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Abstract

In this paper we calculate the tree level three-point functions of Vasiliev’s
higher spin gauge theory in AdSys and find agreement with the correlators of the
free field theory of N massless scalars in three dimensions in the O(N) singlet
sector. This provides substantial evidence that Vasiliev theory is dual to the
free field theory, thus verifying a conjecture of Klebanov and Polyakov. We also
find agreement with the critical O(IN) vector model, when the bulk scalar field
is subject to the alternative boundary condition such that its dual operator has
classical dimension 2.
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1 Introduction and Summary of Results

The AdS/CFT correspondence [11, 2, [3] has led to marvelous insights in quantum gravity
and large N gauge theories. Most progress has been made (see [4] and references
therein) relating weakly coupled gravity or string theories in AdS spaces of large radii
to strongly coupled gauge theories. On the other hand, a weakly coupled large N
gauge theory is expected to be dual to a weakly coupled string theory in AdS space
of small radius compared to the string length scale (see for instance [5l 6] [7, 8, [} 10,
11] 12 13| 14] 15]). In practice, while it is straightforward to understand a large N
gauge theory at weak 't Hooft coupling perturbatively, the string theory side involves a
strongly coupled sigma model in the worldsheet description. It is difficult in general to
understand the string spectrum in the small radius limit, let alone the full string field
theory in AdS. In general, one expects the free limit of the boundary gauge theory
to be dual to a higher spin gauge theory in the bulk. In this limit, the bulk strings
become tensionless in AdS units [16, 17, [18], [19, 20, 21], and the string spectrum should
contain a tower of higher spin gauge fields.

A remarkable conjecture made by Klebanov and Polyakov [22], closely related to
earlier ideas put forth in [5] [6 23], 24) 25 26] 27] and in particular [28], has provided the
first example of a potential dual pair that involves a weakly coupled (possibly free) large
N gauge theory on one side, and an explicitly known bulk theory on the other side.
More precisely, the conjecture states that Vasiliev's minimal bosonic higher spin gauge
theory in AdS, [31) 132} 33], which contains gauge fields of all non-negative even integer
spins, is dual to either the three-dimensional free field theory of N massless scalar fields,
in its O(N)-singlet sector (we will refer to this as the “free O(N) vector theory”), or
the critical O(N) vector_model, depending on the choice of the boundary condition
for the bulk scalar ﬁeld. The bulk theory contains one scalar field, of mass square
m? = —2/R? R being the AdS radius. Depending on the choice of the boundary
condition for this scalar, its dual operator has either dimension A = 1 or A = 2,
classically. We will refer to them as A = 1 and A = 2 boundary conditions, respectively.
The conjecture is that Vasiliev theory with A = 1 boundary condition is dual to the free
O(N) vector theory, which contains a scalar operator of dimension 1, and the Vasiliev
theory with A = 2 boundary condition is dual to the critical O(N) vector model, the
latter containing a scalar operator of classical dimension 2 (plus 1/N corrections).

Thus far there has been little evidence for the conjecture of [22] beyond the N = oo

!To be a bit more precise, the restriction to the O(NV)-singlet sector in the dual boundary CFT
should be implemented by gauging the O(N) global symmetry, at zero coupling. In order to preserve
conformal invariance, we can couple the scalars to O(N) Chern-Simons gauge fields at level k, and
take the limit £k — oo.



limit, which involves free higher spin gauge theory in the bulk. The only nontrivial
piece of evidence we are aware of that involves the detailed structure of Vasiliev theory
has been the observation of [37, [39] that the cubic coupling of the scalar field in the
bulk theory vanishes identically. This implies that, with the choice of A = 2 boundary
condition, the three-point function of scalar operators in the leading 1/N expansion of
the dual CFT vanishes. This is indeed the case for the critical O(N) model, that is
special to dimension 3 (and is not the case if one works in dimension 2 < d < 4 with
d # 3). One may then be puzzled by the A =1 case, where the dual CFT is expected
to be the free O(NN) vector theory, in which the three-point function of scalar operators
do not vanish. A potential resolution to this, analogous to the “extremal correlators”
of [41]E is that the integration over the boundary-to-bulk propagators on AdS; is
divergent for the A = 1 scalar, hence even though the bulk interaction Lagrangian
vanishes, a subtle regularization is needed to compute the three-point function. Such a
regularization is not previously known in Vasiliev theory. It will be explained in section
4 and section 6 of this paper, as a byproduct of our results on three-point functions
involving more general spins.

It has been shown in [27] that in a CFT with higher spin symmetry, if the OPEs of
the conserved higher spin currents (or equivalently, the three-point functions) have the
same structure as in a free massless scalar field theory, then all the n-point functions of
the currents are determined by the higher spin symmetry up to finitely many constants
for each n. It is however far from obvious, a priori, that the three point functions in
Vasiliev theory are those of a free field CFT. One of the main goals of our paper is to
establish this.

In this paper, we will calculate tree level three-point functions of the scalar and
higher spin currents of Vasiliev theory in AdS;. As we will review in section 2, this is
highly nontrivial because, while Vasiliev’s theory is formulated in terms of nonlinear
equations of motion, there is no known Lagrangian from which these equations are
derived (see for instance [40] and references therein for works on the Lagrangian ap-
proach to higher spin gauge theories). Further, in Vasiliev’s formalism, each physical
degree of freedom is introduced along with infinitely many auxiliary fields, which are
determined in terms of the physical fields recursively and nonlinearly. We will develop
the tools for the computation of correlation functions in section 3 and 4. In particular,
we will derive the relevant boundary-to-bulk propagators in terms of Vasiliev’s master
fields in section 3, and use the second order nonlinear fields in the perturbation theory
to derive the three-point functions. In some cases, there are superficial divergences due
to the nonlocal nature of Vasiliev theory, and suitable regularization in the bulk will

2 The correlation function of the A = 1 scalar operator in the large N limit may also be understood
in terms of the A = 2 case using the Legendre transform [29] 30} 42].



be needed.

More concretely, our strategy is as follows. For the three-point function of currents
Js1y Jsyy Jsg, Of SPIN 51, 59 and s3, we choose two of them to be sources on the boundary.
We will first solve for the boundary-to-bulk propagators of the master fields sourced
by the two currents, say Js, and J,s,. Then we will solve for the master fields at second
order in perturbation theory, using Vasiliev’s equations of motion. Finally, we examine
the boundary expectation value of the spin-s3 components of this second order field,
and read off the coefficient of the three point function (Js, Js, Js,). In fact, through this
procedure, we can only determine the ratio

(Jor Jsr Js5)

<J83,]33> ~ C(Sl, 59, 83), (11)

with some a priori unknown normalization of J,. In particular, the coupling constant
of Vasiliev theory must be put in by hand at the end, which multiplies all three-
point functions. The normalization of J; can be determined by comparing different
computations of the same three-point function, grouping different pairs of currents as
sources.

Note that the spatial and polarization dependence of the three point function
(Js, Js,Jsy) is constrained by conformal symmetry and the conservation of the cur-
rents, to a linear combination of finitely many possible structures [30] H All we need to
calculate is the coefficients, as a function of the three spins. Our C(sy, sq; s3) will be
defined using (L)) in the limit where the first two currents, Js, and Js,, approach one
another. In other words, we will be computing the coefficient of Jg, in the OPE of J,
with Jg,.

Throughout this paper, we will take our default boundary condition for the bulk
scalar field to be the A = 1 boundary condition. This is because classically, the higher
spin currents J, have scaling dimension s + 1; with the choice of A = 1 boundary
condition, the scalar field is treated on equal footing as the higher spin currents. The
“standard” A = 2 will be considered separately.

In section 4 and section 6.1, we will explicitly calculate C(sq, s9;0) and C(0, s1; s9)
for s; > s9. In our normalization convention, which will be explained in section 3 and
4, we find

1
C(s1,82;0) = —gf(sl+82+§), (1.2)
and that . .
_l_ =
0(07 815 32) = —42_82%, S1 > So. (13)
2:

3We thank J. Maldacena and I. Klebanov for discussions on this point.



This are in fact precisely consistent with taking two different limits of the same three-
point function of conserved higher spin currents, which by itself is a nontrivial consis-
tency check on Vasiliev's equations. The results allow us to fix the relative normal-
ization of Js, and to determine the tree-level three-point functions of the normalized
currents, involving one scalar operator and two general spin operators, as we show in
section 6.1. Much more strikingly, we will find complete agreement with the corre-
sponding three-point functions in the free O(N) vector theory. We regard this as a
substantial evidence for the duality between the two theories.

In section b, we study the same tree level correlators in Vasiliev theory, but with
A = 2 boundary condition on the bulk scalar field. We will find that the three point
function coefficient C'(sq, $2;0) in the A = 2 case is in precise agreement with that of
the critical O(N) vector model, at the leading nontrivial order in the 1/N expansion.

Let us emphasize that from the perspective of the bulk higher spin gauge theory,
the computations of, say C(sy,s2;0), C(0,s1;82) with s; > so, and C(0, s1; $2) with
s1 < S, are very different. For instance, when the two spins coincide, C(s,s;0) is
naively identically zero from the nonlinear equations of motion. However, our result
for C'(s1, $2;0) with general s; # sy suggests that the seeming vanishing of C(s, s;0)
is an artifact due to the highly nonlocal and singular nature of Vasiliev theory, and
in fact a proper way to regularize the computation is to start with different spins
s1, So, analytically continue in the result and take the limit sy — s;. In section 6,
we also attempt to calculate C(0,0;s), for s > 0. Somewhat unexpectedly, this in
fact involves a qualitatively different computation than the cases mentioned above.
Our result on C(0,0;s) appear to be inconsistent with the general properties of the
three-point functions, and we believe that this is because the computation is singular,
similarly to the case of C(s, s;0), where the spins of the two sources coincide. We hope
to revisit this and the more general C'(sy, sg; s3) in the near future.

The story has a few important loose ends. First of all, Vasiliev’s minimal bosonic
higher spin gauge theory, as a classical field theory in AdS4, has an ambiguity in its
interaction that involve quartic and higher order couplings [35]. This ambiguity is
entirely captured by a single function of one complex variable. It does not affect our
computation of tree level three point functions, but will affect higher point correlation
functions as well as loop contributions. Presumably, this interaction ambiguity is
uniquely determined by requiring that the bulk theory is dual to the free O(N) vector
theory. Further, it is conceivable that this is the only pure bosonic higher even-spin
gauge theory that is consistent at the quantum level.

Secondly, there is an important missing ingredient in the case of Vasiliev theory
with A = 2 boundary condition, which is expected to be dual to the critical O(N)
vector model. While higher spin symmetries are symmetries of the O(N) model in the



N = oo limit, and hence at tree level in 1/N expansion, they are not exact symmetries
of the theory at finite N. The bulk Vasiliev theory, on the other hand, has exact higher
spin gauge symmetry. One possibility is that at loop level, an effective Lagrangian is
generated for the scalar field, such that the scalar field will condense in a new AdS,
vacuum, and spontaneously break the higher spin gauge symmetries (see [43] [44]). We
will comment on these points in section 7, leaving the details to future works.

2 General Structure of Vasiliev Theory

In this section we shall review the construction of Vasiliev theory and set up the
notations. Throughout this paper we will be considering the minimal bosonic higher
spin gauge theory in AdS,, which contains one spin-s gauge field of each even spin
s =0,2,4,---. We will denote by z* = (Z, z) the Poincaré coordinates of AdS,, and
write 2% = 72 + 2%, x = z*0,, etc. Our spinor convention is as follows.

u® = EaBUB, Uy = uﬁega, €1 =€ =1, (2.1)

and the same for the dotted indices. When two spinor indexed matrices M and N are
multiplied, it is understood that the indices are contracted as M..“N,.... TrM = M,“.

We define V5 = V0", and hence V, = =3V, 3007, V3V = —Tr(V,o)? = —2V"V,.

2
Following Vasiliev we introduce the auxiliary variables vy, ¥4, Za, Z4, Where § and 2z
are complex conjugates of y, z. When there is possible confusion, we shall distinguish
z, from the Poincaré radial coordinate by adding a hat, and write 2, instead. While
we will mostly be working with ordinary functions of y, 7, z, Z, in writing down the
equations of motion of Vasiliev theory we need to define a star product, *, through

fly,2)* gy, z) = /dQudQve"a”“f(y +u,z+u)gly +v,2—v), (2.2)

where the integral is normalized such that f « 1 = f, and similarly for the conjugate
variables 9, Z. The star product between functions of the unbarred variables and the
barred variables is the same as the ordinary product. In particular, for y and y, we
have

Yo * Yp = YalYp + €af)

y ey’ =y’ + e

Ya * Yg = Yalp T €4

7+ 57 = g +

(2.3)

whereas z and Z have similar *-contractions with opposite signs. Note that although
2o and yg *-commute, their *-product is not the same as the ordinary product, i.e. the
x-contraction between z, and yz is €4p rather than zero.
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It will be useful to define the Kleinian of the star algebra, K = 2%, and K = e*"s.
For convenience we will also define K (t) = e’*"% and K(t) = e'*"%. They have the

property under *-product

(1=t)y —tz)K(1),
K(t) = f(y) = f((L =)y + tz) K(1),
Fy,z)« K(t) = F(1 —t)y —tz, (1 —t)z — ty) K(t),
((

| (2.4)
K(t) % F(y,2) = F(1— t)y +tz, (1 — t)z + ty) K (¢).

In particular, K *-anti-commutes with 7, z, K *-anti-commutes with ¢, Z, and K x K =
K+ K=1.

We are now ready to introduce the master fields, W = W,(z|y, 9, 2, Z)dz*, S =
Sol(z|y, ¥, 2, 2)dz* + Se(z|y, ¥y, 2, 2)dz%, and B = B(z|y,¥,2,%). Here dz* and dz¢
behave as ordinary 1-forms under *-product. Our convention is slightly different from
Vasiliev’s in that we will be writing z, + S, for Vasiliev’s S,, and similarly for S;. We
begin by presenting a fully covariant form of Vasiliev’s equations of motion. To do this,
we shall further define

A=W + (2o + Sa)dz" + (Z4 + Ss)dz%,

A=W + S,dz* + S;dz°,

d=d, +dy, d=d,, (2.5)
UV=BxK, U=BxK,

© = Kd2* + Kdz*, R=KK.

where d, is the exterior derivative in z* and dy is the exterior derivative in (24, Z4),
dz? = dz*dz,, dz* = dz%dZzs;. The equation of motion of Vasiliev theory can be written

as . R R .
dA+ Ax A= f(U)d2* + f(V)dz?,

T=UxR [RW].={R S} =0

where f is a complex *-function of one variable, and A and ¥ are understood here as

(2.6)

otherwise unconstrained fields, A being a 1-form in (z, 2, ). For instance, ¥ = ¥ x R
is just a rewriting of the statement that both U and ¥ are related to the real field 5.
(20) the admits gauge symmetry

6A =de+[A e, = de+[A, €.,

oU = [V, €l,. 27

With field redefinitions of S and ¥, one can put f(V) in the form f(¥) =1+ ¥ +
1cV W% W4 ... where c is a real constant and - -- are a remaining *-odd function in



U. The #-cubic and higher order terms in f(¥) will not affect the computation of tree
level three-point function, and may be ignored in most of this paper. We will comment
on them later. It was observed in [39] that if one imposes parity invariance one can
in fact ﬁx@ f(¥) =1+ . We will work with this choice in this paper, and refer to
it as the “minimal” Vasiliev theory [39]@. In this case the equations of motion can be
written simply a

Fi=dA+Ax A= Bx0. (2.8)

Note in particular it follows from (2.8) that dB+«© + [W, Bx 0], = 0 and [z, + Sa, B *
K], = 0. In terms of W, S, B, in a more digestable form, the equations are

d,W+W W =0,

d;W +d,. S+ {W,S}. =0,

dzS+ S %S =DBxKd*+ Bx Kdz?, (2.9)
d,B+W B —Bxn(W) =0,

dzB+ S+« B—Bxm(S)=0.

Here 7 and 7 is defined by

W(f(y>g> z, Za dZ, dz)) = f(_y>g> —Z, Za —dZ, dZ),
ﬁ-(f(y>g> z, 2, dZ, dg)) - f(y, —Y,z,—Z, dZ, —dZ)

Note that because of the constraints [W, R]. = {S, R}. = [B, R]. = 0, 7 and 7 in fact
act the same way on W, S and B. The gauge symmetry is now written as

(2.10)

W = de + [W, €.,
08 = dze + [S, €], (2.11)
0B =Bxm(e) —ex* B,

for some €(z|y, 7, 2, 2).

Note that the overall coupling constant of Vasiliev theory is absent from the equa-
tions, which will need to be put in by hand in computing correlation functions using
the AdS/CFT dictionary. While one may verify the consistency of the equations of

4We thank Per Sundell for pointing this out to us.

5We may assume that the scalar is even under parity. If the scalar is taken to be parity odd, the
resulting bulk theory was proposed to be dual to 3d free O(N) fermions/critical Gross-Neveu model
[39, 38].

6This form of the equation of motion may appear similar to the string field theory equation of the
form QA+ Ax A =0 [45]. However, due to the RHS of (2.8), and the fact that B field transforms in
the twisted adjoint representation with respect to the star algebra, we do not see an obvious way to
cast the equation (Z8) in the form of a cubic string field theory equation with some BRST operator.



motion, we do not know the explicit form of the Lagrangian from which these equations
can be derived.

The AdS, vacuum is given by
W=W, S=0, B=0. (2.12)

where W, = wé + e satisfies the equation dWy+ Wy« Wy = 0. Here wOL and ey are the
AdS, spin connection and vierbein written in terms of the x-noncommutative variables
y and ¥, in Poincaré coordinates,

1 dx? ; ] — & =0

wy =3 [(U’Z)aﬁy‘“y +(0%)ag¥ yﬁ] )

2 (2.13)

1 dxﬂ w afﬁ'

e = ———o". )

0= 57 apd Y
We will often use the notations

dp =d+ Wk, -].,
DO - d"— [W(], ']*, (214)

Dy=d+Wyx - — - s m(W).

Writing W = W, + W, we can write the equations of motion in a perturbative form as
DQW = —W * W,
dzW + DyS = —{W, S}.,
dzS—B*x© =—-5%5, (2.15)
DyB =W % B+ Bxx(W),
dyzB =—-Sx B+ Bxn(9).

The linearized equations are simply obtained from (215 by setting the RHS to zero.
The strategy to solving the equations perturbations is as follows. First, using the last
line of (Z.I5]) we solve for the Z-dependence of B. Then using the third equation of
(Z18) we solve for the z-dependence of S in terms of B. One can always gauge away the
z-independent part of S. Using the second equation, one solves for the Z-dependence
of W in terms of B. We shall write W = Q+W’, where Q = W|,_s_,, and W’ contains
the z-dependent part of W. The first equation will now give a relation between €2 and
B, either one will contain all the physical degrees of freedom (except the scalar, which
is only contained in B). Finally one can recover the equation of motion for the physical
higher spin fields from either the fourth equation (which is often easier) or the first

equation in (2.13]).

We will defer a discussion on the explicit relation between the linearized fields and
the “physical” symmetric traceless s-tensor gauge fields to the next section, where we

9



will solve for the boundary-to-bulk propagator for the master fields both using the
“conventional” symmetric traceless tensor field and directly using Vasiliev’s equations
for the master fields. For now, let us point out that that the physical degrees of freedom
are entirely contained in W and B restricted to z, = Z4 = 0. In fact, writing the Taylor

expansion
Q = W‘ZZEZO = Z Q(()Z’T(inﬁ'lnﬂmyal e yangﬁl e gﬁm7
o (2.16)
B|Z:2:0 = Z B(():’mo)fnﬁlﬁmyal e yangﬁl e gﬁm’
n,m=0

the spin-s degrees of freedom are entirely contained in Q@=1+ms=1=n) (|| < 5 — 1),
B@stmm) and BMm:2stm) (m > 0). In particular, Q®~5*~Y will be the symmetric s-

s—1,s—1

tensor field, and B®*9 related to up to s spacetime derivatives of ), plays the

role of the higher spin analog of Weyl curvature tensor.

3 The Boundary-to-Bulk Propagator

The goal of this section is to derive the boundary-to-bulk propagator for the Vasiliev
master fields corresponding to a spin-s current in the boundary CFT. In the first
subsection, we will derive the boundary-to-bulk propagator for a free higher spin gauge
field described by a traceless symmetric tensor. We will then recover the same result
in the linearized Vasiliev theory, while providing explicit formulae for the propagator
of the master fields as well.

3.1 The spin-s traceless symmetric tensor field

Let us consider a traceless symmetric s-tensor gauge field ¢,,..,,. in AdSgqy1. The
equation of motion is given by

v 8(8 — 1) R wiZ
_(D — m2)<,0u1...us + SV(Hlv Puo-ps)y — )g(ﬂlﬂzv Y 2@#3"'“5)””2 = O,

2(d+2s—3
(3.1)

where m? = (s — 2)(d + s — 3) — 2. This equation can be derived using the linearized
form of Vasiliev’s equation in AdSgy; for general d in the Sp(2)-invariant formalism
[33, 34] (see also [27]). In this paper we will not use this formalism. Instead we will
directly recover the result of this section by starting with Vasiliev’s master equations
in AdS, in the next subsections.

10



Under the gauge condition V¥¢,,,...., , = 0, (B1)) simplifies to
(O = m*) Qs = 0. (3.2)
A solution to this equation has the boundary behavior as z — 0,
Giis (T, 2) ~ 2%, (S+8)(0+s—d)—s=m" (3.3)

where the indices i, are along the boundary directions, running from 0 to d — 1. From
this we read off the dimension of the dual operator, a spin-s current J;,...;,,

d d\?
A:d—é—s:§+ m? + s+ 3 =d—2+s (3.4)

This scaling dimension also follows from the conformal algebra under the assumption
that J;,...;, is a conserved current and a primary operator. In particular, in a free scalar
field theory in d dimensions, the currents of the form ¢9;, - - - 9;,¢ + - - - have dimension
A=d—2+s.

