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ABSTRACT

We show that the same wrapping rules that have been derived for the branes of IIA
and IIB string theory also apply to the branes of the toroidally compactified heterotic
string theory. Moreover, we show that applying these wrapping rules to the IIA theory
compactified over K3 is consistent with the well-known duality between the heterotic string
theory compactified over 7% and the ITA string theory compactified over K3.

We derive a simple rule that relates, in any dimension, the T-duality representation
of the branes of the toroidally compactified heterotic theory to the relevant R-symmetry
representation of the central charges in the supersymmetry algebra. We show that, in the
general case, the degeneracy of the BPS conditions of the heterotic branes is twice as large
as that of the branes of ITA and IIB string theory.
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1 Introduction

It is well-known what the field content is of the maximal and half-maximal supergrav-
ity theories in different dimensions as long as one restricts oneself to the metric and the
p-form potentials that describe the physical states of the theory [I]. These “standard” su-
pergravity theories are complete in the sense that they are related to each other by toroidal
compactiﬁcation. It has been appreciated for some time that the standard supergravity
theories can be extended by including the dual potentials. A special class is formed by
the (D — 2)-form potentials that are dual to the O0-form potentials, or scalars, in the sense
that the duality relations do not imply that the number of (D — 2)-form potentials equals
the number of scalars. Moreover, it has been realized that the supergravity theories can
be extended with (D — 1)-form or deformation potentials that are dual to mass param-
eters and D-form or top-form potentials, with identically vanishing curvatures, that do
not describe any physical degree of freedom. All these potentials are relevant due to their
coupling to branes. By definition, the “standard” potentials of supergravity couple to
branes with 3 or more transverse directions. The other “non-standard” potentials couple
to branes with 2 or less transverse directions. These branes are called defect branes (2
transverse directions), domain walls (1 transverse direction) and space-filling branes (no
transverse directions). The non-standard branes are different from the standard ones in
several respects. First of all, to obtain finite-energy configurations, one must consider a
collection of non-standard branes in conjunction with orientifolds. Secondly, unlike the
potentials of standard maximal supergravity, not all components of the T-duality repre-
sentation to which the non-standard potentials belong correspond to half-supersymmetric
branes. For the case of maximal supergravity we have introduced an elegant so-called
“light-cone rule” that identifies which components of the representation correspond to ele-
mentary half-supersymmetric branes. In general, the remaining components correspond to
(threshold or non-threshold) bound states of branes or to branes with less supersymmetry
[2].

The most striking difference between standard and non-standard supergravity, how-
ever, is the fact that non-standard supergravity is not complete in the sense that the
non-standard potentials in different dimensions are not related to each other by toroidal
compactification. This has the important consequence that the half-supersymmetric branes
of non-standard supergravity, upon toroidal reduction, do not organize themselves into
representations of T-duality, which is in conflict with string theory. To fill up complete
T-duality representations one needs the emergence of extra branes upon compactification.
How these extra branes should emerge is at the heart of the long sought for geometry under-
lying string theory. In our previous work we have advocated a particular approach to this
crucial issue. Our starting point is to consider the inclusion of extra mixed-symmetry fields
to the non-standard supergravity multiplet. A particularly important example of such a

'We do not consider here the gauged supergravity theories.

2In principle one can derive which mixed-symmetry multiplets can be added to a given supergravity
multiplet by requiring linearized supersymmetry. In practice, they are derived by analyzing the spectrum
of the very-extended Kac-Moody algebra Eq1, see below.



mixed-symmetry field is the dual graviton. It is well-known that, using standard local field
theory, mixed-symmetry fields such as the dual graviton can only be defined, consistent
with supersymmetry, at the linearized level [3]. It is an open problem whether and how
this can be extended to the non-linear level. Our interest in these mixed-symmetry fields
is motivated by the fact that they contain precisely the information about how many extra
branes should be produced upon dimensional reduction to restore T-duality. In earlier work
we have argued that these mixed-symmetry fields couple to a new class of branes which are
generalizations of the Kaluza-Klein monopole. However, this is not needed for the present
purpose. Alternatively, one can argue that the mixed-symmetry fields encode information
about the geometry underlying string theory. Indeed, we will point out below that they
give rise to interesting brane wrapping rules that suggest a stringy generalization of the
usual geometry. Remarkably, precisely the same mixed-symmetry fields that are needed to
restore T-duality occur, for the case of maximal supergravity, in the spectrum of the very
extended Kac-Moody algebra E;;. This algebra has been advocated as the one underlying
the symmetries of M-theory [4]. This approach suggests an extension of spacetime with
extra coordinates and in this way to go beyond standard local field theory [5]. In this work
we will remain within local field theory but we will make use, at several places, of this
relation with E{; and, in the case of half-maximal supergravity, with other very extended
Kac-Moody algebras as well.

In our earlier work, we pointed out that in the case of maximal supergravity the effect
of the extra branes, following from the mixed-symmetry fields upon toroidal reduction, is
not only that the branes organize themselves into T-duality multiplets but, furthermore,
that they can be understood as the result of certain brane wrapping rules [6] The
explicit form of these wrapping rules will be given later in the paper. These rules differ
from the naive brane wrapping rules corresponding to standard geometry. The wrapping
rules corresponding to standard geometry prescribe that any brane, whether wrapped or
unwrapped, leads to a single brane in one dimension lower:

wrapped ~— undoubled
unwrapped — undoubled

any brane { (1.1)

The new wrapping rules, given later in this work, prescribe that, in certain cases, the brane
can double when wrapped or un-wrapped. These new wrapping rules can be said to define
a stringy generalisation of standard geometry@. The purpose of this work is to extend this
analysis to the case of half-maximal supersymmetry. Remarkably, we find that the same
wrapping rules that we found in the maximal case can also be used to reduce the branes of
the 10D heterotic string. Moreover, applying these same wrapping rules to the K3 orbifold
we reproduce the well-known duality, at the level of supersymmetric branesﬁ, between the

3In lower-dimensional supergravities we also find T-duality multiplets of branes of which none compo-
nent follows from the reduction of a ten-dimensional brane. These branes are less well understood in the
sense that one cannot formulate wrapping rules for them.

4An alternative scenario is that one works with standard geometry but supplemented with a new kind
of branes, such as the generalized Kaluza-Klein monopoles mentioned above.

5In this paper we will also discuss the duality at the level of the complete spectrum of the very extended



heterotic string compactified over T* and the IIA string compactified over K3. The fact
that the same wrapping rules can be used suggests that different geometries, such as the
torus and the K3 orbifold, allow for the same stringy generalization.

In this work we will also clarify the relation between the number of half-supersymmetric
branes and the BPS conditions that they satisfy, which are related to the central charges
of the supersymmetry algebra with 16 supercharges. It is well-known that in the case
of the standard branes of maximal supergravity there is a 1-1 relation between the half-
supersymmetric branes and the central charges: for each central charge, and its dual, there
is a single half-supersymmetric brane [7, 8]. For the non-standard branes the situation is
more subtle due to the fact that degeneracies occur: one central charge, or BPS condition,
may correspond to more half-supersymmetric branes. For the defect branes of maximal
supergravity we found that the degeneracy in each dimension is two: each defect-brane
and its S-dual satisfy the same BPS condition. The degeneracies in the case of the domain
walls of maximal supergravity have recently been investigated [9]. We will show that the
degeneracies that occur in the case of the heterotic branes are always twice the ones we
found for the branes of maximal supergravity. This includes the standard heterotic branes
which have a degeneracy 2 instead of 1 like the branes of maximal supergravity.

In this work we will give, at different places, a few rules which are very useful for several
counting purposes. For the convenience of the reader we summarize them below:

light-cone rule: this rule prescribes which components of the T-duality representation
of a p-form potential correspond to a half-supersymmetric brane. The rule is given in
Subsection 2.1

restricted reduction rule: this rule explains which components of a mixed-symmetry
field, upon toroidal reduction, gives rise to a potential in lower dimensions corresponding
to a half-supersymmetric brane. It is given in Subsection 3.1

heterotic truncation rule: this rule shows how the branes of the toroidally compactified
heterotic string theory can be obtained by truncating the branes of toroidally compactified
ITA or IIB string theory, see Subsection 3.2

central charge rule: this rule relates, in any dimension, the T-duality representation
of the branes of the toroidally compactified heterotic theory to the relevant R-symmetry
representation of the central charges in the supersymmetry algebra with 16 supercharges.
The rule can be found in Section 5

We conclude with summarizing the outline of this work. In Section 2 we first classify the
half-supersymmetric branes of the toroidally compactified heterotic string theory using the
light-cone rule mentioned above. We then show that the branes in lower dimensions, that
occur in a T-duality representation that contains at least one brane that follows from the
reduction of a 10D brane, can be obtained by introducing a set of heterotic wrapping rules

Kac-Moody algebra, i.e. including the mixed-symmetry fields. In order to do this we need to define a Zg
truncation on the ITA side. How to precisely define such a Zsy truncation at the level of the complete
spectrum is not yet clear to us. This issue will be discussed further in the paper.



which we will specify. In Section 3 we show how the branes of the toroidally compactified
heterotic string theory can be obtained by truncating the branes of toroidally compactified
ITA or IIB string theory. We will also discuss issues that arise when one tries to extend
this so-called heterotic truncation of the p-form potentials that couple to supersymmetric
branes to the full spectrum of fields, including the mixed-symmetry fields. In Section 4 we
show that applying the wrapping rules of the maximal theories to the ITA string theory
compactified over K3 leads precisely, at the level of the supersymmetric branes, to the
well-known duality between the heterotic theory on 7% and the ITA theory on K3. We
also discuss the wrapping rules of the IIB theory on K3. Next, in Section 5 we discuss the
relation between the heterotic branes and the central charges in the supersymmetry algebra
with 16 supercharges. In particular, we show that, in the general case, the degeneracy of
the BPS conditions of the heterotic branes is twice as large as that of the branes of ITA
and IIB string theory. Finally, in Section 6 we present our conclusions. We have added
two appendices. In appendix A we discuss some properties of the SO(8,8 + n)™*+ very
extended Kac-Moody algebra. In particular, we discuss in this appendix the definition
of the real roots in the non-split case, i.e. n # —1,0,1. In appendix B we discuss the
truncation of the IIB theory to the closed sector of the Type I string theory.

2 Heterotic Branes and Wrapping Rules

This section contains two Subsections. In the first Subsection we will determine the half-
supersymmetric branes of the heterotic string theory compactified on the d-dimensional
torus 7. In the next Subsection we will define wrapping rules for these heterotic branes.

We remind the reader that the low-energy effective action of the toroidally compactified
heterotic theory is half-maximal supergravity coupled to vector multiplets. Generically,
Wilson lines break the gauge group (either SO(32) or Eg x Eg) to U(1)!®. Including also
the vectors arising from the metric and the NS-NS 2-form, this gives a total of 16 + 2d
abelian vectors. These vectors transform in the fundamental representation of the T-
duality symmetry group SO(d, 16 + d), while the scalars parametrise the coset manifold
SO(d, 16 + d)/[SO(d) x SO(16 + d)]. Together with gravity, the NS-NS 2-form and the
dilaton, this is the bosonic content of the D = 10 — d dimensional gravity multiplet plus
16 4 d abelian vector multiplets. Indeed, in each dimension D = 10 — d the bosonic field
content of the gravity multiplet is

€ua Bg d % Bl ¢ s (21)

where Bs is a 2-form and B, are vector fields, while the bosonic field content of the vector
multiplet is given by
B dx¢ . (2.2)

The 2-form of the gravity multiplet is dualised to a vector in D = 5 and to a scalar in
D = 4, parametrising the manifold SL(2,R)/SO(2) together with the dilaton. In D = 3
all the vectors are dualised to scalars, and the resulting scalars (including the dilaton)
parametrise the manifold SO(8,24)/[SO(8) x SO(24)].

4



2.1 Half-supersymmetric heterotic branes

In classifying the heterotic branes it is natural to label these branes, and the corresponding
fields, according to the way the tension scales with the dilaton in the string frame. The
2-form and 1-forms are thus called fundamental fields in the sense that they couple to
fundamental objects whose tension is independent of the dilaton. Using a notation where
the dependence of the brane tension T on the D-dimensional dilation ¢ is specified by a

number «
T ~e* (2.3)

it means that o = 0 for these fields. Similarly, the dual solitonic objects ((D — 5)-branes

and (D —4)-branes) have o = —2, and are electrically charged under the Poincare duals of

the 1-forms and 2-form. In D > 4, the 1-forms, the 2-form and their duals are all standard

potentials, i.e. they are associated to branes with at least three transverse directions.
Besides the standard potentials, the following non-standard potentials occur:

1. (D —2)-form potentials. They satisfy duality relations with the scalars of the super-
gravity coset models. They are special in the sense that the number of such potentials
is not equal to the number of coset scalars. Instead, they satisfy extra curvature con-
straints. These potentials couple to branes with two transverse directions, i.e. defect
branes.

2. (D — 1)-form potentials or deformation potentials. These potentials are the duals of
mass parameters and do not describe any physical degrees of freedom. They couple
to branes with one transverse direction, i.e. domain walls.

3. D-form potentials or top-form potentials. These potentials have an identically van-
ishing curvature and couple to space-filling branes.

