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Abstract

In this paper we show how to use simple partitioning lemmas in order to embed
spanning graphs in a typical member of G(n,p). Let the mazimum density of a graph
H be the maximum average degree of all the subgraphs of H. First, we show that for
p= w(A12n_1/2d log? n), a graph G ~ G(n, p) w.h.p. contains copies of all spanning graphs
H with maximum degree at most A and maximum density at most d. For d < A/2,
this improves a result of Dellamonica, Kohayakawa, Rodl and Rucincki. Next, we show
that if we additionally restrict the spanning graphs to have girth at least 7 then the
random graph contains w.h.p. all such graphs for p = w(AlQn_l/d log® n). In particular, if
p = w(A12n_1/ 2]og? n), the random graph therefore contains w.h.p. every spanning tree
with maximum degree bounded by A. This improves a result of Johannsen, Krivelevich
and Samotij.

Finally, in the same spirit, we show that for any spanning graph H with constant
maximum degree, and for suitable p, if we randomly color the edges of a graph G ~ G(n, p)
with (14 o(1))|E(H)| colors, then w.h.p. there exists a rainbow copy of H in G (that is,
a copy of H with all edges colored with distinct colors).

1 Introduction

A graph G is universal for a family of graphs H (we write G is H-universal), if G contains a
copy of every graph H € H. The construction (explicit and/or randomized) of sparse universal
graphs for various families has received a considerable amount of attention (see [1I, 2, 3], [4}, [6, [7]

9, 10, 11, 12} 13, 15, 19} 21]).

In particular, the probability space G(n,p) of all graphs on n vertices, in which each pair of
vertices forms an edge with probability p independently at random, has been considered in
many papers. The problem of finding for which values of p a typical member of G(n,p) is
‘H-universal for various families of graphs is fundamental in the theory of random graphs.
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Let H(n,A,d) be the family of all graphs on n vertices with maximum degree at most A and
with mazimum density at most d, where the maximum density of a graph G (denoted by d(G))

is defined as 2|E(H)|
d(G) :max{m PHC G}'

Dellamonica, Kohayakawa, R6dl and Rucincki proved in [I5] that for maximum degree A > 3
and an edge probability p = w <n_1/A logt/4 n), a typical member of G(n,p) is H(n, A, A)-

universal. Recently, Kim and Lee [21] obtained similar bounds for A = 2. In the following
theorem we show that if d < A/2, then the bound in [I5] can be further improved.

Theorem 1.1 Let n be a positive integer, and let A = A(n) > 1 and d = d(n) > 2 be integers.
Then for p = w(APn~1/™in2dA 603 ) o graph G ~ G(n,p) is w.h.p. H(n, A, d)-universal.

To prove this theorem, it will be sufficient to prove that it holds for p = w(A2n=Y 9 log? n)
as it follows from [15] for the other minimum.

Next, let H(n,A,d, g) € H(n,A,d) denote the family of graphs which additionally have girth
at least ¢ (the girth of a graph is the length of its shortest cycle). In our second main result we
further restrict ourselves to graphs with girth at least 7, where we obtain better bounds for p.

Theorem 1.2 Let n be a positive integer, and let d = d(n) and A = A(n) > 1 be integers.
Then for p = w(An~"log®n), a graph G ~ G(n,p) is w.h.p. H(n, A, d,7)-universal.

Another example of a family of graphs which has attracted the attention of various researchers
is the family of bounded degree trees. Let T (n,A) be the family of all forests on n vertices
with maximum degree bounded by A. Alon, Krivelevich and Sudakov showed in [6] that for
fixed A > 0 and 0 < € < 1, there exists a constant ¢ = ¢(A,e) such that a typical member
of G(n,c/n) is T((1 — €)n, A)-universal. The constant ¢ in this result was further improved
in [§]. Later on, Balogh, Csaba and Samotij showed in [9] that G(n,c¢/n) is w.h.p. (with high
probability) 7 ((1—¢)n, A)-universal even if an adversary is allowed to delete at most (roughly)
half of the edges touching any vertex. Note that universality for spanning trees can not be
true for p = ¢/n, as at such a low density the random graph is w.h.p. disconnected. As
it turns out, results for spanning subgraphs are much harder to obtain. In the case of the
family of spanning trees T (n, A), the best bound known for G(n,p) to be T (n, A)-universal is
p = w(An~"31log®n), due to Johannsen, Krivelevich and Samotij [19]. The following immediate
corollary of Theorem [[Z improves this bound to p = w(A2n~2log® n).

Corollary 1.3 Let n be a positive integer, and let A = A(n) > 1 be an integer. Then for
p=w(APn"21og®n), a graph G ~ G(n,p) is w.h.p. T (n, A)-universal.

The proofs of Theorems [[.1] and use simple partitioning lemmas for graphs and an embed-
ding technique based on matchings, developed by Alon and Fiiredi in [5] and by Ruciriski in
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[22]. Using similar technique, we also managed to obtain a general embedding result in a model
of random graphs where each edge is being colored uniformly at random in one color from a
given set of colors. This leads us to the second part of our paper.

Let G ~ G(n,p) and assume that each edge of G is colored uniformly at random with one of
the colors from the set [c] := {1,...,c}. This model is referred to as G.(n,p). For a given graph
H we say that a typical member of G ~ G.(n,p) contains a rainbow copy of H, if G contains
as a subgraph a copy of H with all the edges colored in distinct colors. In [17], Frieze and Loh
showed that for p > (1 4+ ¢)logn/n and ¢ = n + o(n), a typical member of G.(n,p) contains
a rainbow Hamilton cycle. Note that their result is asymptotically optimal in both p and the
number of colors ¢. In the following theorem we provide bounds on the edge probability p (do
not believed to be optimal), for which given any graph H on n vertices with A(H) = O(1), one
can find a rainbow copy of H in a typical member of G.(n, p), provided ¢ = (14 0(1))|E(H)| (¢
is asymptotically optimal).

