI“J:I,L:I
(3) i 1 er—e _
91ikL = AﬁfZ’Jﬁrm(” L4 Ifkk> forJ#I, L=1
ixe 1 er—e ej—e _
m+Tm(I J+AJQJ:) forJ£I, L=J
er _ € €K
ArBxiBar T AJ'LAKJAIJ RibdriAri T BBk B forJ#I,L#1,J
¢ .
irey 1 er,—eg er—eg _
AIkALI+AIkALIALk ( Arr Arrt Arg ALI) for J=1, L#I
A%k Ie]‘f'AIkeI—‘a’cAizeI) forJ=1,L=1I
@ _ ) 1 _
kL= Aﬁi’,ﬁrm(” oL 4 Saek JZ’C) for J#£I, L=
ires 1 [(ej— eI 6] ek —
AIkAJI+AJk( + AZ > ford#1,L=1

er _ € €K
A AxrAgr + AJiAKJAIJ AriAgiAk; + ArTAKJAK; forJ#I, L#L,J
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Notice that for S’ »(L.l) 3], S’S) [3] and 3(3) [3], the combinations of the couplings remain in-

variant under complex conjugation together with (p <+ ¢) and hence we need that f abed =

fba .q @ can be verified in the expressions above. On the other hand, for S\

we have

cirCkadrr < cprcydry under complex conjugation with (I <+ J) and hence we need that

(3)
917 kL

3)

< hir

B.4 Contribution to S matrix elements from fourth order in H,

For the fourth order terms in Hy, we have

W

f(4)

here

ij kLM —

5(4) Z CiLCLLCkMCi z(j LLM +0 (W?),
kLM

SPM =0 W), §9H =0 W),

(ex—ei)ArLi A ArgAnk
Bl tive; Ba

o ALiALk & Ap;
er—ei _ €k i er—e; ex—e; er—e;
+ A2, + NN T NV N ALiALk>
1 i
AriAn; €Z+le _H’xAMl

+6L ez+6M ¢ | _em—e _ _epr—e;
A%, AmiDLv ALiApm

under (I <> J) which can again be verified from the expressions above.

(B.11)

(B.12)

&(4 * * 4 5
SEJ) [4] = Z Ck:ICkolMclJf[(J?klM +0 (W°), (B.13)
kel M
_ (em—ei)ArLiArk  (en—e)AmilAmk S .
ALZALkAl\leJMk [ ApniApnm AriApm forj=i,k#i, M#L

forj=i,k#i,M=1L

forj=i,k=i, M #L

2 . e _ .. .

_Alf (%eﬁ-zx—gé—f—%w;l 61 =L +25L el) forj=i,k=i,M=1L

Li v Ll

1 e Ak o CA{ALk . . ..
ApLkAnk (AL]‘ALz‘ALM AnjAniAnm forj#i, k#1i,5, M # L

Apklume oo ArpAuk e;4 —Ck
AjiAriAriAnr b AjiAgApiAnrg ) T ApiAgg

1 |, er _ 1 Ari+Ar; . . .. .
Arg e AriApj AL ALjALk + A%ZA%J. €r forj#i, k#4,j, M =L

Ark o Ark ) 1
AiAnAT, O T Ay, AZ; €t N A O

&y A e Ari e forj#i, k=i, M #L

+ i |- M L~ x A M
AriDg Aji " AL;ALIALM Ani A Anm

B I 1 1 . ApiAmi .
(A?i A . yra AjAzm) cit INFYSYITN K

€j A A]\/Ij

. 1 . R
AriAng ZxA + A]\/[ZA]\/IJALA{ eM— AL Ap;Anm €L forj#i,k=j, M#L

(O S S SR D V7 -V V7 S
A% ALy AjlAng | ApiAan Al

- (i iz ) forj£i k=i, M=1I
_ALQM |:<A2"+Aji2ALi €i— A2A2A2 €j <ALJ+AL2>
*ﬁ(“«"ﬁiﬁxf forj#i, k=4, M=1L
2
_Alij |:< J21 _Aji2ALj) ej_AgLAj%iei—i_ﬁ (A1Li+A2Lj>
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= = <M forJ=1 14k, M#*IT
INPYNSYIN T Ay A A% + INVIYNVIS Y L#k, 7