These potentials, as well as the Poincare duals of the 1-forms and 2-form, were not
included in the multiplets above, because they are either dual to the potentials describing
physical degrees of freedom or they do not carry any on-shell degree of freedom, like the
(D — 1)-forms and D-forms. Nevertheless, they can be introduced in the supersymmetry
algebra, and they give important information about the heterotic branes. They transform
as representations of the global symmetry group SO(d,d + n) where n is the number of
vector multiplets in 10 dimensions. These representations can be determined by requiring
the closure of the supersymmetry algebra. In [10] it was shown that these theories in any
dimension are associated to the very-extended Kac-Moody algebras SO(8,8+n)™*" and as
a consequence of this the representations of the forms can also be obtained by analysing the
roots of these algebras [I1]. Among all the forms that one obtains by this analysis, we are
only interested in those forms in D dimensions that are associated to half-supersymmetric
branes. In the maximal case, all the half-supersymmetric branes have been obtained using
two different methods. One method consists in writing down the Wess-Zumino (WZ) term
for a brane electrically charged under the corresponding potential [12] [13], 14 [I5]. A brane
is supersymmetric if the worldvolume fields that one has to introduce to make the WZ



term gauge invariant fit within the bosonic sector of a half-supersymmetric multiplet. The
other method consists in analysing the Ef ™ roots associated to the gauge potentials. If
the root is real, then the corresponding potential is associated to a half-supersymmetric
brane [16], [17]. These two methods give the same answer.

In this paper we want to make a similar analysis for the half-maximal theories. The
extension of both the Kac-Moody and the WZ methods to the half-maximal case is non-
trivial. In the Kac-Moody approach this is related to the fact that in the non-split case,
i.e. n # 0,1, the notion of real root has to be refined. We will show in Appendix [Al that
in going from the split case n = 0,1 to the non-split case (generic n) the representations
of the forms are naturally extended from SO(d, d) to SO(d,d 4+ n) but the associated real
roots, or half-supersymmetric branes, are given by a so-called “light-cone rule” which is
given below. Similarly, the WZ analysis has to be supplemented by an analysis of certain
supersymmetry cancellations between the Nambu-Goto and WZ terms, as explained below.

Independent of whether we use the Kac-Moody or WZ method the outcome of our
analysis is that all the fields in the D-dimensional heterotic theory that are associated
to half-supersymmetric branes are the ones given in Table [Il In this table we have also
specified the corresponding value of . Not all components of these fields correspond to
supersymmetric branes. We find that the precise number of half-supersymmetric heterotic
branes is derived from the given representations using the following so-called light-cone
rule:

light-cone rule: Given a potential in a representation of the duality group SO(d, d+n) we
split the 2d+n duality indices into 2d ‘lightlike’ indices ¢ + (i = 1, ..., d) and the remaining
n ‘spacelike’ indices. A given component of the potential couples to a half-supersymmetric
brane if one of the following situations apply:

1. anti-symmetric tensor representations: the antisymmetric indices are of the form 7 +
jtk=+... withi,j,k,... all different.

2. mixed-symmetry representations: We only give this second rule for a potential
®A,...An.B .8, (M > n)in a representation corresponding to a 2-column Young ta-
bleaux of heights m and n . On top of the previous rule the following additional
rule applies: each of the anti-symmetric B indices in ¢4, 4,, 5,..5, has to be parallel
to one of the antisymmetric A indices.

In the maximal case, the same light-cone rule was shown to occur in terms of repre-
sentations of the T-duality group [13]. In that case, the WZ method gives the criterion
that a potential can be associated to a half-supersymmetric brane if the corresponding
gauge-invariant Wess-Zumino term requires the introduction of world-volume fields that
fit within the bosonic sector of a supermultiplet with 16 supercharges. In this case we
should require that the corresponding world-volume fields describe the bosonic sector of a
multiplet with 8 supercharges.

6The rule has a natural generalization to a multi-column Young tableaux.



a fields
Bi.a By (H)
-2 Dp-s (H) Dp-3a (H) Dp-2a,4, H) Dp-14,4,45 H) Dp a,a,454, (H)
—4 | Fp_ia,.a, 5 (TVVHH) Fpap,.,y (VVVH) Fpooaa, s H) Fpoi,ap,..5, (H)
6 D=4: Hyaapaa, M) D =3: Hyayapa, (H) Hsap,.5;, (H)
_3 D=3:Jy,(H) J3ap..B, (H
~10 D =3:L3a,.. (H

Table 1: Universal SO(d, d + n) representations for all half-supersymmetric heterotic branes of the half-
maximal supergravity theory in D dimensions that follows from the ten-dimensional N' = 1 supergravity
theory with n vector multiplets. Capital indices A refer to vector indices of the group SO(d, d+n). Repeated
vector indices form anti-symmetric tensor representations. A comma between the vector indices indicates
a mixed-symmetry representation. The worldvolume content (except for the Bi 4 fields) is indicated,
starting from the highest possible dimension, between brackets with H,V,T indicating a Hypermultiplet,
Vector multiplet and Tensor multiplet, respectively. As it can be deduced from the table, we denote with
different letters the fields corresponding to different values of «. For more explanations, see the text.

We will now show how the Wess-Zumino method leads to the classification of the half-
supersymmetric heterotic branes, as given by Table [I] supplemented with the light-cone
rule. The bosonic content of the different multiplets with 8 supercharges, each of which
describes 4+4 physical degrees of freedom, are given by:

e D =23, ..6 hypermultiplet H with four scalars;

e D =456 vector multiplet V with one vector plus two scalars (D = 4), one scalar
(D = 5) or zero scalars (D = 6);

e D = 6 tensor multiplet T with one self-dual tensor and one scalar.

Note that multiplets with 8 supercharges only exist in D < 6 dimensions. This is consistent
with the fact that the fields in Table [l do not give rise to supersymmetric branes according
to the above light-cone rule when the rank of the corresponding field is higher than 6.
We should mention that in 2D there are also multiplets with only chiral fermions or only
chiral scalars, that are singlets under supersymmetry [18]. The reason is that, denoting
with z;, and xr the worldvolume light-cone coordinates in two dimensions, if one has
supersymmetry in the left sector, then any field which only depends on zg is automatically
a singlet under supersymmetry. Two relevant examples of these are the ‘heterotic fermions’
that play an important role in the construction of a gauge-invariant worldvolume action of
the heterotic string [19], as well as the right sector of the transverse scalars.

We first show how the counting of worldvolume degrees of freedom works in D = 10
dimensions. In ten dimensions we only have B, and its dual Dg, together with Bj 4
and its dual D7 4 which are vectors of the compact group SO(n). The fact that B 4




cannot correspond to a supersymmetric brane can be seen by looking at its supersymmetry
variation. Indeed, this field only transforms to the gaugino, and not to the gravitino.
This implies that one cannot write a k-symmetric effective action: there is no partial
cancellation between the variation of the WZ term and the variation of the induced metric
in the Nambu-Goto kinetic term. The fact that the dual field D7 4 does not lead to
supersymmetric branes can be seen by using the same argument or by simply noticing that
a seven-dimensional world-volume does not allow multiplets with 8 supercharges. A special
analysis is required for the worldvolume degrees of freedom of the 1-brane associated to the
field By. This brane is the fundamental heterotic string, and we know that for such string
the left modes, that is the ones depending on z1,, and the right modes, depending on zg,
are different. In particular, only the left modes are supersymmetric, which means that out
of the eight transverse scalars, only the part depending on x, fits within a supermultiplet.
This counts as four degrees of freedom, that together with the left spacetime fermions form
a hypermultiplet in two dimensions. The right modes are all singlets under supersymmetry,
as already anticipated above. There is a subtlety concerning the WZ term. Indeed, in the
fermionic description of the heterotic theory, where one introduces 32 right-moving fermions
producing a gauge symmetry that is either SO(32) or Eg x Eg, there are no internal scalars
and thus the WZ term is simply By, which is not gauge invariant. However, there is
an anomalous coupling between the heterotic fermions and the 1-forms whose anomalous
variation precisely cancels the gauge transformation of the WZ term [19]. In the bosonic
description, instead, one introduces 16 internal bosonic right-moving coordinates by 4, and
the WZ term isf]

By + By aAFi (2.4)

with F1 4 = dboa + Bi,a. These right-moving scalars, together with the right-moving
transverse scalars, are singlets under supersymmetry. Finally, for the solitonic 5-brane
associated to Dg one only gets four transverse scalars, corresponding again to a hypermul-
tiplet. Note that, since only embedding scalars are involved in the multiplets, no branes
can end on these objects.

We now proceed with the analysis of the WZ terms in all dimensions. First of all, for
the 1-forms B; 4 one has to rely on the consideration of the supersymmetry cancellations
between the Nambu-Goto and WZ terms to get the supersymmetric branes. This is like in
the ten-dimensional case. It turns out that only the lightlike directions of SO(d, d+n) lead
to fields that vary under supersymmetry into both the gravitino and the gaugino in such a
way that a cancellation between the WZ term and the Nambu-Goto term can occur. We
next consider the fundamental By field. The analysis here resembles the 10-dimensional
one. In the bosonic description, the WZ term is as in eq. (2.4)), with the index A now being
an index of SO(d,d + n). In this expression, the worldvolume field-strengths are meant to
satisfy duality relations. Splitting the T-duality directions into 2d lightlike directions and
n spacelike directions, these duality relations are actually self-duality relations for the n
scalars in the spacelike directions, implying that these scalars are right-moving, while for

"We only consider the general form of the WZ term and ignore the precise values in front of the different
terms. We also assume that whatever can occur, does occur.



the lightlike directions they give d independent scalars, which split into d left-moving and
d right-moving scalars. Only the left-moving part is supersymmetric. Similarly, the 8 — d
transverse scalars split into 8 — d left-moving and 8 — d right-moving scalars. Together, we
thus obtain d + (8 — d) = 8 left-moving scalars as in ten dimensions. This counts as four
degrees of freedom, and it corresponds to a two-dimensional hypermultiplet. The right-
moving lightlike scalars, the right-moving transverse scalars and the right-moving spacelike
scalars are singlets of supersymmetry. In the fermionic description, these latter scalars are
replaced by internal fermions and the WZ term only contains the scalars along the lightlike
directions, so that only the SO(d, d) part of the SO(d,d + n) symmetry is manifest. This
finishes our discussion of the fundamental fields in Table [l

We next consider the solitonic D fields in Table [Il For Dp_, we have just 4 transverse
scalars, that is one hypermultiplet. For Dp_3 4 one has the WZ term

Dp 34+ Dp-aF1.4 (2.5)

giving one scalar plus three transverse scalars, that is one hypermultiplet. Similarly, all the
other D fields give rise to one worldvolume hypermultiplet. In all these cases, as well as
all the cases below, the WZ argument has to be supplemented with the requirement that
there is a cancellation between the Nambu-Goto kinetic term and the WZ term. These
two requirements together lead to the light-cone rule formulated above.

We now consider the F fields. The first case in which an F' field appears is for d = 3
or D = 7, in which case one gets a 6-form which is a singlet of SO(3,3 + n). This is the
first F' field in Table Il The WZ term is given by@

Fs + D3Hs3 (2.6)

which describes a self-dual tensor and a transverse scalar, that is a tensor multiplet in the
six-dimensional worldvolume. In 6D the field Fp_1 4,..4, , couples via the WZ term

Fs o+ D3 aHo (2.7)
giving a vector multiplet. In 5D it couples via the WZ term
Fyaya, + Dojay Ha ay) + D3 aya,Ha (2.8)
giving again a vector multiplet. In 4D it couples via
F3 4,585 + D2 [a, 4, H 44 (2.9)
giving a hypermultiplet. Finally, in 3D it couples via
Fo ay.a, + Dijaya,Ha a5 44] (2.10)

giving a two-dimensional hypermulitplet.

8In general we denote with #,, the field-strengths of the & = —4 worldvolume form fields d,—;. The
notation is taken from that used in the maximal case, see Table 3 in [I5].



We next consider the second F field in Table[] i.e. the Fp 4 g, B, , term. In D =6
this gives
Fsap+ FsaF1B) (2.11)

giving one vector (remember that according to the light-cone rule the index B has to be
the same as the index A), that is a vector multiplet in six dimensions. In D = 5 one gets

F5 a8, + Fupip Fi,a + Dy g, Hoa (2.12)

giving one vector and one scalar, i.e. a vector multiplet in five dimensions. In D = 4 one
gets
Fy4,B,BB;s + F3.8,B,B:sF1,4 + D3 5B,y H1,4 + Do BB, HoBsja s (2.13)

giving one vector (because of self-duality) plus two scalars, i.e. a vector multiplet in four
dimensions. Finally, in D = 3 one gets

F5 4 B,BB3By + Fo.B,..B, 1,4+ Do B BoBs HiByga (2.14)

giving four scalars, i.e. a hypermultiplet in three dimensions.
We now consider the third F field in Table [Il We only consider the four dimensional
case (the 3D case corresponds to a O-brane), which gives

Fy + Dy H? (2.15)

The analysis of the worldvolume degrees of freedom in this case is the same as for the
fundamental heterotic string. Actually, the two strings are S-dual to each other. Indeed,
in 4D, the SL(2,R) symmetry identifies the T-duality representation of a p-form with a
given weight o with the representation with weight —a—2p. This means that only the left-
moving part of the transverse scalars and the left-moving part of the scalars in the lightlike
directions collect to form a two-dimensional hypermultiplet, while the other scalars are
singlets under supersymmetry.
Finally, the last F' field in Table [Tl only exists in three dimensions, where it gives

Fyap + FiraFip) + DiacHi s (2.16)

Given that the indices A and B have to be parallel, this gives one (L+R) scalar from the
second term. Together with the single embedding scalar, this gives 1 degree of freedom
in the left-moving sector. Using the fact that in the third term the index C' can have
12 different values, this last term gives 6 (L+R) scalars because of self-duality. In the
left-moving (supersymmetric) sector this corresponds to 3 degrees of freedom. Therefore,
in the left-moving part we find 4 degrees of freedom that form the bosonic sector of a
two-dimensional hypermultiplet.