Theorem 1.4 Let > 0, let A and d be integers, let n be a sufficiently large integer and
let H € H(n,A,d). Then G ~ G.(n,p) w.h.p. contains a rainbow copy of H, provided that
p>n"Yog®4n and ¢ = (1 + o)|E(H)|.

We remark that all of our proofs might be easily improved in terms of logn and A factors.
Since we believe that our bounds are far from being optimal, we did no effort in optimizing
those factors.

Notation. Our graph-theoretic notation is standard and follows that of [23]. For a graph G,
let V =V(G) and E = E(G) denote its sets of vertices and edges, respectively. For subsets
U, W C V. and for a vertex v € V', we denote by FEg(U) all the edges of G with both endpoints
in U, by Eq(U, W) all the edges of G with one endpoint in U and one endpoint in W and
by E¢(v,U) all the edges with one endpoint being v and one endpoint in U. We write Ng(v)
for the neighborhood of v in G and deg(v) for its degree. Moreover, we write Ng(U) for the
neighborhood of a set U C V. For any positive integer k and every vertex V we denote the
following set as k-neighborhood of v:

{v € V| the distance between u and v is at most k}

We say that a set S C V' is k-independent if and only if (in ) the distance between any two
vertices of S is at least k + 1.

Given a graph G and a positive constant d > 0 we denote by D;(G) the set of all vertices of
G with degree exactly d, by D<4(G) the set of all vertices of degree at most d and in a similar
way we define D_4(G), D~4(G) and D>4(G). When it is clear to which graph G we refer, we
just denote it by D, D<, etc.

Given two graphs H and G, a bijection f from V(H) to V(G) is called an embedding of H to
G if it maps each edge of H to an edge of GG. In case that one assigns colors to the edges of G,
an embedding f of H to G is called a rainbow embedding if in addition it maps the edges of H
into edges with distinct colors in G.



Throughout the paper, wherever we use logn we refer to the natural logarithm.

2 Preliminaries

2.1 Probabilistic Tools

We will need to employ bounds on large deviations of random variables. We will mostly use
the following well-known bound on the lower and the upper tails of the binomial distribution
due to Chernoff (see [I8]).

Lemma 2.1 If X ~ Bin(n,p), then
o Pr(X < (1—a)np) < e "/ for every a > 0;
o Pr(X > (1+a)np) < e ™3 for every 0 < a < 3/2.

The proof of the following slightly more general bounds follows directly from the Chernoff
bound and is left as an exercise for the reader (see for example Problem 1.7 in [16]).

Lemma 2.2 Let p,q € [0,1] and let Xy,..., X, € {0,1} be n indicator variables and X :=
Yo X If for each 1 <i<n

E[Xi|X1,..., Xiq] >p  and  E[X;|Xy,..., X1 <gq,
then it holds for every 0 < a < 1 that

PriX > (1+a)ngl <e @3 and  Pr[X < (1 —a)np] < e @72,

2.2 Graph-Theoretic Facts

In this section we mention a few facts about graphs which are used extensively throughout the
paper.

The first two lemmas consider the existence of k-independent sets in a graph.

Lemma 2.3 Let G be a graph on n vertices with mazimum degree A > 2 and let S C V(G) be
such that the mazximum degree of all vertices in S is at most d (where d > 1). Then, S contains
a set U C S of size at least d‘AiL which is k-independent in G.

Proof Build U greedily as follows: start with L := S and U := (). In each step add an arbitrary
vertex v € L to U and delete the k-neighborhood of v (including v itself) from L. Since after

each addition of a vertex to U we delete at most



L+d+dA—1)4...+dA -1 < dA

vertices from L, we obtain the required. O

Lemma 2.4 Let G be a graph on n vertices with mazimum degree A > 2 and let d be an integer
such that dn > 2|E(G)|. Then, for any integer k, G contains a k-independent set U C D<4(G)
of size |U| > CETINE

Proof First, we claim that |D<q(G)| > ;5. Indeed, let G be a graph which satisfies the

conditions of the lemma for some A. Using the fact that |D-4| = n — |D<,4|, we obtain that

dn> Y degg(v) 20+ |Degl + (d+1) - (n— | D).
veV(G)

Therefore, we conclude that |D<4| > 7.

Applying Lemma we conclude that there exists a k-independent set U C D4 in G of size

at least
[D<dl n

dAF = (d+ 1)dAk’

as required. O

U| =

A graph G is called d-degenerate if every subgraph G’ C GG contains a vertex of induced degree
at most d. A moment’s thought reveals that every graph H € H(n,A,d) is d-degenerate (but
not vice versa). The following observation follows directly from the definition of d-degenerate
graphs.

Observation 2.5 Let n, A and d be positive integers and let H be a d-degenerate graph on n
vertices. Then there exists an ordering (vy,...,v,) of the vertices of H such that

|N(U2) N {’Ul, N 7Ui—1}‘ S d

for every 2 <11 < n.

3 Partitioning Lemmas

In this section we prove some lemmas about partitioning graphs from H(n, A,d) and T (n, A).
Before that, we define a class of graphs which can be partitioned in a “nice” way, and then we
show that H(n, A, d) and T (n, A) belong to this class for suitably chosen parameters.

Definition 3.1 Let n,d andt be positive integers and let € be a positive number. The family of
graphs F(n,t,e,d) consists of all graphs H on n vertices for which the following holds. There
exists a partition V(H) = Wy U...UW; such that:
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(i) (Wi = len],
(1)) Wo = N(Wy),
(11i) Wy is 3-independent,
(iv) Wi is 2-independent for every 1 <i <t —1, and

(v) for every 1 < i <t and for every w € W;, w has at most d neighbors in Wy U ... UW;_4.
Now, we show that H(n, A, d) C F(n,4A%logn + 1,¢,2d).

