
Graduate Texts in Mathematics 5 
Editorial Board 

S. Axler F.W. Gehring K.A. Ribet 

Springer Science+Business Media, LLC 



Graduate Texts in Mathematics 

TAKEUn/ZARING. Introduction to 35 ALEXANDERIWERMER. Several Complex 
Axiomatic Set Theory. 2nd ed. Variables and Banach Algebras. 3rd ed. 

2 OXTOBY. Measure and Category. 2nd ed. 36 KELLEy/NAMIOKA et al. Linear 
3 SCHAEFER. Topological Vector Spaces. Topological Spaces. 

2nd ed. 37 MONK. Mathematical Logic. 
4 HILTON/STAMMBACH. A Course in 38 GRAUERT/FRlTZSCHE. Several Complex 

Homological Algebra. 2nd ed. Variables. 
5 MAC LANE. Categories for the Working 39 ARVESON. An Invitation to C*-Algebras. 

Mathematician. 2nd ed. 40 KEMENy/SNELUKNAPP. Denumerable 
6 HUGHES/PIPER. Projective Planes. Markov Chains. 2nd ed. 
7 SERRE. A Course in Arithmetic. 41 ApOSTOL. Modular Functions and 
8 TAKEUTUZARING. Axiomatic Set Theory. Dirichlet Series in Number Theory. 
9 HUMPHREYs. Introduction to Lie Algebras 2nd ed. 

and Representation Theory. 42 SERRE. Linear Representations of Finite 
10 COHEN. A Course in Simple Homotopy Groups. 

Theory. 43 GILLMAN/JERISON. Rings of Continuous 
11 CONWAY. Functions of One Complex Functions. 

Variable!. 2nd ed. 44 KENDIG. Elementary Algebraic Geometry. 
12 BEALS. Advanced Mathematical Analysis. 45 LOEVE. Probability Theory !. 4th ed. 
13 ANDERSON/FULLER. Rings and Categories 46 LOEVE. Probability Theory II. 4th ed. 

of Modules. 2nd ed. 47 MOISE. Geometric Topology in 
14 GOLUBITSKy/GUILLEMIN. Stable Mappings Dimensions 2 and 3. 

and Their Singularities. 48 SACHS/WU. General Relativity for 
15 BERBERIAN. Lectures in Functional Mathematicians. 

Analysis and Operator Theory. 49 GRUENBERG/WEIR. Linear Geometry. 
16 WINTER. The Structure of Fields. 2nd ed. 
17 ROSENBLATT. Random Processes. 2nd ed. 50 EDWARDS. Fermat's Last Theorem. 
18 HALMOS. Measure Theory. 51 KLINGENBERG. A Course in Differential 
19 HALMOS. A Hilbert Space Problem Book. Geometry. 

2nd ed. 52 HARTSHORNE. Algebraic Geometry. 
20 HUSEMOLLER. Fibre Bundles. 3rd ed. 53 MANIN. A Course in Mathematical Logic. 
21 HUMPHREYS. Linear Algebraic Groups. 54 GRAVERIWATKINS. Combinatorics with 
22 BARNES/MACK. An Algebraic Introduction. Emphasis on the Theory of Graphs. 

to Mathematical Logic. 55 BROWN/PEARCY. Introduction to Operator 
23 GREUB. Linear Algebra. 4th ed. Theory I: Elements of Functional 
24 HOLMES. Geometric Functional Analysis Analysis. 

and Its Applications. 56 MASSEY. Algebraic Topology: An 
25 HEWITT/STROMBERG. Real and Abstract Introduction. 

Analysis. 57 CROWELUFox. Introduction to Knot 
26 MANES. Algebraic Theories. Theory. 
27 KELLEY. General Topology. 58 KOBLITZ. p-adic Numbers, p-adic 
28 ZARlsKIiSAMUEL. Commutative Algebra. Analysis, and Zeta-Functions. 2nd ed. 