_ iz s+ 1 _ 1 _ 1 )61
ArnAnlArm Anp AR A AJMIAMA%Z INVIVNVIVN Y,

) ekt AT ford=1,1=k M#I

- er €L 2
1
(AﬁkAJMI—i_A?kA]VIk) AMkA +AMkA*}k

ST
+ ! L 2 + 3 er
A Al\lk - A% AY A[kAéWk
[ ——e + —— o x= B B
v AzkA§l+A2 A,jel PENTNTAL | forJ=1,1#k,M=1
€L 1
+A““A3 +AMA3 + A%, AQ +A1kA +AIZA:[;I<:> el
; 22
Algkek+ i er— 2A§k61+f§k (er—ex) for J=1I1=k M=1I
€1 en
AIkAkkA IkAMk + A AnA A + Arv A Ak Ann for JAI, I#k, M#J,1

ey
+ AMAHAIMAM + AJkAJzAJMAJI
¥ - er— | x + xRt AT ) €k
IJKIM — AIkAJkAMk A% AJkAMk AgAS Apk  ArgAgrAyy,

for JAI, 1=k M=#J,I

1
(& &
- AIMA JMAMk eM+ A2 AI JAINM I+ NI J

1 1 —
AkIAIIAIZ I+Ak1A2 Akl +AlkAJ[A§L6l+A,]kA31AJl €J fOI'J#I, l#k”M_I

1 1 1
e
INTY NN + AgAZAp + INNTYNT I

iz 1 1 1 _
AoATAT eJJrAsz?’,kAkz ekJrAzkAnA?”elJrAzkAZJ,Au er forJ#I1,1#k,M=J

1 1 1
— e
(AJkAJIA?” + AjAZ Ay + A2 AGA g J

. [ er 1 2 o o
T — - e forJ#AIl=k,M=1
(A%kAJk + A%JLAJI) (A%kA?IIc + A?kAJk> k 71, ’
1 2 1
a7, t A?MU) Itz a7,
; ey _ 1 2 _ o
iv (5 A1k+A3kAU Aﬁkﬁﬁ@ﬁm)ek for JA T, 1=k, M=J

2 1
+ ej+ e
A%kA?H AfmAJI 7 A%kA?]I !
. a4 o . o .
Notice that for S-(-)[4], the combinations of couplings remain invariant under complex

conjugation with (i <> j) and (L <+ M) and hence we need that f(ﬁcLM f(?LML as can

i Ji,
be verified from the expressions above. As for S’E J)[ 4], the combinations of the couplings

remain invariant under complex conjugation with (I <» J) and (k <> [) and hence we need
that fl(j‘})kl M= f JLIkM which can be verified from the expression above.

C Expression of the oscillation probability in fourth order in W
(4)

For the S matrix elements SC(X ﬂ) , we decompose S o into the following three pieces (include
both o # 5 and a = f3)

S = 813+ 4]+ S8 + S, (C.1)
To prevent too long expression, we decompose the first term in (C.1) as
4 4 4 4 4
st )[3 +4] = Sc(yg) [3] diag + Ség) [4] diag + Sc(y/g) [3] offdiag + 5((15) [4] offdiag » (C.2)

where the S matrix with subscript “diag” (“offdiag”) implies (n = 3,4)

(4) _ (4)
St ] dig (oaine) = D (UX)ae (S b)) {0X)T} (C:3)
k(k+£D)
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The latter two terms in (C.1) are given, respectively, by
S =Y (U X)u8L) {(WT)}L], + 3w {wx)t}
kL Kl
= xS f - &2) :
_ ;WMSKK{ (W )}Kj + > WS {w )}Lj. (C.4)

We do not display explicitly the expression of each term in (C.1). But, the nota-
tion of Sglﬁ) [n] diag and Sc(fﬁ) [n] ofidiag Will be transported to the notation for the oscillation

probability such that 2Re KSS?) Sc(fﬁ) [n] diag}. Similarly, to make the equation fit to

a single page we present the first and the second terms of 5(4)[ 3] in (C.4) separately,
4 3
S((m) [3]First = ZkL(UX)OékWBLS( ) and S( )[ 3]Second = D1k aL(UX)BkSék), whose nota-
tions are also transported to the oscillation probability.
The oscillation probability to second order in W is given in eq. (3.44) in section 3.4.
What is left is, therefore, the expressions of the oscillation probability in fourth order in

2 *
W, the explicit form of the two terms in (3.52), P(vg = va) = ‘ gﬁ)‘ +2Re [(Sgg) Ség}.
Besides using the notations defined in egs. (B.1)-(B.3), we will further define the

following quantities

67i(hifhj)x

= ¢ UB1=hj)z = ¢ A=A, (C.5)

€35 , €I ery

C.1 Second order S matrix squared term: )S&zﬂ)‘

(2)