Lemma 3.2 Let n be a positive integer, let A = A(n) > 2 and d = d(n) > 2 be integers and
let eg = 1/(4A°). Then for every e < &y we have

H(n,A,d) C F(n,4A%logn + 1,¢,2d).

Proof Let H € H(n,A,d) and t = 4A%logn + 1. We show that H € F(n,t,¢,2d), for every
e < gp.

Using Lemma [24] one can find a 4-independent set U C D<4(H) of size

Ul > n.

n
>
(d+ 1)dat =

Let W; C U be an arbitrary subset of size |en |, and set Wy = Ng(W;) and Hy—y := H\(WoUW,).
We further partition H;, for i =¢ —1,...,1, as follows:

e If V(H;) = 0 then set W, := () and V(H,_;) := 0.

e Otherwise, H; € H(|H;|,A,d) and thus by Lemma 4] there exists a 2-independent set

U C D<q(H;) of size |U| > iz > 45t > ol Hil. Set Wi := U and H;_y := H; \ W,

Using the fact that log(1 — x) < —x for every 0 < x < 1, we have that
t =4A%logn+1=logn/eo+ 1> —logn/log(l —gy) + 1= —log,__ n+ 1.

Since for each i we have that |V(H;)| < (1 —&)|V(H41)|, and since t > —log; . n + 1, it
follows that |V (H;)| < 1.

Now, let V(H) = WyU. . .UW,; be the obtained partition and note that each vertex w € W, has at
most d neighbors in Wi U. . .UW,;_4 for 2 <i < t (it follows immediately from the construction).
Since all the properties (i) — (iv) of Definition B.1] follow easily from the construction, it thus
remains to show that Property (v) holds. That is, we need to show that every vertex in
w e Wi U...UW,_; has at most d neighbors in Wy, and then we conclude that every vertex
in Wy U...UW, sends at most 2d “back-edges”. For this aim, note first that every vertex in
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W; has at most d neighbors in Wy, and that Wy = Ny (W,;). Therefore, if there exists a vertex
we WyU...UW,_; with at least d + 1 neighbors in W, then there must exist at least two
vertices x,y € W, such that Ny (z) N Ny(w) # 0 and Ny(y) N Ny(w) # (0. Therefore, one can
find a path of length four between x and y, which clearly contradicts the assumption that W,
is 4-independent. This completes the proof. O

Next, we show that H(n, A,d,7) C F(n,16d*A?logn + 1,¢,d).

Lemma 3.3 Let n be a positive integer, let A = A(n) and d = d(n) > 2 be integers, and let
g0 = 1/(2d*A°). Then for every e < &y we have

H(n,A,d,7) C F(n,16d*A%logn + 1,¢,d).

< L and observe that for d > 2

_ 1
Proof Let Y= m > p

1—(d+1)(d—1)A%y
([d+1)(d— 1A

d*(1 = (d+1)(d — 1)A%y)

1. 1
d+1 - (1)

>~ and

Let H € H(n,A,d,7) and t = 16d°A?logn + 1. We show that H € F(n,t,e,d), for every
e < gp.

Using Lemma 2], we find a 6-independent set U C D<4(H) of size

|U| > S LR EoM.
d(d+1)AS

For a fixed ¢ < g¢, let Wy C U be an arbitrary subset of size |en|, and set Wy = Ny (W3),
X = NH(W()), and Ht—l =H \ (W(] U Wt)

Fori=1t—1,...,1, we iteratively find subsets of vertices W; C V(H;) (and set H; 1 := H;\W;),
in such a way that at the end of the process the obtained partition V(H) = WyU. . .UW, satisfies
Properties (i) — (v) of Definition 3.1

If V(H;) = () then set W; := () and V(H;_;) := (). Otherwise, construct W; as follows:

(1) If there exists a 2-independent set U C Dy 1(H;) of size U > |V (H;)|, then set W; := U.

(2) Otherwise, pick a 2-independent set W; C D<4(H;) \ X of size |W;| > ~|V (H;)|.

Observe that a vertex can have at most one neighbor in W,. Otherwise, we would either have
that W, is not 6-independent or that there exists a cycle of length 4 in H, both yielding a
contradiction. Therefore, by the definition of W;, we ensure that Property (v) of Definition B1]
is satisfied. We now claim that whenever (1) fails, there exists a 2-independent set U C D ,(H;)
of size |U| > yn; (where n; = |V (H;)|) such that U N X = () as required in (2). We remark that
we always consider the graph H; when we write Dy, D<4 or D>, in the following calculations.



To prove our claim, suppose that there is no 2-independent set U C D<4_1(H;) of size at least
~n;. First, note that by Lemma 2.3 we have

‘ng—l‘ S (d — 1)A2fynl
Second, since H; € H(n;, A, d,7), it follows that

dn; > Y degy,(v) >0 |Dear| + (|D<al = [D<goa]) - d + (ni — | D<) - (d+ 1),
veV (H;)

and therefore
| D<a| = ni = [D<g-a| - d.

Using the bound on |D<41|, we get that
[Dal = [D<al = [Dza-1| = ni = (d+ 1)|Dga| 2 ni- (1= (d+ 1)(d — 1)A%y). (2)

Next, note that if | X N D,| < d|Dy|/(d + 1), then by Lemma 23] there exists a 2-independent
set W; C Dy \ X of size at least

[Da\ X| @ 1—(d+1)(d-1)A% @

Wil 2 —Ja7— =2 dld+ 1Az ="

as required. Therefore, assume that | XND,| > d|Dy|/(d+1). Observe that X is a 2-independent
set in H;, as every vertex in X is a neighbor of a vertex in Wy = Ny (W,), W, is 6-independent
and there are no cycles of length at most 6 in H. It thus follows that Ny, (X)N X = 0 and
every vertex in Ny, (X) has exactly one neighbor in X. Therefore,

[Ni,(X)| > d|X 0 Dyl > d*| Dyl /(d + 1),

and it follows from (2)) that
2

d+1

N (X)] > =2 (1= (d+ 1)(d — DA, >

which is not possible. Hence, one can always find a 2-independent set W; C V(H;) of size at
least yn; as required.