Vol.!. 59 LANG. Cyclotomic Fields. 
29 ZARlsKIiSAMUEL. Commutative Algebra. 60 ARNOLD. Mathematical Methods in 

VoU!. Classical Mechanics. 2nd ed. 
30 JACOBSON. Lectures in Abstract Algebra !. 61 WHITEHEAD. Elements of Homotopy 

Basic Concepts. Theory. 
31 JACOBSON. Lectures in Abstract Algebra 62 KARGAPOLOV/MERLZJAKOV. Fundamentals 

II. Linear Algebra. of the Theory of Groups. 
32 JACOBSON. Lectures in Abstract Algebra 63 BOLLOBAS. Graph Theory. 

III. Theory of Fields and Galois Theory. 64 EDWARDS. Fourier Series. Vol. !. 2nd ed. 
33 HIRSCH. Differential Topology. 65 WELLS. Differential Analysis on Complex 
34 SPITZER. Principles of Random Walk. Manifolds. 2nd ed. 

2nd ed. 
(continued after index) 



Saunders Mac Lane 

Categories for the 
Working Mathematician 

Second Edition 

Springer 



Saunders Mac Lane 
Professor Emeritus 
Department of Mathematics 
University of Chicago 
Chicago, IL 60637-1514 
USA 

Editorial Board 

S. Axler 
Mathematics 

Department 
San Francisco State 

University 
San Francisco, CA 94132 
USA 

F.w. Gehring 
Mathematics 

Department 
East Hali 
University of Michigan 
Ann Arbor, MI 48109 
USA 

Mathematics Subject Classification (2000): 18-01 

Library of Congress Cataloging-in-Publication Data 
Mac Lane, Saunders, 1909-

K.A. Ribet 
Mathematics 

Department 
University of California 

at Berkeley 
Berkeley, CA 94720-3840 
USA 

Categories for the working mathematician/Saunders Mac Lane. -
2nd ed. 

p. cm. - (Graduate texts in mathematics; 5) 
Includes bibliographical references and index. 
ISBN 978-1-4419-3123-8 ISBN 978-1-4757-4721-8 (eBook) 
DOI 10.1007/978-1-4757-4721-8 

1. Categories (Mathematics). I. Title. II. Series. 
QA169.M33 1998 
512'.55-dc21 

Printed on acid-free paper. 

© 1978, 1971 Springer Science+Business Media New York 
Originally published by Springer-Verlag New York, Tnc. in 1971 
Softcover reprint ofthe hardcover 2nd edition 1971 

97-45229 

All rights reserved. This work may not be translated or copied in whole or in part without the written 
permission of the publisher (Springer Science+Business Media, LLC), except for brief excerpts in 
connection with reviews or scholarly analysis. Use in connection with any form of information storage 
and retrieval, electronic adaptation, computer software, or by similar Of dissimilar methodology now 
known or hereafter developed is forbidden. 
The use of general descriptive names, trade names, trademarks, etc., in this publication, even if the 
former are not especially identified, is not to be taken as a sign that such names, as understood by the 
Trade Marks and Merchandise Marks Act, may accordingly be used freely by anyone. 

Production managed by Francine McNeill; manufacturing supervised by Thomas King. 
Typeset by Asco Trade Typesetting Ltd., Hong Kong. 

987 654 3 2 

SPIN 10796433 



Preface to the Second Edition 

This second edition of "Categories Work" adds two new chapters on 
topics of active interest. One is on symmetric monoidal categories and 
braided monoidal categories and the coherence theorems for them-items 
of interest in their own right and also in view of their use in string theory in 
quantum field theory. The second new chapter describes 2-categories and 
the higher-dimensional categories that have recently come into promi
nence. In addition, the bibliography has been expanded to cover some of 
the many other recent advances concerning categories. 

The earlier 10 chapters have been lightly revised, clarifying a number 
of points, in many cases due to helpful suggestions from George lanelidze. 
In Chapter III, I have added a description of the colimits of representable 
functors, while Chapter IV now includes a brief description of character
istic functions of subsets and of the elementary topoi. 