Now let us study the boundary-to-bulk propagator for ¢,,..,,,. Using the traceless
condition on ¢, the gauge condition V¥¢,,,..,. ., = 0 can be written in Poincaré
coordinates explicitly as

d—1

(az - 7)902#1"#371 + aiﬁpimmusfl = 0. (35)

where the index ¢ is summed over 0,--- ,d — 1, while p; runs through 0, - - - , d.
The operator [1 = V%V, acts on ¢,,..,,, as

s—d+1
z

Doy ope = [zz(az +

— 28200 Ppzepin)z + (8 = 1) jua Ppigeopis) o
- S(d +2s — 3)5Z(M190M2~'Ms)2 + QSzapdz(ul Pua--ps)p

—d+1
_ [22(62 + %)(az + Z) + 20,0, — s] O

)@ + 2+ 200~ 5| e,

= 252001, Puz-s)z + (5 = D)o Prusepie)ze + (d = 28 + 1) (4 Ppigeoops)=-
(3.6)

where in the second step we used the gauge condition. Now splitting the indices

according to boundary and radial directions, (pq -+« ps) = (i1 -+ dpz---2), 0 < r <'s,

we have

s—d+1
z

+(s=7)(d—5—7) = 8] Vi iprz — 2Tz8(i190i2---ir)z---z +r(r— 1)77(i1i2‘:0i3---ir-)Z~~Z’
(3.7)

Ogiian = | 22(0, + )0+ 2) +220,0, = 2(s )20,

11



Define the generating function
o) = Y
s s i1 ir (\VZ\S—T
=2y (r)goil...uz...z(:v, Y YY)

with auxiliary variables Y#. We can express the equation of motion for ¢ in terms of

(3.8)

the generating function ®4 as

s—d+1

20, + ), + g) 4 220,0; — 22V 0,0y + (d — 25 + Y?0y2)Y Oy

(3.9)
—5 —22Y"0,0v- + Y202, — mz} 2%P, = 0.

Now we perform a Fourier transform on the variables (Z,Y?), into (p,v), and write the
Fourier transformed generating function as ®,(p, z|Y', v). Then the equation of motion
simplifies to

[<zaz +v0,)* + (25 — d + 2)(20 + v9,) — (2 — vY)? (3.10)
+s(s —d+1)+1—d—m?] 27°d(p, 2|V, v) = 0. |

In solving this equation, we must take into the traceless condition and the gauge
condition, which are expressed in terms of ®; as

[v(z@z +1—d)+z2p- 5;/] 25D, =0,

B (3.11)
(82 —v*)d, = 0.
(B.10)) is essentially the Bessel equation, solved by
@, = (P~ VNSV — 5 p) (3.12)
for some arbitrary function f, where
Yalt) = 2T R (1) (3.13)
solves the equation
[(t0,)* + (2s —d + 2)t0, — > + s(s —d + 1) + 1 —d — m®] ¥,(t) = 0. (3.14)

To solve the gauge condition (first equation of (B.11)), we may take f to be of the form

vV - y4 v — ¥
Y —Zpp) = (VA RY - Zp 1
FEY =25 = O - 25 p) (315)

12



Now we shall specializing to the case of AdSy, i.e. d = 3. Replace the variable v by
u = v/z. Fourier transforming back, we can turn the integration over u into a contour
integral around u = 0, and write the generating function for the spin-s field as

_ [du ip-T+izuY? — Vs % 2
B, — oo+ /d3p]{ LTIy (ol — uV | F(V %,ﬁ)

— du ip-T+iuxH _‘ Ve
zzs“/d?’pf—er Y, (2 p) F (——,p+uY) (3.16)
_ du iuzhY), a . Va 1—2s Z .
= P i o (i

The traceless condition, i.e. second line of (B.II]), can be expressed as a condition on

F(q,),

q-0,F =(s—1)F, J:F=0. (3.17)
We can therefore write F' as
. se1i0 T
F(q,p) = |q] 1G(m,ﬁ) (3.18)

and the generating function as

O, = 7{ al—ue“m”/“G(z2 —id +uY)|0|* (

ustl |8|

)SH (3.19)

The traceless condition now says G({/|q|,p) is a (singular) spherical harmonic on S?

x2 + 22

with spin s — 1 (or 0 for s = 0).

Without loss of generality, we only need to consider the boundary-to-bulk propa-
gator corresponding to a spin-s current contracted with a null polarization vector . It
turns out that the solution that gives the desired boundary behavior is

G(q,p) = const X ((6 'Z?;: (3.20)

e s+1
—_ 21
S (i) (321

«s means to pick out the coefficient of u® in

and so ~ .
e (—i0+uY))*
(ie - D)

P, N 6“”“)/# (

- s

for some normalization constant N,. Here

13



a series expansion in u. Near the boundary z — 0, ®4(Z, z|Y) behaves as

O, (z,2|V) — NSZ<28)(5-?)t(5-?) (& 2 [WS (5_5)22—8(5-?)853@)

—~\ 't (s —t)! s!
o 3l(s—3) ¢ (25 2 3
=Nt B () e e
- §F(5_%)(25'2 T\ s £3
= N, eI 2273 (e-Y)0° (%)
(3.22)
where we have dropped terms of the form 9" [(f Y)n (= izz)sﬂ] which vanish at order

227% near the boundary. s will be assumed to be an even integer from now on. By

requiring the coefficient of 227%(e - Y)*63(Z) to be 1, the normalization constant N, is

e (s!)?
F( —%)(2 v

It is sometimes convenient to work in light cone coordinates on the boundary 7 =

determined to be

N, = (3.23)

(zt, 27, 2,), with @ = 2t2~ + 22 and £- 9 = 8, i.e. et = 1,6~ = 0. We can then
write the boundary-to-bulk propagator for ®, simply as

o 1 e s+1
(I)s — »stezux“YM —id. +uY. 2s —
! (=i, +u¥y) 07 \wtao™ + a2 + 22

1

Ng ,
— ,is_ezux“YM(_Za_i_ + uY+)28

s! rta= 4+ a? + 22
\/ ~s+1 uzHY), (324>
= 45 NSZ 25 € :
slia=)s F ata— + 2% + 22 .
+1
N 27 25 (xMYM)S

HCIRCO

3.2 The boundary-to-bulk propagator for the master field B

In this subsection, we will begin with the linearized equation for B in Vasiliev theory,
and derive its boundary-to-bulk propagator. Recall that B contains the higher spin
analogs of Weyl curvature. One of the linearized equations, dz B = 0, simply says that
at the linearized order, B = B(z|y, y) is independent of z, and Z.

14



The other linearized equation, DyB = 0, can be written explicitly as
dB + [wi, B). + {eo, B}.

dz’ . o dzt .
> [(aw)aﬁyaa6 + (o—w)dﬂgaag} B+ o (yagy + 0.0,) B (3:29)

=dB —
:O’

or in components,

z

0 1 z zZ\ Y o =)
+ 52 [0 5000y + (09)a"0305] B — 2 (00, +5705) B+

OB

2z
(3.26)

Recall our convention dz# = —%dmaﬁ o’ 4 By contracting (3:28) with y*7” or by acting
on (3:20) with 9%, we obtain

7?9 .B U;Byay_ﬁ( 19, +5705) B+ o (4°0,) (5°03)B = 0

Y Y Ousb — Y Y 04 5o \Y 0a) Y O =Y

A 4Z . K K 2Z B (327>
anf O-;Bﬁaﬁﬁ =9 1 « —3

8 8 8QBB+T(Z/A/8»Y+Z/W87+4)B+£(Z/ 8a+2)(y 8B—|—2)B:O,

or rather, expanded in powers of y and 7,

afﬁa B(n m) U;Byagg B(n m) 1 1 1 B(n+1 m+1) __ 0
TN —T.(nﬂLm) +£(n+ J(m+1) =0,
z 9aqp
Uaﬁﬁ 0

9°9°9,;B"™ + (n+1)(m +1)B"tm= =,

(3.28)
The scalar field and its derivatives are contained in B™™)  In particular, it follows
from the first line of (3.28) that B = —22y24°0, ;B0 and from the second line

of ([3.28) that

1
4) Btm 4 —
(n+m+4) +

4z

. 2.0%0°
0*0°0,;BY + 70“22 B + §B<07°>
- - 2
= ( —20"20,, — 30270 ; + = | BV
( Wap = 2% Cap + z) (3.29)

(z@”aﬂ — 20, + %) BOY

0.

This is solved by scalar boundary-to-bulk propagator B0 = K(z, z)» for A = 1 or
A =2, where K(z,2) = 7.
produces the correct boundary-to-bulk propagator for the scalar field B9,

This verifies that the linearized equation for B indeed

15
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Further solving for the higher components B"™™ using (3.28), we recover the
boundary-to-bulk propagator for the scalar component of the master field B. The
answer for the A = 1 scalar is

B = Ke 9o =207 — [ e=vo0 (3.30)

where we recall the notation x = z#0, = 2'o; + zo%. We also defined ¥ = 0% — i—gx.

It is straightforward to check that (3.25) is indeed solved by (3.30). The boundary-to-
bulk propagator for the scalar component of B field in the A = 2 case will be given in
section 5.

Now let us generalize to the spin s components of B. Consider an ansatz to the
linearized B-equation of motion of the form

1 _

B = §Ke_y2yT(y)s + c.c. (3.31)
where T'(y) is a quadratic function in y, so that (3.31]) indeed corresponds to the spin-s
degrees of freedom. Our normalization convention is such that for s = 0 ([B.31]) agrees
with the scalar component of the boundary-to-bulk propagator (330). This ansatz

solves (B.25)) if T'(y) obeys

K
dT — %T + —yxdx0,T = 0. (3.32)
z z

The solution is given by
2

T = —yxeé- do*xy, (3.33)
z

for an arbitrary polarization vector £ along the 3-dimensional boundary. We will ver-
ify in the next subsection that this is indeed the master field corresponding to the
boundary-to-bulk propagator for the spin-s tensor gauge field derived in the previous
subsection, with polarization vector . ([B.31]) together with (3.33]) give the boundary-
to-bulk propagator for B of general spin.

Sometimes we will write C'(z|y) = Blj=o. It is useful to invert this relation and
recover B from C, using (3.28)). For the spin s components,

1
- _ - —1)o* fB(2s+m—1,m—1)
(s )y[z$+(s+m Jo*ly

1
Cm(2s + m)z

= () B ) Clal)

B(2s+m,m)

2—s—m (yﬁg)zs—%m—lB@s—l—m—l,m—l) (334)
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where our convention for ¢ is @, = o” Bau = —20,4. The entire spin s part of B is
then given by

B = 3 () B ) Clay) + e (3.35)

m=0

3.3 The master field W

As discussed earlier, our strategy of solving Vasiliev’s equations perturbatively is to
solve for the master fields and then restrict to z, = zZ5; = 0 at the end to extract the
physical degrees of freedom. Writing W for the fluctuation of W away from the vacuum
configuration Wy, it will be useful to split it into two parts,

W (z|y, 7, 2, 2) = Qzly, ) + W' (z|y, 7, 2, 2), (3.36)

where () = W\Zzgzo, and W' is the remaining Z-dependent part of W. At the linearized
level, W|,—o = Q will be expressed in terms of the traceless symmetric s-tensor gauge
fields and their derivatives, whereas W’ is determined by B through the equations of
motion. Let us first consider ). Expanding in a power series in y and ¢, we will denote
by Q™™ the part of € of degree n in y* and degree m in . Recall the generating
function ®,(x|Y’) for which we derived the boundary-to-bulk propagator in section 3.1.
If we identify Y* = agﬁ-yaij, then the component Q=151 ig related to ®, by

dx¥* 0

Q(s—l,s—l) ~ i
z OY#

(3.37)

We will fix our convention for the relative normalization later. The linearized equation

A

DoW =0, or Do = —DogW' = —DyW'|,—z—0, relates the other spin-s components of
Q to QC—15=1 a5 well as to B.

Let us start with the linearized field B(x|y, 7). Using the linearized equation dzS =
B * Kdz?> + B x Kdz*, we can solve for the z-dependence of the master field S by
integrating dz.S,

1

S = —zadza/ dtt(B * K)|; + c.c.

0 (3.38)

= —zadza/ dttB(—tZ,9)K(t) + c.c.
0

where K (t) = e'*"¥=. Define

s(y,7,2) = /01 dttB(—tz,5)K(t) (3.39)

17



so that we can write S = —z,s(y, 9, 2)dz® + c.c. Note that although S may a priori
have a z-independent part, it can be gauged away using a z-dependent gauge parameter
e(x|y,y, z,z). Next, using dz;W = —D,S, we can solve for W’ by integrating again in
2 and z9,

1
W' = / dt Do Su|.-st- + c.c.

W07 ZaS ] ‘z—>tz) + c.c.

/ dtz* <{8W0 S} |z—>tz) + c.c.
0 *

N

@ 1
_ i iz\ B N B
= 7 (0(@")a05 + da,(0).70,) /0 dt s(y, 7, t2) + c.c. (3.40)
2% 1 )
— 2 [dl’a ) Ba"/) — dz@a} /0 dtS(y,y, tz) + c.c.
2% : B 1 )
fe% B 1
_Z ;Z:a / dt(1—1) (65 — t(gZ)'sz,y) B(—tz, j)K(t) + c.c.
0

In the above we used the notation 0, = aya> 0, = 38a~ The relation (3.40) between
the linearized fields W' and B will be repeatedly used throughout this paper.

Now, we can write

Do = —DgW'|.—=g

= _{WO’W/}*‘ZZZ:O
1 .
_ _2i {WO,za / dt (1= 1) (95 — t(o*)32,) B(_tz,g)K(t)] Ndef + e
- ‘ *lz=2z=0
1 .
‘ *1z=2z=0
(3.41)

Note that 0,W is linear in y or y; its *-commutator acts by taking a derivative on y
or . In the first term in the last line of ([B.41l), the y-derivative only acts on K (t), and
the result is zero after setting z, = Z; = 0. So we have

Do) = é {g*,/o dt (1 —1) (95 — t(0%) 424) B(—tz,g)K(t)]

1 — af3 ) [}
e~ 1005 B(0,5)dz A da” + D50, By, 0)de™ A da’

dxas A Az + c.c.

2=2=0

*

(3.42)
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In other words, the linearized equation for the spin-s component of €2 takes the form

af
4,0 = _d;vz (o + T50n) O + C(25=20) | ((0.25-2) (3.43)

where C?*=29 and C(®25=2) are functions of only y and only ¢, respectively, of degree
2s — 2. Expanding (3.43) in powers of y and g, we have

n,m 1 ) n—1,m ) n+lm—
(dL2"™)ap = == [y (A7) 55 + 570 (V) ]

2 (3.44)
(dLQ(n,m))dB _ _g [g(daV(Q(nﬁ-l,m—l))’yB) + y’ya(d(Q(n_Lm—i_l)),yg)} :
for n,m > 1, where d;{) can be explicitly written in Poincaré coordinates as
5y, 1 29NV L Y (A7 (0%)a” _

(dL)ag = |07 + 2 (Ya(070,)" + 57 (0°0g)a) — 1 (Y0, + y9) | s )

ap
(3.45)
We will now solve for Q@=14ms=1=n) for n = 1 —5,... s — 1, n # 0, in terms of

Q== or d,, using (3.43). The following useful relations follow from (3.44),

o n,m n+1 a-Bon+1m—1
Yy (AL Q™) 0 = ———y g QLY

2z of ’
. 2 1 . B
8Q85(dLQ(n,m))dB — %aaaﬁ@(fgl,m 1)’
z «
n+ 2 (3.46)

aaBQ(n.—l,m-i-l) _ Efﬁ'aaQ(n.—i-l,m—l)’
4z y af 4Zy af
m + 2 5 _ m . _
768(1Q(n.+17m 1) e aaBQ(n 1,m+l)‘
4z y af 4zy af

v (d Q) s =

?daﬁ(dLQ("’m))aB =

For now we will restrict ourselves to the spin-s sector. Define the shorthand notation
Qr = QlsHns=1=n) \We will split ", into four terms, Q7 , defined as

o, =7,

oaB"
Qr_ =o',
QL = "380‘935, (3.47)
O =y20°Qn,
. 1 n o om n - On
s = Fz Qa0 = 450200 — Y052 +yafs Q7).

19



We can now invert (3.46) and express 7 in terms of dj, acting on Q"™ or Q"' as

2z
QL — B d Sln_l N
4+ S—l—n—lyy(L )Ba
2z C o d
Q= = (A, 0,
T os—n+1 (de Jap

| (3.48)
QT_L+ = [(S — n)yo‘ﬁﬁ(dLQ”‘l)ag + (8 + n)gdgﬁ(dLQn_l)dﬁ'] ’

01 == (s = my 0 (AL ag + (5 + g0 (27 5]

VAR IR VIR

These relations allow us to raise or lower the index n, hence relating different compo-
nents of ), all of which containing the spin-s field. To proceed we must now fix some
gauge degrees of freedom. The gauge transformations with a 2-independent parameter
e(x|y,y) act on Q as

Q" = dpe™ + dzaﬁ(yaé "+ 50,
0L =y 0 (dre™) g + (52 — n?)et, (3.49)
00", = PO (dre™) g + (52— n?)e" L,

where we used the notation e* = ¢G~1*ms=1=7)  analogously to Q. We can use
1 1

gt .-+, &5 to gauge away ' _ forn > 0, and use ¢!, - -+, e!7% to gauge away Q" for
n < 0. In the n = 0 case, this is simply the statement that we can gauge away the trace
part of the symmetric s-tensor field obtained from Q~55=Y which is a priori double
traceless rather than traceless. This allows us to fix all Q"’s in terms of Q0 = Q=11

and hence in terms of ®,. Schematically, these relations take the form

Q=T 9"  n>0,
Qr=T_Q"' n<o,

s—1 s—1
= <1+2Tf+ZTf> QP
n=1 n=1

(3.50)
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for some raising and lowering operators T.. More explicitly, for n > 0, we have

2z
QL a, B Qn—l
++ s+n—1yy (dr )as
2Z 1 - . 1 _x 2 (O'Z>aﬂy n—
2z . 1 . s—1 .
- __ 7" @ ol Y (A~RA _ AN n—.l
stn—1" [80‘ 2,707 0)a = 5 =(07)a } Yy
22 . 1 —n .
= ——F——Y" |0 N 007!
32—(n—1)2y { * 2z (o) ] T
z n—1
— z _Qn—l
s?2 —(n— 1)2y <@+ z )8y o
= L++QC:F
(3.51)
Recall that @ of = a 8 —20,,3. The operator L. can also be written as
T n 1 1-n non
Ly QY = L (y@ 0y)2" QA" .. (3.52)

Analogously, we can write down recursive formulae relating Q" . and 2" _ to those of
index n — 1, for n > 0,

2z

o =7 H@ B in .
o s—n+1aa(d Jas
2 .. 1 1 (0°)
oY ~ = = & B IF~'s B T g Ty T 2~ A N n—1
s—n+188 [8a+2zy (o 8y)a+22ya(a d5) . (2s—2)| Q
2z : 1—n
[ Y . Z\7 . n—1
s—n+1a {aa_l_ z (U)Q]QV_
z z n—
e () e
_L++Q——a
(3.53)
and
o, = z [(s — )y (AL Vs + (5 + 1) 5P (AL l)aﬁ]
= 2 e 0P 4 P 187+ Ly (070 Y + (o s—1 . s ont
2 {s=m@r + 0 [0+ Lunle0) + Lo - e

o - 1 1 s—1
& 8 =6 v Y(r?9 ). & i (2N 2\ | Qrl
+@+m@y-+ay>ka+2ﬂ<a@n+2ﬂ40@> 2Z<a>a]%}
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s—1
2z

2\ BA n—1
(%) W] {5

= 5% {(s —n) [@ﬁ“’ + ﬂgv(azﬁg)ﬁ -

2z
s—1

+ (s —n)y® 9.7 + i3]“'*(0@?)@ 2z 1(UZ)Oﬂ Q!
2z v

s2 —n?

o S 1 Az z\aB yn— z YOn—
= |07 + 570 - ()05~ (o0, 5]

2z 2z
+(s+n) |07 + iyﬂ(azﬁ - 1(02)73 nt
2z Y 2z VB
+ (s +n)y* |07 + i?ﬂ(azﬁ - ! (0%)a| Q271
22 v 2z N
b (s 4+ )0 |04 + g (0°0,)a — L (07)1a | Qo1
SR va T T, @| et
s+n)(s—n+2 zyaB yn— z n—
? a5 S z\af n— s—n, . n— stn, n—
== {23 [a - (o) 5] s+ T o)+ T 070, )

s—n
2z

. S .
+ (5 —n)y® [acn . g(o—Z)Cn] -t

Yo 00 + (s + n)g® [md - (o)) !

o o L P n—1 fe! 'y._n_2 2\7 . n—1
+ (s —n)d [aa + 9. (0%)a ] O+ (s +n)o {a @ 9. (%) 06} L
_'_fﬁyo_zﬁggr_:_;l + (8_'_”)(8 —n+ 1) (O'Z)QBQnBTI}
z z @
:i OéB_i z\af n—1 _ §—n z9 On—1 _ z9 On—1
25 {28 [a 2:(7) ] Vs T3 rno1)s 00 Ot —yotOp )
s+n s—n

— 2T 00,00 —

f z on—1 _ s0on—1
20s —n+1)z " (ﬁ + ZU ) (050" —gQ" ")

2(s—n—|—1)y

S—n s+n S
zaign—l oo ( ° z) ,Qn_l
T VO gy P S e
s—n n s+n n—2
_ —a ( _ z) 87Qn_1 _ —07 z a Qn_l - Q”_l
20s —n+1)" P=20) Ot 20s+n—1) "7 Pt — o7 | 080 — 0=
B il | Gl >(02)aﬁmﬁ—.1}
z z «
(3.54)
where we have used Q’}r__l = 0. Finally, we arrive at recursive formula for Q7
(s —n)z s+1 . (s +n)z s—1 o
S e nrn o\ ) W gy (0 )
(3.55)

In the case QgB ~ 0,0;®, Q" = 0 for all n > 0 (and by the complex conjugate
relations, for n < 0 as well), and Q% = 0. Therefore, to solve for Q" with n > 0 we
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only need the recursive relations

n < n—1 z n—
Q= s —(n— 1>2y (@ t— ¢ ) 0y,
(3.56)
or = (S B n) @ _ 5+ ]' 8-Qn_1
-t 2$(s—n—|—1) v

Similarly, to solve for (2" with n < 0, we only need the analogous relations for 2,
and €2, _.