Using the fact that log(1 — x) < —z for every 0 < x < 1, we have that
t+1=16d*A*logn +1>logn/y+1> —logn/log(l —~)+1= —log;_,n+1.

Since for each i we have that [V/(H;)| < (1 — )|V (Hiy1)|, and since t > —log; . n+1, it
follows that |V (H;)| < 1. Finally, let V(H) = Wy U ... U W, be the obtained partition. It
follows immediately from the construction that Properties (i) — (v) of Definition Bl hold. This
completes the proof. O



4 Proof of Theorem [1.1] and Theorem

In this section we prove Theorem [T and Theorem L2 These theorems follow easily from the
following theorem and Lemma [3.3] and B2

Theorem 4.1 Let n and t be positive integers, let d = d(n) > 2 be an integer, and let e < 2_1d'
Then, a graph G ~ G(n, p) is w.h.p. F(n,t, e, d)-universal, provided thatp = w (e~ 'tn""/*log?n).

In order to prove Theorem [A.1] we use a similar embedding algorithm as the one presented in
[21] (and previously in [I5]). Let d be a positive integer and e be a positive constant. Our
goal is to show that, whenever a graph G is “good” with respect to some properties, then G is
F(n,t,e,d)-universal.

Before we state formally what a “good” graph is, we define the following auxiliary bipartite
graph. For a graph G, an integer k, a subset U C V(G) and a collection £ of pairwise disjoint
k-subsets of V(G) \ U, define the bipartite graph B(L,U) as follows: the parts are £ and U,
and two elements L € £ and u € U are adjacent if and only if L C Ng(u). Now we can define
the notion of an (n,t, e, d)-good graph G.

Definition 4.2 A graph G on n wvertices is called (n,t,e,d)-good if there exists a partition
V(G)=VyuWU---UV, with

en €
\4 16l for1<i<t and |Vo|=( 16)n,

such that for p > e tn="%1log?n the following properties hold.

(P1) There exists a set KK C Vi of en vertex-disjoint d-cliques such that for allU C V(G)\V(K)
with |U] < (p/2)7¢/2, we have

1
H{K; € K| V(Ky) C Ng(u) for somew e U}| > Wpd|U|5n.

(P2) Let 1 <k <d, and L be a collection of pairwise disjoint k-subsets of V(G).
If L] < (p/2)7%/2, then for eachi=1,...,t with V; N (UpesL) = 0, we have that

[N (£)] = (p/2)I£]|Vil /2. (3)

If|£] > (p/2)F1log? "V n, then for all U with |U| > (p/2)*1log? ™Y n and UN(UpesL) =
0, the graph B(L,U) has at least one edge.

We first show that a random graph is typically good.

Lemma 4.3 Let ¢ < 2—1d and let n be a positive integer. Then, a graph G ~ G(n,p) is w.h.p.
(n,t,e,d)-good, provided that p = w (~'tn~"/1og*n).
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Proof Let ¢ < L, let p = w (¢~ 'tn""/?log” n) and let G ~ G(n,p). Furthermore, let ¢ > p/2
be such that 1 —p = (1 —¢)?, and note that one can expose G' ~ G(n,p) as G = G; UGy, where
G and Gy are two graphs sampled from G(n,q) independently (for more details we refer the
reader to [I8]). We use G; to find a family of vertex-disjoint d-cliques, and then Gs to ensure
the properties (P1) and (P2). For a simpler presentation, we assume from now on that ¢ is

exactly p/2.
First, expose the edges of GG;. Since

g=w (n_z/d(log n)l/(g)> ,

it follows from [20] that G; contains w.h.p. [n/d] disjoint d-cliques. Let K be a family of en
vertex-disjoint d-cliques. Next, fix an arbitrary partition V(G) = VpU. ..UV, as in Definition [1.2]
such that V(K) C V. Finally, expose G3. We now show that w.h.p. this partition satisfies
Properties (P1) and (P2).

For U C V(G)\ V(K) with |U| < (p/2)7%/2, let
X(U):=|{K; € K|K4 C Ng,(u) for some u € U} |.

Note that X (U) is the sum of i.i.d. indicator random variables X (L € K), such that X, =1
iff L C Ng,(u) for some u € U. Since |U| < (p/2)~%/2, we have that for each L € K,

\Ulp® |U[*p* \Up?
9 T

d
<1 U .
221

22d — 2d

Pr[X; =0] = (1 — (p/2)H)Vl <1 — (1—1/2)=1-

(For the first inequality we use the fact that (1 —a)” < 1 —ab+ (ab)? for any positive integer b
and 0 < a < 1).

Therefore, we have that Pr[X; = 1] > 279 !U|p¢, which implies that

e log?i n
E[X (V)] > 27U Ip*IK| = 71U
Using Chernoff’s bound we obtain that
d 2d
p _log n 2
o {XW) < W\KHU@ < 2e st Ul <

(The last inequality holds since d > 1).
We can therefore upper bound the probability that there exists a set U that violates (P1) by

the following union bound
" /n\ 2

(=1

For property (P2) we first assume that [£] < (p/2)7%/2. Note that X(L,V;) := |Npv;)(L)]
is the sum of i.i.d. indicator random variables X, (for v € V;), where X, = 1 iff L C Ng¢,(v)
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for some L € L. Since (p/2)*|L£]| < 1/2, using the fact that (1 — a)® < 1 — ab+ (ab)?/2 holds
for every integer b and any positive constant a for which ab < 1 (follows from the binomial
formula), we observe that

EX(L, V)] > Vil (1= (1= (0/2)")) = (1 = 1/4)(p/2)*| L[| Vil.
Using Chernoff’s bound we obtain that
1

n3dIL]’

Pr(X(L,vi) < (p/2)"IL]|Vil /2] < exp [~E[X (L, v;)]/36] <
where the last inequality follows as

2d
i €n _ nlog™n

(p/2)*Vi] = (p/2) 16t = 9dtiy

= w(dlogn).

