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Abstract. Let R(u) denote the rectangle of sides u and 1. We prove that the
square can be decomposed into finitely many rectangles similar to R(x) if and only
if u is algebraic and each of its conjugates lies in the open half-plane Re(z) > 0.

Let P, and P, be polygons. We say that P, can be tiled with similar copies of P,, if
P, can be decomposed into finitely many nonoverlapping polygons similar to P,. In
this note we determine, for every fixed value of u, whether or not the square can be
tiled with similar copies of the rectangle R(u) of sides u and 1.

Let 7, denote the set of positive numbers x such that R(x) can be tiled with
similar copies of R(u). Since R(1/x) is similar to R(x), and R(x + y) decomposes
into two rectangles congruent to R(x) and R(y), it follows that:

DueTl,.
() xeT, impliesl/x & T,.
(i) x,y € T, implies x +y € T,.
Now (ii) and (iii) easily imply that if x € T,, and ¢ > 0 is rational, then ¢-x € T,,.

Then it follows by induction on » that whenever c,,...,c, are positive rational
numbers, then

cu + 1
cu + -
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also belongs to 7,,. Therefore, if we can find positive rational numbers such that the
value of this continued fraction is 1, then the square can be tiled with similar copies
of R(u). Our theorem shows that this sufficient condition is also necessary.

Theorem. For every u > 0 the following statements are equivalent:

(1) The square can be tiled with similar copies of R(u).
(ii) u is algebraic and the real part of each of its conjugates is positive.

(iii) There are positive rational numbers c, ..., c, such that
1
cu+ i =1. €))
cou + -
T 1
+ ——
c i

Proof. We already proved the implication (iii) = (i). To prove (i) = (ii), suppose
that the unit square [0, 1] X [0, 1] is decomposed into the nonoverlapping rectangles
R; =la;, bl xlc;,d;] (i = 1,...,n) such that for every i either (d;, — ¢;)/(b; — a;)

=u or (d; — ¢;)/(b; — a;) = 1 /u holds. Let F and G be arbitrary, complex-valued
functions defined on the set {a;, b;,¢;,d;: i = 1,...,n}. Then

124 i

(D([xl ,xz] X [yl,Y2])d;f[F(x2) - F(xl)] X [G()’z) - G(yl)]

defines an additive interval function and hence
Y [F(b) — F(a)] X [G(d;) = G(c)] = [F(1) = F(O)] x [G(1) — GO)]. (2)
i=1

We prove that if F is an arbitrary isomorphism mapping the field Q(«) into C, then
ReF(u) > 0. This proves (ii). Indeed, it is well known that the set of numbers F(u),
when F runs through the isomorphisms of Q(u), equals the set of all transcendental
numbers if u is transcendental, and equals the set of conjugates of u if u is
algebraic. Since there are transcendental numbers with negative real part, this
implies that u is algebraic and each of its conjugates has positive real part; that is,
(i) holds.

Now let F be an arbitrary isomorphism mapping the field Q(x) into C, and let
v = F(u). We can extend F to the field K = Q(al,bl,cl,dl,._..,an,b,,,c,,,d,,) as

an isomorphism; we also denote the extension by F. Let G = F, then G is also an
isomorphism of K, and G(u) = 0. If (d; — ¢;)/(b; ~ a;) = w;, then we have

G(d,)) — G(¢;)=G(d; = ¢;) = G((b; — a)w;) = G(b; — a;) - G(w;)

=F(b; — a;)- G(w;) = F(b;) — F(a;)- G(w,).



Tilings of the Square with Similar Rectangles 571

Substituting these values of G(d,) — G(c;) into (2) and taking into consideration
that F(0) = G(0) = 0 and F(1) = G(1) = 1, we obtain

Y IF(b) — F(a)PGw,)) = 1. 3)
i=1

For every i we have either w; = u or w; = 1/u. In the first case G(w,;) = D and
Re(G(w,)) = Re(v), while in the second case G(w,) = 1/ = v /Jv}* and Re(G(w,)) =
Re(v)/lvl*. Therefore the real part of each term on the left-hand side of (3) is of the
form ¢ - Re(v), where ¢ > 0. Since the value of the sum is 1, this gives Re(v) > 0.

For the proof of (ii) = (iii) we need the following theorem of Wall (see Theorem
A of [2] or Theorem 47.1 of [3]):

Let P(z) = z" + a,z" ' + a,z" " + -+ +a, be a polynomial with real coefficients,

and let Q(z) =a,z"" ' + a;z2" % + asz" % + -+ . Then all the zeros of P(z) have
negative real parts if and only if
Q(z) 1
= 1 ) 4)
P(z)
cz+ 1+ 1
Ccyz +
" 1
+ —
C,z
where the coefficients ¢, c,,...,c, are all positive.

Suppose that u is a positive algebraic number with conjugates lying in the
half-plane Re(z) > 0. Let f be the minimal polynomial of u and let n denote the
degree of f. We put p(x) = (f(x) + f(—x))/2 and g(x) = (f(x) — f(—x))/2; then
p and g are polynomials with rational coefficients, p is even and g is odd. We have
p(w) + g(u) = f(u) = 0 and p(u) — q(u) = f(—u) # 0, as all the roots of f lie in
the half-plane Re(z) > 0 and Re(—u) < 0. This implies g(«x) # 0 and p(u)/q(u) =
—1. Now put P(z) = p(z) — q(2). If P(z) =0, then f(—z) = 0 and hence all the
zeros of P have negative real parts. Applying Wall’s theorem we obtain (4), where
Q= —q if nis even and Q = p if n is odd. Since the polynomials P and Q have
rational coefficients, it follows that the numbers c¢,,...,c, are rational. Now, taking
the reciprocal of and subtracting 1 from both sides of (4), and then substituting
z = u, the left-hand side becomes (P(u)/Q(u)) — 1. Since p(u) = —q(u), it follows
that Q(u) = —q(u) independently of the parity of n, and thus

P(uw) - plu)
Q(u) q(u)
Therefore (1) holds, and this completes the proof of (i) = (iii). O

Let T(u) denote the right triangle with legs u and 1. Since the diagonal divides
the rectangle R(u) into triangles congruent to T(u), it follows from the theorem
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above that if u > 0 is algebraic and each of its conjugates has positive real part, then
the square can be tiled with similar copies of T(«). In the opposite direction it was
shown in Theorem 27 of [1] that if the square can be tiled with similar copies of
T(w), then u is algebraic and each of its real conjugates is positive. We do not know
whether or not this weaker condition is also sufficient for the square to be tiled with
similar copies of T(x). We show, however, that the cases of rectangles and triangles
are indeed different; that is, there is a u > 0 such that the square can be tiled with
similar copies of T(u), but cannot be tiled with similar copies of R(w).

We claim that if u is the (unique) real root of f(x) =x> +x — 1, then u has
these properties. Let the roots of f be u, v, w. Then u >0, w =0, and u + v +
w = 0, therefore Re(v) = Re(w) < 0. By our theorem above, this implies that the
square cannot be tiled with similar copies of R(u). On the other hand, a tiling with
seven similar copies of T(u) exists, as the following figure shows:

(1-u)(1 +u?)®

(1-u)(1+v32u

(1-w)(1 +uu

(1-uu

u 1-u

We claim that the figure is correct, that is (1 — uX1 + u?)* = 1. Indeed, we have
-0 -1 +u®lfu=ub -’ +3u* -3 +3u?-3u+1=0+u—-1)x
W - +2u—-1=0
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