Now using the (2s —2,0) component of ([B.43), C(z|y) = Bly=o is related to €2 by

1 1
s~ 1 'st 2 Qs—l _ QS_2
(dL )ocﬁ + a (dL )aﬁ (28 — 2)2Zyocyﬁ — (3 57)
= 4Z2aa8ﬁc(xvz|y>
and so
222
. «a, B s—1
C(Iu Z|y) - 8(28 _ 1)y Y (dLQ )aﬁ
222 1 (0%)
_ a, B v . z z o s5—1
o |07+ a0+ i 00y, - s - ) 0
222 . s—1 .
= - a v Yy QS 1
s(23—1)y {a“ 2. @ )“}
22 -1 z s—1
(3.58)

We will choose a normalization convention for Q=%5=1 in terms of ®,, such that the
boundary-to-bulk propagator for C(z|y) takes the simple form in the previous section,
C(z|ly) = KT (y)*. This is given by

) Sy, (3.59)
z
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We can then express the generalized Weyl curvature C'(z]y) in terms of @y,
Zz s—1
Clzly) = gL++Q++

1)2 ~
= SS%)zLiJrz_l(I)S
2N,(2s)!
(sH? 1 ., . (3.60)
SR e
— (S!)2 s! Zl—s€z2y$8gz—1q)s

NS(QS)! (2s)!

g=0

Using the boundary-to-bulk propagator for ®, derived in the first subsection, we have

s! 2upa. 1 2T s (YXT)*
C — 1-s z%yP oy ,—1 828
(z]y) ((23)!)22 e z (z-) + 22 -
1 251

= GO0 xy)”

s! 1—s592s i 22 < s °
~ G [

Recall that we are now working in the light cone coordinate, with the polarization

(3.61)

(ZE'_)S 12 =0

vector given by et = 1,6~ = e+ = 0. To proceed, observe that
5 N B B Zn+1 Zn+1
(z"yxPy) ()" =n(yx(z"0" — 207 )y) (=)t = HQW (3.62)
where () is defined by
Q=yx(z 0" —z0" )y
1, (3.63)
= 5 (@Yo ™y — yxoxy)

We shall also make use of the property [2%yx@y, Q] = 0. Continuing on (B3.61]), we can

write o
S S
1 =z 9% Q_

2(2s)! (x)2s T 2
2—3—1 Zs+1 0 (yxo.—zxy)s

C(ZL’,Z|y) =

o (28)! ()2 x?
2—5—1 Zs-‘,—l . - 1

- o (yxo~*xy)* 07 ) (3.64)
—5— —z s Z8+1
1 z _, 3 1 s

= §K [Wyxa Xy] = §KT(y)
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where T'(y) is defined as in section 3.1. We can then recover the entire spin-s part of
the linearized master field B,

1 1
nl(n + 2s)! znts

B(aly5) = (25)!S (=22yPg)"="Caly) + cc.

i | 2 2 S\ 2s5+1
5 (25)! HZ:O ol(n 1 25) g (—2%yPy)"(K=7) + c.c.
The following relations are useful,
(—2"yPy) K (z) = (—2y2g) K (v),
(n+m—1)! (3.66)

(—2*yPy)" K (x)™ = (—2y2y)"K ()™,

(m—1)!

where we used the fact (—z2y@y)(—2zy2y) = (—2yXy)*. Now we arrive at the expression

B(xz, 2|y, y) = 5 Z EQT(—zyZy) K*t 4 ce.

= (3.67)
_ L (yxey K2+ vV 4 ¢ e,
2 2z

This is the result we claimed in the previous subsection, the boundary-to-bulk propa-
gator for B.

Finally, let us derive the formulae for the boundary to bulk propagator of 2" for
n=1,---,s— 1. Using (359), we obtain

n o __ (S_H)' —n/ 2 n0
Q++—mz (Zy@ag) Q++

. (S B n)' —n92s/ .2 n —\s
BRI I AU P e

25 1

_ (8 - n)' (_)n8| —n 92s —Ns—n/ 2 n z° 1
S 2(28)(s+n—1)! (s — n)!z 0 (yxg)™ " ("yxy) (z7)" 22 (3.68)
(=) z° 9% Q"

(25 —1)! (x—)s+”(

yxo *xy)" 9% o
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Figure 1: C(sy, s2; s3) will be computed by sewing two boundary-to-bulk
propagators, corresponding to sources of currents of spin s; and ss, into
a spin-s3 field via the nonlinear equations of motion.

Recall QQ = %(:ﬁya‘zy — yxo~?xy). On the other hand, for Q" _,

no__ (s=m)z ~ ﬂ R
— C2s(s—n+1) " %9 o5y
_27(s—n) L5+2( \s—nt1 e ned 271
(25)' 81_n+ 1>8 ( y@ﬁ )(yxy) (?JXU Xy) W
2T g2 ey e () (5.69)

(ZL’_)S+”_1I2

(2s)!
2_n(8 B n) 2s . 5+2 —\s5—n —z n—1 27!
= W&r'z 0, |2t (yxy)*T" (yxo " xy) (z ) riz2
= 0.

So in fact the boundary-to-bulk propagator for 2", vanishes identically for all n. We
can therefore recover the boundary-to-bulk propagator for 2 entirely from €27,

4 Three Point Functions

In this section we will study three point functions of currents dual to higher spin gauge
fields in AdS,, at tree level in Vasiliev theory. While we do not know the explicit
Lagrangian of Vasiliev theory, we can compute the correlation functions directly using
the equation of motion, up to certain normalization factors. In general, an n-point
function (Jy(#1)-- - J,(Z,)) can be computed by solving for the expectation value of
the field dual to J,, ¢.(7,z), at £ = Z, near the boundary z — 0, sourced by the
currents Jy(Z1), -+, Ju_1(Z,_1). Strictly speaking, this computation gives the n-point
function up to a normalization factor that depends only on the field ¢,,.

Let us analyze this more closely. Suppose a boundary operator J(Z) is dual to a
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bulk field ¢. We can express the AdS/CFT dictionary in a Schwinger-Dyson form
5Sint

<J(fo)efd3fJ(f)¢(f)> /d3 <J( ) ( free¢ /DQO|¢€ /d4l’\/§K¢(SL’,fo)6 ( )

o(x

(4.1)

where (- --)|4 refers to the boundary condition ¢(Z,z — 0) — 2°-¢(Z), §_ being the

appropriate scaling exponent associated to the boundary source of the field ¢. K, (z; )

is the boundary-to-bulk propagator for . We have separated the bulk action S into

a free action for ¢ and the interaction part Si; (J(Zo)J(Z)) free stands for the two-

point function computed from the free action in the bulk. Here we assume that ¢(Z)

is supported away from Z;. On the other hand, the expectation value of ¢ near the
boundary point (&, z = 0) is given by

<()0(Zl_§"0,2’)>¢ = /dgf,K¢(fO>zvf/)¢(f,) - /D90|¢6_S/d4I,\/§G¢(fO>Z;x/)6 ( f)
o(x
(4.2)
where G, (z;2') is the bulk propagator for ¢. The boundary-to-bulk propagator is
related by

G, (T, 2 = 0,7, 2') = 2+ K (¥, 2 7). (4.3)

Therefore, we have
(p(E0, 2 = 0)), > 2" (J(@)el *H/9D) (4.4)

In Vasiliev theory, however, we do not know a priori the normalization of the kinetic
terms of the spin-s gauge fields, in terms of components of the master fields. Each spin-
s field @, is dual to the current J; in the boundary CFT with a certain normalization
constant a;. Here the currents Js are understood to have appropriately normalized
two-point functions. Furthermore, we have chosen an arbitrary normalization for the
boundary-to-bulk propagator for ¢s. So the boundary expectation value of g in the
presence of sources is related to the correlation function of the currents by

(ps(To, 2 — 0)>¢ - 2, <Js(fo)62ai fd3fJi(f)¢i(f)>CFT’ (4.5)
or for the n-point function,

n—1
<¢S(507 z— O)>(si;g‘c‘i), i=1, n—1 — 2* (CS H asi) <JS(50)J81 (fl) ’ an 1( >CFT
=1

(4.6)
Here C, is an undetermined normalization constant that depends entirely on the nor-
malization of the field y,. By comparing with the boundary-to-bulk propagator K,_,
one deduces

<g03(f72 — O)>(s%,i’%)7 i=1,--- ,n—1 . Hz 1 As; <J JSl( ) Sn 1(1'” 1 >CFT (4 7)
(ps(T, 2 = O)>(s;f’) s (Js(2)J (_))>CFT
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Combining various expectation values of ¢ with sources, we can determine all the
normalized correlation functions of the currents up to an overall constant, which may
be identified with the coupling constant of Vasiliev theory.

The spatial and polarization dependence of the three point functions of the form
(Js, (Z1,€1)Js, (T2, £2) s, (T3, £3)) is fixed by conformal symmetry and the conservation
of the currents up to a linear combination of finitely many possible structures. The co-
efficients characterize Vasiliev theory, and we would like to compute them and compare
with free and critical O(N) vector models. In the current paper, as a first step toward
verifying the conjectured duality, we will assume that the spatial and polarization de-
pendence of (J, Js,Js,) is proportional to that of free or critical O(N) vector models,
and compute the overall coefficient as a function of the three spins, which we denote
by Cs,s,s5- A general argument has been provided in [27] stating that if the three point
functions of the currents (in other words, the OPEs of the currents) have the same
structure as in the free scalar field theory, then the structure of the n-point function
of the conserved higher spin currents (J;, (71)---Js,(Z,)) is determined in terms of
the corresponding currents ¢d,, - --0,,¢ + - - - in the free scalar field theory, with the
fields ¢ contracted in a cyclic order, and summed over permutations of these free field
currents, with constant coefficients A, that may depend on the particular permutation
o € S,. It is far from obvious, a priori, that the assumption of [27] that the three
point functions have the same structure as in free field theory, holds for the currents
in Vasiliev theory. To demonstrate this is the main goal of this paper.

What we can compute using Vasiliev’s equations of motion is the LHS of ({1). For
three-point function (J4(¥,¢)Js, (Z1,€1)Js, (%2, €2)), where €, 1, €5 are null polarization
vectors, it suffices to consider the case £y = ¢9 = ¢, and in the limit ;5 — 0. The LHS
of (A7) in this limit, after stripping off the standard Z and polarization dependence, will
be denoted C'(sq, $2;s). This is computed by the Witten diagram with two boundary-
to-bulk propagators corresponding to spin s; and sy respectively, sewed together using
the interaction terms in the equation of motion, and solving for the outcoming second
order field of spin s near the boundary. We will now carry out this computation
explicitly.

4.1 Some generalities

We have seen that at the linearized level, Q(—1s=1

25,0)

contains the symmetric traceless
s-tensor gauge field, and B( contains the generalized Weyl curvature. Either field
can be used to extract the correlation functions of the spin-s current in the boundary

(2s,0)

CFT. It will be more convenient to work with B . Our strategy for computing

C/(s1, 52; s3) will be to compute the expectation value of B?%3:0) at the second order in
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perturbation theory, with two sources on the boundary corresponding to the currents
Js, and J,, respectively.

To do so, we make use of the equation of motion
DoB=—W % B+ Bxn(W), (4.8)

While the linearized field B does not depend on z,, Zs, at the second order the B field
in general does. From now on we will use the notation B to indicate the z-dependence,
and write B = B|,—s—o. It suffices to consider (4.8 restricted to z = z = 0,

DoBl,—seo = —W % B+ B s (W) =Jv (4.9)

2=2=0

In order to solve for B at the second order, we split B into B and the z-dependent part
B', DoB.—s—0 = DoB + DoB'|,—s—. B’ is solved from the equation

dzB = —Sx B+ Bxn(S). (4.10)
We will write JZ = —f)OB’|Z:5:0, and so
DB =J" +J% =J = J,da". (4.11)

This allows us to solve for B(z|y,y) from J,. More explicitly, in Poincaré coordinates,

1 _ _ _
Vag T 57 (Wl +9a03) | Blaly,5) = Jos(2ly, 9) (4.12)
where we have split Dy into the Lorentz derivative V* = d + [wf, ---], and {eg, - }..

We have previously encountered the homogeneous form of (AI2]) in solving for the
boundary-to-bulk propagator, but now with source J. By contracting (£12) with
y“y”, and extracting the degree (254 1,1) term in the expansion in y and ¢, we obtain

251 L postiy _ j2s0) a8 (4.13)

Q*Bv .B(2s70)
YV Vas * 2z of

On the other hand, by acting on (£12)) with 9208 , we have

g7V 5 BT 4 251 peso) _ 000 J Y (4.14)
z Q
Putting them together, we obtain a second order differential equation on B?*% only,
] ; 1)(2 1
aa&ﬁvaﬁ.zyygcgvmg . (S + )( 5+ ) B(2s,0)
) j . (4.15)
—_ A« B . (2570) “/_5 _ S [ B (28+171) —
= 0%0 Vaﬁz‘]yé Yy 5 0“0 Jaﬁ- = J(y).
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The following formula for the first term on the RHS of ([£I5) will be useful,

RANEN TR
: 1 1 . s+ 1 :
_ aaqp . (AT . Ltz Ts.9 z (2s,0) 5
= 0% [8,15 + 5y (0%)7 3Ya0r + 2Z(O’ )a" Y30+ 55 Oa ZnyS Yy -
_ a 0B . s+3 z (2s,0) 5 )
= [8 90,5 — . (0y0*0y) ZJVS Yy
s+2

= =30, - =0y

We will defer the solution to B?*? from ([I5) to the next subsection. Now we will
consider the computation of J(y) at the second order in perturbation theory, from the
boundary-to-bulk propagators of the linearized fields. As clear from (#15) we only
need to know J,|5=0 and 0% 8% Joslg=0-

Explicitly, JZ is expressed in terms of B’ as

1 1

—aiﬂ-(ﬁzay -+ 828@)B|Z:g:0

JZ, =
4z (4.17)

z, [0.0(07)7 50, + 0,4(07)0 5] Blozsmo —

1

22
+ 5z 22 (azayﬁ + agBya - aza 855)B|Z=2:0

In components, ([AI0) can be written as
O.aB=—S,* B+ Bx*7(S,)
= /1 dtt[(zo B(—tz,9)K(t)) * B — B % (2 B(—tz,—y)K(t))],
0B = —OSB * B+ B xm(Sy)

= /0 dtt [(z3B(y, —t2)K(t)) * B — B x (23B(—y, —tz)K(t))] .

(4.18)

where we have used the linearized relation between S and B, ([338), and we have

suppressed the spacetime dependence of the fields in writing the above equations. Note
that 0.«0_5B = 0 at the second order. Also observe that 0,0,B|.—0 = 0;0:8|:=0 = 0,

where the indices are contract, i.e. 0,0, = ¢**-% 50 B2 -2 etc. It follows that

aaaﬁﬂ sle=z=0 = 0, (4.19)

in fact, without the need to set y to zero. If we further set y = 0, it is not hard to see
that
azo‘lg|z:2:§:0 = 0. (420)

This is because z, Z and gy are completely contracted under x-product in the first equa-
tion of (A.I8]); while the y® in K () are not entirely contracted with B, we may replace
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either (2%ya) * (- )|z=0 or (--+) * (2*Ya)|z=0 by a0y (- - - )|z=0. One then observes that
the two terms in the integrand in the first equation of (@8] in fact cancel each other,
when z,Z,y are all set to zero at the end. Note however that 0_sB|.—:—3—o does not
vanish, according to the second equation of (4.I8]). Collecting these properties of 5,
we can simplify (4.I7) when 7 is set to zero,

1
J(NZBBZO - g (y _l_ Ozag)a 8ZBB|Z=5=§=0a (421)

and therefore

yanth:O = %(yazﬁg)aﬂglgb:z:gzo
- | dtlyody) [(2By, 2K (1) « B = Bx (5B(-y. DKW)]|
= _iz 0 dt t*(yo®)7 [(2524 By, —t2) K (1)) * B — B x (2325 B(—y, —t2)K(1))]

1

+% i dtt(yo®) [(z5B(y, —t2) K (1)) * 058 — 058 * (Z5B(—y, —tz)K(t))]

-~ /01 tt(yo®) {t (555 By, ~9), B], — {55B(y, ~15), (%B}*}'g:o

- i/o dtt(1 —t)(yo™)" 4595 By, —ty), B],

= (4.22)

In the above manipulation, we have frequently replaced the star product with ¢ or 2z
by derivatives on ¥y and Zz, or vice versa, as these variables are set to zero in the end.

(E22)) and ([ETI9) are all we need for the JZ contribution to J(y) in (&I5).
Now let us turn to JY. It can be split into to terms, J¥ = J? 4+ J, where

JY=—-Qx B+ Bxn(Q),

4.23
JY = —W'« B+ Bsxa(W')| _._,- ( |

We will also write J' = JZ + J¥, and J, = Jff + J),.

Let us examine the structure of J¥. At the linearized order, recall from (3.40)

, da,” [ - s
W i dt (1 —)(05 — t(07) 32,) B(—t2,9) K (t) + c.c. (4.24)
0
We have
J;§|§:odaf"3 =-WxB+Bxa(W)| _._,_
- (4.25)
- dt(1 —t) [ydx(9, — to*y) B(y, —ty), B, _,
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It immediately follows that 9298 J;};\g:o = 0, as in the case of JZ, because it involves
expression of the form

=0

z=z=0

Oy (=25, 2)) = B]

and the analogous complex conjugate expressions. On the other hand, when restricting
JY itself to 4 = 0, we have

1
VTl =52 |t =)y (500, 0Bl —t) B | (420
22 Jo *lg=0
Combining this with (4.22]),
I L _
yaJaZB|§=0 = 2/ dtt(]' - t)ya [yﬁ(a y)ocB(y> _ty)a B:|* ’ (427>
0 7=0
we obtain the contributions from J,
1 !
O‘J'-::—/ dt(1 —1t) y* |y30.B(y, —ty), B ,
Y ogli=o = 55 i (1—1t) y* [750.B(y, —t7) ]*g:o (1.28)

8a85J(;6 ‘g:(] - O

Suppose we have two sources on the boundary, at points £ = 0 and ¥ = ¥, of spin and
polarization (s,¢) and (3, €) respectively. We will denote & = = — 77, I=7—1, and
similarly use the “~” notation for all the variables associated with the spin § current.
Recall the expressions for the spin-s boundary-to-bulk propagator for the master field
B,
1 _
B(z|y,y) = §K6_y2yT(1’|y,€)s + c.c.,
., 2z

T(aly,e) = —yxforxy = - (y(1 = To™))"
In the last step above, we traded the null polarization vector € for a spinor A, defined
by 2(¢0.)ap = Aadg, 2(¢02)a5 = AaAg, with X = oA (the factor of 2 here is just our
choice of convention). Similarly, we must include the boundary-to-bulk propagators
for the source of spin § at ;. Plugging these into (£28§]), we arrive at the expression

/0 dt (1= t)y™ [750a {7 (T(y)" + T(—ty)°) }

v <T(y)§ + f(g)g)] F(z o d s 3)

*,5=0

Y I glg=0 =
(4.30)

We will defer the explicit computation of Jf} to later. For now, let us point out that

9°9° Jgﬁ-\gzo in general does not vanish, unlike for .J;.
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Now we would like to compute C(s, 5;s’), by extracting the (2s',0) term in the
(y,y) expansion of J(y). By counting powers of y while contracting all ¢’s, it is not
hard to see that J), contributes to the spin s field if s > [s — 3|, while J;? contributes
if & < s+ 5. We may encounter three different cases:

(1) & > s+ 5. Only J' contributes.

(2) 8 < |s — §|. Only J contributes.

(3) |s — 5] <8 < s+ 3. Both J' and J® contribute.
There is also a special exceptional case:

(4) s = 3, s = 0. In this case, the contributions from both J' and J vanish, so
that naively we would conclude C(s,s;0) = 0 for all s. We will see later that this is
in fact not the case, by “analytically continuing” from C(si, s9;0) for s; # so. This
is presumably due to a singular behavior related to the nonlocality of Vasiliev theory,
which we do not fully understand.

There is a particularly simple case, when the triangular inequality among the three
spins is strictly not obeyed: if s > s+ 5, then § < s’ — s, and s < s’ — 5. So C(s, §; )
receives contribution only from J’, while C(s, s’;5) and C(8, s’; s) receive contribution
only from J®. We expect

s,

C518253 -

C(Sl,Sg; 83) (431)

Ag, gy

to be the coefficient of the normalized three-point function, which should be symmetric
in (s, 9, $3).

In this section, we will compute explicitly C(s, §;0), which receives contribution
from J only. They determine the three-point function coefficients Cps; up to a nor-
malization factor of the form a(s)a(5). We will find agreement with the conjecture
that the dual CFT is the free O(N) vector theory, or the critical O(/N) model when the
boundary condition for the scalar field is such that the dual operator has dimension
A = 2 instead of A = 1.

Later, in section 6, we will consider the case when the outcoming field is of nonzero
spin. In particular, we will compute C(0,s;s’) in the case s > &', which receives
contribution from J only. The result will allow us to determine the ratio among the
normalization factor a(s)’s, when combined with our result for C(s,s’;0). We will
find that the two results are consistent with the structure of the three-point function
constrained by higher spin symmetry, and further, strikingly, in complete agreement
with the free O(N) vector theory.

At the end of section 6, we will also consider the computation of C(0,0; s) for both
A =1 and A = 2 boundary conditions on the bulk scalar field. This coefficient receives
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contribution from J' alone. Our result for C2=1(0,0; s) is however inconsistent with
the other three-point function computations, and our result for C*=2(0,0;s) simply
vanishes. We believe that this is an artifact due to the singularly nonlocal behavior of
Vasiliev theory, which requires a subtle regularization which we do not fully understand.
Presumably, the correct answer will be obtained if we take the two source spins to be
different, then analytically continue in the spins, and take the limit when the two spins
coincide (both being zero in this case).