Thus, the probability for having sets £ and V; such that |Ngzvi)(£)] < (p/2)*|L]|V;]/2 can be

bounded by
n n 1
=1

Next, assume that |£] > (p/2) ¥ log®® Y n. Observe that each edge in B(L, U) is present with
probability (p/2)*, hence the probability that there are no edges is bounded by

(1= (p/2)") A < exp [—(p/2)" - |£[IU]] -

Furthermore, for 7, £ > (p/2) *1log*® " n, the number of collections of k-subsets £ with |£| = ¢
is at most n*, and the number of subsets U with |U| = r is at most n". We thus have that

Pr(3L,U with |£] = ¢,|U| =r and e(B(L,U)) = 0] < exp [(k{ 4+ r)logn — (p/2)"Cr] .
Note that

ri(p/2)*

(kl +r)logn < k- ({logn+ rlogn) < 2k - = < (p/2)*er)2
g™ n

for n large enough, and hence,

exp [(k€ +1)logn — (p/2)*er] < exp [—(p/2)"0r/2] < exp [—(p/2)*logn/2] = o(1).
We therefore conclude that the probability for the existence of such sets £ and U without an
edge is o(1). O

Now we want to show that any (n,t,e,d)-good graph is F(n,t,e,d)-universal. Let G be a a
(n,t,e,d)-good graph with a partition V(G) = Vo U--- UV, and a clique-set L. We construct
an embedding f: V(H) — V(G) for a given graph H € F(n,t,e,d) as follows.
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Let H = WyU- - -UW; be the partition of H that satisfies the conditions (i) —(v) of Definition .21
For every v € W, let L(v) := Ng(v) N Wy denote the neighborhood of v in Wj. Note that since
W; is 3-independent, we have that L(u) N L(v) = () for u # v. In a first step we choose an
arbitrary injective mapping fy : Wy — V(K) such that for every w € W, the vertices in L(w) all
map to vertices of the same clique in K. Such a mapping exists as IC consists of |en] d-cliques
and there are exactly that many sets L(w), each of which contains at most d vertices. Moreover,
such a mapping is valid as there can not be edges between L(u) and L(w) for u # w (because
W, is 3-independent).

For i = 1,...,t, we iteratively construct f; : (WoU---UW;) = (Vo U---UV;) from f;_; as
follows. Let V;* := (Vo U---UV;) \ Img(fi—1). We want to embed W; to V;*. For w € W; let
Li(w) := fi1(Ng(w)N (U;;%)Wj)) and let £; := {L;(w) | w € W;}. Here it is crucial that W} is
2-independent and therefore L;(w) N L;(w') = 0 for w # w’ € W;. Since a vertex w € W; can
be mapped only to the vertices in

{ve V| Li(w) € Na(v)},

we can extend f;_; by a £; matching in B; := B(L;, V;*) (recall that in B; the set L;(w) € L;
is connected to a vertex v € V;* if and only if L;(w) C Ng(v)). More precisely, for a matching

7

M which saturates £; (an £;-matching), we define f; as follows: For w € Wy U ---UW,;_; let
fi(w) := fi_1(w), and for w € W; let f;(w) := v, where v € V* is the unique vertex such that
{L;(w),v} € M.

As long as we find an £;-matching for 1 < ¢ <t we clearly construct a valid embedding of H
into GG. It remains to show that we can find the required matchings.

We first show that for every 1 <1 <t — 1, the auxiliary graph B; contains an £;-matching.
Claim 4.4 For every 1 <1 <t — 1, there exists an L;-matching in B;.

Proof We show that Hall’s condition for the existence of an £;-saturating matching is satisfied.
First, we show that [L;| = [W;] < |V;*| — 5 for 1 <4 <t — 1. We have

VA =VouU-- UV = |WoU---UW, 4| = |W;U---UW,| — |Viga N - - UV

and therefore

t—1 15en
Vi = Wil = [Wiga U - UW| = [Via 0 UV > (W] — en > :
16t 16
Thus, we have that |£;| = [W;| < |V*| — 2% < |V*] — <2 and the claim therefore follows by
Claim B8] below. O

Claim 4.5 For all U C L; that satisfy |U| < |V7*| — &, we have

|Ns,(U)| = |UI.

12



Proof Let U =UyU...UUy, where
Up={LeU||Ll=j}.

If Uy # 0, then Ng,(U) = V. Therefore, we may assume that Uy = ). Pick k such that
|Ux| > |U|/d. We show that the lemma holds for n large enough by distinguish between the
following three cases:

Case 1: |Uy| < (p/2)7%/2. Tt follows by property (P2) that

log®®n

INs,(U)| > |Ng,(Uy)| > (p/2)" U] |Vil/2 > 1164

Ul = U]

Case 2: (p/2)7%/2 < |Ui| < (p/2) *log® Y n. We fix an arbitrary subset U/ C Uy of size
\Ui| = (p/2)7%/2, and by the same argument as in Case 1 we get that

log*n

[N (U)] = [N (UDI = (0/2)" Ui /2 2 556

\UIQ\ S logn

e > )
> sVl = U1

Case 3: |Uy| > (p/2) Flog*?Vn. In this case note that the induced subgraph B;[Uy, V" \
Np,(Uy)] has no edges. By property (P2) this yields that

Vi \ Na (Un)] < (p/2) " 10g™ Y n = o(en),
which implies that |Np,(Ux)| > |V;*| — o(en) > |V*| — 55 > |U]. O
In the last lemma of this section we show that B; contains a perfect matching, thus we can
complete the embedding of H.

