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1 Introduction

The conformal bootstrap program [2, 3| is a non-perturbative approach to the construction
of interacting conformal field theories (CFT), which has made remarkable progress in recent
years since the pioneering work of [4]. This approach has been successfully applied to many
conformal field theories [1, 5-26].

Conformal blocks (CB) are the basic ingredients needed to set up the conformal boot-
strap equations. They encode the contribution to a four point function from the exchange
of a primary operator and all its descendants. The CBs depend on the spacetime dimension
d and on the scaling dimensions and SO(d) irreducible representations labelling the four
external primary operators and the exchanged operator. Explicit formulas are known only
for simple cases like external scalar operators in even spacetime dimension [27, 28]. In other
cases one has to resort to more indirect methods like, integral representations [29-35], re-
cursion relations that increase the spin of the exchanged operator [27, 36] or efficient series
expansions [37, 38]. There is also a general method to increase the spin of the external
operators using differential operators [26, 39, 40]. However, this method cannot change
the SO(d) representation of the exchanged operator. In this paper, we consider a different
method proposed in [1, 18], which generalizes an old idea of Zamolodchikov for Virasoro
conformal blocks [41]. The idea is to consider the CB as a function of the scaling dimension
A of the exchanged operator and analyze its analytic structure in the A complex plane. As
explained in the next section, all poles in A are associated to the existence of null states in
the exchanged conformal family which leads to residues proportional to other CBs. This
knowledge leads to recursion relations that can be used to efficiently determine the CBs.

In this paper, we carefully explain the several ingredients that go into the construction
of the recursion relations in 3 simple cases. Namely, the exchange of a symmetric traceless



tensor in the four point function of 4 external scalars in section 3, 3 scalars and 1 vector
in section 4 and 3 scalars and 1 conserved current in 5. The case of the vector operator
illustrates a new feature that arises when there is more than one CB for a given set of
labels of the external and exchanged operators. In this case, the residues in the A complex
plane become linear combinations of several CBs.

In section 6, we give a detailed discussion of the structure of general conformal families
in any spacetime dimension. In particular, we determine all possible singular values of A
for any CB. We argue that these singularities are simple poles in odd spacetime dimension
d (and generic non-integer dimension, by analytic continuation in d). We conclude with
some remarks about the residues of these poles in general spacetime dimension but leave
their explicit computation for future work.

2 Basic idea

We start by summarizing the basic idea that gives rise to recursion relations for the con-
formal blocks. Before that we introduce some standard CFT notation.

2.1 CFT preliminaries

Let us first begin by setting up our notations and conventions (see [42-44]). Throughout
this paper, a symmetric and traceless tensor 7H1#! is encoded by a polynomial 7 (z) by

T(z)=TH Mz -z, (2.1)

where z# is a vector in C¢ that satisfy z -z = 0. We can recover the tensor from the
polynomial by the relation

1
Bl — B D
T e 1)lDZ DM (). (2.2)

where h = d/2, (a); =T'(a+1)/T(a) is the Pochhammer symbol, and D% is the differential
operator defined by

0 0 1 0?
M= _ L) oM
b = <h Ltz 62) 0z 2% 920z

(2.3)

In this formalism, we denote a primary operator with spin [ and conformal dimension A by
O(z,z) = OF P (x) 2y, - 2y, - (2.4)
The two point function of (canonically normalized) primary operators is given by

(O, 21) O, 29)) = FLT(T12)° )t (2.5)

L1

with 219 = 1 — 29 and
Ty
2

L(x) = 1y — 2 (2.6)
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Figure 1. Radial coordinates of [37].

The three point function of two scalar primaries O1, Q2 and one spin [ primary operator
O is completely fixed up to an overall constant,

(23-9)"
(O1(21)O2(22)O(3, 23)) = c120 g \AITA; ATl o AfApl , AAppl (2.7)
T12 2 (z13) 2 (z33) 2

where A;; = A; — Aj, ¢ are the structure constants of the conformal field theory and
w i
yt =23 — % . Notice that this corresponds to the OPE

T3 23

(-2-2)

T ATALLH
(x2)" 2

O(x,2)01(0) = c120 [02(0) + (descendants)] . (2.8)

Four-point functions depend non-trivially on the conformal invariant cross ratios

2 2 2 .2
_ T12T34 v = L1423 (2.9)
T aZal,’ T alal, ’
13%24 13724

Instead of u and v, it will be more convenient in the following to use the radial coordinates
r,n of [37]. Using a conformal transformation to map z; to the configuration shown in
figure 1, we define the radial coordinates by r and 1 = cos 6.

To state the exact relation between the radial coordinates r,n and the standard cross
ratios u, v, we first define z and z via u = 2z and v = (1 — z)(1 — 2). We can then map z
and Z to r and 1 = cos 6 using

ret? = L re” = S — (2.10)

(14++/1—=2)2" (14++v/1-2)2"



2.2 Basic idea

In this section we summarize the basic idea of this paper. To make a cleaner exposition
we consider the conformal block of a four point function of scalar primary operators,

(O1(21)O2(x2)O3(x3)O4(x4)) = Z c120340G A (21, T2, T3, T4)

o
@ O3
O
=> >D:c< :
O O Oy

where O; are scalar primary operators with dimension A; and O is a primary operator
with dimension A and spin [ (for clarity of the exposition we first suppress the [ indices of
O). Conformal symmetry implies that each Ga (21, 2,23, 24) is fixed up to a function of
two conformal invariant real variables r, 7 introduced in the previous section:

Ajo Azg
134 2 xi 2
iy i,
Ga (w1, 2,23, 74) = ET™ aorar 9a0(mm), (2.11)

(2%y) "2 (x3,) 2

where A;; = A; — A;. It is convenient to express the conformal block as a sum over states
in radial quantization

(0]O1(21) Oa(22)|r) (| O3(23) O4(4)|0)
(a]a)

C120€310G a1 (X1, T2, 23, 24) = ,  (212)

acEHo

where Hp is the irreducible representation of the conformal group associated with the
primary O (i.e., it is O with all its descendants).

We will study Ga (21, 22,23, 24) as a function of A. For some special values A = A%,
there exists a descendant state'

Ag = A%
|04) € Ho with { A AT A (2.13)
A
at the level n 4, that becomes a primary, as shown in picture 2. Namely
K,|04) =0 (2.14)

for all special conformal generators K,. It is easy to show that any state that is both
primary and descendant must have zero norm. Therefore, it follows that the denominator
of (2.12) becomes zero when A = A%,

G — . 2.15
Al A—AY > (2.15)

If |O4) is a null primary state, its descendants are also null and together they form a
conformal sub-representation. It then follows that G'a; has a pole at A = A% and its

! Again we suppress the indices of Q4.
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Figure 2. The conformal representation Ho becomes reducible for some special values A% of the
conformal dimension of @. The descendant state 04 becomes a primary and the representation
Ho, only contains null states.

residue is proportional to a conformal block,?

Ra
Ga(x1, x2, 23, 4) — WGAAZA($1,CL'2,CL'3,$4) as A — A (2.16)
A

The coefficient R4 will be given by three contributions
Ra=MPQam (2.17)

where () 4 comes from the inverse of the norm («|«a) of the intermediate state «, while MlgL)

and MIE‘R) come from the three point functions (0|01 (z1)O2(x2)|a) and (a|O3(x3)O4(24)]0).

To be more explicit we restore the indices and we define the normalization of the
primary state |O;z) = 2, ... 2, |OFF) with spin [ and dimension A, as

(0;2]0;2") = (z- &), (2.18)
and write the norm of the descendant state |O4; z) as

(O4;2|04;2") = No(z- )4 (2.19)

2In some cases, the singularity can be a higher order pole. Moreover, in general the residue of the pole
may not be another conformal block. Some of these exceptions are discussed in section 6 but they will not
be important for the rest of the paper.



Since |(921"'WA> is a null state, N4 has a zero at A = A%, so that the inverse of N4 will
have a pole at A = A% with some residue Q4.
For what concerns the three point functions, the OPE for a primary operator is given
in (2.8), while the OPE of a primary descendant operator takes a similar form, except for
(L)
the factor M,

0 o, (=i |
A(CL’, Z)Ol (0) == A 6120(2)AA—+A12‘HA [(92(0) + descendantb] . (220)
2

xT

In the same way one could define MIE‘R) from the OPE involving O3 and Oj.

The idea of the paper is to find all the poles A% in A of the conformal block and the
associated primary descendant states ]O:lmyl“ ). Using this information we will compute the
residue R4 of the conformal block at each pole A% . In addition, we will study the behavior
of the conformal block ga; as A — co. To be precise ga; has an essential singularity when
A — oco. However, one can define a regularized conformal block ha;(r,n) such that [1]

gau(ryn) = (4r)ha(r,m) (2.21)

R n
hAl(T7 77) = hOOl(Ta 77) + Z ﬁ(llr) AhAA la (T, 77) ) (2‘22)
A A

where hooi(r,17) = ima 00 hai(r, 1) is finite and can be computed explicitly (see below).
Equation (2.22) can be used as a recursion relation to determine the conformal block.
Notice that if we plug into the right hand side of (2.22) a series expansion for ha;(r,n)
correct up to O(r*), then the left hand side will be correct up to O(r**1) because n4 > 1.
Furthermore, for this purpose, we only need to keep a finite number of terms in the sum
over primary descendants A.

3 Conformal blocks for external scalar operators

In this section we rederive the recursion relation for conformal blocks of external scalar
operators presented in [1, 18]. As we discussed in section 2.2, three ingredients are needed
to write such a formula: the knowledge of the data relative to the null primary states
(namely A%, A and [4), the value of the residue R4 and the conformal block at large A.
In the following three subsections we will study each one of these three ingredients and in
section 3.4 we will put them together into a recursion relation.

3.1 Null states

In this section we list all the null states that can appear in the OPE between two scalars. A
null state is a state [¢) that is orthogonal to all other states. Notice that every null state is
either a primary descendant, i.e. it is a descendant that is annihilated by the generators of
special conformal transformations K, or it is a descendant of a primary descendant. This
follows from the fact that if |¢) is null and K,|¢)) # 0 then K,|¢) is also null and it has
lower dimension. We can continue this process until we reach a null state |1g) that is also
primary. The original null state |¢) is then a descendant of |¢)g). Therefore, it is sufficient



to look for all primary descendants that arise in a conformal family when the dimension A
of the primary varies. Since any operator that appears in the OPE of two scalar operators
has to belong to the traceless and symmetric representation of the rotation group SO(d),
it is sufficient to look for primary descendants in this representation.

Consider traceless and symmetric primary state with spin [

AL 2) = 2y 0.2, OF111(0)]0) = O(2,0)]0), (3.1)

normalized as in (2.19). We find (see section 6 for justification) that, in the OPE of two
scalars, all primary descendants are of the following 3 types, which we call type I, type 11
and type III (see figure 3).3 For each type the null states are labeled by an integer n, which
as we will see runs over all positive integers for type I and type III, and over a finite set

for type II. In the following we will collectively denote the type (I, II, III) and the integer
n by the label A,

A =Type,n, Type = LILII . (3.2)
n =1,2,...