4.2 Solving for B at second order

In this section, we will solve for B(Z, z|y, §) near the boundary z — 0, from (£I3]). Let
us write the LHS of (£10) explicitly in Poincaré coordinates. First, using our formula

for wk,
: : 1 s
=0 " n(2s,0) _ a0 ) 2\ _ 2z (2s5,0)
YVaB 7Y {805 * 22(0 )" 5Y1a0y 22%5] b (4.32)
8 s (250) '
— apby . 2 oz ) B(2s ’
(y 70+ 579070
and then
aaaﬁvaszy‘fy,—‘*va@sm = 8aaf3va6z <y U 8 ya y) B(s0)
(6% j 1 Z\T 1 z F— S ‘I’ 1 2 s
=0°0" |0, + 2—(0 ) 5YaOr + ﬂ(a )o Y50 — 5 O'QB:| ( 8 i+ —ya y) B®s0)
[ i s + 3 7- s 5
= |0 060(15 (0 o°0y )} ( Vy‘s&ﬂg + oyl y) B@s0)
[ : 3 1 3
= |—oryanta0,, - 0,00y + 10,007y 1 SN+ g
i 7 2z
[ : ; 3 1 3
= | ==0"y10.°0,5 + —8“y7(oz)a55‘~ys S S0,0%0y + 20,007y + e+ Lis + )] B0
i 2z
1 2 1 3
= | g, - T 20,0y 4 Do pery + TN )] B0
_ 1 1. 3)
=(s+1) [—525‘“% + 0. = 5yo"P o, G + } B@s0)
(4.33)
Note that our convention for ¢ is 9,5 = 8 -1 o+ The equation (B.15) is
now
. 2
[2259”8# — 220, + zyo*P 0, — (s — 2)(s + 1)} B0 — —3 —|—ZlJ (4.34)
The solution takes the form
d®Zod>z 2z
B0 (@, 2ly) = / ZO4 OG(x 2,20, 20|y, Oyo) [— +01J(x0,z0\y0) (4.35)
0
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where G(Z, z; %o, 20|y, 0y,) is the Green’s function for B2*9. Define
L = 2°0"9, — 220, + 2o 0y — (s =2)(s+1). (4.36)
The Green’s function obeys
LGz, 22,2 |y, 0,) = (¢)*6(2 — 2)8*(Z — &) ¥ |,y —o. (4.37)
In momentum space, we can write (£.37) as
(2202 — 220, — (s — 2)(s + 1) — 2°p* + izyo”po,] G(z, 25 ply, dy)
(ydy )% (4.38)

= (Z/)45(Z - Z,)W’

The small z, 2’ limit is equivalent to the p — 0 limit, where the equation reduces to

(yﬁy’>2s

(2202 — 220, — (s — 2)(s + 1)] G(2, 23 0]y, Oy) = (/)*3(z — 2') 25 (4.39)
The solution is
s+1( 1\2—s , 2s
Gz, 2500y, 0y) = Zo A WO
25— 1 (29)! (4.40)
G(z, 75 0ly,0y) = ZET W) 2> 2 |
R SR P T G T '
Fourier transforming back to position space, it follows that in the limit z,z’ — 0,
z> 2,
. . . Z2—s . (ya /)28
G(Z, 2@, 2y, 0y) — (7)) +1ﬁ53(:€ -7 (23;)! : (4.41)

We will not need the explicit form of G(Z, z; %o, 20|y, 0,,), since we are only inter-
ested in the behavior of B?*) near a point # on the boundary. In the 2/ — 0 limit,
the Green’s function reduces to,

G(fa Z; I_ya Zl|ya ay’) - (Z/)s—l—llc(f - f/a Z|y> ay’)> (442)

where K is understood to act on a function homogenous in ¥/, of degree 2s. It satisfies
the equation and boundary condition

L-K(Z, zly,0,) =0,

2—s 2s
< 5, (YOy) (4.43)
25—15 (Z) 2s) z— 0.

K(Z, |y, 0y) —

Importantly, we note that while in the case s = 0, K is the boundary-to-bulk propagator
for the scalar field, for s > 0 I is not the same as the boundary-to-bulk propagator of
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Bs0)(F z|y) we derived earlier. While the latter is also annihilated by L, it does not
obey the boundary condition of ([@43]), and in particular its integral over ¥ vanishes
(unlike @4(7, 2|y, v)).

Working in momentum space, we have

1 1 IR
02 — 258,22 —p* - ;y]zﬁaz | 25D, 2y, ) = 0,

Z2—s (y)\)2s
2s —1 (2s)!7

(4.44)

K@, 2|y, \) — z— 0.
We may write 2y¢aza =p- E where 7 acts on K as an angular momentum operator
of total spin s. The “states” of angular momentum p - F=m along p = p direction is
given by

(YA + iypo N)* T (y X — dypo )" (4.45)

On each p - {=m state, the equation (4.44) is solved by confluent hypergeometric
functions of the second kind. The p - ¢ = m component of K takes the form

272522500 [ (m + 1 — 5,2 — 252p2) (yA + iyfoA) ™ (yA — iypo=A)*™

Ym(P: 21y, A) = =5 Um+1—s,2—2s]0) (s +m)! (s —m)!

_ 272828 /°° op—_E (14675 (YA aypot ) ST (YN — dypot )™
2s—1 J, Bm+1—s,25s—1) (s +m)! (s —m)!

(4.46)

form = —s+1,---,s. When m # s, the integral representation in the second line

should be understood as defined by analytic continuation in s. The m = —s case is

Y

special. In momentum space, there seems to be no solution with the desired boundary

condition (4.44) at z = 0. Rather, there is a solution that dies off at z — oo and

s+1

behaves like 2°7" near z = 0,

~ )\ o 9 z)\ 2s
V(B 2y, A) = 2" e f(p) . (22??{)5('7 - (4.47)

where f(p) is an arbitrary function of the momentum. For f(p) = p**~!, the Fourier
transform of ¢_; gives

1 o1 (y(%'z)\)% 1 22s+1 Zs-i—l

/ — o 2s
VL& 2y, A) = 552 T 2 =~ (yxo™A)” )BT (4.48)

This is nothing but the boundary-to-bulk propagator for B®*9 (%, z|y) we derived
previously.
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Let us return to (4.40), and Fourier transform back to position space,
2—2522—5 e8] tm—s(l + t)—m—s
m _»7 7)\ - dt
Uml 2y, ) = 5= /0 Blm—+1-s2s—1)
(_ﬁyﬁz)\+y¢f90.z)\>s+m (_mya A — y@O’ZA)S m/ d3]§* e—pz(1+2t)+iﬁ.:?:'
(s +m)! (s —m)! (2m)3 P

_ 2—2522—5 /oo " tm—s(]__l_t)—m—s {(ygz@)\)s—km (yﬁo.z)\)s—m/ dBﬁ 6—pz+iﬁ-f:|
B (
0

2s — 1 (m+1—-s2s—1) | (s+m)! (s—m)! 21)3  p?s s (2641)2
B 2—2522—5 /OO ” tm—s(l +t)—m—s
25— 1 )y  Bm+1-s525—1)
z s+m zZY)\s—m (2 -2 2\s—1 =
X {(yg PN ' ypo™A) ' [— ( Z)Sx ) sin <2(s — 1) arctan u)}}
Grml (5= m)! 2] =) |
(4.49)

Note that although the factor I'(2 — 2s) seems to diverge for positive integer s, the
above expression should be understood as defined via analytic continuation in s; upon
taking 2s derivatives (yo*@A\)*T™(yPo*\)*~™, the divergent term vanishes, leaving a
finite result at integer values of s.

The behavior of the outcoming spin-s field near the boundary is now given by

—

1J($0,Zo;fl,fz|yo)

(4.50)
where ¥y, T represent the positions of the two boundary sources. Here we have sup-

dzod? 2
B(2s 0)(1, RN 0) / 20 ' xOIC(ZIZ' — xO, ZO|y> yo) — 20
7 s +

pressed the polarization of the source currents. We will see that the three point function
coefficient of the spin-s current, (J,---), receives contribution from only the helicity-s
part of B39 (% z — 0). This is extracted from the p - ¢ = s part of X above. We will
denote the helicity-s part of the propagator K by K(,), which is given explicitly by

Koy (@, 2y, A) = 2_2822_8/ dt(1+1t)72

0

_ - 4.51)
ZAN\ 2s (2 -2 2\s—1 (
X (o p)= | I S>(f ) sin | 2(s — l)arctanu
(25)' 271-2|$| Z z2—(2t+1)z
Away from 7 = 0, K(,) has an expansion around z = 0 of the form
KT, 2|y, \) = 2272 Za(s (#y, N)z" + 2 log(2) D 05 (T]y, A) (4.52)
n=0 n=0

Importantly, (:L’\y, A) is given by

(5) /= B (yj\co.z')\)Zs B 225—18

bO (x‘y7 )\) - '/\/‘S (28)!($2)2S+1 ) A/’s - 7'('2 . (453)

37



where X = 7 - 7. The other helicity components K, for m < s, when expanded near
z = 0, will only have the first branch of ([Z52) and not the second branch with the
log(z) factor.

The scalar field is a special case. For s = 0, the dual operator can have dimension
A =1or A =2 Ky issimply given by

1 1 z
Ko (@2 = gz
T (4.54)

A=2/(= _
Ko (@2 = 5@ ap

The three-point function coefficient C(s1, so; s) will be computed from

J(foazo;fhfz‘yo)

(4.55)

3 =
a1 @50) = [ dzd*To S - 2%
ll_)l%z B~ (%, 2) —/ A K5 (% — o, 20|y, Oy, ) s 1

A particularly interesting limit is when the two sources collide, § =Ty — 7 — 0.
We can extract the coefficient of the three-point function from this limit alone. Let us
rescale the coordinates by defining § = 0/0, 29 = 02/, ¥y = 62”7. Then

35
. —s—1 p(25,0) /= _ 20 dZ,d x
o= B (52) = =7 / (=)
25—31—52—2
 s+1

IC(S) (']‘_: - 55’7 5Z,|y7 8y’)J(5f/7 5Z,; flv f2‘y,)

1 3 5
/ dfj)f Ko (&, 62|y, 0,) T (F, 250, 3]y/)

(4.56)
in the 6 — 0 limit. In the second step we used the scaling property of J which follows
from our boundary-to-bulk propagators, and we used translational invariance to set
7 =0.

For the scalar, this is given by

. —1 (0,0) /> _5_81_82_1 P33 IN=2 T/ . N
hII(l)Z BAL (T, 2) — I d'd°> ()2 J(7, 25 0,0),
Z— 2|7
Cei— (4.57)
96—s1—52 .
il_I)I(l)Z_lB(AO’:O%(I_:, Z) — —W /dZ/dgf,(Zl)_lj(f/,Z,;O,(;), 0 — 0.

On the other hand, in the s > 0 case, it will turn out that in the § — 0 limit, the only
term in (L52) that contributes is the term of order 2**!log(z),

lim z_s_lB,(g;O) (%, z|y)

z—0
253—31—32—1 3 .o (yio.za /)23 o R
—N, G 1 @En /dz’d 7(2) log(z’)i(%)@; J(Z,2;0,0|y) (4.58)
258_81_82_1 / —/ I\S— / o / N
:—Afs(8+1)(f2)2s+l/dzd3x (2')2log(2)J (¥, 2;0,0|%0%y), & — 0.
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We will see that the terms of order (2/)=*71, -+ (2/)*72, multiplied by J, integrate to
zero. In particular, () for m < s will not contribute to (£58) in the limit §/|Z| — 0,
and it is sufficient to consider the m = s component alone. Note that the scaling in ¢
and |Z| of ([A.57) and (458)) are the ones expected of the three-point function of spin
$1, S9 currents are ¥, = 0, 7y = 5 with a spin-s current at 7 in the boundary CFT. To
extract the coefficients C'(s1, $2; $), it remains to compute the integrals

fkﬂaszﬁwurwwﬁmj;
A A (4.59)
I272(0) = /d?’a_:"dz'(z')_lJ(f’,z';0,5),

in the s = 0 case, and
g@m:/fﬁwwwﬂ%wwwﬁmﬂm (4.60)

in the s > 0 case. In the next subsections, we will carry out the computation of
three-point functions in detail. The formal consistency of the AdS/CFT dictionary for
Vasiliev theory is discussed in appendix A.

4.3 The computation of C(0,s;0)

In this subsection, we will carry out the explicit computation of the three-point function
of two scalars and one spin-s current. More precisely, we will take the spin-s field to be
the outcoming field, i.e. we will compute C(0, s;0). As discussed before, this coefficient
only receives contribution from J, and is simpler than the computation of C/(0,0; s),
which we will defer to later sections.

We will take the spin-s source to be at £ = 0 on the boundary, and the scalar
source at ¥ = 6. When we write the first fields B, etc. we mean the boundary-
to-bulk propagators sourced by the spin-s operator. On the other hand, we write
i =2 — 0, and denote by B(&|y,7) etc. the fields sourced by the scalar operator.

We shall first compute J,dz# = —W % B+ Bxa(W) — W % B + B x W(W), and
then J(y)|y,=0 = J© which is the source for the outcoming scalar master field B at
the second order. As we have seen, there is no contribution from the terms involving
W’ and W' to the scalar components of J@ and the only contribution comes from
Jﬁdm“ = -0 %« BO 4 BO 47 (Q®) where the superscripts indicate the corresponding
spins.

. . . (s=1,5=1) _ ng ) N CI S
Recall our normalization convention Qa 5 = "20,0;9P,, where ny = 5 R@ls —
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7r7 F s_’ J(O J(O

4s sl

1s given by

0 _  Ns ) » B .
JaB = —; <8aaﬁq)s * B — B x W(aaaﬁq)5)> - (Qiﬁ

+Q;;)*B+B*7T(QLB+Q;E)+
_ s p. BY. — 0. L+ !
= {0a04®s, B} — [Q, 5+ QaB’B]* +
(4.61)
where --- stands for terms that appear only at degree (2,2) and higher in (y,7),
and will not contribute in our computation of J(y) below. In the second line, we

used the fact that @, is of degree (s,s) in (y,7), hence 0,0;®, is odd under 7, for
even spin s; Q(ll 5= QS;_m and Q;ﬁl, on the other hand, are even under m. Note
that the term [erxﬁ + Q;BI, B, only contributes at degree (1,1) in (y, ), via the term

8‘185[9;6 + Q;ﬁl, Blily=g=o ~ [Q}, + Q7% Bily=g=0- By counting powers in y and g,
one sees that the latter vanishes identically. So in fact only the first term in the second
line of (A.GI]) will contribute to J(y).

Now from the definition of J(y) (£IH), we have
) _ gegho .. 700, az8  Loags 00
JV =0%0 VQBsz Yy 28 0 JaB

z 2 1 ;
_ _z _ 2% _ZH*a8 T .
= 2@(@ 0 )]y 28 9" J.s

y=g=0

1 3 ; ~ 1 ) -
—Z( = Zg7)eP : — : 5B
l 5(@ = ~07)"{0a0,®,, B}. = 5-{0a0;®;,0°0 B}*}
1 3 ; - 52 N
— - Y _z\ap . N
_ n[ S0~ 200,05, BY. — 5 (@, B}*]

y=y=0

y=3=0
2

= —ns/d4ud4v(e“”+m +e W) F@u(@ — §az)8ﬁ — ;— ®,(z|u, @) B(z|v, )

— —nS/d4ud4v(e“”+“” + e [ v(P — —O’ } O, (x|u, @) B(Z|v, 7)
(4.62)
In the second line we used the notation J = J,0*, and the formula (£.16]). Note that
unlike in J’, here 9208 ‘]35 does not vanish. In the last two lines above, we used the
integral representation of the star product, and traded 0, for v via integration by part.
Recall the boundary-to-bulk propagators for ®,(z|y, 7) and B(Z|y,7),

NS Z8+1 2s (yxg>8

(I)s(x‘yuy) = (S!)Q (LU_)S +

9
,’L’2

(4.63)
B(#ly,y) = Ke .
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Using these, ([L62) becomes

1
25(2s)!

1 3 s? 2512 S5 s (UXT)®
— _ o) — | L vy
v(@ Za U 22 | _)s~2e -

2
(4.64)

In order to extract the three point function, we only need to calculate the integral

59,

JO — _

/d4ud4v(euv+uv+e—uv—uv)

T2

1471(6) = /dgfdz 2270, 20, 6)

1 d37dz 4 4 VU —UV— U 27 2
- 25(2s)! / 223 /d ud'v(e e S+ s )(x_)si’ze Toa?

1 d*Tdz 4, 74 wuv+uv —UV—UD\ ,—VOZD Z= 2 22 0%D 525
- 25(2s)! / 223 /d ud'(e e Je (0070 + s )(55_)5"’526362 %

where in the first step we have integrated by part on z. To proceed, we need a generating
function

I)\ = /d4ud4v(€uv+ﬂﬁ + €_m}_m_})(’00'21_) + S2>€)\uxﬁ—vf}6
_ (ajo.zaj + 82)}j:j:0/d4ud4’v(6uv+uv _l_e—uv—m’))e)\uxﬁ—vi@—i-jv-l-ﬁ

2 . Son1s
— _ 0.0°0+ + 82 o eij(l—)\Ex) J
det(1 — AXx) (037°%5+ 5] im0 (4.66)

- 2 z Y -1 2
—\r2(1 — @
= 2 — —2)\Z v — ) + 52
det(1 — A\Xx) det(1 — A¥x)

In the fourth line, Tr is the trace over chiral spinors. Later on when there is ambiguity,
we will denote by Tr, the trace over chiral indices and Tr_ for the trace over anti-chiral
indices. Similarly, det here is understood as the determinant of 2 x 2 matrix. Further
define ~
Z=det(l —AXx) =1—2X\z+ 4)\2’% + N2,

T I

(4.67)

£=1-2)\z+4\z

2
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We can write the integral (E65) as

A ! d*Tdz 2T 1
12=1(5) = — / & (= Ll
(¥) 25(2s)! 223 (z— )2+ \a2 M
222

s! 2571 1 z—Ar?(1 — %)
d3 7d 2s —9\ z 2
= 25(2s)! / Tz oy O am [ T

_ s L /dgfdz > o (T s

2(2s)! (x=)sz? °* SRS
where |,s means to take the coefficient of A\*, when expanded in powers of A. In the
second and the third line, note that d,+, as opposed to d,, by definition acts on x™

only and not on Z*. In the last step we made use of the simple fact that no polynomials
of degree > 2s in x appear on the RHS of §%5. So, we have

(4.68)

[1]

S

)
S

Az1 s _ (s=1) 35 2! _595(1 — s=1 4 (295 T-T
I (5)_2(23)!/d d(:c) 8x+2[ 2°(1 2 ) + s°2°(1 — 25&2)}

- (;(;Sl)!)! /d3fd (ZZ;;Q Z( ) (agi "xi) [—528 (1- 2 Ty g1 222:?)3]

S P 12( ) ) :1(<9:~2§:+1

25—1 - (A ~— — (& ~— 1s—1
- 3228_18!/d3fdz’27~ |i(1 — i)flf_ — M + ZI}; :| |:ZI}'_ _ Z (,’L’~ ZIJ') + ZI}; :|

(x2)st132 |2 25’ 22 232 232 | | 222 232 212

2s—1 — ~2 s—1
sl | By F T STy s (P
s2 s./d a:alz(:)32)8+1(3~72)8Jrl Lﬁ <1 s) 0 } (12 o

(4.69)
Using the integral formula derived in Appendix B,
5 225_1(.1’_>k Nk 4
d :L'dz(xz)ﬁl%(ﬁ)s“% =J2s—1,s+1+n,s+1+kk,0)(07)", (4.70)
with J(---) given by (B.7), we arrive at
A=1/5% —s—1_2 1 —\s 71-% L s s 4.71
I571(0) =27 el (s + 5)(07)" = (s +5)(0 - &) (4.71)

In the last step we restored the null polarization vector £ of the spin-s current. Now
using (4.57), we find the behavior of the outcoming scalar field near the boundary
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z— 0,

JA=L(§) 551
lim 2 BOO(7, 2) — — 2(5) i —5
e ™ (4.72)
_ P G
= C(O, S; O)W
in the limit 6/|Z| — 0. The coefficient C(0, s;0) is given by
1
2 1
C0,50) = —“T(s + ). (4.73)

2 2

Let us compare ([A.72]) with the boundary behavior of the boundary-to-bulk propa-

gator for BO(Z, ),
1

o —17(0,0) (= L

ll_r%z Bpog (T, 2) — ik (4.74)
The relative coefficient between (4.72]) and (4.74]) determines the coefficient of the three-
point function up to certain factors that depends only on our normalization convention
of the boundary-to-bulk propagators. More precisely, in the limit where the two sources
collide, the corresponding three-point function in the boundary CFT has the form

> § - &) 4}
<J0(O)JS(6;E)J0(5)> = aicr(o,s;mu N} (4.75)

|j’|252s+1’ |f‘

where the position dependence on the RHS is fixed by conformal symmetry. More
5

generally, before taking the limit E 0, the structure of the above three point
function, up to the overall coefficient, is fixed by conformal symmetry, which we will
derive explicitly using free field theory. The factor as in (£.75]) is a normalization factor
associated to the boundary-to-bulk propagator for the spin-s current. This is a priori
not determined, since we do not know the normalization of the two-point function of
the operator dual to the spin-s gauge field. g is the overall coupling constant of Vasiliev
theory, which must be put in by hand, since we have been using only the bulk equation

of motion, and not the action.

While (£75]) does not by itself give the three point function <J0(O)Js(<§ E)JO(f)>,
due to the ambiguity in a,, we note that a, is a normalization factor that has to do with
only boundary-to-bulk propagator. We will be able to fix the relative normalization
of as’s by computing, say, C(0,0;s), which is related to C(0,s;0) by the symmetry
properties of the three-point function of higher spin currents.

4.4 (C(s,5;0)

We will now compute the three-point function coefficient of one scalar with two higher
spin currents, in particular C(s, §;0). Alternatively, we could also consider C(0,s; 3),
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whose computation is more involved and will be deferred to later sections. Note that as
in the previous subsection, even though we have not yet fixed the normalization factor
as, knowing C'(s, §;0) we will be able to determine the normalized three-point function
coefficient up to a factor of the form f(s)f(S), i.e. factorized normalization factors.
The comparison of the non-factorized part of C(s, §;0) to that of the free O(N) theory
would provide a highly nontrivial check of Klebanov-Polyakov conjecture.