The S matrix element S 3 in eq. (3.43) contains four terms. To prevent too long expres-

2
sions, we divide ‘S((fﬁ)’ into the two terms, one sum of each term squared and the other
one composed of cross terms. The first one is given by

(UX)ar(UX) kaKCkK(UX) (UX)giciney

1st Z Z AgrAry

k,K I,L

aﬁ

EKI—€kl . ,. \ €kl —€kl 1
Axr (i) AL + NN <€KL +ep—exy 6]<:L>:|
UX ak UX)ﬁmckKCmK(UX)al (UX) nanClL

+Z ZZZ kAKkAKmAnlALlALn

k#m K l#n L

" N (ex—er) (e —ef
X I:AKkem_AKmek_AmkeK] I:ALlen_ALnel nleL:| —1—22 A AL l)
kK LL Kk=RLI

x [(Ux>akW5chK+WaK<UX>z;kczK] [(UX)&WW;‘L+W:;L<UX>mch]

X {wzekl —(ix)

+Z|WQK| |W5K|2+ Z eKLWaKWIBKW;LW,BL- (C.6)
K#L

Apart from the last line in (C.6) all the terms are suppressed by the two sterile state mass
denominators with Am?]k which doubly suppress the active-sterile state transition. The
first term in the last line is the probability leaking term mentioned in section 2.2.
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2
The second term of ‘S(E?B)‘ (interference terms) is given by

UX al UX)ﬁm(UX)ak(UX) kCLLCy LCkKCkK

2
3(2 ——2Re{
@B {and ;;ﬂ; Ak AL AL A
X [ALlem_ALmel_AmleL] [ (iz)ey, Z } }+2Re{zz [ ZK:’“]
kK LL
€, —¢€ * * * * %
ﬁ(UX)ak(UX)ﬁkcchkK [(UX)OJWBLCZL+WaL(UX)6lClL] }
KkAL
— UX), (UX)gWarL Wi cics
+2Re{zz{ i €Lk+€LZ 6Llcj| (UX)%( ),Zk LWarCki kK}
7 Kk Kk
er,—e;
_9R Agpe’ —Agmet—A, et
e{,ﬁ%;; AmkAKkAK [ K€ — 2 KmE, keK} AYY

X (UX)Zk(UX)ﬁmCmKC;;K X [(UX)alWﬂ*LclL_'_WO!L<UX)EZC?<L:| }
X) ok UX)ﬁmWaLW,BLCmKCkK

(U
—2Re{ Z ZZ NN [AKkeLm_AKmeLk_AmkeLK} }

ktm K L

€LK —CIK wW* * * * ¥
+2RG{ZZ AL [aKWQK(UX)alWﬁLClL+WaKW5KWaL(UX)ﬂlclL:|}‘ (C.7)
K L

C.2 Interference terms of the type 2Re [(SSB>* S((fﬂ)}

We classify the fourth order in W contribution of the interference terms into 8 terms:

4 4
P(Vﬁ - Va)i(nt)erference = P(Vﬁ - Va)gsz + P(Vﬁ - Va)gi)d + P<V5 - Va)Z(ifZi
(4) (4)

+ P(vg = Va) s + P(V8 = Va)gin_a (C.8)

4 4 4
+ P(vg = Vo) b1t + PV = Va)Seh_ona + P(v5 = Vo).

The nature of each term is explicitly indicated as follows:
4 0)\* o4
P — va){8 = 2Re [ ()" S1)13] i |
2
=2Re —ZZZ{ { ix +}(6Km+ekm)]
el Ak
X (UX)* (UX)B (UX)ak(UX)zkcdeKKC;;K

1 1
m— 5 —~—€Lm+ 55 (A +AL—2h) exm
+I§L§;[A2 AKLEK A%kAKLeL +A%(kA%k( s e

><(UX)Zm(UX)ﬁm(UX)ak(UX)EkaKdKLCZL}- (C.9)
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P(vs — va)S = 2Re [(sg’))* SU13] oftdiag }

1
'_ﬂ“{EZEZEZ[ Sodn™ " * RRdE, AT,

m k#l K
X {Alk(hl + hy — QAK)CKm + A%{kelm — A%(lekm}]

X (UX)ak(UX) 5/ (UX) o (UX) pmcrx dic1¢l

1
+ %: gé:l Ig;L AlkALKAKk;AKlALkALl

X [Alk{AKkAKzeLm - ALkALleKm} + ALK{AKkALkezm - AKZALleka

X (UX)ak<UX)El(UX>Zm(UX)ﬂka:KdKLC;<L}- (C.lO)

afB
z? 1 2(ix) (iz) 3
= 2Re [— €hkn — €kn — eKn — (eKn — €kn)
3 A i
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222 2 &7, A B Ak AT,
1 . (AK+2hm —Bhk)e }
A2 A2 Emn kn
T AL,AL, AfepAhk