All the primary descendant states can be written as a differential operator D4 acting on
the primary state:
‘AA,ZA;Z>:’DA‘A,Z;Z>. (3.3)

Type I). Type I states are the maximal spin descendant at level n
IA+n,n+1;2) =Diy|A L z) = (2 P)"|AL;2), (3.4)

where P* is the generator of translations. In formula (A.6) in appendix A we find that the
norm of the state (3.4) becomes null when

A=A7,=1-1l—-n (n=1,2,...). (3.5)

In =
Type II). Type II states are the minimal spin descendant at level n <1

(D, - P)"
2= h—1)u(—1)

|A+n,l—n;z) =DuylAl;2) = 1AL 2), (3.6)
n

where D, is the operator introduced in (2.3) and we recall that h = d/2. In formula (A.13)
in appendix A we compute its norm and we show that the state becomes null when

A=Af,=l+d-1-n (n=1,2,...,1). (3.7)

Type III). Type III primary descendant states have the same spin as the original pri-
mary,

|A +2n,1;2) = DiinlALiz) =Vo - Vi Vno1|A L 2) (3.8)

where

(P-z)(P-D,)
(h+l+j—1(h+1—7-2)"

V; =P -2 (3.9)

3Type II and type III in our paper is type III and type II in [1], respectively.



Figure 3. The picture shows the traceless and symmetric part of Hp. Each sequence of arrows
creates a descendants of O. When the conformal dimension of O takes a value A%, one descendant
placed at a colored dot becomes a primary state. There are three types of primary descendants
labeled by an integer n that counts the dots from the left to the right.

In appendix A we compute the norm of (3.8) in various cases and we conjecture that this

descendant state becomes primary when

A:Afnngfn (n:1,2,) (310)

In appendix A we computed the norm N4 of the three states and we found that it has
a zero at A = A% . In what follows, we will only need the residue @ 4 of the inverse of the
norm at the pole A = A%

QA

1
N—A%m, A — AL (3.11)
We found
n
Qin = e (3.12)
n(—=1), (h+l—n-1)
= — 1
Qi = = o2 2h 4 = n =2 (hl—1) (3.13)
-1
Quin = — - (hti-n-1) (3.14)

(—=16)"(nh)2(h —n—1)op (h+1+n—1)"



Notice that if we consider even spacetime dimensions, Qi1,, diverges for large enough n due
to the Pochhammer symbol (h—n—1)s, in the denominator. In fact in even d the conformal
blocks can have higher-order poles in A. This phenomenon is related to the structure of
the conformal families as we will explain in section 6. The fact that Qi diverges implies
that we cannot use the recursion relation to obtain CBs when d is even. However the
conformal blocks are defined for non-integer dimension by analytic continuation in d and
they are actually finite and well defined in the limit of d even.

3.2 Residues R4

We shall now compute the OPE coefficient M4 of the primary descendant A. Since for a
scalar primary operator O(x, z) the OPE can be written as (2.8), the OPE of the primary
descendant D4O(x, z) is given by

(—z-2)!

A+Aqo+l
:L' 2

DAO(x,2)01(0,21) = c120 Da [02(0) + descendants] , (3.15)

(recall Dy is the differential operator introduced in (3.3)). At the same time, since
DAO(z,z) is itself a primary operator, (3.15) should also take the form of (2.8), up to
a possible normalization factor. We can therefore formulate our problem as follows: we
want to find a constant MAL) such that

(~z-2)l
9 Apat+Aiatiag
2

(3.16)

(recall that A4 and l4 are the conformal dimension and spin of the primary descendant
A). Computing (3.16) for the three types we find (see appendix B.1)

M Z (25 <A+A12 +l) 7
n

In 92
L) ad+l—n—2), (A+Ap+2—-d—1

MHn_Z (h+l*n*1)n 9 nv (317)
W _ gD (At Ap+2-d-1\ (I+A+ A

MIH,n ( )(h—l—n—l) 9 i 5 n.

With this information we can determine the residue R4 by formula (2.17) (of course Mj(f)

should be evaluated at A = A%). This result is consistent with the result of [1, 18].4

3.3 Conformal block at large A

To compute the large A behavior of the conformal block we need to study the conformal
Casimir equation
C GAl(xlv xr2,x3, $4) = CAIGAl(wla 2,3, $4) ) (318)

“We use the conventions of [27, 39]. Our convention is related to those of [37] and [1, 18] as follows:

(_2)l (%)l here

[37] [1 18]
44 = .
9n N (u U) (’LL, U) (d — 2)l gan (u7 U)



where ca; = A(A —d) + (I +d — 2) and C is the conformal Casimir operator acting on
the points 1 and z, as explained in detail in appendix C.3. Equation (3.18) is a second
order differential equation (since we are using the quadratic Casimir) that can be used to
compute the full conformal block Ga; [28]. The leading term in A of equation (3.18) can be
used to find the large A behavior of the conformal block. As it is explained in appendix C.3,
in this limit (3.18) reduces to a first order differential equation for the conformal block that
can be solved up to an integration constant. Moreover we can fix this constant computing
the OPE limit (212,234 — 0) of the conformal block.

To find heoi(r,n) we rewrite (3.18) in the radial coordinates (2.10) and use the defini-
tions (2.11) and (2.21) to get an equation for ha;(r,n). If we consider the leading behavior
in A we get a simple differential equation

N (A1a—Asy) (7”2—1)2—7727“ ((1—2h)r2—|—1)—r37+r (h(r?+1)-2)

orh =4 h
T ool(rfr]) (7"2—1) (T2—2?77’+1) (T2—|—2777"+1) ool(ra 77) )
which can be solved as
(1 . 7"2)17h
hoot(1,1) = 1-Aj51A5, 14A15_Agg fi(n). (3.19)
(r2 —2nr+1) 2 (r2 +2nr +1) 2

Here fi(n) = lim,_,0 hooi(7, 1) is an integration constant.

In order to determine f;(n), we need to fix the behavior of the conformal block as
r — 0, or equivalently l‘%2,$§4 — 0. We thus want to compute the leading term of the
conformal block of four scalars in the limit x%,, 73, — 0. For x12 — 0 one has (from (2.8))

(z12 - D,)!

C
O1(z1)Oa(z3)  ~ 120 o a O, 2). (3.20)
2

z12—0 (h — l)ll' (:L,%2)

In the four point function we take the leading OPE (3.20) both on the left (z12 — 0) and
on the right (z34 — 0). We then use (2.5) to express the remaining two point function,

1 (z12 - D,)! (234 - D) (2 I(may) - 2')!
A’l( ) z12,234—0 (l! (h — 1)1)2 (x%2)A1+A227AH (5534)A3+A§7AH ($%4)A ( )

We can trivially get rid of the variable 2’
(234 - Do) (z - I(wag) - 2) =11 (h— 1)i(2 - I(x4) - x34)", (3.22)

since the variable z already ensures that the resulting tensor is traceless. In terms of the
radial coordinates we then find the leading contribution for » — 0 of the conformal block,

! A ~h—1
QA,Z(Ta 77) r—0 (72)1 (h 7 ]-)l (4T) Ol (77) ) (323)
where we used the formula [39]
(x'Dz)l(?J'Z)l _ I! 2 NI/2~h—1(4 -~

in which C¥(z) is the Gegenbauer polynomial, and & = 2/(x2)/2. Thus we finally find that

l! _
Chln

filn) = o) (n) - (3.25)

~10 -



3.4 Recursion relation

We now have all the ingredients that we need to build the scalar conformal blocks using
the recursion relation (2.22). For the sake of clarity in this section we write down explicitly
the recursion relation with all the data that we computed in the previous subsections. The

recursion relation is

gau(r,n) = (4r)ha(r,n) (3.26)

Ry n
hai(r,n) = hoai(r,n) + Z m(‘”) haata(rn), (3:27)
A A

where the sum over A is a sum over the three types and over n with

A Az na la
Typel:n=1,2,... 1-1l—n n l+n
(3.28)
Type ll: n=1,2...,1 l+2h—1—n n l—n
Typelll: n =1,2,...00 h—n 2n l
and Ay = A% +na. The residues Ry are computed from (2.17) and read
_ —n(=2)" (Ajp+1-— Agg+1—
Rip =g (Buglen), (Bssgten)
. —nll (2h+1—n—2), Ajo+1— Azg+1—
Ry = (—z)n(n7)2(z—n)! (h+lfn)n(h7jrlfnfl)n ( g n)n( 5 n)n ?
R _ 7”(71)n(h7n*1)2n A1o—h—1l-—n+2 A1o+h+l—n Azs—h—1l—n+2
L = ()2 (hti—n—1),, (h+l—n),, 2 n 2 " 2 "
« <A34+h+l—n
\ 2 n
Moreover the regular part in A of the conformal block is
(1- TQ)l_h ! he1
heot(r,m) = T—A19+A34 1¥A 5—Asgy (_2)1 (h—1) Cl (n) -
(r2=2nr+1)" 2 (r2+2nr+1)" 2 !
(3.29)

Although we did not show that we exhausted all possible primary descendants states
that could rise to poles of the conformal block, we are confident this is the case for three
main reasons. Firstly, because we checked (to several orders in the r series expansion)
that (3.27) solves the Casimir equation. Secondly, because it agrees with the results of [18].
Thirdly, because the general analysis of conformal families presented in section 6 indicates
that we indeed have all the relevant primary descendant states.

4 Conformal blocks for one external vector operator

We now consider the case of a four point function of three scalars and one vector operator.
For tensor fields the three point function is no longer fixed up to a single constant; there
are several constants to fix and their number grows with the spin of the operators involved.

- 11 -



This fact can easily be seen considering the leading OPE of one spin [ operator O with a
spin one operator O; going into a scalar channel [44-46]

05(0)
O(z,2)01(0,21) ~ @2 Z qu)O t(q)(:):,z,zl), (4.1)
q=1
where o = M, ngz)o are the OPE coefficients and tl(q) (z, 2, z1) are the two allowed

tensor structures (see appendix C.1)

tl(l)('ra Z, Zl)
P (2,2, 21)

(z-2) (21-2),

4.2
(z-2)7 (2 2) 22, &8

Notice that for [ = 0 only tl(l) exists.

Let us now consider the conformal block decomposition of a four point function of three
scalar and one vector primary operators Fy({x;},21) = (O1(x1, 21)O2(x2)O3(x3)O4(x4)),
where O1(z1,21) = (21), O (z1). We can write (see appendix C.1)

2
Fa({zi}, 21) Z Z 0120034OGAl({x2} 21) (4.3)

, O 03
=Yy el . (4.4)
Oy

O ¢=1 02

where the exchanged operator O belongs to the symmetric traceless representation of
SO(d), since all the other representations do not couple to external scalars.

As in the scalar case we can use conformal symmetry to fix each block G ({xl} 21)
in terms of functions of just two real variables. However in this case the conformal block
has one vector index, so it can be fixed in terms of two scalar functions g(q) s(r,m) that
multiply two independent conformal invariant vector structures (see append1x C.2)

NS 5 | A3-dy
() ° () 7 ¢
G(‘Z) . _ \7Tia x13 (s) ) 4.5
Al({xl}721) Al+A4 As+Ay ZQAZS T 77) ({$2}721)> ( : )
(z3) 2 (95§4) 2 s=1

where Q) ({z;}, 21) = Q,(f) (21,22, x3,24)2} is a basis of conformal invariant structures. A
convenient way to generate the structures Q) ({z;}, z1) is described in appendix C.2 and

{ QU ({zi,2i}) = b3, (4.6)

it is given by

QW ({w,2i}) =134,
where

. |$zk| |332j‘

In the following sections we will explain how to find a recursion relation which deter-

(@)

mines the conformal blocks G Al
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4.1 Null states

The null states that can propagate are exactly of the same three types that we listed in
the scalar case, since they have to belong to traceless symmetric representations.