We have seen that only J% contributes to the computation of C(s,3;0). Without
loss of generality, let us assume s > 5. We are interested in the outcoming scalar
field near the boundary. For this purpose we only need to consider the (0,0) and
(1,1) components of J(S)B) (superscript 0 indicating the scalar component) in its (y,y)
expansion.

0 _ _0F . pls—1+85-1-3) | p(s—1+5,5—1-3) =
JaB =, *B +B * (82 5)

. Q;; % B(s—l—g,s—l+§) + B(s—l—§,s—1+§) % W(Q;;) 4+ .. (476)
= {0+ B} +--

where - - - are terms involving other components of €2, which do not contribute to
J(y) for the same reason as discussed in the previous subsection. In particular, the
analogous terms with the spin s and § fields exchanged do not contribute. By our
gauge choice, ° = Q:Z =0, and so

O _ _Zon_2 ovp Loass .
0 = Z0,p- 20y - Lorod

y=y=0

- g(@ 2 peyd {QiB +035 B}* + %aaaﬁ {QiB +07%, B}* .
= (- 502)“3 {08, +05. B} + %aa {05, 0B} + %aﬂ' {o 008} L
= - %ﬁ)aﬁ {05, + 93 B} +50 |00 B] +50% (5 B] 3
- m(@ - ZO—Z)QB 0n03 %, — a0, + 0a05055 — 7502055, B}*
+% [Q; L0 B} + % {Qi+ +O78 B} .

(4.77)
where we have repeatedly traded 0,,0; with y,y under * product, as y,y are set to
zero in the end. Let us split J into two parts, J© and J~, with

A

(4.78)
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and J~ the analogous expression with s — —3, y and § exchanged. Note that

[Qg_ + B} = 0. In fact, as we have seen earlier, the boundary-to-bulk prop-
y=y=0

agators for ()" are zero in our gauge choice, and so

*

2 - 1 .
Jr=— % _(@p-25 {88(28, } —{QS ,B}
P R A e N (4.79)
Now we shall make use of the formula
H 2752 2° —2o \502s (yx?j)s_g

for the boundary-to-bulk propagator of the spin-s field at © = 0 (be aware that in
our notation, Q° = QE—1455-1-9) i5 g spin-s component of the W master field, with
grading 5), and for the B master field of the spin-§ field at ¥ = 5. Using the integral
representation of the star product, J can be written as

gt _ _% /d4ud4v cosh(uv + a7) {&Tigz(ﬁ _ EUZ)&—L — 1] O (zfu, w) Ke ™" T (v)?
27573 4, 14 o 2
= —m /d ud*v cosh(uv + uv) [USQ — 52(& ——0")v — 1}
> G e_”i”(vxia xv)* (uxo™* Xu)8825M

(2~ )55 (32)25+1 )

(4.81)
For simplicity, we will now assume that the polarization vector £ of the spin-s current
coincides with the polarization vector 5, namely & = ¢, and therefore in the light cone
coordinates, § = %a‘. This is all we need in order to extract the coefficient of the

corresponding three-point function. Now we have

2—25—3 o
Jt = ErE /d4ud4v cosh(uv + uv) [ = —— (P — —0' “)v 1]

e - (uxu) -3

X e " (vXo X)) (uxo T xu) 95— —

—\s+35(72)25+1 2
=—5- 2‘3_3_2/d4ud4v cosh(uv + uv) [ R —— (P — —0' “)o 1]

Sstat . i

X G e (vko T %) (uxoFxu) (uxoxa)* .
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Then, the integral (£59) is given by

1574(6) = / dadz 22Tt

o [ g dtud's cosh(uv + ) (70 41
=s- x Z(x2)28+1(j2)25+1 ud™v cosh(uv + uv) 2 =t
X e ”if’(vi’ca‘zxv)g(uxa‘zxu)g(uxa_xﬂ)s_g

Zs—l—s—l

_ 82_3_5—2(8 . §>!((2§)!)2 /d3xdz (x2)25+1(j2)2§+1

0,0°0;
X (82]0_ §J2 + 1)

/d4ud4v COSh(U’U + 1—“—))e—vfh’)-i-jv-i-jf)e((vi-ﬁ-ux);\en(uXU*xﬁ)
j=3=0

C4§7757§
(4.83)
In the first step above, we integrated by part in z. In the second step, we turned the
integral into a generating function that involves a Gaussian integral only, and extract
the coefficient of (**1*~° in the end. We have also introduced a “polarization spinor” A,
or A = o\, which are related to the polarization vector by O';BZ = 5\(15\5, or equivalently
O';BZ = 5\@5\3. For instance, we can then write (uxo~*xu) = (ux\)2.
After performing the Gaussian integral, we have
A=1(} 52 2 [ 3 Zre 1
I777(0) = s2757°7%(s — 5)1((28)! /dxdz — -
2169 O B e e ——
0,0°0; e N o= _ . _
X < 2J ~]2 1) lIFTOR)(L—nxo™x2) " Inxo™xj g [(j + CAX) (1 — nxa‘xE)_ICxA}
s — S j=7=0 ¢Asps—3

Zs+§—1 1

I2)2S+1(i’2)2§+1 det(l - T]XO'_XE)

= 527575 2(5 — 3)!((23)!)? / d*xdz (

X exp [Cﬁi(l — nxa‘xi)_lxj\} {1 2 ﬁ §2Tr_ [02(1 — nxa‘xi)_lxa_x}
¢*n

s2 — 32

AZ(1 — nxo~x%) " txo " x0*(1 — nxa‘xi)_lxj\}

(A8ps—3
Zs+§—1 1

2541 (722541 det(1 — nxa—xi)

= $27°7572 (s — 3)1((28)!)? / d*xdz )

X exp [C2TI'+ ((1 — nxa‘xi)_lxa_ziﬂ {1 - il - Tr [(1 — nxa‘xi)_lxa_xaz]
s2—3
¢*n

52 — §2

Tr, [(1 — nxo”x%) 'xo"x0%(1 — nxa‘xi)_lxa_zi] }

C4§n57.§

(4.84)
where Tr, and Tr_ stand for the trace over the chiral and the anti-chiral sector, re-
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spectively. To proceed, let us collect the following useful formulae
= = det(l — nxo~x¥) = 1 — n{%, x0~x}

22X

=1- {a—?,%s x — 107}
2 (v-7)  a%
a2
T T

[N}

IS

T - ?\ < - i -
:1—|—2277{<1— = +?))\xa)\—?)\éa )\}
=1+n 2()\ oA — 2’ Ao N)

Try [(1 — X0 xi)Txa_Zfi} =Tr, [xa‘z)”( — nixa‘xxa‘zi] = AXX)\
Tr [(1 - nxa‘xi)Txa_xaz} = 22Tr [(1 ) XU_} =dzz™,
Try [(1 —nxo xX) x0 x0*(1 — nxa‘xi)Txa_Zi’(] = Tr, (x0” x0"x0 "X) = 42z~ (AXxX)\)

(4.85)

Using them, we can simplify the expression for [ le(g) drastically,
[A . 5 ) d3 q Zs+§—1 1

- =527 2(s — 5)!((25 xdz — =
210) = 272 = AN [ e e

2Axx\ 4za A
xexp( (XX ~){1— 277~2 S = (1
det(1 — nxo~—x3) 57 — 5% det(1 — nxo—xX)

C4§n37§

N CEAXX )]
det(1 — nxo—xY)
e /e z5+5-1 (AxFN)? n  2z(Axc*)) 5
= 52 (s — s)!(2s)!/d3xdz B ()E | ZE [1 R = (1+25)
25 1 25
=252 < 3 (AxgA) Yo ? ) 2y ¢ 2y\5—8
=52 (s+s)!/d a:dz( TV (G2 e [()\XU A — 2*Mo*N)
_EORTN) (ot - 2%&)5—5—1}
5+S
= 272 B 280 (s 4 5

n57§

) (oA

(4.86)
In the last step, we have again used the integration formulae in Appendix B. Similarly,
we have an identical contribution from I2=1(9)

2-2-%203 (s + 5 + 1) (Morh)*+.
Putting them together, we find

[Azl(S) _ 9—25—25— 17T§F(S—|-S—|- )()\é Z)\)s—i-s

5

) (4.87)
%F(s +54 )@

where in the last step we replaced A\ by 07% = 2¢0°. Now we have the boundary
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behavior of the outcoming scalar field B0 (z, ),

: -1 1(0,0) (= = (5 as+§ 4.88
in the /|| — 0 limit, where the coefficient C(s, §;0) is given by
2 1
C(s,50) = —W—;F(s +5+3) (4.89)

Note that even though we have assumed s > 5 in the computation, the result for
C(s,8;0) is symmetric in s and § by a naive “analytic continuation” in the spins. A
particularly intriguing case is when § = s. Naively, the three point function C(s, s;0)
vanishes identically, as discussed earlier. In fact, there are no such cubic couplings in
the bulk Lagrangian! But a formal extrapolation from C'(s, §;0) for s # § suggests

that in fact C(s,s;0) = —%F(Qs + 3). We believe that this is a singular feature
of Vasiliev theory. For instance, if we assume that there is a non-derivative cubic
coupling involving three scalar fields, with boundary condition such that they have dual
dimension A = 1, then the corresponding tree level three-point function would diverge,
from the integration of the product of three A = 1 boundary-to-bulk propagators over
AdSy. While it is a priori unclear how to regularize such a computation, we have seen
that by a formal analytic continuation we can compute such three point functions in
Vasiliev theory. Similarly, we suspect that there are “vanishing” derivative couplings
involving a scalar and a pair of spin-s fields, together with a divergent bulk integral
gives the nonzero coefficients C(s, s;0). Potentially, if one can extend Vasiliev theory
to AdSy for d = 4 — €, such three-point functions could be computed using dimensional
regularization.

We expect that corresponding three-point function in the dual CFT to behave as

_)_ s+38
(s, 5:.0)0E) LAY (4.90)

Ay |Z]202s+25+17 |7

(J:(0:8)5(5: ) 40(@)) = g

In the next section, we will compare our result (£.89) to that of the free O(NN) vector
theory in three dimensions.

4.5 Comparison to the free O(N) vector theory

In this section, we consider the free CF'T of N massless scalar fields in three dimensions,
in the O(N) singlet sector. We may alternatively think of the theory as defined by
gauging the O(N) symmetry and then taking the gauge coupling to zero. We will
first examine the spectrum of operators, which consists of higher spin currents, and
compute their correlation functions.
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Let us denote the N massless scalar fields by ¢*, i = 1,---, N. A class of primary
operators are spin-s currents of the form

o = ¢ia(u1 o '8us)¢i + (4.91)
where - - - stands for similar terms with the derivatives distributed in various ways on
the two ¢’s. We demand that J; are conserved currents, with the indices iy, -« - , s

symmetric and traceless. These conditions fix J,,...,, up to an overall normalization. It
is convenient to introduce a polarization vector & and write Js(£) = J,,....81 - - - €X, or
Js for short. The explicit form of J; will be determined shortly. Note that in the O(N)
theory only the even spin conserved currents exists; the ¢ bilinear operators with an
odd number of derivatives are always descendants of the even spin currents.

The currents can be packaged in a generating function

O(#:8) = $(@) ey Dy 0 )6/ (@) = 3 ppes (D) o (1.92)

=0

»

The conservation and traceless condition on the currents can be implement on the
function f(&,u,v) as
(@ +7)-0.f =0°f=0. (4.93)

Further, by the massless equations of motion, we may assume u? = v? = 0 in f(&, 4, V).
The equations (£.93) can be solved in three dimensions by

o —2
E d =T ——d X 7. (4.94)
u-v

In particular, we may take the function f to be

48 LA_E
F(2.d,5) = % = % cosh [V2(u- ) — d(u-e)(v )] . (495)

Correspondingly, the generating operator O(Z;€) is given by

o (220, T, —a(e- 900"
O(f;@z(bi(x—a)Z( )

¢'(x +¢)

— (2n)!
= §'6i(2) + ¢'(2) D 6 (x)e
+ % [qsi(x)?uﬁ,,w(x) = 200, ()00 6 (1) + 20,070 ()0, 5/ ()| Ve + -

(4.96)
In the second line, we exhibited the spin 0, spin 1 (which vanishes identically in the
O(N) theory) and spin 2 (the stress-energy tensor) currents explicitly. The connected
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n-point functions of the currents can be easily computed via

%
<H (9(:)?,-;5,-)> _ QHZN Al [cosh(\/%?%i T —Ae- D) B

oc€Sh i=1

1
X
T — T + &5 + 5i+1|}

(4.97)
where P, stands for the permutation on (;; £;) by o, and the product is understood to
be of cyclic order; 8 and 0 act on their neighboring propagators only. In particular,
the two-point function can be written as

1
|LL’12 +ée1+ 82‘

X COSh(\/Q&%%Q . 32 — 4(82 . %2)(82 . 5)2)) L

— = < —
<O(fl;51)0(fg;52)> =2N COSh(\/Z":‘% 0 1° 0 1 — 4(81 . 81)(81 . 81))

712 — €1 — o

(4.98)
It is not immediately obvious that by expanding this expression in powers of ¢; and
€9, we will find an orthogonal basis of currents. Without loss of generality, we can
assume that ¢ is a null polarization vector. We will sometimes work with the light
cone coordinates, such that e™ = 1,6~ = et = 0. Then the current .J, can be written
explicitly as

8/2 ns 2n

J(Z,8) = Z Zk's— S — )!afkqsiai—n—%i. (4.99)

We will assume s is even from now on. The two-point function is then evaluated as
<J81 (fv gl)Jsz (0 2)>

1 5 = [/ = 1
=2N |—e(51+€2) 9 cos <2 g1+ ey - 3) cos <2 g9+ Deg - 3) e_(e“r”)'g—

ZL’| |113'| e5les?
s1 Ss2 4k+£ s1—2k so—2¢ ( )m+n+k+£

=2N
;%; 2k)!(20)! Z mz:: nlm!(sy — 2k —n)!(sy — 20 — m)!

i} . [(51.3)81—k—n(52.a)82—f—mi}

|z] |z]

% [(81 i 8)’””(52 X a)£+m
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ke s12ksa—2¢ mAn+k+0+a+b k+n si—k—n
4 (-)

h ;Z 2k)!(20)! Z Z::On!m!(sl —_Qk—n)!(SQ—%—m)!; Z

b=0
A s1+s2—a—b 1
x<k+ )(Sl g n)Qil“(n—irmij—l—E—a—i—Q)

a b T

L (t+m)! (s —L—m)!
xT(si+ss—n—m—-k—0—-b+ )(£+m—a)( — {0 —m—0)!

(51 . 62)a+b(€1 . x)sl—a—b(g2 . x)sg a—b
X (I2>sl+sz—a—b+1 )

(4.100)
The summation can be performed, giving the result

2353 (s + 3) (e1-e92% — 261 -8y 1)
o] (22)2s+1

(Js(Z,81)J5(0,2)) = Nsacs (4.101)

Here ¢, = 1 for s > 2 and ¢y = 2. It is often easier to work under the assumption

€1 = €9 = £, in which case we simply have

22773 (s + 1) (7)%
5! (22)2st1

<Js(f?§)Js(O>€_}> = Nc, (4102>

where we used the light cone variable = = 2¢ - z.

Now we will calculate the three-point functions of these conserved currents. As a
warm up, let us first consider the correlation function of two scalar operators and one
spin-s current,

(Jo(21) Jo(72) J5(0; €)) = LL6)‘8+COS <2)\\/ﬁ) 6_’\5)+L

[T 12| |2 |1

2272 (s + 3) (=) < 1 )( 1 )
=8N 2 P — o —
|12 ; (2n)!(2s —2n)! \'" |y |y |

1

T+ 5) g ()T () ()
- 2 T 4103
8 |212] Zn!(s_n)!|x1|2n+l|x2‘28 2n+1 ( )
=0

_1 _ —_\ S
_ gy sty (fc__fc_)

slaiaf|zlze] \ 27 23

S

2530 (s + 1)
SHESPYERYIESY

=8N (&-A),

where in the first line, J, is defined to act on both #; and Z>. In the last line,

A= f—% — % In the limit where the two scalar operators collide, T = 5 — 0, we have
1 2
R QSW_%F(SjL%) e 2527
(Jo(Z)Jo(Z — 0)Js(0;8)) — 8N o2y {5 (60— 3 g:)} (4.104)
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This will be compared to C'(0,0; s) in Vasiliev theory. On the other hand, in the limit
where one scalar collide with the spin-s current, say s = § — 0, we have

27730 (s + 1) | o
s!|5|(:c2)s+12 (€-9) (4.105)

(Jo(Z)Jo(6 ) s(0;8)) — 8N

This coefficient should be compared to C(0, s;0). Note the different polarization depen-
dence in the two limits (4.104) and (£I05). These indeed agree with the structure of
the propagator K(Z, z|y, 0,/) we used to compute the boundary expectation value of the
B master field. We can normalize the two point function [EI02) to ¢, (- £)%(z?) 25,
by defining a normalized current

1
norm (= —15-2s WES! =
Jom(#8) = N72272 mz]s(a?§g)~ (4.106)

The normalized three point function coefficients Cyo, for the free O(N) theory are given
by

1
COfOT’eE — N—%23—S7T—% F(S _'_ 2> . (4107)
s s!

Next, let us examine the three-point function of one scalar operator and two higher
spin currents.

(51 (T1,€1) s, (T2, €2) Jo(0))

1 — 2 1 — |
=8N — 51'51 cos(2\/ ey - Eel . 61)651'61—6_52'5_2 cos(2\/ &g - 3252 - Oy ) et

(]

|931| |712] et
= 8N2*1 22071 (g +1)F(s +1 2122 (=)
1+l +3) £ £ (2n)1(2m)!(2s1 — 2n)!(2s, — 2m)!
1 1 1
X |(e1-0)" " ——| (g9 D)2 ™ —| |(g1-01)" (3 O
oo o= fe-are o)

s1 52 9s1+s2+n

— SNzl
= 8N7 (SNL 52+ ZZ (2n)Im!(s; — n)!(s2 —m)!

(€1 a1)" " (eg - 29)™ ™" {(51,@1)n(52 19)"™ }

‘x1‘251—2n+1‘x ‘232—2m+1 ‘x12‘2m+1

s1 s2 9s1+s2+n (€1-21)" (e - o)™

= 8N7 '
m (81 + 32 + = Z Z 2n ‘m‘ 81 . n) (82 )] |I1|231—2n+1|$2|282—2m+1

- (—)k n (m) (2m + 2]{3) (51 . 82) (81 . l’lg)k(Eg . 1.12)m—n+k
D (k:) @m)(m + B)(m —n + k). (19| P 2T

k=0
(4.108)
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Let us focus on the special case e; = g5 = ¢,
<J81 (flv g)JSQ (527 5)‘70(0»
S1 S2

s14s0,_—1 1 1 (=)™(2m + 2n)!
= 8N22r T (s + 5)1—‘(82 + 5) ; z::o By @m) sy = m)(s3 — m)i(n + m)!

(E . l’l)sl_n(E . 1’2)82_m(€ . x12)n+m
|x1|281—2n+1|x2|282—2m+1|x12|2m+2n+1

(4.109)
In the limit where the two higher spin currents collide, 15 = 5 — 0, corresponding to
the coefficient C(s1, s9;0), we have
N I'(s + 89+ & —*,5’51-1-52
(T, (7 — 5,2 1o(0)) — sNgorroagi LT 92 49) (€20) (4.110)

81!82! I2‘(5|281+2s2+1

Observe that, modulo the factorized normalization factor associated with each current,
this three-point function has precisely the same dependence on s; and s, (namely,
(sy+ 52+ %)) as the tree-level three-point function coefficient C'(sq, $2;0) of Vasiliev
theory! We would like to emphasize that the computation of C'(sy, s9;0) in the previous
section was highly nontrivial: a priori, it wasn’t even obvious that C(s;, s2;0) would
be an analytic function in s; and se. Also, recall C(s, s;0) is naively zero in Vasiliev
theory, and we argued that its appropriately regularized answer should be given by the
analytic continuation from C'(sy, s9;0) for s; # sa. As expected, the coupling constant
g of Vasiliev theory scales like N~2 of the free O(N) vector theory. Let us emphasize
that the relative normalization on the spin-s currents in Vasiliev theory can be fixed
independently, through the computation of C(0, s1; s2), as we will perform in section
6.1. We will then see a complete agreement with (£I110), and will determine the precise
relation between g and N.

On the other hand, in the limit 75 = 5 — 0, corresponding to C(0, s1; $2), we expect
(Js, (Z,€) I, (0,€)Jo(0)) to scale like |z|~25172|§|**~*2~1. To simplify the expression let
us further restrict to the case € - x = 0, so that (£I09) becomes

- 1 1
(o (2, (5,2 Jo(0)) 0 = N2 1T (51 + ) (52 + )
52

y Z (_)m(2m + 281)! (E . 5)81-‘1-32

(25)1(2m) (52 — m) (51 + m)! 2] [o|Zse—2m+1|g — gpsivem+t  (4.111)
[(s1+3)(s2+3)  (e- )t

s11so] | |21 +2| g [2241

m=0

—y NSt L

We will consider the corresponding computation in Vasiliev theory in later sections.