Lemma 4.6 There exists a perfect matching in By.

Proof We check Hall’s condition for every subset U C L;. For sets of cardinality |U| <

|V;*|— 5§, Hall’s condition follows by Claim[d.5l Therefore, consider only subsets U of cardinality

\U| > |VF| = 55. Let U C L, be such a subset. Note that by the definition of the partial

embedding fy, every set in U is contained in one of the cliques in K. Suppose first that
V' \ Np,(U)| > (p/2)7%/2. We fix a subset Y C V* \ Ng,(U) of size exactly (p/2)~%/2.
It follows by property (P1) that at least 27972 . p?|Y'|en of the cliques in K are completely
connected to some vertices in Y. We conclude that

|Np, (V" \ N, (U))] = [N5,(Y)| = 27%(p/2)"(p/2) 7" - en > en/16,
which is not possible since |U| 4+ |Np, (V" \ Ng,(U))| < |V/|.

Therefore, we conclude that |V,;*\ N, (U)| < (p/2)~¢/2. Now, using Property (P1) similarly as
above we obtain that

[Np, (Vi \ N, (U))] 2 272 (p/2)" - en| Vi \ N, (U)| > [V;" \ N, (U)].
Finally, since
[N, (U)| + V" \ Np, (U)| = [V'| = [Wi| = [U| + [Ng, (V" \ Np,(U))| > U] + V" \ N, (U)]
we get |Np,(U)| > |U]. O

13



5 Proof of Theorem [1.4]

In this section we prove Theorem [[L4l Before starting the proof, it will be convenient to
introduce the following notation. For any bipartite graph G = (AU B, E) with |A| = |B| =n
and minimum degree §(G) > k, let B__ . (G) denote the following set of bipartite graphs: each
D € B._,,(G) has vertex set V(D) = V(G) and edge set E(D) C FE such that each vertex
in A has degree exactly k. Note that we can sample an element from Bj,__ ,(G) uniformly at
random by choosing for each v € A uniformly at random k edges from Eg(v, B).

One of the main ingredients in the proof of Theorem [[.4] is the following simple lemma on the
existence of perfect matchings in typical graphs from B__ .(G).

Lemma 5.1 Let e > 0, let n be a sufficiently large integer and let k = w(logn). Then for any
bipartite graph G = (AU B, E) with |A| = |B| = n and 6(G) > § + en, a graph D chosen
uniformly at random from Bi__ .(G) w.h.p. contains a perfect matching.

Proof Let D be a graph chosen uniformly at random from Bf_, ,(G). We show that w.h.p.
all subsets S C A and all subsets S C B with |S| < n/2 satisty |S| < |Np(S)|. It then follows
from Hall’s theorem (see [23] for more details) that D has a perfect matching.

We first assume that S C A. Note that |S| > |Np(S)| implies that there exists a subset S" C B
of size |S'| = |S| — 1 such that |Ep(S, B\ S’)| = 0. Note that in G, since |S’| < n/2, every
vertex v € S has at least en neighbors in B \ S’. Therefore, when choosing the i-th of the
k edges incident to v and conditioning on the event that no edge in Eg(v, B\ S’) has been
selected so far, the probability to miss B\ S’ is at most

d .
ega(v) 5n. i+1 <l--
dega(v) —i+1

Thus,
Pr[|S| > |Np(S)|] < Pr[3S’ € B||Ep(S,B\ S")| = 0]

n
< 1 — g)ISlk < o—¢lS|-w(logn)
< (| 5 1)( o)tk < ¢ |

and the probability that such a bad set exists is at most

n/2 n/2

n —es-w(logn) < —s-w(logn) _ 1
3 () <3 o(1).

s=1

Next, assume that S C B and observe that in order to have |S| > |Np(S)|, there must exist a
set S' C A of size |S| — 1 such that |Ep(A\ S, S)| = 0. Note that [Eg(A,S)| > [S]- (£ +en),
|Eq(S",S)| < |S] 157 < |S|-2 and therefore |Eg(A\ S',5)| > |S|en. Since every edge of G

2
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appears in D with probability at least % (but not independently) and since this probability can
only decrease if we know that another edge does not appear in D, it follows that

Pr[|S| > [Np(S)[] < Pr[35’ € A||Ep(A\ S, 8)| = 0]

n w(logn)\ 7=
< 1 — < e—a|5’\-w(logn)
|S]—1 n

as in the previous case. O
Now we are ready to prove Theorem [1.4]

Proof Our proof is motivated by ideas of Cooper and Frieze [14]. Note that containing a
rainbow copy of some fixed graph H is a monotone increasing property and we can therefore
fix p to exactly n=/?10g” n.

Let A and d be positive integers, let n be a sufficiently large integer and let H € H(n, A, d).
Moreover, let d = w denote the average degree of H (note that d < d and in fact can
be much smaller than d) and let @ > 0 be some arbitrarily small positive constant. First, we
show how to partition H in such a way that will later help us to find a rainbow copy of it in
a typical member of G.(n,p), where ¢ = (1 + «)|E(H)|. For this aim we act as follows. If H
contains a set W of [512‘;2711 isolated vertices (that is, vertices of degree 0 in H), then partition
V(H) = {w; }U...U{w; }UW in such a way that for each 7, the vertex w; has at most d neighbors
in {wy,...,w;_1}. Indeed, such a partition exists since H' := H — W € H(n — |W|, A, d), and
therefore is d-degenerate, so one can apply Observation 2.5l Otherwise, let = denote the number
of vertices of degree larger than 0 and at most d in H. Since H contains at most —2%— isolated

5log’n
vertices, the following inequality holds:

dn=2|E(H)| >z + (d+1) (n— cm2 —x) :
5logn
Hence, using the fact that n is sufficiently large, we conclude that = > n/(2d). Now, let S be

the set consisting of all these vertices. By applying Lemma to H and S it follows that there
exists a subset T' C S, such that T is 2-independent and

> 85 _n z[ - W
dA? — 2d?A2 5log™n

an

for sufficiently large n. Next, let W C T be an arbitrary subset of size | 510g2n1, and partition
V(H) ={w}U...U{w} UW in such a way that for each i, w; has at most d neighbors in
{wy,...,wi_1}.