Among the H fields, the only one which is not related to the other cases we already
discussed by S-duality is the last field in Table[Il Indeed, the 4D S-duality discussed above
implies that the first A term is S-dual to Dy 4, 4,444,. The other two H terms only exist in
3D. In 3D, the T-duality symmetry SO(7, 7+n) is contained in SO(8,8+n), which identifies
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the T-duality representation of a p-form with a given weight o with the representation with
weight —a — 4p. Hence, the second H term is S-dual to Dj 4, 4,4, While the last H term
is S-dual to itself. This term leads to the following WZ term

H3,A,B1...B5 + F2,[Bl...B4H1,B5}A ) (217>

giving four scalars or 1 hypermultiplet in three dimensions. Using the same 3D and 4D
S-duality rules, one can show that all the fields in the last two rows of Table [l are S-
dual to fields we previously considered. This concludes our analysis of the branes of the
toroidally-compactified heterotic theory.

There is an additional theory with half-maximal supersymmetry, namely the N' = (2, 0)
six-dimensional theory describing gravity plus 21 tensor multiplets arising from compact-
ifying IIB string theory on K3 [20]. The bosonic content of the relevant (2,0) multiplets
is

gravity : e, 5x By,
tensor : By 5x¢ . (2.18)

From the supergravity point of view one can consider in general 5+ n tensor multiplets, so
that the 2-forms transform as vectors of SO(5, 5+n), while the 5-(5+n) scalars parametrise
the manifold SO(5,54n)/[SO(5) x SO(5+n)]. This theory is anomaly-free only if n = 16.

From the analysis of the Kac-Moody algebra, we find that the fields whose highest
weights of SO(5,5 + n) representations are real roots of the SO(8,8 + n)™* Kac-Moody
algebra are given by

A2,A (H) A4,A1A2 (V) AG,A,B1B2 (V) ) (219)

where we have already indicated the worldvolume content that results from the following
WZ analysis. For A; 4 we get four transverse scalars, i.e. one hypermultiplet. For Ay 4, 4,
we get a WZ term of the form

Agaya, + Agja Foa, (2.20)

giving one vector (because of self-duality) and two transverse scalars, i.e. a vector multiplet
in four dimensions. Finally, for Ag 4 5, B, We get

A6,,B.B, + AuipFoa (2.21)

giving one vector, that is a vector multiplet in six dimensions. In all cases, the WZ
analysis has to be supplemented with the requirement that there is a cancellation between
the Nambu-Goto kinetic term and the WZ term. These two requirements together lead to
the light-cone rule, which gives the following half-supersymmetric branes:

1 —branes: 10,
3 — branes : 40,
5 — branes : 80. (2.22)

9Note that there is no notion of « in this theory.
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In section 4 we will show how the same number of branes follow from a set of ‘K3 wrapping
rules’ to be defined in that section.

2.2 Heterotic wrapping rules

From the analysis in the previous subsection we may determine the number of half-
supersymmetric heterotic branes in each dimension. We first restrict to those fields that
amongst their T-duality components have at least one brane that follows from the reduc-
tion of a brane of the 10D heterotic theory. The corresponding branes are the fundamental
and solitonic branes with o = 0 and o« = —2, respectively. The precise numbers are given
in Tables 2 and B

Remarkably, like in the maximal case, the same numbers of branes are reproduced if
we assume that the fundamental heterotic branes satisfy the fundamental wrapping rule
[6l

wrapped —  doubled
F { unwrapped — undoubled, (2.23)
and that the solitonic heterotic branes satisfy the solitonic wrapping rule
wrapped —  undoubled (2.24)
unwrapped — doubled '

Fp-brane || 10D | 9D | 8D | 7D | 6D | 5D | 4D | 3D

0 2146 | 8 |10]12 | 14
1 1 1 1 1 1 1 1 1

Table 2: Upon applying the fundamental wrapping rule (Z23) one obtains in each dimension a singlet
fundamental heterotic string and 2d fundamental heterotic O-branes.

All the other branes that arise from the fields in Table [Il do not satisfy any specific
wrapping rule. Correspondingly, in any dimensions these branes belong to T-duality mul-
tiplets that do not contain branes of the 10-dimensional theory. We give the number of
these branes, as resulting from the analysis of this section and satisfying the light-cone
rule, in Tables 4 and Bl Taking all the results contained in Tables 2] to [l together one can
read off the full result.

In 4D there is an additional SL(2,R) symmetry. One can see from the tables how
the branes rearrange themselves in terms of this symmetry. The 4D fields that as repre-
sentations of SO(6,6 + n) x SL(2,R) have highest weights corresponding to real roots of
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Sp-brane || 10D | 9D | 8D | 7D | 6D | 5D | 4D | 3D
0 1 |12 | 84

1 1 110 | 60 | 280

2 8 | 40 | 160 | 560

3 1 6 | 24 | 80 | 240

4

3

1 4 112 1 32| 80
1 2 14| 8|16

Table 3: Upon applying the solitonic wrapping rule (2.24) one obtains precisely the numbers of half-
supersymmetric heterotic solitons that follows from the WZ analysis in this section.

o = —4 branes || 7D | 6D | 5D | 4D 3D
0 14
1 1 | 560+14
2 160 | 2240
3 40 | 480
4 80
5 1

Table 4: This table gives the o = —4 p-branes of the heterotic theory in any dimensions. The value of p
is indicated in the first column. These branes do not satisfy any specific wrapping rule.

SO(8,8 4+ n)*** are

1 —form: Ay aa,

2—form: Asaw Az aa,,

3 —form: Az a 4,4,

4 —form: Ay, A AsaBiBBy - (2.25)

The indices a,b = 1,2 are SL(2,R) indices and for the field to correspond to a brane they
have to be parallel. The value of « is related to the rank p of the form by

a=ni—ng—p , (2.26)

where n; and ny are the number of indices along the directions 1 and 2 of SL(2,R).
The reader can check that these rules, together with the light-cone rule that selects the
SO(6,6 + n) components, gives all the 4D branes in the tables.

In 3D, the SO(7,7 4+ n) symmetry gets enhanced to SO(8,8 + n). The 3-dimensional
fields that as SO(8, 8 + n) representations have highest weights associated to real roots of
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a < —4 branes 4D 3D
0
1 280_¢ + 1_5
2 3360_¢ + 2240_g + 560_19
3 240 _¢

Table 5: This table gives the p-branes with a < —4 that occur in 4D and 3D. The value of p is indicated
in the first column. The subscript denotes the value of a. These branes do not satisfy any specific wrapping
rules.

SO(8,8 +n)™+  are

1 — form : Al,AlAZ ,
2 — form : A2,AB A27A1~~A4 s
3 — form : AB,ABL.Bs y (227)

where the hatted indices are SO(8,8 + n) vector indices and the symmetries of the indices
are denoted as everywhere else in the paper (see the caption of Table [Il). The reader can
verify that applying the SO(8, 8 + n) light-cone rule to these fields gives exactly the branes
listed in Tables 2 to Bl The value of « is related to the rank p of the form by

a=2(ny —n_—p) |, (2.28)

where n, and n_ are the number of indices along the lightlike directions 84 and 8—. These
are the indices that are not in the SO(7,7 4 n) directions.

3 Heterotic Truncation

The aim of this section is to determine the half-supersymmetric brane spectrum of the
heterotic theory from a suitable truncation of the type II theories. In a separate appendix
we will comment about the truncation of the Type IIB theory leading to the Type I
superstring, see appendix B.

It is known that the pure supergravity sector of the heterotic low-energy effective action
in ten dimensions can be obtained from both the IIA and the IIB supergravity theories
by well-defined truncations. We want to show to what extent this can be generalised to
the whole ten-dimensional spectrum of the corresponding Kac-Moody algebra, including
the mixed-symmetry fields. We assume that the ten-dimensional ‘gravity’ sector of the
heterotic theory is derived from the Kac-Moody algebra SO(8,8)" 1T, while the ‘matter’
sector corresponds to all the ten-dimensional fields resulting from the Kac-Moody algebra
SO(8,8 + n)™** that are not contained in the gravity sector. In subsection 3.3 we will
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give an argument that justifies this assumption. We will consider the ITA and IIB ten-
dimensional spectrum resulting from the Kac-Moody algebra EJ " and we will compare it
to the ten-dimensional spectrum of the SO(8,8)" " algebra. We will show that the trunca-
tion is well-defined as long as one only considers the fields associated to the real roots. The
picture is less clear when one considers all the fields in the spectrum. Given that the fields
corresponding to the real roots are those that give rise to branes after dimensional reduc-
tion, and given that the analysis of the previous section shows that no additional branes
are introduced in the heterotic theory from the matter sector, this analysis shows that all
the heterotic branes can be obtained by truncation. The fact that the SO(8,8)* " algebra
can be obtained as a suitable truncation of the Ef " algebra was originally discussed in
[10], while the analogous relation for the over-extended algebras SO(8,8)*" and Ef ™ was
analysed in [2I]. In particular, in this last reference the authors show that SO(8,8)"* is a
subalgebra of EZ" by identifying their common SO(9,9) subalgebra.

Before discussing this ‘heterotic’ truncation, we will first review, in the next subsec-
tion, the 10-dimensional origin of the D-dimensional potentials that couple to the half-
supersymmetric branes of toroidally compactified ITA/IIB string theory.

3.1 Half-supersymmetric branes in ITA /IIB string theory

The potentials of D-dimensional maximal supergravity that couple to supersymmetric
branes can be derived either by the Kac-Moody method [17] or the Wess-Zumino method
[22]. The result for any dimension is listed in Table

The ten-dimensional origin of the D-dimensional p-form fields given in Table [0] resides
not only in 10D p-forms but also in 10D mixed-symmetry fields. These mixed symmetry
fields must satisfy the following restricted reduction rule in order to give rise to p-forms
corresponding to half-supersymmetric branes [23]:

restricted reduction rule: Consider a mixed-symmetry field A,,,, with m > n, cor-
responding to a two-column Young tableaux with m and n boxes, respectively. Upon
toroidal reduction, this mixed-symmetry field gives rise to a potential corresponding to a
half-supersymmetric brane, provided that the n indices are internal and along directions
parallel to n of the m indices.

We now review the ten-dimensional IIA and IIB fields, both form fields and mixed-
symmetry fields, that give rise, after the restricted dimensional reduction rule stated above,
to the branes associated to the fields given in Table [0l using the light-cone rule. For the
a = 0 fields we have

a=0: B, metric (3.1)

10This rule is essentially a translation, in terms of indices, of the fact that supersymmetric branes occur
in representations whose highest weight is a real root.

I The rule has an obvious extension to include fields Aponyms,... With a mixed-symmetry structure cor-
responding to multi-column Young tableaux. The n, indices have to be internal and parallel to n, of the
np—1 indices. When we write the mixed symmetry field A, , n,,.. we always assume that n > n; > na...,
otherwise the field simply does not exist.
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o tensors

Bi,a,B>
-1 Cont1,a,Cona
-2 Dp_4,Dp_3.4,
DD_27A1A2 s DD—17A1A2A3 R DD,A1A2A3A4
-3 Ep-24,Ep-1,4a5,ED A Aza
—4 FB,Al...Ad

Fp1,4,..44 5:FD,.AB...By 55
Fpoa,.Ay ¢:FD-1,4,B1..B, ¢

-5 GD,Al...Ad,4,t'l )
Gp-1,41..44 ¢,a+GD,A,B..By_g,a

—6 D =4: H4,A1A2A3A4
D =3: Hy A,4,45 ,H3 4.B,..B;

Table 6: Universal T-duality representations for all half-supersymmetric branes of the maximal su-
pergravity theories in D dimensions. The fields above the double horizontal line contain amongst their
T-duality components at least one brane that follows from the reduction of a brane of IIA/IIB string
theory. On the other hand, the fields below the double horizontal line contain none brane that follows
from the reduction of a brane of ITA/IIB string theory. Capital indices A refer to vector indices of the
T-duality group SO(d,d) with d = 10 — D. The indices a,a refer to chiral and anti-chiral spinor indices.
Repeated vector indices form anti-symmetric tensor representations. Tensor representations with both A
and B indices, separated by a comma, refer to mixed-symmetry representations, see section 2. The fields
in D =4 and D = 3 that have a < —6 are not included in the table. They are related to the fields with
higher a by « - —a—2p (D =4) and o - —a — 4p (D = 3), for any p-form.
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m=0|m=1|m=2|m=3

n=>0 Es,l E8,3 Es,s E8,7
n=1| Eoi1 | Eosz1 | Eos1 | Eor1

n =2 — Eisz | Ews2 | B2

Table 7: The Esiy 2m+1,n mixed symmetry fields of the IIA theory.

n=>0 Eg Eg» Eg4 Esg
n=1 - Eg21 | Fgu1 | Eop1

n = - E10,2,2 E10,4,2 E10,6,2

Table 8: The Esy 2m,» mixed symmetry fields of the IIB theory.

for both ITA and IIB, while for the o = —1 fields we have
ITA : C2TL+1 IIB : an . (32)
Similarly, we know that the o = —2 fields come from [22]

D6+n,n (33)

for both ITA and IIB.
We also know that the o = —3 fields come from [23]

IIA - Esinomiin 1B : Esinommn - (3.4)

The resulting fields are listed in Tables [7] and B
We next consider the &« = —4 fields. The fields in the last row above the double

horizontal line of Table[, that is F ,, , , are generated by the following mixed-symmetry
fields:

ITA : Fio2n+1,2n+1 IIB : Fioonon - (3.5)
Explicitly, these are the fields
Fioq11 Fiozs Fioss Fior7 (3.6)
in ITA and
Fig Fip22 Fio,4,4 Fio6,6 (3.7)

in IIB. Observe that only in the IIB case the list contains a form, which is indeed the
a = —4 9-brane that is the S-dual of the D9-brane.
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m=0| m= m = m = m =4
n=>0 Fy3 Fyan Fys59 Fye3 For4

n=1 — | Froa11 | Floser | Floest | Foran

Table 9: The Foiy 34mm.n mixed symmetry fields of the IIA and IIB theory. They give rise, after
restricted dimensional reduction, to the branes corresponding to the D-dimensional fields Fp_1 A,..a,_,

and FD,A,Bl...Bd,g-

n=0| Fse | Fsra
n=1 - Fg

Table 10: The Fsin.6+m.mn mixed symmetry fields of the ITA and IIB theory. They give rise, after
restricted dimensional reduction, to the branes corresponding to the D-dimensional fields Fp_2 a,.. A, ¢

and FD*l-,A-,BI»»»Bd—G .