Finally, let us consider the case of three general spins (s, s, s3), but with the
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simplification that all the polarization vectors are the same.
<J81 (flﬁ 51)J82(;1_;"2’ 87!193(51_7'?» g))

1 .3 1 — |
=8N —e °V b Lcos(24/ ey - 351 o )e —6_82'32 cos(2\/ &g - 3252 . 82)652'82

|71 @

51 _s2
€1 &2

— 8N 22SZF ; (_)nl
= 8N Z H (54 5) Bni2s — 20

<[ ome oy ] ] R QT et

|9312| |31

3 1
= 8N7~ 225 (s;
™ 230111 (s (2n,) (2s; — 2n;)!
_} {(5.33)n3—n1+51 1 ]

X -0 ni—n2+s2
{( 2 |z93] |231]

} {(e . §y)namatsa

\5612\
(4.112)

Further, writing ©; = ¥, ¥o = ¥ — 9, 3 = 0, and assuming - ¥ = 0, we find the answer

3 — 1 1
— 8Nn— 3 929 (s, + =
ST ;::011 (54 5) @niEs = 200
1 1 1
% (E a )n1 n2+s2 } {(5 . ax)nz—na-i-sgi] {(—E X ax)ng—nl—i-sl_}
{ 9] |z — 4 |z|
3 So
. 1 1 1
=8N7 2 | [ 2% (s; + = =
" 11 (s + 2); (272) (252 — 212)1(251)! (259! ||

1 (4.113)
=zl

ﬁgNﬁ—aﬂ%;ﬂ {(5-85)81+sz|(1;|] [( ax>53ﬁ]

L aNad H 2% 0(s;+3) 1 D(si+s243) (€-6)72 T(s3+3) (e-6)®

1
X {(E . 8‘5)81_n2+82m] {(5 . ax)nz-i-S:s

2 J—
U W™ 1) W 1) |epon
_ gngsitertss LT 82 T 3)l(s3+5)  (e-g)orteates
7o) (50)(s3)] e[ 2|g Pttt

5 The A =2 Scalar and the Critical O(N) Model

In this section we consider the alternative boundary condition for the bulk scalar field,
such that its dual operator has dimension A = 2. The boundary-to-bulk propagator
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for the scalar field has the form C(7,2) = K? = 22/(7% + 2%)?. Let us now solve
for the boundary-to-bulk propagator for the scalar component of the master field B,
analogously to section 3.

[e.9]

BA7(z]y, y) = Z Wz—n(—ZQ?J@??)nC(??)
=Y ) K o

When the outcoming field is a A = 2 scalar, we must also use the propagator IC?O):2
as in (454) and (457). In the next two subsections, we will repeat our previous
computation of C(0,s;0) and C(s,§;0) with the A = 2 scalars (note that for the
A = 2 scalar, C(0, s;0) is not a special case of C(s, 5;0)), and then compare with the
leading 1/v/N three-point functions of the critical O(N) model.

5.1 (C(0,s;0)

Now let us compute the three-point function coefficient C'(0, s;0), where spin-0 refers
to the A = 2 scalar, and s > 0. Note that unlike the A = 1 case, where the scalar
is treated on equal footing as the higher spin fields, the A = 2 scalar is distinguished
from the higher spin fields.

Analogously to the A = 1 case, we need to compute the integral (L.57), or (4.59).
I2=2(§) is given by

IA72(6) = / BPFdZ () I(F, 2 0,0)

1 dgfdz 4 4 uv+uv —Uuv—uv Z= 2
:23(25)!/ 5,2 /dudv(e T4 ) (2vo*D + 57)
PARR: - S5 s (UXT)* (52)
X W(l—vzv)e (9+7

s /dgfdz 2513
- 25(2s)! 222 (27)5(22)

1
25 A=2
S {—IQ I

Note the additional factor of 2 in front of vo*v in the second line, coming from inte-
gration by part in z. Be aware that in the last line, d,+ acts only on x and not Z. The
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generating function 7872 is given by

I)\A:2 _ /d4ud4v (euv-i-ﬂﬂ + 6—uv—ﬁz7) (21)0’25 + 82)(1 . Ui@)e—viz’)—i—)\(uxﬁ)

2 - o
- ]_ - 828- 200‘28— —I— 52 eA]X(l_AEx) J
det(1 —)\Ex)( i20)(20,0°0;5 + 57)

= m { [1 + ATr(Ex(1 — )\ix)_l)} [32 —2\Tr(o"x(1 — )\ix)_l)]
—2\*Tr [ix(l —A2x)"lo*x(1 — )\ix)_l] }
:2{[1+2A A(1— %) - & z—w<l—%ﬁ>]

72
—_ —
— —
— —

j=j=0

s — 4\

(1]

72

\_4

2 [4z (1= 2500 ihea? 4 200%2 — Da( 2;22)”

(5.3)
where we define, as before,
== 1—2)\z—l—4)\z—2—|—)\2 2
xf (5.4)
E=1-2z+an
T
When acting on with 6%, we can equivalently replace = by ¢ in I£=2, and write
1 1 244N A
() v (0 )
. xe N ¢ &/ (5.5)
528 2x - ¥ 2x - T '
. 25 2 2 s—1
=203 {s-(s+1)(1— = )P —2s°(1 — =2 ) }

Now continuing on the integral I4=2(4),

. | s ,25+1 . .
ST P— /d?’*d 7( S 12 [ (s 1)1 - 2Ty gen 2T

25(25)! P2 7 =
s [ 2 () (25)
< [82-(s+1)(1—222I) Y (1—222‘% 1]

Sy KT S (==

2‘7: z)s—n _ 25 B n82(1 _ 2"{ j)s—n—1:|

2 S 2

X [32-(s+1)(1—
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, 3 2s+1 S 21’_i’2 = - s—1
=2 —/dxdzx28+l(x2)s+2 (s+1)<§—5) —2s . <§—5)

— 25 23T (s + 2)(5 )

5

= Zsf(s + )( -€)°.

(5.6)

Using (4.57), we find the boundary expectation value of the outgoing A = 2 scalar,
i ,—21(0,0) = 25_51A2A_ A=2 . (5'5)8 5.7
ll_rf(l]z BA:Q(za Z) - - 7T2|l'|4 [ (6) - C (07 =h 0)|f|4628+1 ( . )

in the § — 0 limit. The coefficient C2=2(0, s;0) is given by
73 1

C2=2(0,5,0) = ——sD(s + =). (5.8)

2 2

Taking into account the still undetermined normalization factors on the boundary-to-
bulk propagators, the corresponding normalized three-point function in Vasiliev theory

is related by
aoas

CHT2 = g-22C%72(0, 5;0) = ga,C*7%(0, 5;0) (5.9)

ag
where aj, is the normalization factor associated with the A = 2 scalar operator. Here g
and a, are the same coupling constant and normalization factors as in the A = 1 case.

5.2 (C(s,8;0)

Next, let us turn to the computation of C(s,§;0), where s and § are nonzero spins,
and the outgoing spin-0 field is subject to A = 2 boundary condition. Without loss
of generality, we will assume s > s > 0. The expression of the source J) of for
the spin-0 component of B(Z, z|y,y) at second order is identical to the A = 1 case.
The only difference occurs when we integrate J(g) with the propagator Ka—; to obtain
the boundary expectation value. We perform the computation in the case where the
polarization vectors £ of the the spin s and spin § currents are identical, with ¢ = £ =

%a , ad_g = 5\@5\5. Now we simply need to replace the integral Ile(g) in section 4.4

by

A~

If:2(5) = /d?’it’dzz_lJ(Jg)(i", 2;0,0)

s+3 )]
B ey , P 4 o 2v0*v
—5-2 /d xdz GRS /d ud*v cosh(uv + av) (732 — = + 1)
X e‘”i”(vxa “%0)* (uxo*xu)* (uxo~xu)*~*
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2 =

—

s+3 By Y \25 3\ EAY
— 2757525 — 5)1(23)! / Badr——’ (Axg) {1 +5 2n_22(0x0")

(22)2sH+1(F2)25+1  Z25+1
225 (AxfN) %

(x2)2s+1 (i.2)s+§+1

= 527572 (5 4 3)! / d*rdz

2% (Axa*))
5+ s
= 2727 B 2025 (5 4 ) (Ao N )5S

w2 . ;
= ZSF(S +3)(6-8)°".

| (Oxox = 23go"3) "™

(oA — x25\¢3025\)5_§_1]

(5.10)
In the second line, we again note the factor of 2 in front of vo*v, from integration

by part in z, which is different from the A = 1 case. Similarly, there is an identical
contribution from I2=2(¢). It then follows from (Z5T) that

: -2 p(0,0) /= _25_8_5 A=2/3\ _ ~A=2/_ 2. (g é>8+§ 5.11
l%z BA:2(£) Z) - 7T2|i3|41 (6) =C (87 870)|i;|462s+2§ ( : )

where the coefficient C2=2%(s, 5;0) is given by
C27%(5,5,0) = —sT'(s +8), s>3. (5.12)

C?=2(s, 5;0) is by definition symmetric in s and 3, and so is given by %§F(8+§) for s < s.
Note that unlike the A = 1 case, C2=2(s, 5;0) is not formally an analytic function in s
and s, as one takes s across 5. However, our result does suggest a “regularized answer”
for the naively singular three-point function coefficient C2=2(s, s;0), as the two spins
coincide.

As we will see in the next subsection, in the critical O(N) vector model, it is more
convenient to compute the three point function (Jy(#1)J5(Z2)a(Z3)) with 75 integrated
over the three-dimensional spacetime; here « is the scalar operator of classical scaling
dimension A = 2. To make the comparison, we would like to consider the same
computation in Vasiliev theory, namely

/ 25 {1,5.8)J(0.5)0s (). (5.13)

For this purpose we can no longer take the §/|Z] — 0 limit, but instead must use the
full expression of Ka—s(Z, z). We have

i . 2
B ap00) . 207N AP dY 2 A
fos a2 o [ 408 [

. 3z dz o a
— _25—5—5—1/ ) Jo) (', 20,0)
(5.14)

58

(1+ zg)}

77575



The integral in the last line is in fact identical to that in the computation of C(s, §;0)
in the A = 1 theory. We then obtain the result

5 s+5
/d?’:): lim =~ 2BOO(#,2) = —moT(s+ 5 + 2) (52828“ (5.15)

a.sas

Combined with the normalization factor g7, this gives the integrated three-point

function [ d32(J,(8,8)J5(0,8)Ons(T)) in Vasﬂlev theory.

5.3 Comparison with the critical O(N) vector model

In this subsection, we will consider the critical O(N) vector model in dimension 2 <
d < 4E] and calculate the three-point function of the scalar operator and higher spin
currents to leading order in the 1/N expansion, namely N~z. While the computation
described in this subsection have already appeared in [47, 46, 49, [48), [50], the explicit
results are not immediately available. The goal of this subsection is to extract the
three-point function coefficients and compare to the conjectured dual Vasiliev theory,
following the approach of Lang and Riihl [47].

The O(N) vector model in d-dimensions can be defined by the path integral

fosow{ o st b5 1))
‘/Dawp{—§PHM(A+wO—$/ﬁ%4}

where § = (S, - -+, Sy) are N scalar fields, and a(z) is a Lagrangian multiplier field. g
is a coupling constant that will be taken to infinity at the critical point. In the second
step we integrated out S to obtain an effective action in a. At the leading order in

(5.16)

1/N expansion, the expectation value of «, which plays the role of mass square of the
scalar fields S, is given by the critical point of the a-effective action,

dp 1 1
2
pu— = — .1
a=m", /( T ORI ) (5.17)

where m? is solved to be

nﬂ:(mrﬁm——m_ (5.18)
| |

"We will only need the results in d = 3 to compare with Vasiliev theory in this paper. It is
nevertheless useful to have the formulae in general d.
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X4

Figure 2: The 1-loop contribution to (aaw). The dotted lines represent
the effective propagators G(x) of a, while the solid lines are propagators
of S.

by analytic continuation in dimension d. In d > 2, the critical point m = 0 is achieved
by sending g — oo. The authors of [47] considered a field & related to a by a = ia,
which should be thought of as a real field in the path integral description. From the
CFT perspective, it will be more convenient to work with «, which has positive two-
poirj% function in position space. The effective propagator for a, after integrating out
S, i

% gSi %df(d—2)

G(p) =< (P)*2, 7 =2(4n)

gl
5.19

N ( )

or in position space,

1 2% 2sin ZAT(45L) 1 Yo 1

_ ddp ~ eip-x o _ o
Gle) = / oW =y D¢ —2) (@2 N (@) (5-20)

Note that for d =3, 7y = —16, v, = % > (0. The propagator for S is the standard one,

Oap 1 wl(E-1) 1 95 du

FZ?7 or N 47_‘_% (x2>g_1 - N (,’L’2)%_17

(5.21)

and the oS, S, vertex comes with coeflicient —Nd.

We want to compute the three-point functions involving «(x) and higher spin cur-
rents Jy(x, ), to the first nontrivial in the 1/N expansion. While in general we don’t
know a priori the expression of Js in terms of the fundamental fields, we will extract
them from the OPE of a pair of S,(z) fields.

Let us start with the 3-point function (a(z1)a(z2)a(xs)). Our convention is such
that the two-point function of a(x) scales like 1/N. The leading contribution to (o)

8Note that our 7 differs from the notation v in [47] by a sign, since we are working with « instead
of a.
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Figure 3: The leading 1/N contributions to (SSSSa), from which we
will extract (JsJya).

is of order 1/N?, and so if we normalize the two-point function of «, the corresponding
3-point function will scale like 1/ V/N. This comes from a 1-loop diagram as shown in
figure 2. It is evaluated as

{a(z1)a(wz)a(zs))

= —L / ddylddy2ddy3 %‘Z’ﬁf’q
- d d d

N2 (1 — y1) (w2 — ya)* (w3 — y3)*(yh) 2 (y35) 2 My )2

3.3

Yo Vs d d 2 1
—— 2, ——1,=——1 2.1,.d—3

N2 ( "2 "2 J o2 1, )f%zfggfgl

vavs wl(G-2PT(E-DIB-5) 1

— T
N? F(% — 1)T(d - 3) x%ﬂ%sx?n : )
5.22

where we have used the graphical rules of [51] in the second line. We have used the
definitions in [51] for the coefficients

INCE
a(ty = 2.
I'(2) (5.23)
v(ty, ta, ts) = T2 a(ty)alts)alts).
Note that (5.22) vanishes at d = 3. This has been observed in [39] to match with the

fact that there is no scalar cubic coupling in the bulk Vasiliev theory.

Next, we will investigate the three point function of o with two higher spin currents,
Js and J;. The idea is to consider the five point function (S, (z1)Sy(2)S:(x3)Sq(xs)(x5)),
expanded around the limit 19, z34 — 0. The three point function (Jy(x1, 1) J5(x3, £)a(xs))
will be extracted from the channel dqp0.4(¢ - 212)%(& - w34)° The scaling in N in the

9Note that the higher spin primary currents in the critical O(N) model are not expressed in terms
of S bilinear in the same way as in the free O(NN) theory, even at leading order in 1/N, due to the
exchange of a. As pointed out in [46], even in the large N limit, the currents of the critical O(NN)
model cannot be embedded in the Hilbert space of the free O(N) CFT.
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SS OPE is of the form S5 ~ N~2 > Js. The leading nontrivial contribution in the
1/N expansion of (SSSSa) is of order N™*, corresponding to the normalized three-
point function (JJ(v/Na)) at order N~2. The relevant diagrams are a 1-loop triangle
diagram (figure 3(a)), a disconnected tree diagram (figure 3(b)), and a connected tree
diagram (figure 3(c)).

The one-loop diagram in figure 3(a) is evaluated as

OapOe
— dVg Tq/ddyldd?ﬂddy:&d Z1d )

N4
1
X 4 4 d—2 d—2 d—2 d—-2, d-2, d—2
(25 — y3)H(yr — 20)* (2 — 22) (w1 — 21)47 2 (w2 — 21)T72 (w3 — 22) 472 (24 — 22)7 %Yy “Ya3 Y31
5ab6cd
N Viviv(2,d/2 —1,d/2 — 1)*v(2,1,d — 3)
1
d®z1d
. / e (w5 — 21)% (w5 — Z2)2Z%2(361 — 21)%72 (g — 21) 92 (23 — 22)47 (04 — 20)02

(5.24)
where we write 2™ for (22)"/? for short. We are interested in comparing the overall
coefficient of (JsJs;a) to that of Vasiliev theory. For this purpose, it is sufficient to
consider the three-point function with the position of a(z) integrated out. Integrating
over x5 drastically simplifies (5.24]); it reduces to

SabOc
- jbvafﬁsv@ d/2—1,d/2 —1)*0(2,1,d —3)v(1,1,d — 2)

1
/d ad Z226 d(x o Nd—2( o Nd—2( — o Nd—2(7 _ . \d—2
12 1 — 21) 42 (12 — 21) T2 (w3 — 22) 772 (24 — 22)

s (5.25)
= 2,d/2—-1,d/2—-1 2.1,d— 1,1,d—2)———
N4 70475’2}( ’ / ) / )'U( ) ad 3)”( ) >d ) a(d—3)
ddP I P)I P P2 3—d iP-x13
X (27T)d (x217 ) (SL’34, )( ) €

where we have Fourier transformed z;5 into the momentum variable P, and defined

B ddk 6zk x
I(z, P) = / (27T>d k2(P — k)2
= (47?)_d/2 - (P2)d/2 2 /1 de (1 — 5)]d/2—2 oiPe(1-€)
! §(1 = a2 P\ 1 (1 —9a2P*
kU T(k+3 - d/2)( 4 ) _F(k;+d/2—1)< 4 )

(5.26)
where in the second line, we have integrated out k using Feynman parameterization,

and expanded the resulting Bessel function in powers of P?. As pointed out in [47],
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the higher spin currents .J; arise from only the second branch, involving integer powers
of z for general non-integer values of dimension d. In fact, the correlation function
involving the primary fields J; come from the k£ = 0 terms in the second branch only,
whereas the £ > 0 terms are contributions from the descendants of J;. The spin-s
component is therefore extracted from the £k = 0, O((x - P)*) term in I(z, P), which
we denote by

)42 g d_o (1P-2(1-¢))°
hwam=—§)4ﬁm_w>*/lkw — g 228
9-dpl-4T(d 45— 1)
_sin(”—Cl)s!F(d +s5—2)

(5.27)

(P%)2 2 (i - Py

The contribution to the integrated three-point function [ d?z( Jo(8,€)J5(0,8)a(T)) is
extracted from (5.25]) to be

6ab50d 3 3 9 (47T)d/22d_6
2.d/2—1,d/2—-1 2.1,d— 1,1,d—2)———
St /2 = /2 = 102 1d = (L L d = 2) ST

d'P ~ 2\3—d iP-§
X (271') I( )(E P)I(g)(E,P)(P) e

B 5ab50d N ) (47)Y/20d-6  9-2d72-d
= e d/2 = Ldj2 = 1702 1 d = el 1 d = 2) ED
Nd+s—1) T(¢+5-1 S| T(E -1
(§+s—1) ~(2+s~ )(5-8)5(5-8)3 (4 : ) ld |
sll(d+s—2)8'(d+ 5 —2) Ars  (52)571

(5.28)

Next, we consider the contribution from the disconnected tree diagram in figure
3(b), of the form (S,(z1)Sc(z3))(Sp(x2)Sa(xs)a(xs)). There are 4 such diagrams, re-
lated by exchanging S, (z1) with Sp(x2), and S.(z3) with Sy(z4). After integration over
the position of a(xs), they give

1
- ﬁ%v%v(z, dj2—1,d/2 —1)v(1,1,d—2)

X . ' X (5.29)
Xhm%(@W1+%MW0+M%<MMWVW%W“H

Since we are only interested in O(N)-singlets, we will restrict to the §°°6°¢ channel of

(£.29), which is obtained as N™?0ap0ca ), ((Se(21)Sr(w3)) (Se(22) S (24)r(25)) +3 more,
namely

OabOcd
—~ ]%4 Yayiv(2,d/2 — 1,d/2 — 1)v(1,1,d — 2)
« L 1 N 1 N 1
(235)4271  ((w1s 4 221 + 234)2) 4271 (213 + 234)2) 421 (213 + 291)2) 421

(5.30)
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The contribution to [ d?x(J(d,£)J5(0,€)a(x)) is extracted as

1
0wl 0(2,d/2— 1,d/2 — o1, 1,d — 2)

N4 slg '(8 a) ( 8)~

T (5.31)
Finally, let us consider the contribution from the 4 connected tree diagrams in figure
3(c). After integrating out the position of a(z), applying repeatedly the graphical rules
of [51], we obtain

6ab50d 2 2 (47T)d/2
N4 a S’U(2 d/2 1 d/2 1) ’U(l,l,d Q)W
d
% / (Zﬂf))d (P2)1_d/2 [1(1'34, P)(eiP~x13 + ez’P~x23) + [(le’P)(eiP-xlg + eiP-xMﬂ
(5.32)
Extracting the contribution to [ d%x(Js(8,)J;5(0,&)a(x)), we have
5ab50d 2 2 (47T)d/2
N4 ’}/a SU(2 d/2 1 d/2 ]_) U(l,]_,d Q)W
2—d l—g ddP I‘(g+8_1) . . . ~ eiP'w13
Xsm<>gg/k%w T(d+s—g) 0w (P o)+ (5 6 8 2w & 22)| 55—
5ab50d 9 9 2d‘4F(d/2 — 1)
e TnRu(2,d/2 = 1,d/2 = 1)*0(1,1,d ~ 2) @5
2-drl=5 [D(¢+s—1) T(¢4+5-1 rE—-1) 1
m ( S ) (2 ‘f ) (68)8(58>8 (2 . ) y .
sin(% Hsl5! | T(d+ s —2) F(d 5§—2) 4z (62)27!
(5.33)

Putting these together, the total contribution from the diagrams in figure 3 is given by

d*z (J4(6,2)J5(0,8)a(x))

. ~ oy (5.34)
= /() f(3)e-0)(E-0) oS
where d
T2 d
Cd = 5 F(§ - 1)7

. D(ELNT(E+s—1) (5-35)

1 9 _1
fls) =5 [1—2d 12“(d+s—2)

Here the notation J,(x) standards for the primary currents J, together with a linear

combination of descendants of lower spin currents, which appears on the RHS of the
OPE

Sul()S4(0) ~ 2t et T (0) - (5.36)

2
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If we further set € = € to be null, and d = 3, we obtain

[ #3(3.6.7:0.0(0)) = 5 161G e 0
1 il e (5.37)
~\os+3§ ~ €
— e FO G T (s 5 4 5) S
where f(s) is now given by
F(s) = Sl [1 - Q%} | (5.38)

The mixed currents J, are related to the primaries in a general form Jy(x,e) =
Jo(x,e) + 352 c(s,r)(e - )" Jp(x,¢). In order to determine the operator mixing,
we consider the two-point function of J,, by extracting from the four-point function
(Sa(21)Sp(22)Se(73)Sa(24)), expanding it in the channel §,50.40(x5,)O(25,). At leading
nontrivial order in 1/N, there are two disconnected tree diagrams related by exchanging
x3 and x4, and a connected tree diagram with an « propagator. The total contribution
in the d,,0.4 channel is

fys 1 1
5ab50d [ d + d d ]
N? (37%3)7_1(3754)5_1 (234)2 7 (233) 27" (5.39)

70/}/5 1
4+ 2055 6. [ dzd? .
N3 b d/ b= 2hy (11 — 21)972 (g — 21)%2(23 — 29) 2 (wy — 29)9 2

As before, we can turn the integration over z1, z5 in the second line into a momentum
integral of the form f d? P L (291, P)I(x34, P)(P2)2_‘ iP-wi3 - Expanding this in 19, 234,
we can extract the two pomt function

sls!