All in all, we have a partition V(H) = {w,}U...U{w;} UW such that |W| = [mg‘g"zn} and one
of the following holds:

(1) all the vertices of W are isolated in H, or

15



(2) W is 2-independent and consists of non-isolated vertices of degree at most d.

Note that if (2) holds then

2|E(H)|

BOV,VAW) < dW| ===

' [510g2n—‘ < a|E(H)|/(2[log”n]), (4)

for n large enough.

Now we start to describe the procedure of finding a rainbow copy of H. Let ¢ > p/2 be such
that 1 —p = (1—¢)? and present G ~ G(n, p) as G = G1 UG5, where G| and G are two graphs
sampled independently from G(n,q). We sample a member of G.(n,p) by sampling a member
of G(n,p) and randomly coloring exposed edges using ¢ colors.

We find a rainbow embedding of H in G ~ G.(n, p) in two phases. In Phase I, we find a rainbow
embedding f of H[{w; U...Uw;}] with edges which are taken from G;. If W is as in (1) (that
is, all the vertices in W are isolated in H), then we are done. Otherwise, in Phase II we show
that one can extend f to a rainbow embedding of H in G, using edges of Gs.

In what follows, we present the exact strategies of Phases I and II and prove that w.h.p.
everything works out well.

Phase I: Throughout this phase we maintain a partial rainbow embedding f of H to Gy, a
set of available colors C and a set of available vertices V'. Initially, set f = 0, C := [c] and
V' = V(G). Additionally, we maintain for each vertex v € V(G) a set U, C V(G) such that
U(v) NV’ contains only unezposed potential neighbors of v in Gy. Initially, U, = V(G) \ {v}
for each v € V(G).

We inductively build the desired partial embedding f as follows. In the first step, let f(w;) := v
for an arbitrary vertex v € V', and set V' := V' \ {v}. Assume that we have already embedded
{wy,...,w;_1} for some 2 < i <t and we wish to embed w := w;. Let L(w;) = f(Ng(w;) N
{wy,...,w;_1}) be the set of images of neighbors of w; which have already been embedded
(recall that |L(w;)| < d). Let Ay, = V' N (NyerwnUs) be the set of all available vertices which
are still unexposed neighbors of all vertices in L(w;), and choose an arbitrary subset S, C A,
of size s := [an/(4Alogn)?] (Claim 2 shows that throughout Phase I this is indeed possible;
that is, A, is of size at least s). Expose all edges between L(w;) and S,,, and assign uniformly
at random colors to all the obtained edges. Let z € S, be a vertex which is connected to all
the vertices in L(w;) and such that all the colors assigned to edges {vz | v € L(w;)} are distinct
and belong to C. The existence of such a vertex follows from Claim below. We extend f by
defining f(w;) := x, update U, := U, \ S, for all v € L(w;), V' := V' \ {z} and

C:=C\{col € C|Iv € L(w;) such that vx is colored in col}.
The following two claims show that w.h.p. we manage to find the desired embedding in Phase I.

Claim 5.2 Throughout Phase I we have that |A,| > [an/(4Alogn)?| for every vertexr w €
V(H) which has not been embedded.
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Proof The proof of the claim is obtained from the following four observations. First, note that
at the beginning of Phase I we have that U, = V(G) \ {v} for each v € V(G). Second, we
update U, only after embedding a vertex w for which v € L(w) (and then we delete the set S,
which is of size s = [an/(4Alogn)?] from U,). Third, every vertex v is a member of at most A
sets L(w) (recall that A(H) < A). Fourth, note that |V’| > [an/(5log®n)] throughout Phase
I (recall that we do not embed W in this phase).

Therefore, it follows that at any point during Phase I we have

Vs o1a [
VeV = V7] [(4Alogn)2—"

for each vertex v € V(G). Since |L(w)| < A, we conclude that

A . > / —A—A2 06771, >
Aul = V' 1 (Nuesn ) | > V] {@Alogn?w -

for n large enough. O
The next claim states that whenever we wish to embed a vertex w, it has at least one candidate
in V',

Claim 5.3 Letw € V(H)\ W. At the moment we try to embed w there exists with probability
1—o0(1/n) a vertex x € S, for which the following holds:

(1) x is connected to all the vertices in L(w), and

(17) all the colors assigned to the edges {{v,z} : v € L(w)} are distinct and belong to C.

Proof Let
X :={veS,|Lw)C Neg )|}

Note that X is the sum of i.i.d. indicator random variables X, (for all v € S,,) for which X, =1
iff L(w) C Ng, (v). Clearly, we have that (recall that |L(w)| < d)

an QO log® n
(4Alogn)? n

E[X] > sq" > ) = Q(log” n).

Applying Chernoft’s bound we obtain that
Pr[X < E[X]/2] = ¢ 0 W) — o(1/n).

Now, note that |C| > a|E(H)| during Phase I. Thus, the probability that for a vertex = € S,
with L(w) C Ng, (), all the edges to L(w) have different colors from C is at least

()

a|E(H)| ¢ a d_.
((1+a)|E(H)|)Z B ((1+a)|E(H)|€) = ((1+Oz)d) =:v >0,
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where |L(w)| = €. Therefore, if X > E[X]/2 then the probability that there is no such z is at
most
(1- 7)\Xl < e MX| — o~ Qog®n) _ o(1/n).