We now consider the F' fields below the double horizontal line in Table These are
the fields that do not have any 10D brane origin. It turns out that all these fields have
a common IIA and IIB origin. The fields Fp_1 4, a, , and Fp a p,. B, , arise from the
following series of mixed symmetry fields

F9+n,3+m,m,n . (38)
The other o = —4 fields Fp_9.4,..4,  and Fp_1 4 p,..B, , are generated by another series
of mixed-symmetry fields:
F8+n,6+m,m,n . (39)
Explicitly, the resulting fields are given in Tables [9 and [0l
We next consider the G fields with o« = —5 in Table[@l In this case there are two series:
series 1 : GD Ay Ay s
series 2 : GD—l,Al...Ad,g,a GD,A,Bl...Bd,S,a . (310)

In the ITA theory, the first series is generated by the fields

Gro44n2m+1n (3.11)
while the second series is generated by

Goip6tn2mmnp - (3.12)
Similarly, in the IIB theory the first series arises from

Gioa4n1+2mn (3.13)
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m = m=1 m =2 m=3
=01 Gioua1 G043 - -
Gios1.1 | Gios31 | G551 —
- G632 | Gio6,5,2 -

= — G733 | Gio7s3 | Gioz7,3

Table 11: The G10.44+n.2m+1.n» mixed symmetry fields of the IIA theory. They give rise, after restricted
dimensional reduction, to the branes corresponding to the D-dimensional fields Gp A,...A, ,.a-

m=0| m= m = m =
p=0n=0 G9,6 G9,6,2 G9,6,4 G9,6,6
p=20 - G9,7,2,1 G9,7,4,1 G9,7,6,1
p=1n=1 — Gio7211 | Grora11 | Giog61,1

Table 12: The Goyip6in,2mnp mixed symmetry fields of the ITA theory. They give rise, after re-
stricted dimensional reduction, to the branes corresponding to the D-dimensional fields Gp_1,4,...A, ¢.a

and Gp A,B,...By_¢.a-

while the second series is generated by

G9+p,6+n,2m+1,n,p (314)
The explicit expressions for the fields are summarised in Tables [TIHI4l

Finally, we consider the H fields in Table [0l with a = —6. The fields Hy 4,. 4, and
Hs 4 g, ..B, corresponding to the a = —6 space-filling branes in 4D and 3D respectively, are
generated both in ITA and in IIB by the mixed symmetry fields

H10,6+n72+m,m,n ; (315)
m = m = m = m=3
n=0 G10,4 G10,4,2 G10,4,4 -
- G10,5,2,1 G10,5,4,1 -
= - G10,6,2,2 G10,6,4,2 G10,6,6,2
= - - G10,7,4,3 G10,7,6,3

Table 13: The G1o.44n2m.n mixed symmetry fields of the IIB theory. They give rise, after restricted
dimensional reduction, to the branes corresponding to the D-dimensional fields Gp A,...A, ,.a-
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m = m = m = m = 3
p=0n=0 G, Go6,3 Go65 -
p=0n=11 Gori1 Go73,1 Go,75,1 Gor71

p=1n=1| Gz | Gorsii | Gorsii | Gz

Table 14: The Goyp6+n.2m+1np mixed symmetry fields of the IIB theory. They give rise, after re-
stricted dimensional reduction, to the branes corresponding to the D-dimensional fields Gp_1,4,...A, ¢.a
and Gp,A,B,..By_s.a-

m = m=1 m =2 m=3 m =4 m=2>5

n=0| Hygz | Hioes1 Hio6a2 | Hioess | Hioeeua -

n=1 - H10,7,3,1,1 H10,7,4,2,1 H10,7,5,3,1 H10,7,6,4,1 H10,7,7,5,1

Table 15: The H1o 64n.2+m.m.n mixed symmetry fields of the ITA and IIB theories. They give rise, after
restricted dimensional reduction, to the branes corresponding to the o = —6 fields Hy 4,... 4, in 4D and
1137,4731”,35 in 3D

whose explicit expression is given in Table [[5 The a = —6 domain walls in 3 dimensions,
associated to the field Hs 4, 4,4, arise instead from the mixed symmetry fields

Hoy 7 44n.n (3.16)

in both the ITA and the IIB theory, once the restricted reduction rule is applied. One
can derive in a similar way the fields associated to the branes with lower o in D = 4 and
D = 3, but this is straightforward given that all these branes are related to the previous
ones by S-duality.

This finishes our review on the enumeration of all half-supersymmetric branes of D-
dimensional maximal supergravity together with their 10D origin in terms of forms and
mixed-symmetry fields.

3.2 Heterotic truncation

We are now in a position to discuss the heterotic truncation of the ITA/IIB fields discussed
in the previous subsection to those of the ten-dimensional SO(8,8)" "1 theory. We first
discuss the truncation at the level of branes or real roots. Next, we discuss its extension
to the full spectrum.

3.2.1 Brane truncation

The truncation at the level of the real roots is very simple and reads

20



heterotic truncation rule: truncate all fields of the ITA/IIB theory that are part of ITA
or IIB but not both. Equivalently, keep only the real roots of EZ™ that are common to
the ITA and the IIB theory.

After toroidal compactification, the heterotic truncation rule implies that we truncate
all fields in Table [6] that have either a ITA or IIB origin but not both. The truncation
projects out all the odd a branes, but also the a = —4 branes corresponding to Fjj 4 -
Note that these are the only even a branes that have a different ITA and IIB origin. This
explains why these branes are not present in the half maximal theory, as discussed in the
previous section. Remarkably, this simple prescription automatically eliminates all branes
whose worldvolume dimension is higher than 6. This is consistent with the fact that there
are no matter multiplets with 8 supercharges in spacetime dimensions higher than 6.

3.2.2 Spectrum truncation

One may wish to extend the above heterotic truncation rule to include not only the fields
corresponding to the supersymmetric branes, i.e. the real roots of EZ ™, but to include the
full Kac-Moody spectrum, including the fields corresponding to null and imaginary roots,
thereby truncating the spectrum of Ef 7 to that of SO(8,8)"**. In [21] it was shown that
the SO(8, 8)™+ is contained in the even-a spectrum of Ef [, In the previous subsection
we have managed to further characterize this truncation as far as the branes are concerned,
but as we will see it turns out that this is not so easy when the whole spectrum is taken
into account.

As an example, we consider all the 10-dimensional SO(8, 8)** fields (forms and mixed-
symmetry fields; real, null and imaginary roots) that give rise to forms in D > 6 dimensions.
These fields are (we put in brackets the squared length of the corresponding root o?)

By (2) Dg (2) Dg (0) D7y (2) Dig (—2) Doy (0) Dga (2)
Doz (0) Dgs (2) Dioa (2) Fys (2) 2x Figa (=2) Fios: (0)
Four (2) Figap (0) Fioain (2) - (3.17)

The o? = 2 fields above are those discussed previously. We now wish to obtain all fields
given above from a truncation of the EJ*™" fields of ITA and IIB. First of all, we have to
project on the fields with even «, that is the B, D and F' fields. If we do this, we realise
that the IIA fields that are left and that do not belong to eq. (3.17) are[]

Diy (=2) Fio1a (2) Fiosi (0) Fioss (2) (3.18)

12The authors actually considered the over-extended algebras SO(8,8)**+ and E;{Jr, but the analysis is
similar.

13This should not be confused with the dilaton weight «.

14We have given the D1q field a prime to distinguish it from the other Dyq field that already occurs in
eq. (3I7). Indeed in both the ITA and IIB theory there are two such fields, while there is only one in

eq. B17)
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while for the IIB fields we find

/10 (_2) Fl(] (2) F10,2 (0) F10,4 (_2> F10,2,2 (2) F10,4,2 (0) F10,4,4 (2> . (319>

The F-fields generalise the same pattern that we have already seen for the a? = 2 fields,
i.e. the ones corresponding to the real roots, discussed above. They are even «a fields
that nevertheless are not common to IIA and IIB and, therefore, must be truncated: on
top of projecting out the odd « fields, we also truncate the even « states fields that are
not contained in the intersection between IIA and IIB. However, applying the heterotic
truncation rule stated above is not enough: the Dj, field is common to IIA and IIB but,
nevertheless must be truncated, since it does not occur in eq. (B17).

One can extend the above analysis and consider also the fields in 10 dimensions that give
rise to forms in 5, 4 and 3 dimensions. In this case the situation is even more complicated
and there seems to be no pattern at all. We find that the intersection rule (common
ITA/IIB origin) is violated by more fields. Furthermore, there are now also even a (D — 1)
forms that must be projected out, while one can see that the even « fields in eqs. (318
and (3I9) only contribute to the D-forms.

3.3 Gravity and matter sector

In this subsection we justify the assumption made in the previous analysis that one can
consider the 10-dimensional spectrum of the SO(8, 8)*** Kac-Moody algebra as the gravity
sector of the SO(8, 84 n)" ™1 Kac-Moody algebra. In order to do this, we will consider the
spectrum of form fields (that is all fields with antisymmetric spacetime indices) that arises
in the six-dimensional ' = (1, 1) theory. For any n, this spectrum is given by

Bia(2) By(2) D2(2) Dsa(2) Dis(0) Dyaya, (2) Dsa(0)
D5 a,4,45 (2) De (=2) Deaja, (0) Deayayaza, (2) Fsa(2)
2% Fy (—2) Fsan, (0) Foap (2). (3.20)

Upon six-dimensional level decomposition the SO(8,8)""* Kac-Moody algebra gives this
spectrum for n = 0, i.e. all fields are in representations of the symmetry SO(4,4). The
SO(8,8+4n)tT Kac-Moody algebra gives the same spectrum, but this time with all fields
in representations of SO(4,4 + n). Therefore, the full Kac-Moody spectrum generalises
what the standard supergravity spectrum does: the dimensional reduction of the pure
supergravity theory in 10D and the dimensional reduction of the supergravity theory plus
vector multiplets give the same D-dimensional theory but with different amounts of D-
dimensional vector multiplets.

When n = 0, the fields in eq. ([3.20) arise from the dimensional reduction of the 10-
dimensional mixed-symmetry fields given in eq. (B.17). We will restrict for simplicity our

5Here we denote in brackets the squared length of the root associated to the highest weight of the
SO(4, 4 + n) representation.
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attention to the o = 0 field By and the o = —2 fields. The latter can be written in the
compact notation
Deinsomn (> =2—2m) | (3.21)

as can be seen from eq. (317). In particular the D fields associated with the real roots are
those with m = 0, that are indeed the fields in eq. (8.3]). The reader can see that reducing
all these fields (and the graviton) on T* gives the six-dimensional a = 0 and o = —2 form
fields in eq. (B:20)) as representations of SO(4,4). We can now consider the ten-dimensional
mixed-symmetry fields that are in the SO(8,8 + n)™** Kac-Moody algebra but not in the
SO(8, 8)*"* Kac-Moody algebra. These fields are basically the Kac-Moody generalisation
of the bosonic sector of the ten-dimensional vector multiplet. We first consider the a = 0
fields. The ten-dimensional SO(8,8 4+ n)™*" algebra gives an SO(n) symmetry, and the
a = 0 fields that are in SO(8,8 + n)*** algebra and not in eq. (B:2I) are clearly the
1-forms By 4, where the index A is the vector index of SO(n). The fields B; 4 thus belong
to the matter sector. It is straightforward to verify that the dimensional reduction of these
matter fields, together with By and the graviton, gives 8 +n 1-forms that form a vector of
SO(4,4 4 n). This is indeed the standard supergravity result.