(T, )T5(0,8)) = 23 {;_2 (0 (e- ) g +

2280 (d —2)I(4 —2) 272724 (s +2—1) T(5+2-1) e s 1
e rez-9) sin?(20) sI(s +d —2) (5 + d — 2) (e 9P ) s
(5.40)

Restricting to d = 3, and setting € = ¢, we have

— — 2854 Drig+2 3)! r sl )s+E
(To(2,)75(0,2)) = (s+ 2~) (5+3) 1 2(5 —|—~s) N N3 (f + S~—|— 21) (e x) '
735!3! sls! (s + 5)1"(5 + 5) (x2)s+5+1
(5.41)
This allows us to determine the operator mixing,
s/2
i 1 T(s+3) (2r)!
Js(z,€) = 2 L) T Iy, 5.42
() VN 21 ; (s — 27“)!(s+27’)!(6 ) ar(€) (5.42)
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where Jg(z, e) are normalized such that

(Jo(x,2)J5(0,€)) = 6,z N2¥72 F(S; ) ((;)i)i, (5.43)

i.e. the same normalization convention as the current Js in the free O(N) theory in
section 4.5. The normalization factor f(s) in (5.38) can be written as

s/2

_Al(s+3) 1
fs) = VT Z (s 4 2r)(s —2r) (5.44)

From this, we determine the integrated three point function of the primary currents,

r=1

- 32 <1
/ d3:?<JS(5,5)J5(0,5)a(9?)> e Nt
s!8! 6]
i . L (5.45)
o %23—1—31—‘(5 + 54+ %) (5 5)s+s
= 04T slg! §25+25+1 "

To make comparison with our result (5.I0]) in Vasiliev theory, let us define J|(Z) =
1

N7a2a(Z), so that the two-point function of JJ(Z) is normalized in the same way as
Js’s. Now we expect

[d3z{J,(8,2)J5(0,)J4(Z) a
< (ToJ0) / - g/

d*7 lim z_ng)’zog(f, z), (5.46)

z—0

where (J{J}) = N is the coefficient of the two point function of J§ (follows from (5.20)).
Recall that as is the normalization constant associated to the spin-s boundary-to-bulk
propagators, and aj is that of the A = 2 scalar. We will determine in section 6.1
that as/ap = 27°s!, and that g/ag = —16/m. We then see that (5.40]) precisely holds
%ao. We conclude that our result for the integrated
three-point function of two higher spin currents with the A = 2 scalar from Vasiliev

theory indeed agrees with that of the critical O(/N) model.

provided the identification aj =

6 More Three-Point Functions

In this section, we will compute the tree level three-point function coefficients of Vasiliev
theory via the boundary expectation value of a higher spin outcoming field at second
order in perturbation theory. These computations are more involved than the cases
we considered previously, where the outcoming field is a scalar. In particular, the
computation of C'(0,s;s’) for s > s’ in section 6.1, combined with earlier result on
C(s,s;0), will allow us to determine the relative normalization of the boundary-to-bulk
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propagators in Vasiliev theory that correspond to the spin-s currents with normalized
two-point function, and consequently fix the normalization of all three-point functions
up to one overall constant, namely the coupling constant g of Vasiliev theory. We will
find complete agreement with the correlation function of one scalar and two higher spin
currents in the free O(N) theory.

6.1 C(0,s;s") with s > ¢, and fixing the normalization

Let us revisit the computation of the three-point function coefficients of one scalar
operator with two higher spin fields, but take the scalar operator to be a boundary
source, rather than the outcoming field. There are two distinct cases, C(0,s;s’) for
s > s and for s < §’. The former receives contribution from the source J%(y) only
(recall (£.23)), whereas the latter comes entirely from J'(y). It turns out that the
computation in the first case, s > &, is easier, as we shall perform in this subsection.

To compute the spin-s’ component of J')(y) = J%(y)],2+r, we need the (2s',0) and
(28" 4+ 1,1) components of J; in its (y,y) expansion,

o z s +2 28" +1_, .5
T = =20,() - ——0" )y - —5—0"0"J 4
y?* ,§=0
z s+2 .17 . - -
~ -2 lo0-T2200] e [0,0 B B,
/ . - -
12 L gagh Qs B = Brr(,)]
2 * “ yZS’,g:O
s +2 d ~ ~ ~
= —2 {6‘@/(@ - 02)} Y (Qup * B) + (28 + 1)0°0° (Q,5 * B)
< y23/7g:0
s 2s' +1

z sS+2 N . .
= 3 { et T e, [ < 5] +

z

0 aaé}

n=—s’

s’ B ’ 9 ~
-y / d4ud4ve“”+“”{ 9,02 j %) [(yv)m+(x|y+u,a)3(x|y+v,@)]

s2 —n2 Y

n=—sg’

2
+(25" + 1)uv +

s+n

QL (zly +u, ﬂ)B(m\y + v, 17)}

o/

y2.s

(6.1)

In the third line, we have made the replacement —B *T(Qop)ly2e0 gmo DY Qo * B|yzs/,g:0.
This is because the contribution comes from taking the star product of Qa

and BE-1=s'Fms=l=s'+n) 1n| < & where s — s’ — 1 pairs of y’s and s — 1 — s’ +n
pairs of §’s are contracted to get a term of order y?*'. The sign is such that —B =
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W(Qaﬁ'ﬂy. o = Q5 * B\ 2/ G=0- Similarly, for our gauge choice, QZB ~ 0a050 4,
and 9°0°(Q of * B) =5 * 0°0° B, and so the same argument can be applied to the

second term in the third line of (G.I)). In the fourth line, note that the sum is over

n=—sg',---5, as these are the only components among the spin-s field Q o 1+" s—1-n)
to JG.

Let us recall the formulae for the boundary-to-bulk propagators of the relevant
master fields, €07 and Q" with n > 0 for the spin-s field sourced at ¥ = 0, and B
for the scalar field sourced at ¥ = 9.

n 2—n—2 z° —z n 92s (yxg)s—n

Vo = oD@y W W
—S5— Zs —z n — —\S—n
=52 e (X0 x)" (x0T xg)

-n —5— Z o 2\ T — s \S—N
Q) =s2 1($2)28+1 (gxo—*xg)" (yxo~x7)* ",

B = Ke v,

Here we have worked in the light cone coordinates in which the null polarization vector
of the spin-s current is et = 1, e~ = e+ = 0. Let us decompose J*) according to the
contributions from the components €27}, JE =5 JI). For each n > 0, we have

n=-—s

I = —52‘8‘1/d4ud4 [ 0,0 - T2 o) + (25 + 1)(u_y)8(i;y) +2]

Zs+1

(22)2H132 | o,

y 19 (o —y)+2
JE) — _ggma / dhud' [ﬁay(@—sj o)) + (26 + )WY F ]

S—n

X (uxa‘zxu)”(uxa‘Xﬂ)s‘”e—”iﬁe(u—y)(v—y)Jrav

)

Zs+1

P\ — i \S—n —V5T  (u—y)(v—y)+ad
X (uxo"*xu)" (uxo~xu)* e "*"e e .

(6.3)
where we have shifted the integration variables u,v in comparison to (6. We will
calculate (64) from a generating function. As before, we introduce a polarization
spinor A = 0%\, with o F= = )\ , so that (uxo~*xu) = (ux\)?. We will make use of
the generating functlon

L 4. 34 Tuvtab , —vS0Hnuxo” X+ juutjov+jattjot
](.]'UJJU’.]'EJJE) - /d Ud /Ue 6 K I Iv Iu I7

= e | Ge ) (5 0) )] (6.4

- —ew |2 6e 3 (50 (| :Zi;‘“x;‘i )]
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where Z(7) = det(r — nxo~x%) = 72 — yTr(x0~x%). Now for n > 0, ([64) can be
rewritten as

/ 2 2+ 0,
JE) = —(2n)1(s — n)ls2757! { Oy(P — s 0)95(y0;) + (25" + 1) + }
52 s+n 1,j=7=0
_ . _ Zs—l—l
X‘[(Ty - CX>\7 _Ty + .]7 07 j) y2s’<2n77$7n m7
() _ sl |2 s'+2 2+ 0,
J5) = —(2n)l(s —n)!s2 {32 0 Oy(P — o )05(y0;) + (25" + 1) | E
. _ Zs-‘,—l
XI(Ty, =Ty + J, =CXA, 5,2 conpys—n D)
(6.5)

To proceed in the n > 0 case, we shall collect some useful formulae involving special
cases of I(ju, o, Jus Jo),

I(Ty_ CXS\, _Ty+j7075)

- 3(17_) exp {5(17_) (j—T1y) [(7’ — nYx0x)(Ty — (x\) + nxox(T — nxa‘xi)}} }

— :(17) exp {E(TT) (j—Ty) [(7 — nEx0X)y — (XA + nxa_xj] } ;

—

I(ty — (x\, —7y,0,0) = H(lT) exp { :Zi)y [(T — nYx0"X)y — ij\} }
5(1’7‘) exp [ T(f) A KnExo~x + Cxaz))\}

1 2Kk~

~E(n) eXp{ =) (fwTu(ixa‘z)—c)],

(6.6)
and its derivatives,

(0 + 2)I(ty — (x\, =7y, 0, O)}T: = e =

(S 07%) = ()| 2 (snTryExom)—0)
1

=—1 A
— —9 1 + E €=,

>

(6.7)
(0,0%05)(y0;) 1 (Ty — CxA, =7y + 3,0, 7)|
= —%(8?;0 )y (nExa Xy + (X\ — X0~ X ) (nExa Xy + (X\ — nxo Xj)}

" (ana xy + (XA y(nSxo ™ xy+6xn )
== (8yazxa_xy) 14 - =

—




wp>

dnzx~ A ~ B A
S 77:25 <1 + E) eE — % {yxa‘xaz (n[Z,XU_X]y + CxA)} <2 + E) e
dnzx~ A R A
L e (e R B () ¢

dnzx~ A2 =—1 A
= — 773;13’ |:1+:+: <H2LL’_ 5 +:‘<LC$C_—|—A) <2+:):| €=,
= = = z -

>

mi>

where we wrote Z = Z(1) = 1 — nTr(xo~x%). A is defined as

A = y(nExo~xy + (x\)

: o) (6.9)
— 2kx (knTry (Ex07%) — (),

In the second step, we restrict ourselves to the case that the null polarization vector
of the spin-s current source is the same as the polarization of the outcoming spin-s’
field. This is also the special case we considered in the computation of C(s, §;0) in the
previous sections. “—” here stands for 1dent1fy1ng y = K\, with A = 0%\, A\yA\g = Ous
and we will extract the coefficient of k2" in the end. Note that we can only make this
substitution after taking the derivative on y, as in J*)(y), and not in Jgﬁ-. Now we

shall compute the integral ([Z60), for the n > 0 component of J©"). It will be useful to
consider a more general expression,

1§98,y ¢) = / d*idz 2”2 (7, 20,0y

(1.2)25—1-11.2 s2 —n?

)
s+s'—1+€ /
—(2n)!(s — n)!s2757! / dBFdz = — [—28 1t 6(8y02&j)(y8j)

XI(y_CXSV _y_‘_jaoaj)_‘_ (28 +1) TY — CX)‘ Tyao 0)

(
s—l—s —1+e€ 2 1= — A
—(2n)!(s — n)!s2—"L / BTz { Gl (1 + —)

[I]|>

1.2 25+1ZI§'2 s+n =2

25" +1 dnzx~ A = A
Ml /i [1+:+:(/~€2x_ + RCa™ +A)( :)”
8% —n = = = 2z =

Y
/
K2s CZnns n

(6.10)
where € is not assumed to be an integer. Recall that
T = —%)\XUZ)\,
2z
A = k(Axo®)) [ ()\XUZA + —quﬂ) } (6.11)
2
==1+ Z()\vaA P\ )).
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We have then
IOy e) = — (2n)!(s — n)!s2757! /dgfdz ZoTs e AN TR+ 1) +n+1)E—1
o (s"+mn)! (x2)2s+172 s+n =2

28"+ 1+ ednza™
+ 2 _ 2 =2
1

Es’+n+2
ns—

—_
—
—

A

2, —E-1 _
=14
§+n+1+%§+nﬂ§+n+D<Kx 2 %m-+g

H2s/4‘2nnsfn
(s —mn)ls275t 5, ST Tlte ; ; /

= — (s/ — n)' d dem A\XOo )\()\XO' A -+
" 28+ (' +n+1)22
s+n z2

2¢' +1
%421" [ +n+14+2(s+n)(s+n+1)
s2—n

| (s’—71x_ (Axo™\ — 22A o)) om 1)}}

s'+n 72 (Axo*\)(Axo 7\ + ZZ\xdN) - s' +n Axo*\ *

2z o zZ\\2n
5 )\xyg)\)} (Axc*))

z

(Axc*\ — 22 Ao )\)

s27 s —n)l(s+n—1)! z2s—lte

— - dd
@—y—1wy—nwy+nﬂ/ PO )z (72)—
/ 2 / /
x (Axo*A) 1 (Axo® A + j—ijdA)s “1(AxoA — 22 AJoTA) !

X {—(2s’+1)

AX0ZN — 22 Mo\ N 28 +1+e¢

Do) |25 41— s" —n (Axo*\ — 22 A\Jo* )
z? s—n

2 (Axo*A + ZAxN)
(6.12)

The evaluation of Ir(f/)(g ,y; €) is now straightforward using our integration formulae,

and a tedious one. The result is

(254 €)l(s+ s + €l (s + 15°) ()"

IO (§ 4 €) = 92— 25—35'—2¢ 2
v (0:43€) TR = T(F +1+5) (3 + e —n)l

['(s+n)

2 25 +1 ! 2)e|.

X T il o 2(s+n)(25" + 1) + (35" + n+ 2)¢]
(6.13)

In particular, we have at ¢ =0
—25—3s'—1_3 (9 s ! 1 \n
1)y e = 0) = 2 72(25' + 1)I'(s + s')[(s + 3) (-) C (6.14)
s'T(s — §') (s"+n)!(s" —n)!

For the integral (4.60), we will need 8611(18/)(5 ,y;€)| , whose expression is too tedious
e=0
to write explicitly here.

Let us now turn to I(_S;L) (5,y; €), with n > 0. We have the analogous formulae for

71



the generating function
I<Ty7 -TY + .j7 _CX)\7§)
1 1 . 1 nxox\ [(T —nEx0~x)Ty
— (i A - Jl
=) [E<T> =7 6] (—2 —r ) ( (r = xox5)j ) |

I(ty, =Ty, —(x\,0) = (17_) exp [EZT) (—7y — CAXX) (T — nixa‘x)y]

2 (6.15)
=2 P {E(T)yZX(na‘xy +¢ A)}

. 5(17) exp L (T>)\Ex(fﬂ)a X+ )X }

(1]

o2 ]

as well as its derivatives

m|>\

(0, + )T (ry, =y, —CxA0)]_, — =t <1+ A/) , (6.16)

and
(0,070 (y0;)1(Ty, =Ty + j, —CxA, J)]

T=1,j=j=0

= :1(8 0°0;) [yxa x(3y +])] exp

1 -
- {(%sza_xy — =0y0"x(no"xy + C)\)(yXU_XEy)} e

=2
4 Axo"xEN\
e (1_ %) T

LySx(no~xy+¢N)

=

;_4 —

+ [%Z_HK(AXU_X{ZA) — 4x_] Mxo® (kn[2, xo %] + Cix))\} ex
_ _47752;)3_ (1 N 2%27795_T1"E+@X0_2)> Y ? {4<2x Tr, (Sx0)
+ 22~ (A?/ + 2) [221\/ + (2kmx™ + C)E ; ! - (ixa‘z)] } X
= 421” {1 + = Al + = (A/ 2) {2A' + (2602~ + KC)EQ_ ! (Exa‘z)} e
B B ) (6.17)

Here we are writing A’ = yXx(no~xy + (\) = &(2knz~ + () Try (Ex0?).
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The integral 1**) (8, y; €) can now be computed as (n > 0)

108,y €) = / BFdz 22 )

25t =1 2¢' +1+¢€ B
[— (0,0°0,) w95 |

—s—1 37
—(2n)!(s — n)!s2 /d Tdz R 2

0, +2 }
=1

[(Tya —TY, _CX)\a O)
-n
Using the formulae (6.16]) and (6.16]), we find

Z5Fs e 2 +1=2—1 A
(5 s—1 S +
1806, y:¢) = —(2n)!(s — n)ls2” / 3idz =) nrigat { P— (1 + )

+ (25 +1)
(6.18)

>,

=—1

28 + 1+ ednza~ { 1
T =2

s2 —n2

R2S <2n s—n

2 o 1g2—5— 1 s+s —1+e€ A s'+n = _
_ _@)ls—n)ls 8+” /?Hdz (—) {(23’+1) —

(s +n)l(s—n) x?) 2S+1x2 =

—kCTry (Xx0 %) + 20 <+

—
— —

28" + 1+ ednza™ (2r*nz~ + RO 55 — R(Try (Sx0~?)
+ — 1+ (s'+n) + 2
s+n =2 A’ )
K2s <2nnsfn
(s—n— )25 (' +n+1) [ o 251+ SN L I
= - 5 —n)! d xdzi(ﬁ)%ﬂﬁ [Tr+(2xa )} (227)
=—1 2§41 =—1 1
x{(28'+1) + P [2$'+1+(s'+n) - }}H, 5
n s+n 2enTry (Xxo—2) ] ) E5 2 oy
(s —s —1Dl(s' —n)! (S +n)! (22)2s+1(F2)s—s'+1
925 s'+n o
X (Ax*N)*~ ()\XUZ)\ + —)\X;X)\) (Axo"A — 2*Mo*))
28’ +1+¢ 25" +1 s'+n
25 +1) — ————(A\xc*\
x {( s+1) s+n (Axo) P X0\ — 22 AJo X Axo7\ + 2 )\xé)\]}
(6.19)
This is precisely the same analytic expression as 1t (5 y; €) derived earlier for n > 0,
with n now replaced by —n.
Now I(¢ (5 A; €) is given by
(6, X €) Z IE9(8, Xz €) (6.20)

n=—s’
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In particular, one can show that at integer values of €, I (8/)(5 , A; €) has the property
1906, X6) =0, e=—-25+1,-25+2,---,—1,0. (6.21)
This means that the first branch of the small 2z expansion of K (Z, 2|y, A) (@52),

involving integers powers of z, starting at O(z>~") up to O(z**1), do not contribute
to the integral with J¢"). Therefore, only the term in K (7, z|ly, A) will contribute, as
claimed. We have

L(6,0) = 0T (5, y; €)

€e=

2R )T (s 4 1)

o (Mo 622
2—2—5’ 5/2( o + 1I(s + 1y )
- : (z/su ) (S 2) (5 ’ @HS :

Let us consider the boundary expectation value of the spin-s’ component of B field, in
the limit 6/|Z| — 0, and for the special polarization vector € such that - Z = 0. The
latter implies that A is an eigen-spinor of X0, with Xo*\ = i|Z|A\. We then have

253’—3—1

lim 2~ ' B® 0% 2|y = A) = —Ny Io(8,y = Ro“X; A
ZI_I}(l)Z h=s (l’, Z|y ) - N (S, + 1)(3—:’2)28’—%1 ( Y XOA; ) (6 23)
23/_27T% 1 (5’ g)s.q.s/ .
T P(s + 5) (72)5 1521

Taking into account the normalization factor from the z — 0 limit of the boundary-to-
bulk propagator of B®*"9)(Z, z|y) with one source@ we conclude that

2—23’—17.(.% 1
=2 T Z 6.24
C(0,s;8") = 1 F(s—|—2). (6.24)
Recall our earlier result
1
2 1
C(s,s;0) = —%F(s +5 + 5) (6.25)

Let Oy be the operator dual to the spin-s field in the boundary CFT, and denote by
(O04) the two point function coefficient, after we strip off the polarization dependent
factor!y In the ¢/|Z] — 0 limit, we have

(0p(0)0,(8,8)0y(, 8))
<OS’OS’>
(0,(0,8)0,(5,8)0p(7))
(O Oy)

Tn the z — 0 limit and upon replacing yy — A\ = o~ *, the boundary-to-bulk propagator ([B.67)

(5 2+
(iﬁ)s’—l—l(ps—‘,—l )
(5 2+

(f2)52s+25’+1 '

— gC(0,s; )
(6.26)
— gC(s,5";0)

of B2"0)(Z, z|y) goes to 235 ~155'+1 (;)x;)ll (assuming & is away from the origin).

"Tn our conventions, we define the polarization dependent factor to be cs(€- )% /(2?)%**!, namely
2

(O4(Z,8)04(0, ) = (0:05) cs(g(f;)x%)ﬂ Here ¢, = 1 for s > 2 and ¢g = 2, see eq. ([@I0T]).
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where ¢ is the coupling constant of Vasiliev theory. Under the identification O; = a,J;,
the three-point functions of Jy’s completely agree with that of the free field theory
computed in section 4.5, provided

Qs

— =275l
o s (6.27)

Comparison with free field theory fixes the relation between the normalization factor
ag and the coupling constant g in terms of N,

1 16
ay = —=, = — .
TN YT RN

(6.28)

6.2 ((0,0;s), and a puzzle

Now let us turn to the computation of the three-point function coefficient sewing two
scalar sources into one outcoming spin-s field, C'(0,0;s). Unlike all the computations
we have explicitly so far, which involved only the contribution from J%(y), C(0,0;s)
receives contribution from J'(y) alone.