4.2 Residues R4

In the scalar case we found R4 applying formula (2.17). Since Q4 and MEXR) did not change
we now need to compute only M D),

The basic strategy to find Mg ) is rather similar to the scalar case and it basically
boils down to acting with the operators D4 on the OPE as in (3.15). Concretely we need
to act with D4 on the OPE (4.1). Since D4O(x, 2) is also a primary operator that belongs
to the symmetric and traceless representation, we expect to find as result an OPE of the

kind (4.1),

DAO(x,2)O01(0, 21) o Z 0120A tl (r,2,21), (4.8)
where ayq = AA+A1_2A2+ZA+1, cqu)O are new OPE constants and A4, are respectively

the conformal dimension and the spin of the primary descendant O4 = D40O. Moreover

we can think of (4.8) as the action of D on the OPE (4.1), thus we can fix the OPE
constants Cg%)OA in terms of the Cg)o of (4.1). In the scalar case this operation was simple
since there was just one OPE coefficient, while in this case the computation is slightly more
involved since the two coefficients can mix. In fact the action of D4 on each structure of
the OPE (4.1) can generate the other one, therefore we expect to find a 2 x 2 matrix MIEXL)

such that

L)
leOA 2012(9 <M( )qq, : (4.9)
In practice we can find MI(L‘L) performing the following computation
(9) 2 (a")
t (CL’,Z,Zl) (L) tl ($,Z,Zl)
Dyt = (M > e 4.10
e~ U o

As an example, here we show the result for type I,

MY = (=2i)"(a)a 1(“3—1;_’51). (4.11)

The result for the other types is presented in formula (B.12) in appendix B.2).

4.3 Conformal block at large A

The goal of this section is to find the leading behavior in A of gg])l s(r,m). To achieve this

goal we want to apply the same procedure we used in the scalar case. In particular we
want to solve the leading term in A of the Casimir equation (see appendix (C.3))

C G ({a}, 21) = earGY (i}, 21) (4.12)

)

with the appropriate leading behavior of G(q when x12,x34 — 0.

~13 -



We consider the Casimir equation at the leading order in A replacing the form (4.5)

and gg])l s(rm) = (4r)Ah(Aq) (r,m) in equation (4.12). As explained in appendix (C.3) we

JA,s
obtain two coupled first order differential equations in the variable r. We consider the

following ansatz for the leading term in A of hg’)l S(rm):

2
hgqo)ls( n) = AA12’A34 (r,n ZF t N flt n), (4.13)
t=1
—h
1—
AB12:834 (r,n) = ( " ) (4.14)

Agg—Aj2 Ajp—Agq
2

(14+7r2—=2rp)" 2 (1+r2+2r7])1+

where F,'(0,1) = 05+ so that hfj))’l,s(o,n) = flSZ) (n). The overall function A*12:834(r n)
depends on the external data, and the expression in (4.14) is inspired by its scalar counter-
part (3.19), and is chosen so that the differential equation simplifies. The Casimir equation
of course will fix only the matrix F.¢, while to fix fz(,g) (n) we need to specify the initial

conditions as r — 0. Using the ansatz (4.13), the two coupled differential equations take

the form
2
OF (rm) = Myg(rn)E/ (r,m), (4.15)
s'=1
2 T (1"2 + 2nr — 1) 2rn
M(r,n) = . 4.16
(1) (7“2—1)(7"2+2177"+1)< e e (4.16)

The label ¢t = 1,2 of F,! parametrize the two independent solutions of the two coupled
linear differential equations in (4.15). The result is

r2+1 —2r2p
F(r,n) = 9 . (4.17)
—2r —r +42nr+1

To find the functions fl(f;)( ) = p®)

00,l,s

(0,m7) we need to study the leading behavior of

G(APZ’Q) for r — 0. This limit corresponds to the leading contribution in the left and the
right OPE in the four point function. In particular one can completely fix the two functions

£ (n) using

89 (212, I (224) - D2, I(w12) - 2
I(h— 1),

) (= Z szls Q(S ({zi, zi}) (4.18)

where the left hand side arises from the leading OPE limit of the four point function and
the right hand side comes from the r — 0 limit of (4.5). More details about this formula
can be found in appendix C.4. The result is

ne Ve

fl,l (n) = —ma fl(é)(n) =
(I-D2p(h-D)C )+ Vm) (-1 ()
fiv(m)=- QZ(hl_ll)l l ) 1,3 (n) = _Whl)lil (4.19)
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4.4 Recursion relation

We now have all the ingredients to write the recursion relation for all the conformal blocks
of one vector operators and three scalars in any dimensions:

(9)

QALS(Ta n) = (47")Ahm s( ),
2
(Ra)gg (47)"4 (¢
h(qu)s(T n) = hgiz OIS AQQ_—th/jw(r,n), (4.20)
=1 A

where A and [ are respectively the conformal dimension and spin of the exchanged pri-
mary and

(Ra)gq = (Mf(xL)> w QaM . (4.21)

5 Conformal blocks for one external conserved current

Let us next consider the case where the external vector operator is a conserved current.
The OPE between a conserved current and a scalar is specified by a single tensor structure

O(x,2)01(0,21) ~ ?;2()002 cr2oTal(T, 2, 21) (5.1)

where o = 7A_A§+l+d

because the operator Oy is a conserved current with A; =d — 1. In
fact, imposing conservation 0, - 05, O1(x1,21) = 0 on the vector OPE (4.1), we find that

Tal s a specific linear combination of the two structures in (4.2),

2
TAl = Ztl(q wAl (1>0), (5.2)

Wal = (2(a —1),—2a+2h+1). (5.3)

When [ = 0 the second structure does not exist and when we impose conservation we find
that there is no allowed 7Aoo unless A = Ay. We will see that the recursion relation for
[ > 0 does not couple to the case [ = 0 and A = Ay so we can compute it separately.

The conformal block for conserved current will be then defined as

AS A 5 Agz—Ay

) )
Gal{ri}, 1) = ~2 = >3 QW ({i}, 21) (5.4)
Al Tif, Rl Al+Dg A3+A4 9Als T n Tify21), .

(x%Q) 2 ($§4) s=1
where
. 2 2
Gar = Z(WAl)qG(Aql) N INRES Z WA g9 W) 5 (5.5)
q=1 q=1

Therefore, the conformal blocks for a conserved current are given by a linear combination
of the conformal blocks for a vector operator. Nevertheless in the next section, we explain
how to obtain a recursion relation, which directly gives

2
hAls (r,m) Z (wal)q Als (r,m). (5.6)
qg=1
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5.1 Residues R4

The action of D4 on the OPE (5.1) gives back structures of the form (5.1), namely

04(0, 0,
DaO(z,2)01(0,21) = W 120 PATA L, (7,2, 21, 22) (5.7)

where agq = %. Now, since there exists just one allowed structure, uﬁ is just a
scalar function. Moreover it can be easily computed knowing M 4:

2

paWan)y =Y (war)y (Ma)y, q=1,2, (5.8)
q'=1

where wp; are defined in (5.3). Notice that the two equations in (5.8) define the same value
4. This is a non trivial consistency condition for the matrices M4 given in section 4.2.
We obtain for the three types

an (D12 —n
b = (-2 (21271)

n(l—n)(—Zh—l—i—Q)n Aig—n
l (—h—l+2)n< 2 )n’

L _yn (h—n)zn <h—|—l—n—|—A12—l> <h+l—n—A12—|—l>

L (g ) 2 . 2 .

where Ajs =d —1— As.

5.2 Conformal block at large A

We next want to find the large A behaviour of szJ,s defined in (5.6). The function ilA,z,s is
a linear combination of the functions h(Aq?l,  that are regular at A = oo but the coefficients
(war)q grow linearly in A. This means that we need to compute the sub leading behaviour
of h(A[I?l’ s at large A in order to determine the terms of order A and AQ in BA%S. To do so

we change the ansatz (4.13) for the conformal block at large A to

f 1, 1
h(Aq?LS (Ta 77) = AA127A34 (T> 77) Z Fst(ra 77) |: l(g) (77) + Zfl(,g) (Tv 77) + O <A2>:| ) (59)

t=1

where A, I’ and f are defined in section 4.3 so that they solve the Casimir equation at lead-
ing order in the large A expansion. Plugging the ansatz (5.9) in the Casimir equation, we
find an equation of the form 0, fl(ftl) (r,m) equal to an explicit function of . This can be triv-
ially integrated and the integration constant can be fixed considering that fl(g) (0,m) = 0 for
consistency with the leading OPE. The final result BOAO,Z’ <(r,m) is then achieved keeping the

terms of order A and A in Zgzl(wm)qhg?hs (r,m). The result is written in formulas (D.1)
and (D.2) in appendix D.
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5.3 Recursion relation

Collecting the results above, we can give a simplified version of (5.6) that computes directly
the block of a conserved current without passing through the vector case:

gAl,S(Tv 7]) = (4T)AEAZ,S(T7 77) ) (510)
7 700 pa) (4r)"4 -
hAl,s(rv n) = hA,l,s(Tv n)+ Z (A)_(A:)ZhAAJA,S(Tv n) (1>0), (5.11)
A
where
pa = piQaM} (5.12)

and ﬁgl,s(r,n) contains terms linear and constant in A and is given explicitly in ap-
pendix D. Notice that when we consider [ > 0, the formula never couples to any conformal
block with [ = 0. In fact the only way to do so would be through a descendant of type 11
at the level [, but MILLI = 0. One can check that (5.11) agrees with (5.6) at the first orders
in the 7 expansion. For [ = 0 it does not exist the conformal block ga;s unless A = As.
To study ga,o,s one can use formula (5.6).

The blocks computed in (5.11) are not completely independent, and in fact they have
to satisfy the conservation condition

Oz, '8Z1GA1({SU1'}721) =0. (5.13)

This gives a constraint for the functions fLAl,l (r,n) and h al,2(r,m) that we can schematically
write as

Da [fmz,s(h 77)} =0, (5.14)

where D is explicitly defined in equation (D.3) in appendix D. Using the identity

Da TnA}NLAAlA,S(Tv 77)} = 71" DA4n, [EAAZA,S(T7 77)} — 0, (5.15)
A— AN

we conclude that applying ® to (5.11) removes all the poles in A. One can also check that
D [A%.(rym)] = O(A0). (5.16)

This shows that the recursion relation (5.11) respects conservation up to a term independent
of A. This general strategy is not sufficient to show that this term is actually zero but we
have checked this up to O(r") in the series expansion in 7.