We next consider the a = —2 fields. The SO(n) representations of all the D fields are
given by the compact formula

D6+n+2m+p,n,A1...Ap b= 17 27 37 4 . (322>

This includes the n = 0 fields given in ([B.2I]). The other fields, with n # 0, all belong to the
matter sector. The reader can check that these 10-dimensional fields, as representations
of SO(n), when dimensionally reduced on T promote the form fields with @ = —2 in
eq. (320) from representations of SO(4,4) to representations of SO(4,4 + n). A similar
analysis can be done for the fields with lower «, but the analysis is more complicated.

4 Duality and K3 Wrapping Rules

The ITA theory compactified on K3 and the heterotic theory on T* are conjectured to be
S-dual [24]. In this section we want to consider this duality from the point of view of the
corresponding Kac-Moody algebras. We will consider the orbifold limit 7*/Z, of K3. In
this limit one can consider a truncation of the low-energy action of the ITA theory in which
one compactifies over T* keeping only the fields that wrap over even cycles. This gives
N = (1,1) supergravity in six dimensions coupled to four vector multiplets, which is the
low-energy limit of the untwisted sector of the ITA theory compactified on the orbifold.
Here we want to first extend this result at the level of the Kac-Moody algebra, which
corresponds to the inclusion of form fields of all rank in the six-dimensional theory. We
thus consider the ten-dimensional ITA Eg "% mixed-symmetry fields and we compactify
them on T* keeping only the fields that wrap on even cycles. We keep only the fields
that give rise to forms in six dimensions, and we compare the result with the spectrum of
six-dimensional forms resulting from SO(8,8)*""  corresponding to the reduction of the
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gravity sector of the heterotic spectrum in ten dimensions. We then restrict our attention
to the branes, and show how the wrapping rules that the IIA and IIB branes satisfy when
compactified on the torus are generalised to wrapping rules on the orbifold.

4.1 1IIA string theory on K3

We consider the particular orbifold limit in which K3 is 7% /Z,. In this limit, the untwisted
sector of the ITA theory gives the N' = (1,1) supergravity multiplet plus four vector
multiplets. The orbifold has 16 fixed points, corresponding to a twisted sector giving
rise to 16 additional vector multiplets. Here we want to consider all the forms in the
untwisted sector (real, null and imaginary roots) as obtained from a particular reduction
of the TTA EZ ™ fields (forms as well as mixed-symmetry fields) in 10 dimensions. In the
previous section we have shown that the 10-dimensional fields of the Kac-Moody algebra
SO(8,8)™** that upon reduction on T? give rise to the forms in six dimensions given in
eq. ([B3:20)), are those in eq. (3.I7). The 6D forms are written as representations of SO(4, 4),
which is the symmetry of the non-chiral six-dimensional SO(8,8)"** theory. On the other
hand, the same fields, albeit as representations of SO(4,20), occur if one considers the
six-dimensional theory arising from SO(8,24)*"*. We now conjecture that the untwisted
sector of the ITA Eg*" theory on the orbifold should give the fields that are S-dual to
those in eq. (B.20) as representations of SO(4,4), while the twisted sector will extend these
representations to representations of SO(4, 20), exactly as it happens in the S-dual heterotic
theory as discussed in Subsection 3.3.

To check the conjecture we must compute the forms arising from reducing the mixed-
symmetry fields of IIA on T*/Z,. The orbifold projection is taken as follows: we first
perform a standard dimensional reduction of ITA on 7% and, next, we take only the fields
with an even number of the internal GL(4,R) indices. This is the same as saying that we
only reduce over even cycles, i.e. 2-cycles and 4-cycles. Roughly speaking, “taking even
cycles” is dual to “taking even values of o”. More precisely, the duality is equivalent to the
statement that first performing a heterotic truncation of ITA and next reducing over T* is
equivalent to first reducing ITA over T* and next performing the orbifold projection. Note
that the heterotic truncation and the orbifold projection are rather different in nature, and
therefore, the duality is non-trivial.

Given the orbifold projection, our task is now to show that, after reduction over 7% /Z,,
for each form the corresponding GL(4,R) representations add up to representations of
SO(4,4). We start by considering the scalars. These can only arise from the metric
(10 of them) and from the 2-form (6 of them) for a total of 16 scalars parametrising
SO(4,4)/SO(4) x SO(4). The additional scalar is the ten-dimensional dilaton. We next
consider each form separately.

1-forms The 1-forms can only come from the RR IIA fields A;, A3 and As. This gives
the SL(4,R) representations
10601 . (4.1)
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In decomposing the SO(4, 4) representations in terms of SL(4,R) C SO(4,4), one has
8=1a6®1 | (4.2)
which means that the 1-forms give a field A; 4 in agreement with eq. (8:20).

2-forms  The 2-forms come from A; and Ag, and give two singlets, in agreement with

eq. (3:20).

3-forms The 3-forms come from Az, As and A; and the computation is identical to the
1-forms, of which they are the dual.

4-forms The fields that give 4-forms are Ag (6), As (1), A7, (15@ 1) and Ags (6). We
have
28=106®6d15 | (4.3)

where the 28 is the adjoint (two antisymmetric indices) of SO(4, 4), which means that the
4-forms are

Ay Ay aa, - (4.4)
This is again in agreement with eq. (3.20).

5-forms From eq. ([3:20) we expect the fields to collect in the 8 & 8 & 56, where the 56
corresponds to 3 antisymmetric indices which decomposes as

56 =154 15®6 @ 10 10 (4.5)

under SL(4,R) C SO(4,4). The ITA fields are A5 (1), A7 (6), Ag (1), As1 (15® 1), Ags
(6), Ag31 (15), Ag3 (6 ®10), Agy (1) and Ag11 (10). It is easy to check that these fields
give indeed the correct SO(4,4) representations.

6-forms As we will see, for the 6-forms one has to project out some extra fields because
reducing on 7% and taking only the fields with an even number of internal indices gives
too many fields. Remarkably, we will see that the fields that one has to project out are
precisely Aqg, A10,1,1, A10,31 and Ay 33 which we have already seen in the previous section
as the extra even « fields that had to be projected out in the heterotic truncation.

From (3.20) we expect the six-dimensional forms to collect in the representations

181616280286 35y @ 355 @ 35¢ . (4.6)
The 35’s decompose under SL(4,R) as

35y =131® 165666620
3550 =10010® 15 . (4.7)

We now perform the reduction of the IIA fields. The 6-forms come from Ag (1), As (6), A7

(6 ) 10), Ag’l (15 e, 1), A&Q (20/ e, 15 e, 1), 2 % Al(] (1 ) 1), 2 X Ag,g (1 éh 10 ) 6 ) 6),
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Alo’g (6), 2 x A1074 (1 D 1), 2 x A10’3L(15® 15), A9,471 (15 D 1), A10’4 (1), A10,472 (6),
A1, (10), A1p11 (10) and A 33 (10).

As anticipated, we recover the representations of eq. (4.6]) provided that one of the 10-
forms A, one of the two Ay 3, fields, and the Ajp; 1 and Ay 33 fields are projected out.
These are exactly the fields in eq. (3.1I8]) that were projected out in the previous section as
the only even « fields that do not survive the projection to the ten dimensional heterotic
theory.

4.2 K3 wrapping rules

In the previous subsection we have seen that the “even a rule” and the “even cycle” rule
are not enough to establish the duality between the heterotic theory on 7% and the ITA
theory over K3. Both rules have to be supplemented with the truncation of an additional
set of fields. Remarkably, we find that in both cases this set of additional fields is precisely
the same. The Kac-Moody interpretation of these extra truncations is not yet clear to us.

Instead of discussing the duality between ITA on K3 and the heterotic theory on 7
from the full Kac-Moody point of view, we may also consider the same duality at the level
of the half-supersymmetric branes only. In doing this we will also consider the IIB theory
on K3, whose low-energy limit is the N' = (2,0) chiral six-dimensional supergravity theory
coupled to 21 tensor multiplets. Again, we will consider the orbifold limit 7%/Z, of K3,
in which case the untwisted sector gives supergravity plus 5 tensor multiplets, while the
16 additional tensor multiplets in the twisted sector are associated to the 16 fixed points.
The branes of this theory were discussed at the end of subsection 2.1.

We are interested in those fields that, as representations of the global symmetry group,
have a highest weight that corresponds to real roots of the Kac-Moody algebra. As in the
previous subsection, we do not specify the dilaton weight @ (which is not even defined for
the (2,0) case), and generically denote all fields with A. The fields of the (1, 1) theory (see
Table [I]) are

Ara 2x Ay Asa Asaa, Asaiaas Asa Asa,.a, Asan (4.8)

while the fields of the (2, 0) theory are given in eq. (2.19). The half-supersymmetric branes
follow from the fields using the light-cone rule.

We first restrict our attention to the branes with worldvolume at most 4, i.e. we do
not consider domain walls and space-filling branes. The reason is that we want to derive
all branes we consider from wrapping rules starting from the 10-dimensional branes, and
we know that in the maximally supersymmetric case (that is ITA/IIB compactified on a
torus) starting from 7 dimensions there are domain walls that do not arise from wrapping
the 10-dimensional branes (see the review in subsection 3.1). In the (1,1) theory there
are 8 lightlike directions, while in the (2,0) theory the number of lightlike directions is 10.
Using the representations of the fields given above and applying the light-cone rule we find
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the following number of (fundamental and solitonic) p-branes (p < 3)

0 — branes : 8

1—Dbranes: 1+1

2 — branes : 8

3 — branes : 24 (4.9)

for the (1, 1) theory (see Tables 2 and [3]) and

1 — branes: 10
3 — branes : 40 (4.10)

for the (2,0) theory, see eq. (2.22).

We now wish to verify whether the above spectrum of branes of the two theories in
egs. (4.9) and (AI0Q) can be obtained from the ITA and IIB theory by a set of K3 wrapping
rules. We take these K3 wrapping rules to be the same wrapping rules as we used for the
torus reduction. For fundamental and solitonic branes these wrapping rules were given in
egs. (Z23) and (2.24). We will also need the D-brane (a = —1) and E-brane (o = —3)
wrapping rules which are given by

wrapped —  undoubled (4.11)

unwrapped — undoubled '
and

wrapped —  doubled (4.12)

unwrapped — doubled '

respectively. The only difference with the torus reduction is that we now use the fact that
the K3 manifold has no non-trivial 1-cycles, while there are non-trivial 2-cycles. This means
that each 10-dimensional brane can be unwrapped, wrapped on a 2-cycle or wrapped on the
whole K3 manifold. Furthermore, we assume that the branes see an “effective” number of
2-cycles n. It turns out that this effective number of 2-cycles is the same in the ITA and I1B
theories, which is n = 6. In fact, this is just the number of ways that a 2-torus 72 can be
embedded in T*, where we are considering the orbifold limit 7% /Z, of K3, and Z, removes
the odd cycles. The fact that in the ITA case the K3 wrapping rules, defined in this way,
precisely reproduce the spectrum of branes given in eq. (4.9), as we will show below, tells
us that all half-supersymmetric branes come from the untwisted sector. The twisted sector
only gives additional compact directions in the global symmetry group which, according
to the light-cone rule, does not lead to additional half-supersymmetric branes.

We first consider wrapping the branes of the IIA theory on K3. The 0-branes can only
come from the DO unwrapped, the D2 wrapped on a 2-cycle and the D4 wrapped on K3.
Given that the D-branes never double, we get

number of 0 — branes =2+n (4.13)

16The IIB theory also has a a = —4 brane, the S-dual of the D9-brane. This a space-filling brane which
can only wrap. Upon wrapping it doubles.
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which comparing with the first line of eq. (£9) gives n = 6. We then consider the 1-branes.
These can only come from the unwrapped fundamental string F1 and the NS5 wrapped on
K3. The unwrapped fundamental string does not double, and the same is true for solitonic
objects that are fully wrapped. This leads to

number of 1 —branes =1+1 (4.14)

as in the second line of eq. (A9). The 2-branes come from the D2 unwrapped, the D4
wrapped on a 2-cycle and the D6 on the whole K3 manifold. Again, this gives

number of 2 — branes =2+n (4.15)

which again gives n = 6. Finally, the 3-branes can only come from the NS5 wrapped on a
2-cycle. Since 2 directions of this solitonic brane are unwrapped, we get a factor 4. This
gives

number of 3 — branes = 4n (4.16)

and again this gives n = 6 for consistency with the last line of eq. (£.9).

We now consider wrapping the branes of the IIB theory on K3. Since there are no odd
cycles on K3, one cannot obtain p-branes with p even (including p = 0) in the 6-dimensional
theory. The 1-branes come from the F1 and the D1 unwrapped, the D3 wrapped on a 2-
cycle and the D5 and the NS5 on the whole K3. No doubling is involved for these branes,
because the F1 does not wrap and the solitonic NS5 is fully wrapped, while in general no
doubling is involved for the D-branes. This leads to

number of 1 —branes=1+14+n+1+1 | (4.17)

which gives again n = 6 by comparing with the first line of eq. (4.10). Finally, we consider
the 3-branes. These come from the D3 unwrapped, the D5 and NS5 on a 2-cycle, and finally
the D7 and its S-dual E7 on the whole K3 manifold. The D-branes do not double, so one
gets 1 from the D3, n from the D5 and 1 from the D7, while the NS5 on the 2-cycles gives
4n branes (the factor 4 from the two unwrapped directions). Finally, the fully wrapped
E7 doubles, but we have to remember that this counts as 1/2 in the 10-dimensional theory
because there is no such brane in the ITA theory. So one gets 1/2-2% = 8. The final result
is

number of 3 —branes=1+n+4n+1+8 | (4.18)

and remarkably if n = 6 we get 40 branes exactly as in the last line of eq. (A.I0I).