Recall that we have derived in section 4.1 the expression for y®J (’1 B|g:0, which for a
pair of scalar sources takes the form

e ’(?)

o + (z <> 7)

y2s+1 =0

1 -
=—— [ dtt(1—t)y" [ Y7 abzeV, —yzﬂ
7=0 21’21’2/0 ( )y ( y) yﬁe €

1
Z uv+uv =\ u)lu— v) 5T fod
= W/o dtt(l —t) /d4ud4ve + (yZu)uBet(er SR 0B 4 (1 ¢ 7)

1
Z u—y)(v— uv =\ uSa—vEo fod
= i dtt(1—t) /d4ud4v ety v-y)+ (yXu)uge' PUTUED 4 (7 45 7).

(6.29)
where in the second line, we used the fact that s is even. The integration over u, v can
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be performed as

1
a 7/(s) — c 5 3
y Jaﬁ' = /0 dtt(l —t) (yZaj)(?;B‘__

g=0  x272
X /d4ud4v exp {(u, 7) (%) (1_))} VI 4 (1 ¢ F)

- 1 t(l _ t> . = 1 =\ 1 (Y N

— 1252 /0 dt m (yzﬁj)ai,ﬁ o exp |:(_y7 ]) (_i _1) (O):| —+ (SC <> SL’)
(y +7X)(1 —tE8)y

det(1 — tXY)

z ! t(1—t)
_ it —2"0 3090,
x2g:~2/0 dot(1 s VR0,

— o | @ G OEE(E - e | g

exp |—

3=0

yizy} + (z < )

Q)
z t5(1—t)? - ~ NS
- /0 it e (+ S one
(6.30)
In the above, we have defined
_ 2
Q(t) = det(1 —t¥X) = (1 —t)* + 4t (6.31)

x232

Here we have used & = 2 — 8, 02 = 1. In the last line of ([630), we have restrict to the

O(y*™!), which contribute to the outcoming spin-s components of the B field. Also

recall that ,
0°0° J! 5

=0 (6.32)

and that J©)(y) is given by

T (y) = _gay (@ _ 542 ) JE0, (6.33)

Let us now consider the generalized integral of (A.60),

LGye) = [ @iz 22410, 20,3))
B 2s+1+¢€
N 2

:%/di” L [80 (Z+i)y] (yESy)* / dt%

2 1 s—1+e€ 1 15 1—t 2
— _M/d?)fdzz _ / dtQ
2(s —1)! 2222 ), Q(t)s+2

X [Tr <UZ(Z + i)) (y22y)® + s (y(Z + X)o*[x, Z]y) (iny)s_l] .
(6.34)

/ BPzdz 220,07 ) (x, 2,0,y )y
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We will make use of the formulae

R 2 2
T (0°(3 + %)) :4(1—%—%),
2 I
(6.35)
- 11, . 2 . 422
yEDY = 22(— — )yXoty + —ydoty + ——syxdy.
and
~ 222 - ~ 4°
Yo (X, Xy = 4(1 — ?)yZZy —2y(X — X)ofy — 2 Yoy,
SR 222 - ~ ; 422 . ;
yXo® (X, Xy = 4(1 — —)y¥Ey — 2y(¥ — X)o’y + S 5yX0%y, (6.36)
T 2z
R ~ L2 2 2 ~
y(E+X)o%[Z, By = 8(1 — — — —5)yEy — 41 — ——)y(¥ — X)o7y,

The integral over ¢ in the last line of (6.34)) can formally be expanded in powers of z as

Lots(1—1)? & s+n+1 422 \"
= () B 1,-2s—2n—1) [ —
/Odt STOEE (—) ( o ) (s+n+1,-2s—2n )<x2i2)

=0 (6.37)

2

le=/s+n+1 422 \"

where we have performed analytic interpolation in s. We may now write

)B(s +n+1,s+n+1)4"A,0,y;¢), (6.38)

A _2s+1+e°° s+n+1
- 0 ,

1,00,y €) 051

with A, given by the integral

A,(b.y56) /d3 o [T (52 + D) Ey)
n(0,y5€) = Tdz — Tr (o*(X + yXXy)®
(@?)m et (22)m (6.39)
+5 (y(=+D)o*[E, 3ly) Exy) |
Using our integration formulae, we find that A, (3, y;e = 0) = 0, and
. 215 (s + DI(s + HT(n + 2)
0. A, (0, y; = 2 2 “y)*. 6.40
(9,9:¢) =0 s(s+n)l'(s+n+2) (ydoy) (6.40)
After performing the sum over n, we have
13(5, y) = 8613(5,3;;6) -
F (6.41)

278wl (s+3),
= S5 (ydo*y)”.
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Finally, we arrive at the boundary expectation value of B, in the limit where the two
scalar sources collide, §/|Z| — 0,

. —s—1(25,0)/ = 26°71 NN

ll_I)I(l)Z Bh:s (I7Z|y) - _'/\/’8(8_'_ 1)(f2>2s+1[8( y XO y)
1 L (6.42)
(s +2) [20-D)(E2) - 209
S'(S _l_ 1)' (i»’2)28+15

This is however a different expression from with our previous result on C(0, s’; s), for
s’ > s. In particular, it is not consistent with the three-point function interpretation
when the normalization leg factors are taken into account, as opposed to our results
on C(s1,s9;0) and C(0, s1;82) (s1 > s2) which are consistent. We believe that this is
because the computation of C(0,0;s) is singular, and one may need to examine the
more general C(sy, s9;s) case for sy # sy and take the limit s;o — 0 in the end to
recover the regularized answer. This subtlety was already seen in the computation of
C(s,s;0) earlier. We hope to return to this issue in future works.

6.3 ((0,0;s) in the A =2 case

In this subsection, we consider the three-point function coefficient for a spin-s out-
coming field with two scalar sources with A = 2 boundary conditions. Using the
boundary-to-bulk propagator for the A = 2 scalar, we can compute J'¢*) as

3

B W/ AL = 8)(1+ O [n=1) (1 + O o)

aJ’(%’)

Y Joas o

X y° [(leg)agﬁ.entyzg’e—sziﬂ]
3

+ (z ¢ 7)

*ly2s+l g=0

1
- _ -1 2,0 (Y5 7,eVET ovEd

S /0 (L= L+ 1008 (L4 008 5 [(S9)agpe™ ™ |

+ (z < T)

23 N0 S

— o (DF) 7.0V o—yEY 7

2(22)2(72)2 Yy [(Zy)ayﬁe ;€ L PR + (z < 2)

(6.43)

where in the last step we have integrated by part in ¢, and picked up only the boundary
term at ¢ = 1. Using the results from the previous subsection, we see that the two
terms in the last line, related by exchanging x and z, in fact cancel. Therefore, the
contribution from J’ to C2=2(0,0;s) vanishes identically. This is of course not the
case in the critical O(NN) model, at leading order in the 1/N expansion. For instance,
the s = 2 case gives the three point function of the stress-energy tensor with the
scalar operator, which is nonzero. Just like in the previous subsection, we suspect that
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our result C2=%(0,0;s) = 0 is due to a singular behavior of Vasiliev theory when the
two sources are both scalars, and should be regularized in some way that we do not
understand.

7 Discussion

We have computed the three-point functions of Vasiliev theory that involve one scalar
operator and two currents of general spins, with the A = 1 boundary condition for the
bulk scalar field, and found complete agreement with the free O(N) vector theory. To
be precise, what we have computed is C(s, s’;0) with s # s, and C(0, s; s’) in the case
s > s'. The results can be extrapolated to s = s’ by a formal analytic continuation in
the spins. The coefficient C'(0, s; ") with s < s’ will presumably give the same answer,
although it involves a qualitatively different computation (contribution from J' rather
than J), which we have not performed in this paper.

In the case of A = 2 boundary condition on the bulk scalar field, we have computed
C(s,5;0). On the critical O(N) vector model side, we considered the corresponding
three-point function, with the simplification that we integrate out the position of the
scalar operator. This is sufficient for extracting the coefficient of the three-point func-
tion. We needed to extract the higher spin primary currents from the SS OPE by
analyzing the operator mixing at leading order in 1/N. After doing so, the result from
the critical O(N) vector model precisely agrees with that of Vasiliev theory with A = 2
boundary condition.

In conclusion, we have found highly nontrivial agreement of the tree level three-
point functions of Vasiliev theory with free and critical O(NN) vector model, at leading
order in their 1/N expansion. We have also been able to identify the relation between
the coupling constant of Vasiliev theory and N of the dual CFT.

Our computation of tree level three-point functions is not yet complete, as we
have not treated the most general case C(si,s2;s3). This case requires a lengthier
calculation, which is left to future work. We expect the general answer for s; # s3 to
provide a way to regularize the case s; = s9, when the computation in Vasiliev theory
appears to be singular.

Let us emphasize that we only expect this duality to hold in the O(/N)-singlet sector
of the dual CFT, for either A = 1 or A = 2 boundary conditions. In other words,
the O(N) symmetry of the boundary theory is gauged (with zero gauge coupling). An
interesting generalization is to couple the O(N) symmetry to a Chern-Simons gauge
field at level k, and fine tune the mass terms so that we obtain a family of CFTs
parameterized by N and k (see [52] for discussions on supersymmetric versions of such
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theories). The duality discussed in this paper would be obtained in the & — oo limit.
Vasiliev’s minimal higher spin gauge theory in AdS; should then be a degenerate limit
of a more general dual bulk theory.

As pointed out in [35] and in the introduction, however, Vasiliev’s minimal higher
spin gauge theory is subject to an ambiguity in its quartic and higher order interactions.
These are encoded in the function f(¥) = 14+ ¥ +icVU « U« U + - as in (2.0]).
Demanding that Vasiliev theory is dual to the free O(N) vector theory should determine
f(¥) entirely. This requires analyzing higher point correlation functions. We have so
far been considering only the classical theory. In general, one may expect a nonlocal
field theory, such as Vasiliev theory which has arbitrarily high order derivatives at each
given order in the fields, to have poor UV behavior. However, on the other hand, the
structure of Vasiliev theory appears to be highly constrained by the higher spin gauge
symmetry. While we do not have a proof, it is conceivable that the loop corrections in
Vasiliev theory can only modify the function f(W¥). The conjecture that one of such
f(¥) leads to a holography dual of the free O(N) theory is remarkable in that, it
implies that such a nonlocal gauge theory in AdSy is UV complete and make sense as
a full quantum theory of interacting higher spin gauge fields.

As shown in [27], once it is demonstrated that the three-point functions of the
higher spin currents have the same structure as in the free field theory, the n-point
functions are determined up to finitely many constants at given n. More concretely,
the n-point function takes the form

<Jsl (xl) te an (xn)> = Z Aonree,cyclic(xo(l)v T 7':(:0(”))7 (71)
O’GSTL
where G free cyclic(T1, - - -, T,) is the term in the correlation function of the corresponding

currents in the free field theory, with the scalar fields ¢ in the n currents contracted
in a cyclic order. A, are undetermined constants. Working at tree level, one can in
principle calculate A, in the boundary CFT of the Vasiliev theory with higher order
interactions specified by the function f(W¥). By comparing this with the free field theory
correlators, it should be possible to fix f(¥) in the bulk theory dual to the free O(N)
vector theory, to leading nontrivial order in 1/N.

Another important aspect is the duality with the critical O(N) model. The lat-
ter does not have exact higher spin symmetry at higher order in its 1/N expansion,
and hence the bulk dual should not have exact higher spin gauge symmetry either.
Classically, there is no known AdS, solution of Vasiliev theory in which the scalar field
acquires a vacuum expectation value and spontaneously break the high spin gauge sym-
metries. However, it has been suggested [43], [44] that the loop corrections in Vasiliev
theory will generate an effective action, such that the bulk scalar field may condense
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in a new AdS, vacuum, breaking all of the higher spin gauge symmetries. It is clearly
essential to understand this mechanism in detail. We hope to report on it in future
works.
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A Consistency of the correlation function compu-

tation: B versus W

Our approach to computing the three point function coefficient C'(s, §; s’) is by solving
the boundary expectation value of the master B = B|,—;—¢ at the second order, using
the equation DyB = —W % B + B W(W) At the linearized level, the spin-s gauge
field is contained in both B and Q = W|Z:5:0 (for s > 0). Their relation has been
described in the previous section. In computing the correlation function, we could
a priori extract the answer from either B or ) at the second order. As long as the
sources (RHS of the perturbative equations (Z.I5))) are localized in the bulk, we expect
the linearized relations among B, S and W still hold near the boundary at nonlinear
orders. However, Vasiliev theory is highly nonlocal, and it is a priori not at all obvious
that the sources in (2Z.I0) are localized away from the boundary in the appropriate
sense. In this appendix we will argue that this is indeed the case, by examining the
equations in some more detail.
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The equations of motion for the second order master fields are
DyB® = —WwW s« BO 4 Bxg(WW),
dzB® = —SW s« BW 4 BW 4 7(sW),
dzS® = —SW 5 W 1+ B@ s (Kd2? + Kdz?), (A1)
d, W' = —{3O WM, _ p§g@.
DeQ® = —wW s« WO — pyw'®.

To begin, recall the relations among the fields at linear order

1
S =y s / detBY (~tz, ) K (t) + c.c,
0

X (A.2)
The 2-dependent part of B® is solved from the second equation of (AT,
1
B _ _za/ dt [S{S}) « B — B ﬁ(Sal))]z_m + c.c. (A.3)
0

As before we will use the notation B® = B®|,_._;. We now solve the third equation

of (A1), and find

1
5@ — o {za / dt t (-S};) « S8 _ B@) K) .5

0

z—tz

(A.4)
The 2-independent part of S@ is gauged away, as before. Now using the fourth equation
of (A1), we can solve for the 2-dependent of W(2),

Z—Uuz

1 1
W) = o / dt {— (SO, WM+ D, [za / duu (—sg) x S8 _ B@ 4 K)
0 0
+ c.c.

1, (!
+=3P / du [Sél),Sg)] |Huz”
2 0 * z—tz
1 1 1 R
_ —za/ dt {[Sél)’w(l)} 4= [a—%,/ du [S&l),s(l)ﬁ} ‘2—>u2:|
0 * 2 8@6 0 * *
1
N 8W0’/ du (Sgl) « SE 4 BO *K> + c.c.
8ya 0 Pz ]y ) laste

= 2%, + Z%Wg

(A.5)

82

1 . 1
+ 526/ dt [S(l) S(-l)} |z—>tz} +c.c
0 *



We will shortly need the expressions for w, and wg restrict to Z = 2=0,

Walirso = — [SO, W] _ 119, [5(1) 5(1)/9]
alz=z= a wl2=3=0 9 0@5 ) a N—
L1OWo ), oy 2
- 5 |:aya ? SB * S( ) O + B( )}y—>0,z—>—y,2:0
— s, wmy 1o (50, 50]
* | z=2=0 2 8@5 #lz=z=0]
LIOWo oy, cqys 8 / LT o
=z B _ g 1) ]
2 [aya ’ SB *5 z=z=0 v 0 at [Sﬁ * i W(Sﬁ ) y—0,z——ty,z=0 | ,
1 [oW, B
-5 [ ayj,B@’(o,y)]

(A.6)
In the end, we would like to consider the equation that relates Q2 to B® as in the

linearized relation, plus additional source terms that are expressed in terms of first
order fields,

DyO® = —wm W — DOW'@)‘ -
= WO« WO — {1, WPy, -

= —_wW *W(l)‘z:ZZO_I_ {8W0 wa|z:z:O} I {8Wo wd|z:z:()}

1 oWy | oW, 1 .5 [OWy [OW,
— A(2) fpReysi 0 0 B(Q) — - ap .O 0 B(z)
+ 26 { aya ) ayﬁ ) (O7y) . —+ 26 aga 5 —8g5 y (y,()) .
(A7)

where A® represents the “corrections” to the linearized relation between Q) and B®.
As shown in the previous subsection, the three-point functions C(s, §; s’) are extracted
using the spin-s’ component of the boundary expectation value of B |j=0. The latter
scales like 2*+1 as the boundary coordinate z goes to zero (z is not to be confused with
Z which is the noncommutative variable in the master fields). We could alternatively
extract the three-point functions using Q®, which scales like z* near the boundary.
They would be consistent only if A vanishes at this order in z, so that the linearized

relation still holds between Q® and B® near the boundary.

To illustrate this, let us examine A® explicitly in the case s = § = 0, i.e. in
computing the three-point function C(0,0;s"). Given any function f(y,%), we may

write oW )
et | = =g x4 °0) ~ 0, 1
A (A.8)

oW, 1 )
{ﬁ’ f:| ) = —2 [dX(ay +0o 8@) — dzag]ﬁ f
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In the (0, 0; s) case, where both sources are scalars, the linearized fields have boundary-
to-bulk propagators

BY — Ke—yﬁﬂ’

1
SW = Kz dz* /0 dtte ) 4 cc., (A.9)

K [* I
wh =y = B / dtt(1 — t)(2dx(Z — 07)2)e* W= 4 cc
<z Jo

for the field sourced at ¥ = 0, and similarly for the other source at ¥ = 5, , given by the
same expression with x replaced by £ = x — 5 ,and ¥ = 0% — i—gx by 3 etc. Note that
the scalar does not enter Q). In the z — 0 limit, the spin-s’ component of B?(y,0)
scales like 25! to leading order in z. Correspondingly, from section 3.3, Oy, are of
order z*, whereas DyQ® is of order 2 ~'. We are thus asking if there are terms in
AP of order z¥ 1yl p| < s — 1.

Y
*

Let us consider one of the terms in A, of the form {&xl/V, [8‘11/1/, Sél) % SWP |2:g:0] }

coming from w,. Using the second line of (A.9)), we have

1 1 -
~ KK / it / Gt (s 0¥50) 1 (02075
Z=0 0 0

zZ=Z=

1 1 .
= —KK'/ dt/ dftf/d4ud4ve“”+m(uv)et“(y+2(g+ﬂ))6_5”(“2@%))
0 0

) 4 §a

z=z=0

(A.10)

where we used the integral representation of the star product. After performing the
Gaussian integration over u and v, we find

e |t 0 - 7R (7 — HED)(y + Bp)
:—KK/ dt/ dF 0.,y [dt( 1) _ }
0 0 det(r — ttX%)

z=z=0

2 /1 » /1 i) exp {m [—tfyiEy —TgENG 4 (7 4 thy (S — Z)gj} }
222 Jo g T det(r — 2%

X

2l L exp {— (TQ_Z%Q [ttyAo™y + TyAC*Y + (1 + th)yAy] }
= / dt/ dt tta7-|7':1 =
z2z2 J, 0 (1 — tt)?
+ higher order in z.
(A.11)
where det(7 — t#XX) is understood to be the determinant of a 2 x 2 matrix. We have
defined ~
A=2_2 (A.12)

x?
Note that x and 22 contain z by definition, although they do not matter in the last line
of (AI1l). There are potentially divergences from the ¢ and ¢ integral near t = ¢ = 1.
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Such divergences, if present, will be regularized using Gamma function regularization,
as discussed in section 6.

Now extracting the spin-s’ components of {&J/V, [8QW, Sél) « G5 } } , we need

3=%=0
the y* "7~ components of (AI1). By expanding the exponential in the last line
of (A1), we see that such terms in S * S|;_z_, are of order 22*+2, for Z away from

0 and &. Therefore to leading order in z, {&J/V, [80‘1/1/, Sél) * 5’;2520} } scales like

*

25 ys~1ngs'=1=n one power of z higher than the terms in DyQ®, and hence do not

affect the computation of the three-point function.

Similarly, the other terms in A® do not contribute at order z¥1ys—1tngs'—1-n

either. We conclude that to the leading nontrivial order in z, the linearized relation
between 2 and B holds for the second order fields Q) and B® near the boundary,
therefore one would get the same answer for the three-point function from the boundary
expectation value of either field. In practice, it is simpler to consider B®), as we
analyzed in the section 4.2.

B An integration formula

In this section, we give some formulae for Feynman type integrals that we encounter
repeatedly in the computation of the three-point functions. These are integrals over &

and z that arise in (£.59) and (Z.60).

In the following we use the notation X = & - &, as opposed to x = x#0,. We will
also write § = § - &. 0 is a unit vector, with its norm factored out. We will need the
integral

I(k,m,n,a,b) = /d?’fdz()jw(yfmzy)“(yxdy)b

k
- sz c - x0*1)* (ux b
—/d d (f2+z2)n((f_5)2+z2)m(y y)"(yxdy)
- P(n+m) ! uum—l —u n—1 31—: ~ Zk o) (yx b
B r(n)p(m)/o d (1—u) /d d ((f_u5)2+22+u(1_u))n+m(y )" (yxdy)
o P(n+m) ! m—1 —u n—1 3f > Zk % u O'Z a X b
a F(n)F(m)/O duu™ (1 = u) /d d (f2+z2+u(1_u>)n+m(y( +uf)oy) (yxfy)

(B.1)
Here a and b are assumed to be positive integers. We will need to apply it to the case
where k is a non-integer, in order to extract the integral with a log(z) factor in the
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integrand. We observe that

k
. z e var
/d?’xdz—(a7 T (y%ko®y)*(y%xFy)® =0, for a #0. (B.2)

Therefore

“k’m’"’“’b):M / du™ (1 ) / s, (yfoy) (yxfy)"

['(n)I'(m 22+ 22 +u(l —u))mtm
(B.3)
It remains to compute
k
3 - ¥ ~ a __ z \a
/d xdzm(yxdy) = J(k,n,a)(ydo"y) (B.4)
where J(k,n,a) is a numerical factor. It vanishes for odd a; for even a, using
ko a at1\p(ktL _ athk _
/d?’fdz 2T _ 7TF( 2 )F< 2 )F(n 2 2)’ (B5)
(2 + 224+ 1) 2I(n)
we have 1\ (kL +k
()02 (n — 425 — 2
Tk, a) = (s TR =5 22) (B.6)

2 (n)
Plugging these back in (B.3)), we arrive at

Hmnat) = £ [ donn - Z (D)o

X / d?’fdz Z]H_b_z(yf(dy)é
(

22+ 22 +u(l —u))ntm

I(n+m o k+b k+b
:(—)bW(yday)“’B@ ntat——2-m+——)
b
Xy (2)J(k+b—€,n+m,€)
£=0,even
B2 -—n+a+52—m+EO(m+n—BE -2
— (™ el 2 =3 (o

2k+1r(k + I ( )T'(n)
= J(k,m,n,a,b)(yfoy)"+’.
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