
Lecture Notes in 
Mathematics 
Edited by A. Dold and B. Eckmann 

585 

T. A. Springer 

Invariant Theory 

Springer-Verlag 
Berl in-Heidelberq • New York 1977 



Author 
T. A, S p r i n g e r  
M a t h e m a t i s c h  Ins t i tuu t  de r  R i j ksun ivers i te i t  
Budapes t taan  6 
Utrecht ,  Nede r l and  

Library of Congress Cataloging in Publication Data 

Springer s TormyAlbert, 1926- 
Imv&riant theory. 

(Lecture notes in mathematics ; 585) 
Includes bibliographies and index. 
i. Linear algebraic groups. 2. Invariants. 

I. Title. II. Series: I~c%]~-e notes in mathematics 
(Berlin) ; 585. 
QA3.~8 no. 585 [%<W1] 510'.8s [512'.2] 77-5890 

AMS Subject Classif icat ions (1970): 20GXX 

ISBN 3-540-08242-5  Spr inger-Ver lag Ber l in • Heidelberg • New York 
ISBN 0-387-08242-5 Spr inger-Ver lag New York • Heidelberg • Berl in 

This work is subject to copyright. All rights are reserved, whether the whole 
or part of the material is concerned, specifically those of translation, re- 
printing, re-use of illustrations, broadcasting, reproduction by photocopying 
machine or similar means, and storage in data banks. 
Under § 54 of the German Copyright Law where copies are made for other 
than private use, a fee is payable to the publisher, the amount of the fee to be 
determined by agreement with the publisher. 
© by Springer-Verlag Berlin • Heidelberg 1977 
Printed in Germany 
Printing and binding: Beltz Offsetdruck, Hemsbach/Bergstr. 
2141/3140-543210 



Preface 

These notes had their origin in a course in invariant theory, given at 

the University of Utrecht in the autumn of 1975. The purpose of the 

course was to give an introduction to invariant theory on an elementary 

level, illustrated by some examples from 19 th century invariant theory. 

No completeness was striven at. From the brief review of the contents, 

given below, the informed reader will gather that these notes give a 

very incomplete picture of invariant theory. We have tried to compensate 

a little for this incompleteness, by mentioning additional results in 

the notes at the end of the chapters. 

Chapter 1 introduces the basic notions and discusses some examples. 

Some elementary facts from algebraic geometry are introduced. In 

chapter 2 the finiteness theorem is proved, following Nagata, for 

reductive linear algebraic groups. The last notion is the same as what 

was formerly called geometrically reductive groups. This chapter also 

contains some more or less familiar results about Poincar~ series of 

graded algebras, which essentially go back to Hilbert. 

In chapter 3 we prove that the group SL2(k) (k algebraically closed) 

is reductive. This is done via the argument recently given by 

W.Haboush, to prove reductivity of semi-simple groups. Using full re- 

ducibility of rational representations of SL2(~) we then derive a 

number of classical results from the invariant theory of "binary forms '~, 

such as the formula of Cayley-Sylvester for dimensions of spaces of in- 

variants, and Hilbert's asymptotic formula for such dimensions. 

Chapter 4 is devoted to finite groups. We view Chevalley's theorem, 

which states that invariant algebras of finite reflection groups over 

are free graded polynomial algebras, as one of the basic results in 

the invariant theory of finite groups. We show that it is useful also 

for obtaining descriptions of invariant algebras of non-reflection 

groups. The binary polyhedral groups are discussed, as well as some 



classical examples of 3-dimensional linear groups. 

A first draft of these notes was prepared by B.J.J.Holtkamp and A.M. 

Vermeulen. I am grateful to them for their careful work. I am also 

grateful to W.van der Kallen for a critical reading of these notes. 

Finally, I want to thank Mrs.Th. Breughel-Vollgraff for the efficient 

preparation of the manuscript. 

T.A.Springer. 

Utrecht, February 1977. 

References to the literature are given for each chapter separately. 

Formulas are numbered consecutively in each chapter. 
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