We have seen that the spectrum of 6D p-branes, with 0 < p < 3, is precisely reproduced
by using the K3 wrapping rules defined above. We now consider also the 4-branes and 5-
branes. In principle, we do not expect all these branes to arise from ten dimensions using
our K3 wrapping rules, because we know already from the torus dimensional reduction that
starting from D = 7 there are domain walls that cannot be obtained from 10 dimensions.
Nonetheless, the consistency check is that using the K3 wrapping rules we should not get
more branes than we have in six dimensions. The relevant fields in the (1,1) theory are
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given by the 5-form fields A5 4, 4,4, and As 4 and by the 6-form fields Ag 4, 4, and Ag ap.
Applying the light-cone rule these fields lead to the following number of branes (see Tables

B and [):

4 — branes : 32+ 8,
5 — branes : 16 + 8. (4.19)

In the (2,0) theory we only have the 6-form fields Ag 4,4, 5 and they lead to the following
number of branes (see eq. (2.22)):

5 — branes : 80 . (4.20)

We now consider which of these branes come from the ITA and IIB theory by dimensional
reduction using the K3 wrapping rules. In the ITA case we have that the 4-branes come
from the D4 unwrapped (one brane), the D6 wrapped on a 2-cycle (n branes) and the D8
wrapped on the whole of K3 (one brane). In total one gets

number of 4 —branes=1+n+1 (4.21)

and for n = 6 one gets 8 branes. Although this is not the total number of branes, it is
remarkable that one obtains exactly the branes that come from one of the two irreducible
representations of SO(4,4 + n), as shown in the first row of eq. (AI9). The other repre-
sentation should follow from the reduction of “generalized” Kaluza-Klein monopoles, see
e.g. [23]. Similarly, for the 5-branes one obtains 16 branes coming from the (four times
unwrapped) NS5 brane. That is

number of 5 — branes = 16 (4.22)

and again one obtains the branes coming from one of the two irreducible representations,
as shown in the second line of eq. (4.19).

In the IIB case we get 16 5-branes from the unwrapped NS5, one 5-brane from D5, n
5-branes from the D7 wrapped on a 2-cycle, 8n 5-branes coming from the E7 wrapped on
a 2-cycle, one 5-brane coming from the D9 wrapped on K3 and 8 5-branes coming from
the S-dual of the D9. The result is

number of 5 —branes =16+1+n+8n+1+8 (4.23)

and remarkably this gives 80 branes if n = 6, in agreement with eq. (£20). In this case
the representation is irreducible, and therefore we must get all the branes from the K3
wrapping rules.

This finishes our discussion of the K3 wrapping rules.

5 Heterotic Branes and Central Charges

In this section we study the relation between the number of half-supersymmetric het-
erotic branes and the central charges of the half-maximal supersymmetry algebra. The
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R-symmetry under which these central charges transform is given in Table [I6l In general
dimensions the R-symmetry is given by SO(d) but in D = 4,3 there is an extension of
the R-symmetry to U(4)=SO(6)x SO(2) and SO(8), respectively. This is in agreement
with the fact that the duality symmetry is enhanced to SL(2,R) x SO(6,6) in D = 4 and
to SO(8,8) in D = 3. In all cases the total number of charges, including the translation
generators, is 3(16 x 17) = 136.

The properties of the spinor charges in different dimensions are as follows [25]. In 10D
the supercharges are chiral Majorana spinors (16 components). In 9D and 8D they are
Majorana. In 7D one has a USp(2) doublet of spinors satisfying symplectic Majorana
conditions. In the non-chiral six-dimensional theory (that we denote with 6A in Table
[16) one has R-symmetry USp(2) x USp(2), with the left-chiral supercharges in the (2, 1)
and the right-chiral supercharges in the (1,2), and each satisfying a symplectic Majorana
condition. In the chiral (6B) six-dimensional theory the chiral supercharge is in the 4 of
USp(4) and satisfies a symplectic Majorana condition. Similarly, in 5D one has a symplectic
Majorana spinor in the 4 of USp(4). In 4D the supercharge is a Majorana spinor in the
4+ 4 of U(4). Finally, in 3D one has a Majorana spinor in the 8 of SO(8).

We now wish to determine which central charge corresponds to which brane and how
many branes correspond to a single central charge, i.e. how many branes have the same
BPS condition. The number of branes that correspond to a single central charge is called
the degeneracy A of the BPS condition in Table [[6l Remarkably, we find that for all
heterotic branes, provided we include pp-waves and KK-monopoles, the relation between
central charges and supersymmetric branes is given by the following

central charge rule:

e Given each lightlike index i+, i = 1,...,d, of SO(d,d + n), interpret i as an R-
symmetry index. Then the resulting R-symmetry representation coincides with that
of the relevant central charge. Due to the symmetry enhancement of the duality
symmetry and R-symmetry this identification requires that in D = 4 the SL(2,R)
indices are converted to SO(2) indices, while in D = 3 the range of the indices is
extended from 7 to 8.

e The R-symmetry representation is simplified by applying the rule that, whenever a
pair of two symmetric indices ij of SO(d) occur, this pair is replaced by the invariant
tensor ¢;;. This also applies to the SO(2) part of the R-symmetry in D = 4, as well
as for the SO(8) R-symmetry in D = 3.

e If two branes of the same worldvolume dimension lead to the same R-symmetry
representation for the charges using the rules above, then these branes correspond to
the same central charge.

The above rule also applies to branes and BPS conditions that correspond to the dual
central charges. In general all charges can be dualised, with the exception of the 0-form
central charges and the translation generator.
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D R-symmetry n=>0 n=1 n=2 n=23 n=4 |n=>5
10 1 - 1 - - - 1"
A - 2 — — - 2
9 1 1 1 - - 1

A 2 2 — — 2,2

8 U(1) 2x1 1 — 1 1t 41"

A 2 - 2,4 2+2

7 USp(2) 3 1 1 3

A 2 2,9 2,4

6A | USp(2)xUSp(2) | (2,2) | (1,1)+ (1,1) (2,2) (3,1)* +(1,3)"

A 2 242,24 2,10 4+4

6B USp(4) = 145 = 10"

A = 2+2,16 - 4

d USp(4) 1+5 1+5 10

A 2+2 2+2,32 4,12

4 U(4) 6+6 1+15 10"+ 10

A 2+2 3+4,64 16 + 16

3 SO(8) 28 1+ 35¢

A 4 16 + 32,256

Table 16: This table indicates the R-representations of the n-form central charges of 3 <
D < 10 half-maximal supergravity and their relation to the half-supersymmetric heterotic
branes. Momentum is included, corresponding to the always present n = 1 singlet. If
applicable, we have also indicated the space-time duality of the central charges with a
superscript . For each central charge the degeneracy A of the BPS conditions is indicated.
The numbers after the comma refer to the degeneracy corresponding to the dual central
charge.

The effect of the above central charge rule is that in all but three exceptional cases,

1"The exceptions are 7D domain walls, 4D defect branes and 3D domain walls. The first case is special
since 7D domain walls are 5-branes and there are 5-branes with hyper and tensor multiplets. The other
two cases are special because the 4D (3D) fundamental string is a defect brane (domain wall).
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is twice the degeneracy of the half-supersymmetric branes of maximal supergravity. For
instance, according to the above rule the standard heterotic branes, which couple to the
fields By 4, B, Dp_4 and Dp_3 4, have degeneracy 2 whereas the standard branes of
maximal supergravity have degeneracy 1. Starting from 10D and going down in dimension
the first non-standard branes are defect branes in 8D, which are 5-branes that couple to
the fields Dg 4,4,. According to the light-cone rule there are 4 of them. They should be
associated to the singlet n = 3 charge and, therefore, we find degeneracy 4. Similarly,
we find that all heterotic defect branes have degeneracy 4 which is twice as much as the
degeneracy of the defect branes of maximal supergravity [23]. Domain walls first occur in
7D. In total we have 9 domain walls, eight of them are solitonic and couple to the fields
Dg 4, 4,4, and one of them is a o = —4 domain wall that couples to the field Fs. Although
the domain walls occur in two different duality representations, according to the central
charge rule they correspond to the same R-symmetry representation, which is an SO(3)
singlet, and hence have the same BPS condition corresponding to the same singlet n = 5
central charge. We conclude that the degeneracy A is 9. This case is one of the three
examples mentioned above where the degeneracy is not just twice the degeneracy of the
maximally supersymmetric case. This has to do with the fact that this case involves two
types of 5-branes, one with hyper multiplets and one with tensor multiplets. Similarly, in
maximal supergravity we have vector and tensor domain walls with different degeneracies.

Below we verify the central charge rule for the different dimensions, starting with 10D.
We first note some general patterns. In any dimension the translation generator cor-
responds to the pp-wave and the fundamental string except in the 6B case where the
fundamental string is replaced by a KK monopole and in 3D where there is no pp-wave
and, instead, we have the S-dual of the fundamental string. Furthermore, for D > 5 (in
6D we take 6A) there is always a singlet n = D — 5 BPS condition corresponding to
the singlet solitonic brane and the KK monopole. Finally, as mentioned above, the BPS

conditions corresponding to the standard branes (defect branes) always have a degeneracy
A=2(A=4).

10D 1In 10D the pp-wave and the fundamental string have the same BPS condition cor-
responding to the n = 1 translation generator. Similarly, the heterotic 5-brane and the
KK-monopole have the same BPS condition corresponding to the n = 5 central charge.
Note that the 5-form central charge is self-dual and we do not consider the dual of the
translation generator.

9D In 9D the fundamental 0-branes couple to the fields B; + and, therefore the n = 0
BPS condition has degeneracy 2. The fundamental string and pp-wave lead to a similar
degeneracy 2 of the n = 1 BPS condition (the translation generator). The 4-form central

18Tn this analysis we do not consider space-filling branes, since the degeneracy of these branes in the
maximal case has not been discussed sofar in the literature. As we will see in the conclusions, the property
that the degeneracy of the branes in the half-maximal theory is twice the degeneracy of those in the maximal
theory continues to hold for space-filling branes, with one further exception of space-filling branes in six
dimensions.
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charge corresponds to the solitonic 4-brane and the KK-monopole. Finally, the dual of
the 4-form central charge leads to a 5-form central charge which corresponds to the two
solitonic 5-branes that couple to Dg 4.

8D 1In 8D there are two n = 0 BPS conditions. They correspond to the 4 fundamental
O-branes that couple to Bj,;+ with ¢ = 1,2 a doublet of SO(2). The n = 1 BPS condi-
tion corresponds to the pp-wave and the fundamental string. The n = 3 BPS condition
corresponds to a solitonic 3-brane and a KK-monopole. The two n = 4 BPS conditions
correspond to the 4 solitonic 4-branes that couple to D5 ;1. The supersymmetric solitonic
defect 5-branes that correspond to the single n = 5 BPS condition couple to the 4 solitonic
fields Dg ;+;+ with ¢ # j, yielding a degeneracy 4 and a central charge that is a singlet of
SO(2) proportional to the invariant tensor €;;.

7D The 3 n = 0 BPS conditions correspond to the 6 fundamental O-branes that couple
to the fields By ;1 with ¢ = 1,2,3 a vector of SO(3). Like before, the translation gener-
ator corresponds to the pp-wave and the fundamental string. The n = 2 BPS condition
corresponds to the solitonic 2-brane and the KK-monopole. The n = 3 BPS conditions
correspond to the 6 solitonic 3-branes that couple to the fields Dy;y+. The 3 n = 4 BPS
conditions correspond to defect branes and have degeneracy 4. They correspond to the 12
defect branes that couple to the fields D5 1491, D514 31 and Dsoi3y. Finally, the single
n = 5 BPS condition corresponds to the 8 solitonic domain walls that couple to the fields
Dg 11913+ and the single & = —4 domain wall that couples to the field Fy. Both fields cor-
respond to the same central charge which is a singlet of SO(3). The degeneracy is therefore
9. As explained above, this case is exceptional due to the fact that we have two types of
domain walls, one with hyper multiplets and one with tensor multiplets.

6A The 4 n = 0 BPS conditions correspond to the 8 fundamental 0-branes and have
degeneracy 2, as expected. As usual, the translation generator corresponds to the pp-
wave and the fundamental string. The second n = 1 BPS condition corresponds to the
solitonic 1-brane and the KK-monopole. The 4 n = 2 BPS conditions correspond to the
8 solitonic 2-branes and therefore have degeneracy 2, as it should for standard branes.
The corresponding central charges are in the 4 of SO(4). The 6 n = 3 BPS conditions
correspond to defect branes with degeneracy 4. The corresponding central charge transform
as the selfdual and anti-selfdual representations of SO(4). The 4 n = 4 BPS conditions
correspond to 32 solitonic domain walls that couple to D5 11943+, D5 14944+, D5 14314+ and
D5 94314+ and 8 a = —4 domain walls that couple to F5;+. They both correspond to a
central charge in the 4 of SO(4). This gives a total of 40 domain walls and hence degeneracy
10 which is twice as much as the degeneracy of domain walls in non-chiral 6D maximal
supergravity [9]. As Table [[6 shows, D = 6 is the highest dimension in which there is an
n = 1 central charge other than momentum. This charge can be dualised, leading to an
n = 5 charge for space-filling branes. This charge couples to Dg;,+ i+ and Fg 44, which
according to the central charge rule indeed all correspond to a singlet charge of SO(4). The
degeneracy is 16 + 8 = 24.
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6B This case is special since there is no dilaton and hence no notion of o weight. The
translation generator corresponds to a pp-wave and the KK monopole. The other 5 n =1
BPS conditions correspond to the 10 strings that couple to Ay,+. This corresponds to a
central charge in the 5 of SO(5). The 10 n = 3 BPS conditions correspond to the 40 defect
branes that couple to Ay, +;,+ and hence have degeneracy A = 4. The central charge is in
the 10 of SO(5). As in the 6A case, the n = 1 charge in the 5 can be dualised, giving an
n = 5 charge for Ag;+ j,+j,+. According to the central charge rule, the symmetric indices
are proportional to ¢;; of SO(5), and one is left with a charge in the 5 with degeneracy 16.