Dune Acres, March 27, 1997 Saunders Mac Lane 
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Preface to the First Edition 

Category theory has developed rapidly. This book aims to present those 
ideas and methods that can now be effectively used by mathematicians 
working in a variety of other fields of mathematical research. This occurs 
at several levels. On the first level, categories provide a convenient con
ceptual language, based on the notions of category, functor, natural 
transformation, contravariance, and functor category. These notions are 
presented, with appropriate examples, in Chapters I and II. Next comes 
the fundamental idea of an adjoint pair of functors. This appears in many 
substantially equivalent forms: that of universal construction, that of direct 
and inverse limit, and that of pairs of functors with a natural isomorphism 
between corresponding sets of arrows. All of these forms, with their inter
relations, are examined in Chapters III to V. The slogan is "Adjoint func
tors arise everywhere." 

Alternatively, the fundamental notion of category theory is that of 
a monoid-a set with a binary operation of multiplication that is associa
tive and that has a unit; a category itself can be regarded as a sort of 
generalized monoid. Chapters VI and VII explore this notion and its gen
eralizations. Its close connection to pairs of adjoint functors illuminates 
the ideas of universal algebra and culminates in Beck's theorem char
acterizing categories of algebras; on the other hand, categories with a 
monoidal structure (given by a tensor product) lead inter alia to the study 
of more convenient categories of topological spaces. 

Since a category consists of arrows, our subject could also be described 
as learning how to live without elements, using arrows instead. This line of 
thought, present from the start, comes to a focus in Chapter VIII, which 
covers the elementary theory of abelian categories and the means to prove 
all of the diagram lemmas without ever chasing an element around a 
diagram. 

Finally, the basic notions of category theory are assembled in the 
last two chapters: more exigent properties of limits, especially of filtered 
limits; a calculus of "ends"; and the notion of Kan extensions. This is the 
deeper form of the basic constructions of adjoints. We end with the obser
vations that all concepts of category theory are Kan extensions (§ 7 of 
Chapter X). 
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viii Preface to the First Edition 

I have had many opportunities to lecture on the materials of these 
chapters: at Chicago; at Boulder, in a series of colloquium lectures to the 
American Mathematical Society; at St. Andrews, thanks to the Edinburgh 
Mathematical Society; at Zurich, thanks to Beno Eckmann and the For
schungsinstitut fUr Mathematik; at London, thanks to A. Frohlich and 
Kings and Queens Colleges; at Heidelberg, thanks to H. Seifert and 
Albrecht Dold; at Canberra, thanks to Neumann, Neumann, and a Ful
bright grant; at Bowdoin, thanks to Dan Christie and the National Science 
Foundation; at Tulane, thanks to Paul Mostert and the Ford Foundation; 
and again at Chicago, thanks ultimately to Robert Maynard Hutchins and 
Marshall Harvey Stone. 

Many colleagues have helped my studies. I have profited much from a 
succession of visitors to Chicago (made possible by effective support from 
the Air Force Office of Scientific Research, the Office of Naval Research, 
and the National Science Foundation): M. Andre, J. Benabou, E. Dubuc, 
F.W. Lawvere, and F.E.J. Linton. I have had good counsel from Michael 
Barr, John Gray, Myles Tierney, and Fritz Ulmer, and sage advice from 
Brian Abrahamson, Ronald Brown, W.H. Cockcroft, and Paul Halmos. 
Daniel Feigin and Geoffrey Phillips both managed to bring some of 
my lectures into effective written form. Myoid friend, A.H. Clifford, 
and others at Tulane were of great assistance. John MacDonald and 
Ross Street gave pertinent advice on several chapters; Spencer Dickson, 
S.A. Huq, and Miguel La Plaza gave a critical reading of other material. 
Peter May's trenchant advice vitally improved the emphasis and arrange
ment, and Max Kelly's eagle eye caught many soft spots in the final 
manuscript. I am grateful to Dorothy Mac Lane and Tere Shuman for 
typing, to Dorothy Mac Lane for preparing the index, and to M.K. 
Kwong for careful proofreading-but the errors that remain, and the 
choice of emphasis and arrangement, are mine. 

Dune Acres, March 27, 1971 Saunders Mac Lane 
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