6 Structure of conformal families

In the previous sections, we saw that poles of the conformal blocks arise when the dimen-
sion of the exchanged operator is chosen such that there are null states in its conformal
family. In this section we discuss the general structure of conformal families and a precise
mathematical criterion for the absence of null states. In order to state this criterion we
must first write the conformal algebra in the Cartan-Weyl basis.
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6.1 Conformal algebra in Cartan-Weyl basis

The conformal group of a d dimensional Euclidian CFT is isomorphic to SO(d+ 1,1). The
algebra is generated by D, P,,, K, J,,,, which generate respectively dilatation, translations,
special conformal transformations and rotations in SO(d). The commutation relations are

D, (D, K| = —iK,,
[P, p] (UW = Nupy) (K Jup] = i(nu Kp — nup Ky
[ = 2@(17#,,D J/ﬂ/) )

y
P = (6.1)
[JMVu Jpa] — /L(,r/ypjug :l: perm)

A bosonic primary state can be written as |A, vy ...v;), where A is the conformal dimen-
sion and the [ indices correspond to an irreducible tensor of SO(d) (possibly with mixed
symmetry properties). In this tensor representation, the action of the generators is given by

DIA vy ... y) =iA|A vy ...y, Ky Avi...y) =0, (6.2)
l
JaplAvi .. yp) = Z[Mag]”/’j VANS Z I VSRS 7 R I 7/ ) I8 (6.3)
k=1
where
[Maﬁ]uu =1 (5577% - 5577&1) . (6.4)

The action of P, creates descendants.
Consider first the case of odd dimension d = 2N 4+ 1 and introduce d auxiliary vectors

1
21=-—(0,0,...,0,0,1,-7i,0,0,...,0,0,0), zvi1 = (0,...,0,1),  (6.5)
J \/iw—/ —_— —— —— ——
1 -1 g4 N

with n = £ and j = 1,2,...,N. We can then formulate the conformal algebra in a

Cartan-Weyl basis:

— 1 P
Eopr =K 2N+, Ea&" =5 K7, . =iD
— — 1 pu] 0=
E,- =Py, Epn =75 P2, {H'_” st (6.6)
Ea;z = 22;-7'J~ZN+1, FE ning _z? - ZZZ, ’

with 1 < j <k < N. The generators Hj—g 1, v commute among themselves and form the
Cartan subalgebra. From this definition and using the commutation relations (6.1) it is
easy to check that

[Hy, Eo] = (a)*E, , [Ewo, B_o] = ()*Hy, . (6.7)

where « stands for any root of so(d + 2) and («)* denotes its k-th coordinate. The root

system of so(d + 2) is given by (/N + 1)-dimensional vectors o/ | and amnz’
;] (07 >0>77a0a"'30)a a?]l;h:(0"”’0’771,0,“.70’,0270’.”70). (68)
— — — — N N —
0 j N 0 j k N
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In the tensor representation, a generic primary state is defined in terms of A and a
Young tableau. This is specified by a set of integers (I1,...,In), where [, represents the
number of boxes of the k-th row. Every box is filled with one tensor index and the indices
in the same row are symmetric while the ones in the columns are antisymmetric. We also
remove all possible traces of the tensor. Contracting all the indices of the ¢—th row with

vectors z;7, we obtain a highest weight state |\), where A = (=A,ly,...,Iy),
w2 e . Sl 69)
il || 2

Using (6.6) and (6.2)—(6.3), it is easy to show that |\) is annihilated by all positive roots
Ea;r|)\) =0, Eajj”|>‘> =0. (6.10)
Moreover, one can read off the weights by acting with H;,

HolA) = —A[N), (6.11)
H\) =L\  (1<i<N). (6.12)

The quadratic Casimir is given by

N
1
C= ZHka +5 Z<a, ) EoE_q , (6.13)
k=0 acd

where ® stands for the set of all roots of so(d + 2). This can be easily evaluated on the
highest weight state |\),

CIN) = (A A+ 20)|3) =

N
A(A —d) +Zzi(zi+d—2¢)] IA), (6.14)

=1

where the Weyl vector p

p

% Y o (6.15)

aedt
is the half sum of the positive roots. In this case, it is given by

1 1 31

The analysis is similar for even dimensions (d = 2/N). The Cartan subalgebra is the
same but we do not have the vector zy 41 and the associated generators Eaz. This difference
has important consequences when we define the highest weight states. Since now E_+ is

J
absent, we can also build an highest weight state contracting the indices of the last line
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of the Young tableau with 2. As a result, we obtain two highest weight representations
associated to each Young tableau with iy > 0,

+ + + +
Zl e ... .. e .. Zl Zl e .. e .. DR Zl
Z;_ DR ... ... Z;_ Z;_ ... ... .. Z;—
, —— : (6.17)
+ + — —
ZN e ZN ZN e ZN

It is easy to see that the eigenvalue of Hy is given by [y for the first case and by —Iy in

the second case. Therefore, we will label these two representations with the weight vectors
A= (=Al,...,ly) and A= (=Aly, ..., —IN).

6.2 Parabolic Verma modules

The mathematical concept of parabolic Verma module applies precisely to the confor-
mal families relevant for CFT. Understanding this connection and using a theorem of
Jantzen [47], we will be able to find the general conditions for the absence of primary
descendants. We shall follow the notation of the book [48].

To define a parabolic Verma module, we start with a Lie algebra g with its Cartan
subalgebra . We denote its root system by ® and the set of positive and negative roots
by ®* and ®~, respectively. We then choose a subalgebra p of g containing b and denote
its root system by ®, C ®. Introduce a highest weight state |\) of g,

HiN) =X\, VH'ep, E N =0, Vacd'. (6.18)

Since |A) is also an highest weight state of p, we can use it to construct a finite dimen-

sional irreducible representation Ly(A) of p. Finally, the parabolic Verma module M, (\) is

constructed by acting freely on Ly(\) with the generators E_,, for all « € U7 = ot/ (133' )
The case of conformal field theories in d dimensions corresponds to

g=s0(d+2), p :50(2)@50(00. (6.19)
In fact a primary state |O,) can be labeled by A\ = (—A,ll,...,l[g}), where —A is the
2
eigenvalue of s0(2) and the set [y, ... ,lj4) defines an irreducible representation of so0(d).
2

In other words, the primary state transforms in an irreducible representation Ly () of the
algebra p. The set U contains the positive roots associated with the generators K. The
parabolic Verma module is therefore obtained by acting with the negative roots P, on the
primary state, which gives the usual conformal multiplet

My(A) = {|On), Pu|Oy), PuP,|Oy), ... }. (6.20)

A parabolic Verma module is said to be simple if it does not contain any submod-
ule. Simplicity is equivalent to the absence of primary descendants in the conformal case.
In order to state the conditions for simplicity of a parabolic Verma module we need to
introduce some important concepts. Firstly, we introduce the formal character of the
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parabolic modules M, () in terms of standard Verma modules M () and of the irreducible
module Ly ()

ch Mp(N) = > (=) ™ech M(w - )) (6.21)
weWy
~ chLy(N)
 laeg+ (1 —e)’ (6.22)

where W, is the Weyl group of (the semisimple part of) p, £(w) is the length of the Weyl

reflection w and the dot action of a Weyl reflection w = sg is defined by

2\ +p, B) 1

Sﬁ)\E)\—Wﬁ, p:2a€Z®+a (623)
We also define
\yjz{ﬁem+:nﬁzWeZ>o} (6.24)

as the subset of U" such that the sg- A\ = X\ — ngf for a non-negative integer ng. We are
now ready to state Jantzen’s simplicity criterion [47]: M, () is simple if and only if

> ch My(sg-A) =0. (6.25)
Bewy

Notice that when \I/j\r is empty, then the Jantzen’s criterion is trivially satisfied. Moreover,
when \Il;f is not empty, there are very simple geometrical ways to see if (6.25) is satisfied.
To do so, it is very convenient to introduce the notion of a wall between Weyl chambers.
The wall 2, is the hyperplane perpendicular to the root v € ® that contains the point —p,

Qy={A:(A+p,7) =0}. (6.26)

We can already dramatically simplify the search of simple modules using the following
statement: when \IJ;r is not empty M, () can be simple only if A lives in a wall of a Weyl
chamber. This means that we have to check condition (6.25) only when A € 2, for some 7.

We now want to give some intuition on the reason why the sum in (6.25) can be zero.
The main idea is that if two weights A and X are related by a Weyl transformation w € W,
with odd length, then the sum of their characters is zero,

w-A=X, weW,, (-1)™W=-1 = M\ +chM,(\)=0. (6.27)

Furthermore, if w - A = X then ch M,(\) = 0.

When the parabolic module M;,(\) is not simple, it will contain at least one primary
descendant. Notice that the weight vectors sg-A = A—ngf with 3 € \I/j\' are good candidates
to be primary descendants because their quadratic Casimir is equal to the one of A,

Clsg-A) = (s5-Asg- A+2p) = (M A+2p) =C|A). (6.28)
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The general decomposition of the module M,()) into irreducible modules is rather compli-
cated, however this question can be approached using the Kazhdan-Lusztig theory [49].5

The Kazhdan-Lusztig conjecture for parabolic Verma modules (relative Kazhdan-
Lustzig conjecture) [51, 52] tells us how to decompose a parabolic Verma module M,(X)
into irreducible modules L(\).

For this purpose, it is convenient to parametrize the weights A and p by elements of
the Weyl group. It is known that we can parametrize the weight of independent irreducible
modules by an element of the coset: w € W,\W. Let us write the corresponding weight
by A(w). Then, the characters of the irreducible modules are given by appropriate linear
combinations of the characters of parabolic Verma modules,

ch L(A(z)) = > M) aqw) ch My(A(w)), (6.29)

z<w

where < in the sum denotes the Bruhat ordering. The relative Kazhdan-Lusztig (KL)
conjecture states that the multiplicity my ) (z) 18 @ special value of the Kazhdan-Lusztig
polynomial Py ,(q):

MA@ A@) = (~) O Py (1) (6.30)

In appendix F we present explicit expressions for the KL polynomial.

In the following we apply both the Jantzen’s criterion and relative Kazhdan-Lusztig
conjecture to conformal field theories. We will first study the example of a CFT3 and then
we will generalize it to CF'T in generic odd and even dimensions. A summary of the results
is presented in section 6.6, where we will completely classify the poles of conformal blocks
and their residues.

6.3 Example: so(5)

It is instructive to apply the general statement of the previous section to the case of 3
dimensional CFTs. In this case, p = s0(2) @ s0(3), thus we can label the highest weight
by A = (—=A,1). The finite dimensional representation Ly(\) are the spin [ representations
of s0(3) with eigenvalue —A under s0(2),

(_A’l) — (_Aa_l_l) !
e e “As
ch Ly(\) = o =) elA9), (6.31)

s=-—1

The root system of so(5), depicted in figure 4, leads to
Ut ={(1,1),(1,0), (1, -1)} . (6.32)
From the numbers

nay =l+2-A4, nee) =3— 24, na_ny=1-1-A, (6.33)

®See appendix C of [50] (and references therein) for a more physics oriented summary.
6See e.g. [52] for an explicit description of A(w).
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(17—1)

Figure 4. The root system of so(5). The dashed roots belong to s0(3) C s0(5).

we conclude that for A > [+ 1 the set ¥} is empty and therefore the module M;()) is
simple. However, if any of the numbers in (6.33) takes a positive integer value, then we
have to check condition (6.25).

First, we notice that ng in (6.33) is an integer only when A is either an integer or
a semi-integer. When A is an integer there exist three special cases for which \I/j is not
empty and the module is not simple:”

Type L. A=1-1-k, (k=12,...) = Uf ={(1,1),(1,0),(1,-1)},
Typell. A=I1+2-k, (k=12,...,]) = ¥I={(11},
TypelV. A=2-k, (k=12,...,1) = ¥ ={(1,1),(1,0)}.

This can be understood geometrically from figure 5. The three special regions I, II and
IV are just the colored dots in the Weyl chambers. The dot action sg - A corresponds to
reflections (towards the left) on the dashed lines. Moreover, the set \If}\L is simply the set
of allowed dot action reflections. It is then trivial to see why in case II there is only one
element in \IJ;(, while in the cases IV and I there are respectively 2 and 3.