5D The 5+1 n = 0 BPS conditions correspond to the 10 fundamental O-branes that couple
to B+, the solitonic 0-brane and the KK-monopole so that we have total degeneracy 2.
The translation generator corresponds to the pp-wave and the fundamental string. The
other 5 n = 1 BPS conditions correspond to the 10 solitonic strings that couple to Dy ;..
These BPS conditions all have degeneracy 2. The 10 n = 2 BPS conditions correspond to
the 40 defect branes that couple to Ds;, 1,+ and have degeneracy 4. The dual 10 n = 3
BPS conditions correspond to 80 solitonic domain walls that couple to Dy, 4,4+ and
40 o = —4 domain walls that couple to Fj; 1,,+. Both fields correspond to a central
charge in the 10 of SO(5). This leads to a total of 120 domain walls and hence degeneracy
A = 12 which is again twice as much as the degeneracy of domain walls in 5D maximal
supergravity [9]. The n = 1 charges in the 5 can be dualised to n = 4 charges, and indeed
one can show that for all the space-filling branes in D = 5 the central charge rule leads to
a charge in the 5. The total degeneracy is 32.

4D The 12 n = 0 BPS conditions correspond to the 12 fundamental O-branes and 12
solitonic O-branes. The fundamental and solitonic branes have different BPS conditions
since each of them corresponds to a central charge in the 6 of U(4) with a different U(1)
weight. Note that this additional U(1) weight occurs due to the fact that the R-symmetry
is extended from SO(6) to SO(6)xSO(2). In 4D the singlet n = 1 BPS condition corre-
sponds not only to the pp-wave and the fundamental string but also to a a = —4 1-brane
which couples to F3 and is the S-dual of the fundamental string. We therefore have total
degeneracy 3. Note that the fundamental string and its S-dual are defect branes. This case
is special due to the fact that these two defect branes have the same BPS condition as the
pp-wave. It is the second example mentioned above that violates the general central charge
rule. The other 15 n = 1 BPS conditions correspond to the 60 defect 1-branes that couple
to Dg;, +i,+. Unlike the defect branes corresponding to the translation generator, these
defect branes have degeneracy A = 4, characteristic for heterotic defect branes. The 20
n = 2 BPS conditions correspond to 160 solitonic domain walls that couple to Ds;, 1,454
and 160 o« = —4 domain walls that couple to F3;, 1,1+ With central charges in the self-
dual and anti-selfdual representation of SO(6). This leads to a degeneracy A = 16 which is
again twice as much as the degeneracy of the supersymmetric domain walls of 4D maximal
supergravity [9]. Finally, one can dualise the n = 1 charge in the 15, giving an n = 3 charge
corresponding to the 960 space-filling branes associated to Dy, + i+ (240), Fuix ji+. jot
(480) and Hy ;4. i+ (240). The reader can check that all these branes are associated to
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the same BPS condition corresponding to a charge in the 15 (that is the adjoint of SO(6))
by applying the central charge rule, thus resulting in a degeneracy A = 64.

3D 1In 3D the 28 n = 0 BPS conditions correspond to defect branes. We have 14 funda-
mental defect 0-branes that couple to B; ;1 and 14 a = —4 defect 0-branes that couple
to Fy,;r. They both correspond to a central charge in the 7 of SO(7). Furthermore, we
have 84 solitonic defect O-branes that couple to D;;,4+i,+. They correspond to a central
charge in the 21 of SO(7). Together, this leads to a central charge in the 285 of SO(8)
with degeneracy 4, as we expect for heterotic defect branes. The n = 1 BPS conditions
correspond to domain walls. The singlet corresponds to one fundamental string, its S-dual
(which couples to J, and replaces the pp-wave) and 14 « = —4 domain walls that couple
to Fy;4;+. Note that the latter, according to the central charge rule, corresponds to a
singlet central charge. Therefore, the singlet n = 1 BPS condition leads to a degeneracy
A = 16. This is the third special case mentioned above that is an exception to the general
central charge rule. The 355 n = 1 BPS conditions[] correspond to 8 x 35 solitonic domain
walls that couple to Dy 4iy4is+, 16 X 35 @ = —4 domain walls that couple to Fy; 4,4
and 8 x 35 domain walls that couple to Hy;, +i,+i,+. This leads to 32 x 35 domain walls
with degeneracy 32 which is twice as much as in 3D maximal supergravity [9]. We finally
consider the space-filling branes, whose charge is the dual of the n = 1 charge in the 35g.
The reader can check that all the space-filling branes, according to the central charge rule,
give rise to charges as representations of SO(7) that sum up to give the 355 of SO(8). The
degeneracy is A = 256. In all cases one can perform the same analysis considering directly
representations of SO(8,8 + n) for the fields. In the particular case of the space-filling
branes, the branes correspond to Aj;, 5. 5. (where we denote with i+ the light-cone
indices of SO(8,8+n)) and applying the central charge rule one can see immediately that
this gives a charge in the 35g.

This finishes our discussion about the relation between central charges and BPS con-
ditions plus their degeneracies.

6 Conclusions

In this work we have shown that the same brane wrapping rules we derived in our earlier
work for the toroidally compactified Type ITA/IIB string theory, see Table [I7], also apply
to the toroidally compactified heterotic theory. The heterotic wrapping rules are obtained
from the ones given in Table [I7 by restricting to the fundamental and solitonic branes
only. To derive the heterotic wrapping rules we first classified the half-supersymmetric
heterotic branes by requiring a gauge-invariant and supersymmetric Wess-Zumino coupling
or, equivalently, by picking out the real roots of the very extended SO(8,8 + n) algebra.
Here n refers to the number of vector multiplets in ten dimensions. We next compared the

YNote that the 355 is a self-dual representation of SO(8).
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numbers of such branes with the ten-dimensional ones and verified that they are connected
by the wrapping rules given in Table [I7

type of brane | Fundamental | Dirichlet Solitonic | E-branes | Space-filling

wrapped doubled undoubled | undoubled | doubled doubled
unwrapped undoubled | undoubled | doubled | doubled —

Table 17: The wrapping rules of the different types of IIA and IIB branes. The E-branes indicate
branes with T ~ g7 3, like the S-dual of the D7-brane. The last column indicates space-filling branes with
T ~ g7 such as the S-dual of the D9-brane. The heterotic wrapping rules are obtained by restricting to
the fundamental branes (T ~ ¢°) and solitonic branes (T ~ g;2) only.

We also discussed a so-called heterotic truncation of the ITA /IIB theory which projects
the ITA/IIB branes onto the branes of the heterotic theory. This rule can be understood
as the restriction to those branes that have a common ITA and IIB origin. Sofar, we did
not find an obvious generalization of this rule which applies to the full spectrum, including
the mixed-symmetry fields, of the very extended Kac-Moody algebra E;;. We used the
heterotic truncation to investigate the conjectured S-duality between the heterotic theory
on T* and the ITA theory on the orbifold realization T*/Zy of K3. We found that the S-
duality between these two theories is consistent, at the level of the supersymmetric branes,
with applying the same wrapping rules we found for the toroidally compactified ITA and
IIB theories, given in Table [I7] to the (even) cycles of the K3 orbifold. We thus found for
the first time that the wrapping rules also apply to (orbifold limits of) manifolds different
from the torus. The fact that this result holds is not completely surprising because T*/Zs
has 16 fixed points corresponding to 16 vector multiplets in the twisted sector, while the
untwisted sector produces a symmetry SO(4,4). This means that all the fields that in the
heterotic theory are associated to branes according to the light-cone rule are dual to IIA
fields coming from the untwisted sector of this orbifold. It would be interesting to also
study other orbifold limits of K3, i.e. T%/Z, with n = 3,4,6. It is not yet clear to us how
to implement the wrapping rules in these cases.

Finally, we performed an in-depth investigation of the relation between the central
charges of the D-dimensional supersymmetry algebras with 16 supercharges and the branes
of the D-dimensional heterotic theory. We established a simple so-called central charge
rule which prescribes which T-duality representation of heterotic branes is related to which
R-symmetry representation of central charges. We found that in general the degeneracy
of the heterotic BPS conditions, i.e. how many independent branes satisfy the same BPS
conditions, is twice as large as the degeneracies in the ITA/IIB theory. One can extend this
analysis to include also the space-filling branes, whose degeneracy has not been discussed
in the literature yet. By looking at the n = 1 central charges of the maximal supersym-
metry algebra which are different from the momentum operator (see Table 10 in [13]) and
comparing this with the number of space-filling branes in various dimensions (see refs. [14],
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D | R-symmetry n=1 space-filling branes | degeneracy
ITA 1 1 0 0
I1B SO(2) 2 2 1
9 SO(2) 2 2 1
8 U(2) 3 6 2
7 Sp(4) 5 20 4
6 | Sp(4)xSp(4) (1,1) 16 16
(1,5) + (5,1) 80 8
5 Sp(8) 27 432 16
4 SU(8) 63 2016 32
3 SO(16) 135 17280 128

Table 18: In this table we determine the degeneracy of the space-filling branes of the
maximal theories with respect to the n = 1 central charges in all dimensions. In the six-
dimensional case, the first line corresponds to tensor branes and the second line to vector
branes.

[17] and [15]) one obtains the degeneracies which are summarised in Table I8 The reader
may appreciate that in 5, 4 and 3 dimensions we again find that the degeneracy of the
space-filling branes in the half-maximal theories (see Table [16]) is twice the degeneracy of
the space-filling branes in the maximal theory. The six-dimensional case is an exception
because in this case there are both tensor and vector branes. We have seen already in the
previous section that the same exception to the rule occurs for the domain walls in seven
dimensions. We hope to discuss in more detail the space-filling branes and their relation
with the central charges for both the maximal and half-maximal theories in the near future.

The fact that the wrapping rules given in Table [I7 apply both to the toroidally com-
pactified ITA, TIB and heterotic theories and, furthermore, also apply to the K3 orbifold,
is encouraging. It suggests that the wrapping rules give a hint about the geometry under-
lying the full non-perturbative string theory. Restricting to the perturbative fundamental
branes our wrapping rules are in line with the doubled geometry proposal [26]. Indeed,
the doubling upon wrapping means that the fundamental string effectively sees a doubled
torus. An alternative interpretation is that there is a single torus and that the doubling
upon wrapping is due to the presence of an extra object in ten dimensions, i.e. the pp-
wave, which upon torus reduction leads to the desired doubling of wrapped strings. It
should be stressed that the worldvolume action of the fundamental branes, always con-
tain twice as many transverse embedding scalars as compactified directions as required

2ONote that we do not consider here an extension of space-time itself, like in e.g. [5] or [27].
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by the SO(d,d) T-duality. On the other hand, the background fields that occur in the
Wess-Zumino coupling to the branes that we have been studying depend only the usual
spacetime coordinates.

The situation becomes more subtle if we include, in the IIA /IIB case, the D-branes as
well. According to Table[I7lno doubling upon wrapping takes place or, in other words, there
is no Dirichlet analogue of the pp-wave. This means, for instance, that the D-string, unlike
the fundamental string, does not see a doubled torus even though its worldvolume action
does contain the same doubled number of embedding scalars as the fundamental string.
Proceeding to the solitonic branes, we see from Table[I7 that these branes are governed by a
so-called dual wrapping rule. This dual rule prescribes that the number of solitonic branes
is doubled when un-wrapped instead of wrapped. It is hard to understand the doubling
upon un-wrapping from a doubled geometry perspective only. Alternatively, the doubling
upon un-wrapping, can be understood from the fact that string theory contains Kaluza-
Klein monopoles that upon toroidal reduction leads to the desired doubling. The tricky
thing with this interpretation is that we found that the dual wrapping rule also applies
to solitonic branes with 2 or less transverse directions. To realize the dual wrapping rule
for these kind of branes requires a generalization of Kaluza-Klein monopoles to generalised
monopoles with 2 or less transverse directions. At the moment it is not clear whether
such objects can be defined within string theory. Scanning the remaining branes in ten
dimensions, see Table [I7, we obtain further wrapping rules whose interpretation in terms
of a doubled geometry is not clear.

What we find is that all branes with a fixed dilaton scaling of the tension, i.e. those
branes that are related to each other by a perturbative symmetry, see the same kind of
geometry. However, branes with a different dilaton scaling of the tension see a different
kind of geometry. The doubled geometry occurs in the case of the fundamental branes.
In this context we remind that the Type I string, which may be obtained from a so-called
Type I truncation of the IIB theory (which is the low-energy manifestation of the orientifold
projection [28]) and which is non-perturbative from the heterotic point of view, sees a quite
different geometry than the heterotic string. The heterotic wrapping rules do not apply to
the Type I branes. This is to be expected because the type I theory describes unoriented
closed strings and open strings, while the heterotic wrapping rules are a manifestation of
the fact that the strings are closed and oriented.