(UX)ak(UX)Zk(UX)* (UX)nCrK i CmK Chic

. (Ag + A —2hy) 1
+ E E E — (ix €kn — CKn
nok K#L[ 2 AKkALk ) AV Ay ’ Afer AL "

{A% + AL Ak + A%( — 3hk(AL + AK) + 3hi}€kn:|
(UX)ak(UX)*ﬁk(UX)Zn(UX)BanKCZKCkLCZL

DO I e e

n  k K#Lm#k

—— AKAL—i-(hm—2hk)(AK+AL)+3hk—2hmhk}€k
AL AL AL, "
P e S S
AgmArm A2, Cmn A A% Ak Chn AgpA Apy, L
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P(Vﬁ — Va)féil s =2Re [(S&Oﬂ)) Sz()jlﬂ) [4] offdiag (Single)

ir)eg,  (ix)exn €ln (Ax+2h;—3hy) exn
=2Re + —
{; kzﬂ ; [A%(kAlk AKkAKl A%(ZA?k A%(kAle

hr+2h;—3AK) exn . . . .
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AKkAKl
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o 2L AL ALk Ak

x <UX>;n<UX>ﬁnWangchchL}. (C.16)

D A note on the parameter choice

To discuss W correction and the probability leaking term we have to determine the W
matrix. Given the non-unitary U matrix there is a way to construct the W matrix. In
general, it is given by

W = SVwR, (D.1)

where S is a 3 x 3 matrix which diagonalizes 1343 — UUT, w is diagonal matrix which
consists of eigenvalues of 13,3 — UUT, and R is an arbitrary 3 x N complex matrix obeying
RR' = 1343. The construction makes sense for N > 3. Therefore, for a given N there
is a large arbitrariness on the choice of the W matrix, and hence on the sizes of the W
corrections and Cqg.

Lacking a guiding principle of how to choose the R matrix in (D.1), we examine the
cases with largest and smallest possible values of C,z for given values of unitarity violation
1-— 2?21 |Uaj|? (o = e, p1, 7). Tt is shown that in the (3 + N) model C,p is bounded from
above and below as [20]

<0 —igw) (1 —gw?) <G (1 —j}i}lww) (1 —?Umz)- (D2)

In the (3 + 1) model, the W matrix elements are unique, with the upper and lower bound
being equal. For the numbers given in section 5.1, we have Wey = 0.141, W4 = 0.099,
and W;4 = 0.141 assuming that they are real. Then, the leaking terms have the unique
values, CH ™Y = 2 x 1074, ¢ = 9.6 x 1072, and ¢&/=" = 9.5 x 1074, The lower
bound is realized in the “universal scaling” model described in appendix E, which predicts
Weay = \/%WO%VZU (J = 4,5,---,3+ N).2 It is shown in appendix E that under the
assumption of equal sterile state masses the universal scaling model predicts the same W?

correction terms as those of the (3 + 1) model.

E Universal scaling model of N sterile sector

Suppose that we obtain a particular parametrization of U matrix by taking N = 1 sterile
sector, as we did in section 5.1. In this (3+1) model, the W matrix elements are completely

23This feature must be obvious if one goes back to the derivation of bound on Cag in [20].
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determined, up to phase, by unitarity for a given U matrix

3
Waal? = 1= Ul (E.1)
j=1

Now, we attempt to create a toy model of N sterile sector by “universal scaling”. We
postulate that all the W matrix elements are real and equal:

3 1/2
1
Wt = Was = -+ Wanig = m<1 -y |Uaj|2> , (E.2)
j=1

which is consistent with (3 4+ ) space unitarity. In this universal scaling model, the order
W?2 correction terms in (3.48) remains unchanged provided that we further assume that
all the sterile masses are equal.?* It is because the W matrix elements enter into the W2
terms in the form

1
[ E
; WarWics (Ag — hg)™’ (E3)

where n =1 or 2.

However, the leaking term C,g becomes smaller by a factor of N in the universal scaling
model. In the (3 4+ 1) model, C,p takes the largest value, the upper limit in eq. (D.2).
Because C, is fourth order in W it is evident that in the universal scaling model,

3

o= (1- i ) (1= X 10, (£.4)

j=1
which is the lower limit of (D.2).
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