There exists one special case in which \I/'; is not empty but the module is simple.
This happens when A belongs to the wall { _;) defined by A =1 —[. Notice that the
wall Q¢ ;) is given by the line perpendicular to (1,—1) that passes trough —p, which
corresponds to the dashed line between the regions IV and I in figure 5. It easy to check
that U = {(1,1),(1,0)} and

ch Mp(s(l,l) . )\) + ch MP(S(LO) . )\) = 0, (634)

thus the condition (6.25) holds and the module is simple.
When the module is not simple we can understand the structure of submodules using
Kazhdan-Luzstig theory. In this case, all Kazhdan-Luzstig polynomials are equal to 1 and

"The denomination of the types is made to match section 3.1. We will comment later on the type IV.
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Figure 5. Integral weights of so(5).

using (6.21) and (6.29) we obtain (see appendix F)

Type I ch My(A) = ch L(A) + ch L(sy _1) - ), (6.35)
Type Il c¢h My(\) = ch L(A) + ch My(s(1,1y - A), (6.36)
Type IV.  c¢h Mp(A) = ch L(A\) +ch L(s(1 0y - A) - (6.37)

In the case II the module M;(\) contains the simple parabolic submodule M, (s3-\), where
[ is the unique element in \Ili Geometrically we can check that when A is a blue dot in
figure 5, s(1,1)- A is a white dot which correspond to a simple parabolic module. In the cases
IV and I, things are more interesting and we find that the module M;(\) does not contain
any parabolic submodule, instead it decomposes into the two irreducible modules L(\) and
L(sg - A) where 3 is a root in ¥). Notice that the actual root 3 that we found in (6.35)
and (6.37) is the one corresponding to the lowest ng > 0. Geometrically this means that
sg is the Weyl transformation that maps A to the closest Weyl chamber on the left.
If A is a half-integer there is only a single special case when \y;\r is not empty:

Type IIL. A:g—k (k=1,2,...) = Uy ={(1,0)}. (6.38)

In the case III, as in the case II, there exists only one element in \1;‘; Therefore the module
My(X) contains only the simple parabolic submodule My (s ) - A)

Type III.  c¢h Mp(A) = ch L(\) + ch Mp(s(1,0) - A) - (6.39)

The full set of weights is summarized in figure 6.

The structure of submodules has important implications for the analytic structure of
conformal blocks as functions of A. The absence of second generation primary descendants
leads to absence of higher order poles. Therefore, we conclude that in 3D the conformal
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Figure 6. Summary of the weights of s0(5), for A integer (above) and A half-integer (below).

blocks only have single poles. Moreover, the residues of the poles are given by the blocks
associated to the submodules that become null. This means that for poles of type IV
and I the residues are not conformal blocks but blocks associated to the exchange of the
irreducible modules L(\). These can be defined at specific values of A as the solutions to the
Casimir differential equation that start with the same leading OPE as the conformal block
at that dimension but have zero coefficient associated with the exchange of all other primary
descendants. This new kind of blocks was not important in the previous sections because
we only considered operators that can appear in the OPE of two scalar primary operators.

In section 3.1 we found the full set of primary descendants which can appear in the
OPE of two scalars. Each of the three types corresponds to one case in which the parabolic
module is not simple. The case IV corresponds instead to a new type defined by

IA+2n—1,1;2) = Divp|A L 2) = €(P 2, D)Wy - Wh - - Wy a|A L 2) (6.40)

with n = 1...1 and where €(P, z, D) stands for the contraction of the 3-dimensional e-
tensor with the vectors P*, 2¥ and D¢ and

(P-2)(P- D)
I+7j+)(1-57-1)
In section 3.1 we did not include the type IV states, since Dy, changes the parity of the

W, = P? -2 (6.41)

primary, thus the state |A + 2n — 1,1;2) is not present in the OPE of two scalars.

It is important to stress that the operators D4 simply implement Weyl reflections. For
example Dy, reflect the chamber I into the chamber IV, while Dry ,, reflects IV in II and
D1, maps II into the Weyl chamber on the left of figure 5 which has simple module. The
operator Dy, like Dry p, is a Weyl reflection with respect to the root (1,0).

Since we have the full set of operators which describe the three dimensional case we are
able to check the consistency of the formulas (6.36), (6.37), (6.35), (6.39). These formulas
imply that the module is simple after we apply one Weyl reflection. Therefore if we apply
two consecutive operators D4 in such a way to implement a double Weyl reflection we need
to obtain zero. In fact we checked in many cases that

DIV,l-‘,—l Dl,n |A:1—l—n,l>:O (n:1,2,...), (642)
'DILlJrl,n DIV,n |A =2 n,l> =0 (n = 1, ce ,l) s (643)

hold. This is an independent check of the absence of nested second generation primary
descendant which would give rise to multiple poles in the conformal blocks.
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Figure 7. The diagram represents all integer values of A when d = 2N + 1. The white dots mark
values of A for which the module M,(X) = M,(—A,l1,...,Ix) is simple. The coloured dots mark
the values for which M, ()) is not simple. In the set IIj, there is a submodule with smaller I and
all other I’s unchanged. In the set IV, there is a submodule with exactly the same I’s. In the set I,
there is a submodule with larger [ and all other I’s unchanged.

6.4 Odd spacetime dimension

We now consider the general case in odd spacetime dimension d = 2N +1. The complexified
conformal algebra is s0(2N + 3). The set of positive roots is

ot = {a;—k_v Ck;;j—,a;_ ) (644)

defined in (6.8), and the vector p is given by

1 1 31
=|N+=-N——=,...,=,= | . 4
p= (N gV = 5) (6.45)
We consider the highest weight A = (—=A,l1,...,ly) and the parabolic Verma modules
based on the subalgebra p = s0(2) @ s0(2N + 1) C s0(2N + 3). We have

Ut ={af,ad ad’ ... ,aarﬁ, g ady s ,aar]\?}, (6.46)
with
n,: =2N+1-2A, (6.47)
Myer = 2N +1—At1;—j (j=1,2,...,N), (6.48)
¥
Nz =—A—1j+] (j=1,2,...,N). (6.49)
7

We conclude that for generic real values of A the module M,(\) is simple. For integer values
of A the question is much more non-trivial. It is clear that for A > 2N + [; the module
M, (X) is simple. For smaller integer values of A there is always some n from (6.47)-(6.49)
which takes a positive integer value. In these cases we have to check condition (6.25). The
results for integers roots are summarized in figure 7. The semi integer case is similar to
the case III in s0(5).

To explain figure 7 we start by studying the special integer values of A for which M,(\)
is simple. These organize in two sequences. The first is when A belongs to the wall of the
Weyl chamber 2 adt given by

A=2N+1+l—k (k=1,....,N). (6.50)
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The second is when A belongs to the wall Qa&j’
A=Fk—I (k=1,2,...,N). (6.51)

In both cases, Jantzen’s criterion implies that the module M, () is simple. We explain this
in detail in appendix E.

Let us now describe the integer values of A for which M;(\) is not simple. These cases
are naturally divided into four types

Ikn = {/\ A=Fk— lk—’l’L} (n: 1,2,...,lk_1 —lk), (6.52)

n =N A=2N+1+1—k—n} m=1,2,..., 0 — lks1), (6.53)
1

fH’n:{)\:AZQ—i—N—n} (n=1,2,...), (6.54)

Vn={A:A=N+1-n} (n=1,2,...,1), (6.55)

where k = 1,2,..., N and we defined Iy,1 = 0 and [y = oco. Each of these cases has the
following set of roots \I/;\r

{0‘01 - aar]j,',aa',aa}v,...,aa’k_} (A= )\fkn),
\I,;\r: {a(j: 1o 01:_} (A= )‘flk, )
{ag } (A= Aun)
{%1 e aéﬂao} (A= )‘f\/n .

In the cases II; and III the set \I/'AF contains only one element and the decomposition in
submodules is straightforward. In all the other cases, one can work out the detailed decom-
position of the parabolic modules using Kazhdan-Lusztig theory as we show in appendix F.
The result is as follows

ch My(Ny) = ch L(X\y) + ch My(Xa), A= (I}, n), (1L, n), (6.56)
ch My(X%y) = ch L(X\%) +ch L(Aa), otherwise, '
where the irreducible submodules are labeled by the following weights A4
Myn = Sag-k— . )\f}wn =l —k,01,..., g +n,...,lN),
A11k7n58a3k+-AfIk7n = 2N —1—lk—|—]€,ll,...,lk—TL,...,ZN), (657)

Al = $oi Afin

(=
(§+N+Q7l177l1\7) )
(

ANV =S + ')‘fV,n 1-N+ql,...,IN).

Notice that in type II; the first submodule has smaller I, in type IV and III the first
submodule has the same [;’s, and in type I the first submodule has larger [j.

6.5 Even spacetime dimension

The case d = 2N is similar. The set of positive roots is

ot = {aj o}, (6.58)
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Figure 8. The diagram represents all integer values of A when d = 2N. The white circles mark
values of A for which the module M,(X) = M,(—A,l1,...,Ix) is simple. The coloured dots mark
the values for which M,()) is not simple. In the set IIj, there is a submodule with smaller |Ij|
and all other I’s unchanged. In the set Ij there is a submodule with larger |l;x| and all other {’s
unchanged. In case V (yellow circles), there is a submodule with the opposite sign of Iy and all
other {’s unchanged.

and the vector p is given by

p=(N,N—-1,...,1,0) . (6.59)
We have
Ut = {adt ags' - ,agﬁ,aarf,ozg{, . ,ozg]\?} (6.60)
with
ngpr =2N = A+l - (j=1,2,....N), (6.61)
n-=-A—1j+j (j=12,...,N). (6.62)

ag;
We conclude that for generic values of A the module M, () is simple. For integer values

of A the answer is summarized in figure 8. For A > 2N +[; — 1 the set \Ilj{ is empty and
the module is simple. For the special values

A=2N+|l|—k (k=1,2,...,N), (6.63)

the set ‘IJ; is not empty but one can show that the modules are still simple (see appendix E).
For all other integer values of A the module M,(\) is not simple. We divide these cases
into three groups depending on the first submodule that appears in the decomposition of
M,y(X). Cases II;, and Ij, are very similar to what happens in odd dimensions, in the sense
that they correspond to decreasing and increasing |lx|. In case V, the first submodule flips
the sign of [y and keeps all other I’s unchanged.

In appendix F, we use Kazhdan-Lusztig theory to find the precise decomposition of
the parabolic modules into irreducible modules. We show the non-trivial decompositions
that arise in even spacetime dimension which implies a more complicated pole structure of
the conformal blocks.

6.6 Comments on conformal representation theory

It is useful to summarize the results that we obtained from the study of conformal represen-
tation theory stressing the implications for the study of conformal blocks and unitary CFTs.
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First we saw that the odd dimensional case is easier than the even dimensional one.
Thus the analytic continuation of the conformal blocks in the spacetime dimension d should
be easier starting from odd dimension. In this case, we know the full set of poles of any
conformal block:

fk,n:k;_lk_n (n:172"'-alk—1_lk)a
mn=d+lk—k—n (n=1,2,...,04 — 1),
d 6.64
Afn,n:§—n (n=1,2,...), (6.64)
d 1
vn=5+t5— =1,2,...,l).
IV,n 2+2 n (’I’L » 4y alk)

We conjecture that a conformal block GG associated to the exchange of the operator O,
labeled by an highest weight A = (—=A,l4,...,Ix) of so(d + 2), has the following behavior
at the pole

A 2 SRR, 669
P’
where A = (I, n), (I, n), (IIL,n), (IV,n), A4 are the ones defined in (6.57) and the coeffi-
cients (R4)ppqq can be computed using the techniques introduced in the previous sections.
The regular part in A of the conformal blocks can be also obtained from a direct compu-
tation (see appendix C). Combining the knowledge of the pole structure (6.65) and the
regular part one can in principle build any conformal block.

At a first sight formula (6.65) may look divergent since Gg\p;’q/) has a pole precisely at
the values of A specified by A4 (for all A which are not of the type (II;,n) and (III, n)).
However in [53], for the case of two external vectors, it is shown that the specific linear
combination provided by the coefficients R4 is such that the divergence is canceled. We
therefore conjecture that (6.65) is correct.