O

Note that since we embed at most n vertices, applying the union bound we obtain that for
every vertex w; there exists a “good” vertex x € S,. Now, if W is as in (1) (that is, all the
vertices in W are isolated in H), then we are done. Otherwise, we continue to Phase II.

Phase II: Let V* :=V(G) \ f(V(H)\ W). Our goal is to extend f with a valid embedding of
W into V*, using edges of (G5, in such a way that the resulting embedding is rainbow.

For w € W let L(w) := f(Ng(w)) and let £ = {L(w)|w € W}. Recall that W is 2-independent
and thus all the L(w)’s are disjoint. Let F' = (LU V™, Er) with edge set

Ep:={Lv|LeL,veV"and Vyeruv & E(G1)}

be the ground graph to build a bipartite auxiliary graph B(L, V*). Edges that appeared in G4
are excluded since we can not color them again. Note that |£]| = [WW| = |[V*| and that by the
following very rough estimate F' satisfies w.h.p. the conditions of Lemma [5.11

Claim 5.4 [t holds with high probability that §(F) > 2|V*|.

Proof For every L € £ and v € V* the edge Lv ¢ Ep if and only if there exists u € L
for which wv € E(G;). Since G; ~ G(n,q), by applying Chernoft’s bound it follows that
w.h.p. A(G) < 2ng. Moreover, since for every L € L we have that |L| < d, it follows that
degr(L) > |V*| — d2ng > 3|V*|/4. A similar argument shows that we have degp(v) > 3|V*|/4
for every v € V*, O

In the following we describe a random process that tries to create a bipartite graph B(L, W) €
BF (F') by exposing edges from G5 \ G; and randomly color them. First, let

log? n]—out
C :={col € [c] | Hu,v} € E(H\W) s.t. {f(u), f(v)} has color col}

and note that |C| > a|E(H)|. Choose an arbitrary ordering Ly, ..., Lz of the elements in L.
Then, in step 1 < i < |L£], set N; := Np(L;) and create [log®n] edges from L; to vertices in
N; as follows: as long as |Npcv+)(L;)| < [log?n], iteratively pick a vertex v € N; uniformly
at random, set IV; := N; \ {v} and expose all edges from v to vertices in L; and color them
uniformly at random with colors from [c] (note that here the process can fail if at some point
N; = 0 while |Np(zy+(Li)| < [log®n]). If all the edges are contained in Gy and if they have
distinct colors that are all from the set of available colors C, add L;v to B(L,V*). At the end
of step ¢ remove all the colors used at edges incident to L,

C:=C\{col € [d | Fu € L;,Fv € Npz,v+(L;) s.t. uv has color col} .

18



If the process succeeds then every matching M in B(L,V*) is clearly rainbow in the sense that

all edges in
{wv | ILv € M s.t. u € L}

have distinct colors that have not been used in the embedding in Phase 1. It follows from
Claim below and Lemma [5.] that the process succeeds w.h.p. and that the constructed
B(L,V*) contains a perfect matching. Finally, such a perfect matching in B(L,V*) extends
f into a rainbow embedding of H in G. The following claim therefore completes the proof of
Theorem L4

Claim 5.5 The random process that creates B(L,V*) in Phase 11 succeeds w.h.p. and it samples
uniformly at random from BFlogz n}_out(F).

Proof Note first that the process can only fail if in some round 1 < i < |£| we have that N; = ()
and [Ng(zv+(Li)| < [log?n]. It therefore suffices to show that in a fixed step 1 < i < |L| the
process creates with probability 1 — o(1/n) the [log®n] required edges. Let

X, = {U € NF(Li) | L; C NGz(U)”"

Note that [X;] is the sum of i.i.d. indicator random variables X;, (for all v € Np(L;)) for which
Xi;» =1iff L; € Ng,(v). Clearly, we have that (recall that |L;| < d < d)

log” n 3 an log” n
A > 3] g? > . > — . . — 3 )
E[[Xil) = |Np(Li)|g® = o(F) Q( - )_4 STog"n Q( - Q(log® n)

Applying Chernoft’s bound we obtain that
Pr[|X;| < B[|X;[}/2] = e 0= = o(1/n). ()
Next, let
Y :={v € X; | all edges in F(L;,v) have distinct colors from C}.

Note that |Y;| is the sum of i.i.d. indicator variables Y;, (for all v € X;) for which Y;, = 1 iff
all edges in F(L;,v) have distinct colors from C. Since we have by () that |E(W,V \ W)| <
alE(H)|/(2[log? n]) and we remove for each edge in E(W,V \ W) at most [log®n] colors from
C, the number of available colors in C is always at least «|E(H)|/2. Thus, the probability that
for a vertex v € X; all the edges to L; have different colors from C is at least

_ () EE2 Y o )\
b (AT o) E@)) = ((1+a)|E(H)w) 2 <(1+a)2d) =y >0,

where |L;] = ¢ < d, and this lower bound for p; holds independently of all other color as-
signments in previous steps. Therefore, if |X;| > E[|X;||/2, then the expectation of |Y;| is at
least

E[|Yi[] > |Xi] - v = QE[| Xi]]) = Q(log’n)
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and it follows from Chernoff’s bound that

pe [ <

Combining (B)) and (@) we conclude that the probability that our process fails is at most

x> Bl ”} — &0 — (1 /), (6)

I£]

> Pr(|Yi] < llog*n]] < |£]-o(1/n) = o(1).

1=1

Finally, since we choose a random ordering of the neighbors of L;, every [log?n]-tuple of
neighbors of L; has the same probability to be part of B(L,V*) and the process therefore

samples an element of B“ og? ] _u (F7) uniformly at random. O

O
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