A further understanding of how to interpret the different wrapping rules we found is
needed. They give a clue about what the geometry is that is seen by the different branes
of string theory. We hope to come back to this issue in the nearby future.
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A  The SO(8,8+ n)""" Kac-Moody spectrum

In this appendix we want to obtain the half-supersymmetric branes of the heterotic theory
from an analysis of the roots of the Kac-Moody algebra SO(8,8 +n)*™**, that is the very-
extended SO(8,8 4+ n) algebra. This case is technically different from the maximal case
corresponding to the Kac-Moody algebra E;r(:{;r, which is the very-extended Egs) algebra.
The reason for this is that whereas Eg(g) is maximally non-compact, i.e. in split form, the
algebra SO(8, 8+ n) is in split form only for n = 0, 1 and —1. P]. We know that in the split
case all real roots, i.e. the ones with squared length o = 2, correspond to fields associated
to half-supersymmetric branes in the theory [17]. Extending this rule to the non-split case
requires a proper definition of real roots for the non-split case.

The analysis of the forms resulting from SO(8,8 + n)*™™* in any dimension was per-
formed in [I1I] (see Tables 2 and 3 of that paper for a summary of results). Here we will
refine this analysis by specifying the squared length of the corresponding root. In order to
study the reality properties of the roots, one has to specify the real form of the algebra.
This can be done by means of the so-called Tits-Satake diagrams. For a detailed analysis
of a Tits-Satake diagram, see for instance the review [29] and references therein. Here it
is enough to mention that a Tits-Satake diagram is a Dynkin diagram where the nodes
contain the following additional information:

e to each imaginary root, that is a root fixed under the Cartan involution, one
associates a painted node;

e to each real simple root one associates an unpainted node;

e to each two complex simple root orbit under the Cartan involution one draws an
arrow joining them.

We have drawn the Tits-Satake diagrams for the various real forms of the algebras D,
and B,, in Figs. [l and 2

We consider first the maximally non-compact cases SO(n,n) and SO(n+1,n), in which
case all the simple roots can be taken to be real. In the SO(n,n) case, denoting with i+,
i =1, ...,n the lightlike directions (as we have done throughout the paper), one can consider
the generators corresponding to the simple roots as follows:

o] — T1+ 29— Qy — T2+ 3_ oo Op—1 — Tn_1+ n— Oy — Tn_1+ n+ - (Al)

From this set of generators, using the fact that the indices are contracted using the sym-
metric invariant tensor

Lyjo=Li =05 , Lijy=0L ;=0 (A.2)

21The n = —1 case corresponds to pure half-maximal supergravity in nine dimensions, and cannot be
uplifted to ten dimensions. We will not consider this case here because we are only interested in theories
that can be uplifted to ten dimensions.

22The Cartan involution is an involution that makes the Killing form negative-definite. Therefore, for a
compact real form the Cartan involution is simply the identity.
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O—O—O0— — S0(n, n)

1 2 3

® O O . SO(n+1,n—1)

1 2 3
n

O—O0 —O0—@ SO@2n=p.p)

1 2 P p+1 n—3 n—2 0<p<n-—-2
n—1

Figure 1: The Tits-Satake diagrams corresponding to the real forms SO(2n — p,p) of D,,. We are not
considering here the SO*(2n) real form because it is not relevant for our analysis. In the last diagram, all
nodes from p + 1 to n are painted.

O—0- O—& —0—6 > ® S0@2n —p+1.p)
1 2 P p+1 n—2 n-1 n 0<p<n

Figure 2: The Tits-Satake diagrams corresponding to the real forms of B,,. All nodes from p + 1 to n
are painted. The case p, in which all nodes are unpainted, corresponds to the split form SO(n + 1,n).

one recovers the whole set of positive roots by constructing all possible contractions of the
tensors above P, All the roots have the same length, a? = 2. In the SO(n + 1,n) case,
denoting with 1 the single spacetime index and again with ¢4+, ¢ = 1,...,n the lightlike
directions, the correspondence between roots and generators is

o] — T1+ 29— Qg — T2+ 3_ oo Q1 — Tn_1+ n— Qy — Tn+ 1 (Ag)

where the last root a,, is the short (a? = 1) simple root. In this case the symmetric
invariant tensor is as before with the addition of I, ; = 1 that contracts the index in
the spacelike direction, and one obtains all the positive roots as sums of simple roots by
contracting in all possible ways the generators above. For any n, this algebra contains n
short (a? = 1) positive roots, which are associated to the generators Tj, ;. This can be
seen by acting recursively on T),, ; with the other generators in eq. (A.3). All the other
roots have a? = 2.

23The same applies to the negative roots, using the rule that the generators associated to the nega-
tive roots are given by changing both light-cone signs of the indices of the generator associted to the
corresponding positive roots.
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When one considers different real forms, one can define the generators exactly in the
same way, but clearly now the definition of light-cone directions is on the complex numbers.
The reader can check that, if one defines the generators as in eqs. (A.1]) and ([A.3)), for any p
the generators that become imaginary are precisely in correspondence with the imaginary
roots of SO(2n — p, p) and SO(2n — p+ 1, p) as dictated by the Tits-Satake diagrams given
in Figs. [l and 2 This means that in general the generators that correspond to the real
a? = 2 roots are the ones along the lightlike directions and satisfy the light-cone rule used
in this paper. For instance, as a trivial example one can consider the compact cases SO(2n)
and SO(2n + 1), in which case all roots are imaginary and correspondingly there are no
lightlike directions. Moreover, the same applies to the weights: the Tits-Satake diagrams
naturally give a dictionary for the reality properties of the weights, and translating this
to the corresponding representations Oy, Ap,Bi...B,,... ONe can verify, using the generators
above, that the real weights are associated to the directions satisfying the light-cone rule.

In [30] it was shown how one can define very-extended versions of real algebras that
are not in the split form using the Tits-Satake diagrams. From that analysis, it naturally
follows that the theory corresponding to the Kac-Moody algebra SO(8,8 4+ n)***, for
any n > 0, can only be uplifted up to 10 dimensions. It also follows naturally from the
very-extended version of the Tits-Satake diagram that the internal symmetry of the D-
dimensional theory is SO(d, d+n) for D > 5, SL(2,R) x SO(6,6+n) in 4D and SO(8,8+n)
in 3D. In order to determine the components of the T-duality representations of the fields
that correspond to branes in any dimension, one proceeds as follows. One decomposes the
adjoint of SO(8,8+n)*"* in representations of GL(D, R) x SO(d, d+n), and only considers
the representations of GL(D, R) having p antisymmetric indices (corresponding to p-forms).
One then selects only the representations whose highest weight is associated to a real root
of SO(8,8 + n)™ " with squared-length a? = 2 (this can for instance be done using the
programme SimpLie [31]). Within such representations, one then uses the analysis above,
which selects all components that are associated to real roots of SO(8,8 + n)™** as the
ones that satisfy the light-cone rules of SO(d,d 4+ n). This shows that the WZ analysis in
section 2 and the analysis of a? = 2 roots give the same answer also in the half-maximal
case.

As a corollary, we observe that the squared-length of the roots of SO(n, m)*™* satisfy
a universal pattern which is exactly in agreement with the analysis above. The pattern is
the following. In D dimensions, one decomposes SO(n, m)"** in GL(D,R) x SO(n — D +
2,m — D + 2). X1 The forms, that are antisymmetric representations of GL(D,R), have a
universal structure as representations of SO(n — D+ 2, m — D + 2), which does not depend
on n and m. It is convenient to introduce the notation ¢ = n+m—2D+4. Now take ¢ large
enough and start reducing it unit by unit and determine in each case the squared-length of

24This can be generalised easily to representations containing spinorial indices. The light-cone rule
extends to these representations [6]. We did not consider this extension in this paper since spinorial
indices do not occur in the heterotic case.

2In D = 3 one has symmetry enhancement to SO(n,m), and in D = 4 to SL(2,R) x SO(n —2,m — 2).
Similarly, there is an additional possible six-dimensional decomposition for D = 6, giving SO(n —3, m —3).
We have seen all this in detail throughout the paper.
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the roots associated to the highest weights of the representations. Consider in particular a
p-form representation of SO(n — D + 2, m — D +2) with r antisymmetric indices A, 4, a,.
One may always use the epsilon symbol €4, 4, to convert r indices into ¢ — r indices. As
soon as q < 2r, you decrease the number of indices by doing this. Correspondingly, when
this happens, the squared length a? decreases by the amount

Ao =q—2r . (A.4)

This is exactly in agreement with our light-cone analysis above. Consider as an example
the split case m. In this case ¢ is even and the algebra is given by SO(q/2, q/2). Suppose
that the p-form A, 4, a, has o® = 2 for ¢ > 2r. If you decrease ¢, as soon as q < 2r
there are no longer components of the representation that satisfy the light-cone rule. From
eq. (A4), we see that the value of a? decreases accordingly and the highest weight no
longer corresponds to a real root.

B Type I Truncation

In this appendix we consider the truncation to the low-energy effective action of the closed
sector of the Type I string theory. Unlike the heterotic case, the Type I theory can only be
obtained by a truncation of the IIB theory. This can be easily understood by comparing the
supergravity sector of the Heterotic and Type I spectrum. Both result from the SO(8,8)"*+
diagram, see Figure Bl From the diagram, deleting nodes 10 and 11, one obtains the 10
dimensional spectrum of the N' = 1 theory with no vector multiplets. Denoting with
({10, 111) the levels corresponding to the two deleted nodes, we get the spectrum of forms
(the last number in brackets denotes the squared length of the corresponding root)

(0,1) : Ay (2),
(1,0) : Ag (2),
(1, 1) . Ag (O) y
(1,2) : Ay (-2) . (B.1)
10 11
O O O O O O O O O
1 2 3 4 ) 6 7 8 9

Figure 3: The SO(8,8)™ "+ Dynkin diagram.

To obtain the heterotic theory, one assigns a dilaton scaling

QHet = —2110 . (B2)
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Given that the node [1o only enters the internal symmetry after compactification to 4D and
3D, the heterotic internal symmetry is perturbative for D > 4, i.e. it does not involve the
dilaton. In 4D there is an extra SL(2,R) (indeed node 10) that involves the dilaton, and
in 3D the SO(7,7) T-duality symmetry, that does not transform the dilaton, is enhanced
to the non-perturbative symmetry SO(S, 8).

To obtain the Type I theory, one assigns a different dilaton scaling

Qltype—1 — —lo =l . (B-3)

The difference is that while in the heterotic case A, is fundamental and Ag is solitonic, in
the Type I case both Ay and Ag are Dirichlet. Whereas both the ITA and the IIB theory
contain a fundamental 2-form and thus can be both truncated to the heterotic theory, only
the IIB theory contains a Dirichlet 2-form as well. Therefore, the closed sector of the Type
I theory can only be obtained by a truncation of the IIB theory. From eqgs. (B.2)) and (B.3])

it also follows that 1

Qtype—1 = _529 — QHet (B4)

relating the two dilaton scalings cuype—1 and aie; for each p-form.

One can generalise the IIB truncation to Type I at the level of the full Kac-Moody
algebra Eg ™" | whose Dynkin diagram is given in Fig. M exactly as we did in Subsection
3.2 for the Heterotic theory. In the diagram of Fig. [ the ITA theory corresponds to
deleting nodes 10 and 11, while the IIB theory corresponds to deleting 9 and 10. Denoting
with mqg the level of node 10 of the E§++ diagram, one has for both ITA and IIB

QIIA/IIB = —Mig - (B.5)

We have seen in Subsection 3.2 that both theories can be truncated to the heterotic theory,
and the prescription in both cases is to truncate to even myg, that is even «, and then
project away additional fields (if one is interested in form fields after dimensional reduction
to six dimensions and above, these extra fields are given in eq. (3.I8) for ITA and in eq. (319)
for IIB). The dilaton scaling leads to the identification

2[10 =My - (BG)
11
O O O O O O O O O O
1 2 3 4 5 6 7 8 9 10

Figure 4: The Ef™* Dynkin diagram.
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The Type I truncation is obtained by taking the fields in the IIB theory with mg + myg
even (like in the heterotic truncation, this does not mean that we keep all such fields). In
this case, to match the dilaton scaling, the identification is

ll() + l11 =mio - (B?)

The fact that the dilaton scaling in the Type-I truncation involves node [l;; implies
that in the Type I case the internal symmetry is non-perturbative in any dimension. For
instance, in nine dimensions the SO(1,1) vector of 1-forms comes from the graviton, that
is aype—1 = 0, and from the reduced R-R 2-form, with aiype—1 = —1. In general, fields
with different ’s are involved in building up representations of SO(d, d). This implies that,
unlike in the heterotic case, the truncation does not preserve the wrapping rule. This can
already be seen from the nine-dimensional example above.

The Kac-Moody analysis of the Type I spectrum can be extended to the full algebra
SO(8,8 + n)*™* to include the matter sector. From eq. (B.4]) one can see that in ten
dimensions the 1-forms Bj 4 in the fundamental of SO(n) in the heterotic theory are
mapped to 1-forms with oyype—1 = —%, while the dual forms D7 4 are mapped to 7-forms
with ouype—1 = —% . These half-integer dilaton scalings are related to the fact that this
part of the spectrum of the theory comes from the open sector.
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