From representation theory we also obtain a very sharp way to constrain the spectrum
of unitary theories. Since unitary theories can only contain states |0, ) with positive norms,
then all the respective modules M,()) have to be simple. Watching figure 7 it is easy to
understand that this requires that the value of the conformal dimension A of any operator
has to satisfy

A > A% for any A. (6.66)

Actually (6.66) gives many redundant conditions, for example it is clear that the bounds
are optimized when n is as low as possible. In fact when the operator is a scalar we obtain
that the bound (6.66) reduces to the usual

A>"_2 (6.67)

Moreover for a generic operator with I; > lo > 0 we have

A>l+d-2, (6.68)
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which gives the usual unitarity bound for tensor operators. When the first & lines of the
Young tableau are of the same length, the bound becomes

A>d—1—-k+1 (l,....,lp=1>0). (6.69)

This analysis matches the results known in the literature [54-56].

7 Conclusion

In the first part of this paper we explained how to build the conformal blocks studying
their analytic behavior in terms of the conformal dimension of the exchanged operator.
Both for pedagogical reasons and to test the method, we considered simple cases in which
the external operators are: four scalars; three scalars and one vector; three scalars and one
conserved current.

We believe that this method can be useful to obtain conformal blocks for more generic
cases. For this reason in section 6 we gave a complete classification of the cases in which
a conformal family becomes reducible, which amounts to classify all the possible poles A%
of any conformal block. Moreover in formula (6.65)

RA)paa (v .o
Gg\p,q) Ajg Iz:/ (AA_)ngz GE\pAﬂ ) ’
g
we conjecture that the residues at the poles are always proportional to conformal blocks
labeled by new representations A4, which are known and summarized in formula (6.57).
If (6.65) is correct, this method would provide a new independent way to build any con-
formal block.

Equation (6.65) is well motivated by representation theory but it looks divergent since
the conformal blocks Gg\p D have poles in A for most of the A = A4. However we conjecture
that the divergence is fictitious and it is canceled by the specific linear combination provided
by the coefficients R4. An important extension of this work is given in [53] in which it is
shown that the cancellation holds for the conformal blocks of two external vectors and two
scalars. It would be interesting to study more cases and prove that the residue in (6.65) is
indeed finite.
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A Primary descendant states

In this appendix we aim to demonstrate that a descendant O4 of a primary O becomes
a primary when A = A%. Moreover we provide more details on the computation of the
norm of |Oy4).

A1l Typel
We first want to demonstrate that a descendant of type I becomes a primary when A =
A7, namely

(K-2)(P-2)"|A)l;2) =0, fA=A7, =1-1-n. (A1)

Commuting (K - 2’) through all the (P - z) we obtain
(B 2), (P 2)") = SO(P 2" (K - 2), (P 2))(P - 2p
j=1
=2i) (P-2)"[(z-2)D— (- T - 2)|(P- 2"
j=1

—2i S (P 2)" V(= )(D+2i(j — 1)) = (- J - 2)
j=1

=2in(P-2)"(z- ) D+i(n—1))— (¢ J-2)]. (A.2)
Acting with (A.2) on a primary state we get
(K-2)(P-2)"|A1;2) = —2n(A+n+1—1)(z-2)(P-2)" AL 2), (A.3)

which proves (A.1).
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We can then compute the norm Ny, defined by

A+l —n | A+ nl—nyz) (ALY |(K 2P 2) AL 2)

Using (A.3) it is straightforward to obtain the recurrence relation
Nip=-2n(A+n+1—-1)Npy_1. (A.5)
Iterating equation (A.5) up to N1 = 1, we obtain
Nip = (=2)"nl(A+1),. (A.6)

A.2 Typell

We now wish to demonstrate that a descendant of type II becomes a primary when A =
Afl n?

(K -2)(D, - P)"|A,l;2) =0, ifA=A},=l+d-1-n. (A.7)

Using (A.2) and replecing z with D, we obtain the following commutator,
(K -2'),(P-D,)" =2in(P-D,)" Y2 -D.)(D+i(n—1)—(z-J-D,)]. (AS8)
The eigenvalue of (2’ - J - D,) on a primary state is
(2 -J-D)|A L 2) =il —2+d) (2 - D,)|AL;2). (A.9)
Therefore when we act with (A.8) on |A,l;z) we find
(K-2')(D,-P)"|Al;2) = —2n(A —1—d+1+n)(z' - D,)(P-D,)" A, l;2), (A.10)

which proves (A.7).
The norm Ny, can be defined as

K-D_)" P-D)" ,
N = Bl Adn it nz) (A L2 (2*(hfl)n()*l)n e A 2)
II,n = (Z . Z,)l,n - (Z . Z/)lfn .
(A.11)

where Bz and BZ act respectively on the left and on the right. Using the following identity

(D, - D" (Z‘Z,)l:(s—d—on (d+ 20 —2)
2—h—02(-1)2 (—)n  (d+20—2n—-2)

(z-2)m, (A.12)

and applying recursively (A.10) (with 2/ — 132/) as we did for the norm of type I, we obtain

3—d—1), (d+20—2)
(—D)n  (d+20—2n-2)"

Nitn = (—2)"nl(A — d— 1 + 2),,\ (A.13)
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A.3 Type III

The descendants of type III are more complicated than the ones of the previous two cases.
In fact at level 2n, there are 1 4+ min(l,n) multiplets of spin [, which can be written as

(PH"™ (P - 2)!(P- D) |A 5 2), (A.14)
where j = 0,1,...,min(l,n). To find which is the correct linear combination of the
states (A.14), we impose

(K-2")A+2n,l;2) =0, if A=Ay, =h—n. (A.15)
From numerical experiments, we conjecture the following form
min(l,n)
|A+2n,1;2) = DinlA, L 2) = a(j) (P*)" (P -z)/(P-D.Y|Al;2)  (A.16)
§=0
with coefficients
I'n! (—2)7 1

) = G -1, @ h-n,n, . AD

Formula (A.16) can be also written as (3.8), which is given in the main text.
We would like to compute the norm Ny, defined by

(A42n,1;2'|A+2n,1;2) = Nma(z - 2) (A.18)
We did not find a closed formula. However when [ = 0, the only multiplet is (P?)"|A, 0),
therefore we can compute the norm

Nittn|,_g = 16™n!(7)n(A)n(A = h+ 1), . (A.19)

Moreover by inspection we found, for example,

n | Ni,n

16(h — 1)(A —h+1)(h+1)
(h+i1—2)(h+1-1)2
512(h — DA —h+2)(A —h+ 1)(h+1+1)

1

[(A-h+1)((h+1-1)2=(h—1)+ (h—2)(h+1—-1)?],

S R ey i T L Ut R )
+2h(A—h+2) (h—1)(A—h+1)—(A—-1)(h+1-1)2)],
24576(h— D) h(h+1)(—A+h—3)(—A+h—2)(—A+h—1)(h+1+2)
S (htl—2) (h+1—3) (h 11— 2) (ht L= 12 (h+ 1) (h 1+ 1) A (@7-1)rr2a-1)x

X(h—1)1 (—6A(A+2)+3(A+1)(A+2)h* —6(A+2)(3A+2)h3+ (BA(4A+T)+6)h2+(A(23A+68)+36)h)
+4(A=1)A(h—1)3(h(—13A+(5A+8)h—16) —3(A+3)) + A(A+1)(A+2)(h—4) (h—3) (h—2)(h—1)h(h+1)
+(A—1)12 (A2 (3h(h(h(5h—26)+28)+9) —26)+ A(3h((h—1)h(11h—37)+36) —56)+6(h—3) (h—2)h(h+1))

+6A (A2-1) (h—l)l5+(A—1)Al4(7A+3h(—11A+(5A+6)h—12)+1)] ,

Motivated by these results, we came to the conjectured result
1 n (h+l—n—1)(h+n-1) 1
Mitn  167(nD)2(h)y(1—=h)y (h+14+n—1)(h—n—1) A—h+n"

It would be nice to prove this result analytically.

(A.20)
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B Computation of M4

In this section we explain one possible way to compute the coefficients My defined in (3.16)
for the scalar-scalar OPE, and in (4.10) for the vector-scalar OPE.

B.1 Scalar-scalar OPE
We first compute My defined in (3.16) by

(coo2) _, (wea)l
Dp———— = T T B.1
A (.1’2)& A (x2)aA ) ( )
where a = % and ay = %. Throughout this appendix we will adopt
the notation
A=Tn, T=LILII . (B.2)
n=12...

The method we use to compute M4 relies on the observation that the differential operators
Dt can be expressed as (D)™ (this statement is exact only for 7' = I,1I, while for
T = III one has to slightly correct it). Hence roughly speaking, it is sufficient to act

Y . .
((;2)‘2) only once, and then “multiply” n times the

with the differential operator Dr; on
resulting coefficient.

The exact procedure is as follows. We define a coefficient my(j) for the types T =
I I, III by

—p )t (=g )i
P e =m0 e
(—x - 2)7 (—z - z)l=1
DILIW = mn(j)W ; (B.3)
—z-2) —z - 2)!
Vi ((12)04+1' = mHI(])(;g)aﬂll ;

where we opportunely shifted a and [ in such a way to obtain M4 simply as the product
Mypy =[] mr(h). (B.4)

We find the coeflicients

mi(j) = 2i(a +j),

. i(2h—j+1—3)(—a+h—j+1-1)
mu(j) = - Wil 2 ; (B.5)

Ah—j7—2)h4+j—D(a+j)(—a+h—j+1—1)
(h—j+1—-2)(h+j+1—1) ’

mn(j) =

which, using (B.4), give (3.17).
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B.2 Scalar-vector OPE

We now generalize the previous procedure to compute the matrix M4 defined in (4.10).
We first compute the 2 x 2 matrix mp(j) for the types T' = I, II, III

(9) 2 (¢")
tH_-(,I,Z,Zl) . tl+‘+1(xazazl)
Dr &2)7(1“ = 231 (m1(7)) g W’ (B.6)
q=
(9) 2 (¢')
tl_](CC,Z,Zl) . tl_j_l(xwzvzl)
Dr1a (22)a = qu_:l (mII(J))qq/ W ) (B.7)
(2) 2 (¢)
6" (x,2,21) ] " (x, 2, 21)
Vj T = Z (min1()) g T(a2)aril (B.8)

q'=1

The resulting matrices my(j) are

m1<j>=2z'<““1 e ) ,

0 j+a—2
. i —h+a+p; Lgl
mi(j) = [ ( Q(hgjgioi—l) (]j:llzz)lj > ) (B.9)
. . i 1(h2+(=2j+—20—1)h+j(j+3)—I+2a
min(j) = (h_i(i;—_j;)(lliff_il)_l) 2225__11) (h2(2j+22gi%ﬁ}|>);g;;a3))+2a+q1‘ | ’
jto
where

pi=a+2h? +h(—2a—3j+30)+52+j(a—-2+1)+1*—al-1-1,
g =-2a+h*—h*a+j—1+3)+h(Ba—(j—2)j—2+2)—2j+1 (B.10)
+i0+D(a+j—1).
The matrix Mr, can be obtained by multiplying n matrices my(j) as follows
My, = mr(0)mp(1)---mp(n—1). (B.11)

For the type I, one can diagonalize mj(j) using a matrix that does not depend on j,
therefore it is trivial to find a closed form for My ,. In the other cases this procedure does
not work. However it is not hard to guess a closed form for M4 and then use formula (B.11)
to prove the guess by induction. The final result is

Mip = (~20)"(a)n_1 (” Fa—l -5 ) ,

0 a—1
Mo — (=)™ (—2h =14+ 3)p—1(—h —l+a+ 1), P, 5(n—1)
IIn = (*h . 2)n Qn(l—olc)(h—l) (l—n)(Pnl—na-I—nh) )
Mo — (h—n)op—1()p—1(h+l—n—a+1),_1 (a+n—1)Qy 1/2 (Rp+nl)
Hhn = 2720 (h+l—n—1)am on(a—1)(a+n—1) (a—=1)(Qn+Ry) |’

(B.12)
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where
Po=20 4P +n+2+n)a—-124+n+a)+hBl-2(1+n+a)),
Qn=a+hh+l—-n—-1)4+a(n—h)—1, (B.13)
R,=n(l+h—n—2a).

C Conformal blocks at large A

We want to have a general set up to study conformal blocks at large A in the case of
external and exchanged operators with generic spin and belonging to the symmetric and
traceless representation.

C.1 Setup for conformal blocks with spin

Given three traceless and symmetric primary operators O, O, Oy with conformal dimen-
sions A, A1, As and spins [, [y, s, we can define the following leading OPE
02(0,0.,) 9

2\« €120
@)y 2

O(z,2)01(0, 21) ~ tz( )(x,z,zl,ZQ), (C.1)

where o = A+A1*A§+l+ll+12 and Cg)o are the OPE coefficients. The tensor structures
tl(Q) (x, 2, z2, z3) must be Lorentz invariant and satisfy
(@)
t (

T, AZy N121, Aoza) = ul+l1+lz)\l)\l11)\122 tl(Q)(x,z,zl,ZQ). (C.2)

It is also possible to reconstruct the full three point function from the leading OPE [44—46]
<O(I‘0, Z)Ol (ml, 21)02($2, 22)>
Zq C%)O tl(q) (If()l, I({L‘OQ) * 2, 1(1'12) * 21, ZQ)
= g \ATA AT Hly  , A FAp MG Tl o ATA —Aptlilflp (C.3)
(22) 2 (z15) 2 (1) 2

where To91 = T3y — 3312:6%2. Notice that in (C.3) the variables z; and zy appear in a

non symmetric way. This is not surprising since the structures tl(Q) are defined from the
OPE (C.1) which treats differently the operators @; and Oz. From (C.3) one can also
write the leading OPE in the other channels. They can be all defined using the structures

tl(Q), once they are transformed in the right way, for example

1 0(0, D,
O1(,21)02(0,22) ~ 5 O 2)A1+(A2_A+)l+ll+12 S el 619 (~, 2, I(2)21,22) . (C.4)
! . s -

Let us now consider the conformal block decomposition of a four point function of sym-
metric traceless tensor operators F4({z;, z;}) = (O1(x1, 21)O2(x2, 22)Os(x3, 23)O4(x4, 24)),
where each operator O; has spin [;. We can write

Falfwi ) = 3> BoelloGl? (o, z)) + . (C.5)

O pyg
o) 0;
-y +o (C.6)
O pg 02 04
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where the ... stand for the contribution of other irreducible representations of SO(d) that
are not symmetric traceless tensors and that can be exchanged in this correlator. We want
to study the leading behavior in A of G(Apl’Q)({xi, Zi}).

C.2 Conformal blocks in the embedding formalism

To simplify the notation in this appendix we introduce the embedding formalism. We will
uplift each z € R% to a P € M%2 such that P? = 0. To find 2 € R? given P we will have
just to consider a projection of P onto the Poincaré section, in light cone coordinates we
can write P, = (1,22, 2#) with 4 = 1,...,d. To be consistent we will need to use also new
auxiliary vectors Z, , = (0,2z- 2, z) defined on M%*2 to encode the tensor structures. The
main reason why we want to work in the embedding is that the action of the conformal
group (in d dimension) is linear on M2, so that any scalar object in the embedding space
is also a conformal invariant and vice-versa. More details about it can be found in [44] and
references therein.

As in the scalar case, we can use conformal symmetry to fix a generic conformal
block G(Apl’q) (P;, Z;) up to functions of two real variables. When the external operators are
tensor we have many of such functions, each one of them multiplied by a different tensor
structure [44]

A1—Ag Az—Ay

()" ()™
P P s
G (P Zi) = >~ s sy D9 QO (P Z)), ()
(Pr12)~ 2 (Paa) 2 s
where P;; = —2P; - P; and Q) are all the possible scalar structures constructed with P;
and Z; with the following property
QNP aiZi + BiPi}) = QW P, Zi}) H(ai)lia (C.8)

i
where [; is the spin of the operator O; in the four point function. A convenient way to

generate Q) is by using the building blocks Vi ji and H;; of [44], each of which is invariant
under the transformation P, — \P;, Z; — Z; + B; P;:

_ (Zi- By) (P - Py) — (Zi - By) (P - P)

vV —2(P; - Pj)(P; - P)(Py - )
(Zi - Zj)(P, - Pj) — (Zi - Pj) (B - Zj)
H,; = . (C.10)
’ (P - Pj)
Note that we have V; ;. = —V;; and H;; = Hj;. Since we are interested in a four point

function we also have the constraint
(Py - P3)(Pr- Py)Vips + (Pa- Pa) (P - P3)Viag + (Ps - Py)(Pr - P2)Viga =0, (C.11)

which means that for each point ¢ we only have two independent choices of V; ;.. Projecting
all the scalar combinations into the Poincaré section (P — Py, Z — Z, ;)

1
B-Pj%—iw?j, Zi-Pj—>—zi-acij, Zi-Zj—>Zi-Zj, (C.12)
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the structures can be written in terms of spacetime coordinates after the replacement

Hij = bij = (21 zj) = o ngzg %) zil (ij)zj (C.13)
i
i R T4
Viik = %k = (2 - Tij) — ik — (2i - Ti) il . (C.14)
|| ||

In the case of three scalars and one vector, the resulting basis for independent structures is

QW({P}, Z1) = Vigs
{ QD ({P}, Z1) =Viga (C.15)

The basis (C.15) reduces to Q) ({z;}, 21) in (4.6) in the main text once we use (C.13).

C.3 Casimir equation at large A

Another reason to use the embedding formalism is that it simplifies the computations
for the Casimir equation. In fact in the embedding space the generators of conformal
transformations are simple rotations

('](P,Z))AB EPAapB —PBapA—i-ZAaZB —ZBazA, (C.lﬁ)

and therefore the Casimir can be simply written as

1

C= §(J(P1,Z1) + J(PQ,ZQ))AB(J(Pl,Zl) + J(pQ’ZQ))AB . (017)

The Casimir equation can be formulated as
C G ({XZ,Z H= CNG ({XZ7 Zi}), (C.18)

where G(Apl’q)({Xi,Zi}) has to be replaced by (C.7). To get the leading behavior in A

of (C.18) we replace gg)l s(mm) = (4r)Ah(Aq)l s(r,m). It is easy to see that the terms pro-
portional to A? exactly cancel from the two sides of the equation, and these terms are the
ones generated by a second derivative in r. The equation is then just linear in A and the

highest degree term gives rise to a first order differential equation of the form

= Z MSS, (T’ TDFs’t(T? 77) ) (Clg)

where the sum over s’ runs over the possible tensor structures of the four point function.

C.4 OPE limit of conformal blocks
To find the functions f;’; (P.a) (n) = BP0 (0,m) we need to study the leading behavior of G(Apl’Q)

00,l,s
for 7 — 0. From the three point function (C.3) we can read off the leading order (in xi2)

OPE between two vector operators,

O1(z1, 21)O2(x2, 22)

1 O(zq, D
T A1 iA, AT, A+z+z1+z2 Zcmotﬂ) (—z12,2,I(212) - 21,22),  (C.20)
=101 (a3,)
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where O has spin [ and conformal dimension A. Now we consider the four point function
Fi({xi, z}), we take the leading OPE (C.20) in the channels 1 — 2 and 3 — 4 and then we
write the remaining two point function as in (2.5), to obtain the following result

G(P#l)({x. Z}) -~ (Dz . I(a;24) . Dzl)l tl(p)(l‘lz, Z/, I(xlz) * 21, Zg)tl(q) ($34, Z, I($34) ©Z3, 24)

Al [2Rad’ ~ | - 2 A1 +Ag—A+l+lg+] Az+Ay—A+iz+lg+l :

=D @)™ @) T T T @)
(C.21)

In the limit of x19, 234 — 0 we obtaln that to the leading order x13 ~ x93 ~ Xoq4 = T14

2
and moreover we have (47)% ~ 3(:12227)34 Using this simplifications and applying the Todorov
operator D,/ on the left structure of (C.21) we obtain the following formula

Q) Atl(p)(ﬁf127f(9€24) D, I(z12) - 21, Zz)tl(Q) (%34, 2, I(x34) - 23, 24)
({ass20}) = (4r) e e -
I(h—1) (212) " 2 (234)
(C.22)
Taking the OPE limit of (4.5) and replacing g(A y )S(r n) = (4T)Ah(Ap’lql(r, n) we find
4r)A s
D sz}~ s SR QO (i z)) . (C23)
9012) 2 3634) 2 s

To completely fix the functions fl(z’q)(n) we need to compare formula (C.22) with (C.23)
for r approaching zero,

(») (9)
6" (212, I(x24) Dy, I(z12) - 21, 22)," (234, 2, I (234) - 23, 24) s
I — 1), Zf’ RUCEDE
(C.24)

The aim of what follows is to clarify how we get a matching of the two sides of the
formula (C.24). To do so we first study how the structures Q) ({z;, z;}) in the right hand
side of (C.24) behave for small 7. We recall that Q) ({z;, z;}) can be always expressed in
terms of the two building blocks v; ;. and b;;. This means that it is sufficient to study their
behavior at small r, to understand how the whole set of possible structures behaves. We
obtain, for small r,

Vabi & Za - Tab s % ja R 2i - Tij
0512 ~ —2; - [(z24) - T12, Vo34 R —2q - L(T24) - T34, (C.25)
bio ~ 21 - [(z12) - 22, b3g =~ 23 - I(234) - 24,

boi = 2q - L(x24) - 2i s

where a,b = 1,2 and i,j = 3, 4.

We now want to understand how it is possible to find the structures listed above on
the left hand side of (4.18). The simplest building blocks that appear in the left hand side
of (4.18) are all the scalar combination of left variables 12, I(z12)-21, 22 only, and that of the
the right variables 234, I(34) - 23, 24 only. These combinations generates v, pi, % ja, b12, h34-
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We can also build more complicated structures that mix the left variables with the right
ones. In fact when a combination 219 - I(x24) - Dy, 21 - I(212) - I(x24) - Dy, 20 - I(x24) - D,
appears on the left structure, it then acts on one of the three possible combinations on the
right &34 - 2, 23 - I(x34) - 2, 24 - z. This action creates structures that can be written as linear
combinations of (C.25), with the single exception of Z121(x24)%34. In fact,

N~ —Z12l(w24) 234, (C.26)

thus this combination actually gives the dependence on 7, which is needed for the identifi-
cations of the functions fl(’ls)’Q) (n).

Notice that in doing the matching (4.18) we need some formula of the kind (3.24).
Actually in a generic case we will need to compute some expression of the form

(ul ) DZ) t (uj . Dz)(x : Dz)l_j

=D (-2 F1-2) (- 2). (C27)

f({uivvi}vxvy) =

The main idea to compute (C.27) is that one can always rewrite it as a set of derivative
acting on %(y - 2)! and then apply (3.24) as follows
10 @,ay)) (2 D.)'(y - =)

(i (ui-0,)

F({usvit,z,y) = (11 l—z—i—l) ( I'(h—1),
(w00 [y (w9 DA @ g)
(izll—z'ﬂ) (Hl—i—i—l) 2l(h—11), ' (C.28)

Moreover one can use the identities for derivatives of Gegenbauer polynomial such as

0,Cl () = 2h O (). (C.29)

Putting together all these ingredients one can find the functions fl(”;’q) (n) that define the
OPE limit of the conformal blocks.

D Definitions for the CB with one external conserved current

In this appendix we write down the formulas for BOAO 11(rym) and BOAOI 5(r,m) obtained solving
the Casimir equation at subleading in large A,

274!
r2—2nr+1)(r2+2nr+1)(h—1)
(1 (7 + (2= 4?) r2 4+ 1) (AL =72) + R ((h = 1)r? = 2) + 72 4 1)
+ AZ,nr? (7"2 — 1) (—2772 +r2 4 1)

+ Agar (A34777‘ (r*=1) (-2 +r*+ 1) +2(n* = 1) (r* + 1)2)

M) =g —x {200 =)0 )

+ Aq2n (—2A34n (r2 — 1)2 r+7r? (— (87]2 4+t —3r2 = 5)) + 1) }

—1(r?+1) (2h+1-2) (r* +2nr +1) (r* — 2nr + 1) C’l(hfl)(n)} ,
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T Ut R Rl

—2777“+1)(r2+277r—|—1 (h—1)
[( +(2-4)r* +1) (AQ =)+ h((h—1)r* —2) +r° +1)
+ A3 (r? 1) (=20* + 1% + 1)
+ A3, (r2 -1) r? (=2n° + 1 + 1) (D.2)

+ A1z (17 (= (' = 4n” (1P = 1) + 77 = 8Pr +8nr — 1)) + 1)
—28aur (2077 1) (4 7) + Anay (2 = 1)%) |

—12h+1-2) (r* =2nr+1) (r* +2nr +1) C’l(hfl)(n)} :
Moreover the condition for the conservation of the blocks can be written as

O [hals(r,n)] =0,

where

Oa [hars(r,n)] = (D.3)
+ (r =) Ochara(r,m) +2 (77 = 1) rOyhar (v, )
+r (r? = 1) Orhara(r,n) + (> — 1) (r* + 1) 8yhara(r,n)
Ar (Agz+2h—=1) (n+r(nr—2)) = As (r*+ (49>~ 6) r*+1)
r2—2nr+1

+((2h = D) (n+r(nr —2)) + Dol + r(nr +2)) + An (> = 1) + 4rAsqr) hara(r,n) .

+ [A(1=r?)+ haia(r,m)

E Further discussions on Jantzen’s criterion

In this appendix we discuss the Jantzen’s criterion in more detail (see section 6.2).
First notice that for any weight A that belongs to a wall €2, its Weyl reflection sg - A
is contained in the Weyl reflected wall Q

ss(v)» Where sg(7) is the undotted Weyl action
.5
8%@57—2%5%- (E.1)

This simple observation is useful to obtain a very efficient way to see when (6.25) holds.
First we check if A\ belongs to some wall €2, for some root 7. As we already explained in
section 6.2, if such a wall does not exist either \Ilj\r is empty and M, () is trivially simple,
or \IJ;\r is not empty and M, () is trivially not simple. Then we apply Weyl transformations
sg for B € \I/; to the wall 2. This generates a new set of walls €2, with

Q'YB = QSB(W) , B € \I’;\r . (EQ)

The last step is to find for each § € \Pj a Weyl transformation wg € W), with odd length
that acts on {2, in such a way the set of walls maps to itself

{QWB(VB)}BE\I/j = {QWﬁ}ﬁe\p;\L . (E.3)
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If this set of wg exists, then M,(\) is simple. As we will see there is one more simplification:
anytime that yg € ®, then it is trivial to find a wg such that vz is invariant under wg.
Thus one needs to find a transformation wg to fulfill (E.3) only for the roots g ¢ ®,.

The full criterion can be written as follows. When A € €2, the parabolic Verma module
M, () is simple if for any 8 € UY, it exists wg € W}, with odd length such that

{ws(ss()} pewy = {£s5(M} et - (E.4)

Where 4+ means that the two sets of roots have to be equal up to signs since 2, = Q_,.

E.1 Example: so(5)

Following the algorithm (E.4) we first find that U = {(1,1),(1,0)}. Then we obtain the
roots that parametrize the walls reflected by the two Weyl reflections sg with 5 € \Ilj

5(1,1) ((17 _1)) = (17 _1) ) (E5)
s ((1,=1)) = (=1, —-1).
As a last step we check that the walls (; _;) and _; _qy can be reflected into each other

by a Weyl transformation of W, with odd length. In fact s 1)((1,-1)) = —(=1,-1).
Again the minus sign is not important since €2, = Q_,.

E.2 0Odd spacetime dimension

We first consider the case in which A belongs to the wall of the Weyl chamber QO&T’
0
given by
A=2N+1+1; -k (k=1,...,N). (E.6)
We obtain VY = {od;", ads', . aOk 1}- Notice that s ++(aa“k ) = ajk for any 1 < j <
k < N. Therefore each reflected wall is parametrized by a root o, k , which can be Weyl
reflected to itself using a Weyl symmetry s ot € W, with odd length Therefore M,(\) is

simple. The other special case is when A belongs to the wall Q ont

A=Fk—1 (k=1,2,...,N). (E.7)

In this case \Il;\r = {ozo ,aarf,ag;r, . aar;,r, ozar,;rl, e ,aar]\?}. When we Weyl-reflect the

wall Q ozt with sg for all the roots ﬁ S\ 1, we obtain walls parametrized by the follo-
wing roots:

Sag; (a_k+) = 04]_1:_ (J #k), (E.8)

sact(ogr) =af” (G #K), (E.9)

Sadt (Of]:r) = Qg (E.10)

St (agh) = o (E.11)

Notice that the cases (E.8) and (E.9) are trivial since the transformed roots live in ®;, so we
can map each one of them to itself using a transformation in W), with odd length, namely
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St (a;'k_) = a;“k_ and s ot (a;',j) = a;?‘. The two remaining cases (E.10) and (E.11) are
J J

less trivial because the roots ao_,: and Qg do not live in ®,. This means that we cannot

map each one to itself, but we can still map one into the other s az(aa,:) = —ag" (up to
a sign, which is irrelevant since Q, = 1_,). Therefore M, () is simple.

E.3 Even spacetime dimension

The even dimensional case looks much less straightforward then the odd dimensional one.
This is both because the roots ozk|r are absent and because [y can now be also negative.
The result can be sketched as follows

In>0 In <0
)\GQa0+k+:{/\iA:2N+lk—k}:> k=1,...,N —1| simple simple
k=N simple  non simple
(E.12)
In>0 In <0
)\GQO‘&_ ={A:A=k—1I} —> |k=1,...,N — 1|non simple non simple
k=N non simple  simple
(E.13)

Let us first consider the case in which A belongs to the wall € ol with k=1,...,N. We
find that

4+ ++ +— : _
ot — {ogq 704027---7040,1\77170‘0,N} ifly<0and k=N, E 14
AT { ++ ++ ++ th : ( . )
Y Y otherwise .

As we already discussed in the odd dimensional case, all the roots aar;r for j =1,...k
trivially satisfy Jantzen’s criterion since s ot (ag,") € ®p. Thus when we only have roots
af{f with for j = 1,...k, the module M,(\) is simple. When Iy < 0 and k = N, we also
have the root 046% which reflects the wall as s_+- (O‘(J)W ) = aaﬁ . Clearly there is no odd
transformation in W, which maps this wall to itself. We can then conclude that the module
is not simple. The other special case is when A belongs to the wall €2 ot We obtain

++ A+ ++ - _
ot — {ogi  agy - agN_1 ifly<0Oand k=N, (F.15)
AT 4+ A+ + - +— : -
{og1", gy ""’QON’O‘O,kz-i-lv""O‘ON} otherwise .

When we Weyl-reflect the wall ro&:'_ with sg for all the roots 8 € \I/j{, we obtain walls
parametrized by the following roots

sat-(age ) =0z (G=1...N.j#k), (E.16)
Sat (g ) =aft  (G=1,...N,j#k), (E.17)
o (O) = agi” (£.18)

Again (E.16) and (E.17) are trivial since they live in ®,. Only the single root ag," does
not belong to ®,. Since there are no more cadidate roots in \IJ;\r which we can map into
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Figure 9. Bruhat ordering for elements of W,\W, for By11 = s0(2N + 3) (above) and Dy41 =
50(2N + 2) (below).

ag," under a weyl reflection in W, we conclude that M,()) is not simple. On the other

hand when Iy < 0 and A € Q gt it is crucial that the root ag ;,r is not in \I'j\r Therefore
0

in this case M,(A) is simple.

F The Kazhdan-Lusztig conjecture
In this appendix let us be more explicit about the KL polynomial P, ,(¢) in (6.30).

F.1 0Odd spacetime dimension

Let us first consider the odd-dimensional case: s0(2N + 3). Then W,\W contains 2N + 2
elements wy, ..., wan42, and the Bruhat ordering among them is shown in figure 9, namely
w; < wj when i < j.

In this case, the value of the KL polynomial at ¢ = 1 is known to be [57, section 5]

1 (w; > wj),
Pu; w, (¢=1)= J (F.1)
0 (otherwise).
This means
ch L(w; - A) =Y (=1)7""ch Mp(w; - A), (F.2)
Jj<i
and hence by inverting the relations we obtain
ch My(wy - A) = ch L(wy - \), (F.3)
ch My (w; - A) = ch L(w; - A) + ch L(w;—1 - A) (i >2). (F.4)

Namely each generalized Verma module contains either one or two irreducible components,
and we do not need to worry about the null descendants within null descendants. This
explains the absence of higher order poles in the corresponding conformal blocks.
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Figure 10. Bruhat ordering for so(5).

Let us take the example of s0(5). The Bruhat ordering is shown in picture 10. Notice
that the chambers below the origin do not have any label because there is no element in
W, \W which can map the upper half plane to the lower one (since the root (0,1) is in ®y).
Defining My,, = My(wy, - A) and L,, = L(w, - A) and applying formula (F.2) we obtain

ch My =chLy, (F.5)
ch My =chLy+chLy, (F.6)
ch Mp3 =chL3+chLsy, (F.7)
chMpy=chLsy+chLg, (F.8)

which matches formulas (6.35)—(6.37) in the main text.

F.2 Even spacetime dimension

The situation is different for even dimensions: so(2N + 2). In this case, W,\WW contains
2N + 2 elements, and the Bruhat ordering among them is a bit more involved, as shown
in figure 9: w; < w; for ¢ < j, except that wy1 and wy2 are uncomparable. The g = 1
value of the KL polynomial is known to be

1 (wi <wj),
Pywj(g=1)=42 (n+2<j<2n-1,1<i<2n—j), (F.9)
0

(otherwise) .
For example, for s0(6) the Bruhat ordering of the Weyl chambers is shown in figure 11.

Again we only labeled the Weyl chambers of the parabolic module. We also show in red the
shape of a Weyl chamber, which now are three dimensional objects. Applying formula F.9
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Figure 11. Bruhat ordering of so(6). The Weyl chambers are the cones spanned by the lines
originating from the center of the cube and passing through the three points of the triangles in the
faces. We labeled them with numbers in the faces (for example we colored in red the Weyl chamber
number 2).

we get
chlLy =chM,q,
chLy =chMys —chM,q,
ch Ly =chMy3—chMys+chM,q, (F.10)
chLy=chMys—chMys+chM,q,
ch Ly =chMys —chMyy —chMyz+chMys —2ch M,
chLg = ch My — ch M5+ ch Mp4 +ch Myz —ch Mo +ch M.
and hence
ch My =chLy,
chMyo=chLy+chLq,
chMp3 =chLz+chLsy, F11)

ChMp4 =chL4+chlLs,
chMy5s=chLs+chLy+chL3+chLy+chLy,
ChMpﬁ =chlLg+chlLs+chlLq.

In particular, the parabolic Verma modules contain in general more than two irreducible
components.
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