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MULTIPLIERS OF DIRICHLET SUBSPACES OF THE BLOCH SPACE

CHRISTOS CHATZIFOUNTAS, DANIEL GIRELA, AND JOSE ANGEL PELAEZ

ABSTRACT. For 0 < p < oo we let D;’_l denote the space of those functions f which
are analytic in the unit disc D and satisfy [p(1 — [2[)P 71 f/(2)[? dA(z) < oco.

It is known that, whenever p # ¢, the only multiplier from D571 to D371 is the
trivial one. However, if X is a subspace of the Bloch space and 0 < p < ¢ < o0,
then X N D571 Cc Xn Dgfl, a fact which implies that the space of multipliers
M(D;’_1 n X,'Dg_1 N X) is non-trivial.

In this paper we study the spaces of multipliers M(D§71 n X,D(‘;1 NX)(0<
p,q < o) for distinct classical subspaces X of the Bloch space. Specifically, we shall
take X to be H>*, BMOA and the Bloch space B.

1. INTRODUCTION AND MAIN RESULTS

Let D = {z € C: |z| < 1} denote the open unit disc in the complex plane C and let
Hol(D) be the space of all analytic functions in D endowed with the topology of uniform
convergence in compact subsets.

If 0<r<1 and f € Hol(D), we set

2 1/p
M) = (5o [ leerar) L o<y <o,
M 1) = sup £ (2).

|z|=r
Whenever 0 < p < oo the Hardy space H? consists of those f € Hol(D) such that

| £l e def SUPg <1 Mp(r, f) < oo (see [9] for the theory of HP-spaces). If 0 < p < oo
and « > —1, the weighted Bergman space AP, consists of those f € Hol(D) such that

1/p
TS ((a ) [a- IZI)alf(Z)IpdA(Z)> <.

The unweighted Bergman space A} is simply denoted by AP. Here, dA(z) = Zdzdy

denotes the normalized Lebesgue area measure in . We refer to [I1], [23] and m for
the theory of these spaces.

The space D2 (0 < p < 00, & > —1) consists of those f € Hol(D) such that f' € AP.
Hence, if f is analytic in D, then f € DP if and only if

111D

def
= 1f O + 1% < oo
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If p < a+ 1 then it is well known that DE = Af_ (see, e.g. Theorem6 of [12]). On
the other hand, if p > a4 2 then D2 C H*°. Therefore D? becomes a “proper Dirichlet
space” when a+1 < p < a4+ 2. The spaces D£—1 are closely related with Hardy spaces.
Indeed, it is well known that D? = H2. We have also [26]

(1.1) HP C Dy 4, for2<p<oo,
and [12] 36]
(1.2) Dy CHP, for0<p<2

We remark that for p # g there is no relation of inclusion between D} _; and Df_,; (see,
e.g., [B] and [19]).
We recall that the Bloch space B consists of those f € Hol(D) such that

£l = 1f(0)] + Stelg(l = [2) If ()] < oc.

We refer to [2] for the theory of Bloch functions.

Next, we consider multiplication operators. For g € Hol(D), the multiplication opera-
tor My is defined by

My(f)(2) d:efg(z)f(z), f € Hol(D), z € D.

If X and Y are two normed (or Fréchet) spaces of analytic functions in D which are
continuously contained in Hol(D), M (X,Y") will denote the space of multipliers from X
toY,

M(X,)Y)={g€Hol(D): fgeY, forall fe X},
and |[M,||(x—y) will denote the norm of the operator M,. If X =Y we simply write
M (X). These operators have been studied on the Dirichlet type spaces DE in [20] 2T} [15],
where among other results it is proved that

(13) M(D;:Z—lvpg—l) = {0}7 0< p,q <00, p 7é q.

The following simple observation plays an important role in the motivation of this
work.

Lemma 1. Suppose that 0 < p < g < oo and f € ’Dﬁ_l NB. Then f € ’Dg_l.

Proof. Since f € B we have that sup,cp(1 — |2])|f'(2)| = M < oo. Using this we obtain

/D L= ) F () dAGR) = o[ = 2D N7 (1 = )P f () dAC)
< M [ (1~ o)) f(2) P dA(2) < oc.

Hence, f € Dg_l. O O

Consequently, we have:
If X is a subspace of the Bloch space then

(1.4) XND, ,CcXnDi_,, if 0<p<q<oo,

a fact which, contrary to (I3), implies that whenever 0 < p < q < oo, the space of
multipliers M(Dy_; N X, D}, N X) is non-trivial.

If X C B, the space X N 29571 is equipped with the norm

def

= 1Flx + Ifllpr_,-

11l xeor 1

p—1
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Our aim is this paper is to obtain a characterization of the spaces M(D)_;NX,Di_NX)
(0 < p,q < o0) for some important subspaces X of the Bloch space.

Let us start with X = B. For a > 0, the a-logarithmic-Bloch space Biog,o consists of
those g € Hol(D) such that

def € “
pa(f)esqu»|ZPN9%Z)I<k%-————E> < 0.
z€D 1- |Z|
It is clear that

(1.5) Blog,a C Blog,Ba a> .

For simplicity, the space Biog,1 Will be denoted by Biog.
The multipliers of the Bloch space into itself were characterized independently by
several authors (see [3] 6] B9]). Namely, we have the following result:

(1.6) M(B) = Biog N H*.
Let us turn our attention to the spaces M (D

we shall prove that, for p > 1, the space M (B
the following result.

1 NB,D]_; NB). Among other results,

D} _,) coincides M(B3). This is part of

P
—
N
Theorem 1. Let 0 < p,q < oo and g € Hol(D).

(i) If 1 < q and 0 < p < q < oo, then,
M(BNnD?

p—1

BND; )= M(B).
(i) If 0 < g < p < oo, then
M(BND?

p—1

BND{ ;) ={0}.

The question of obtaining a complete characterization of M(BND;,_,,BND;_;) in

the case 0 < p < ¢ < 1 remains open. However, we remark that the inclusion
MBND,_,,BND]_;) C M(B),

is true for any p,q (see the proof of Theorem [Il in Section B]). Using this, the fact that
MBND,_,BND]_ ;) C BND;_,, and the following result we see that part (i) of
Theorem [I] does not remain true for 0 < g < 1.

Theorem 2. If 0 < ¢ <1, then M(B)\ Dj_, # {0}.

H>~nNDI

Let us now consider the spaces M(H> N D! -1

—1> ). It is easy to prove the
following result for the case p < q.

Theorem 3. If0 < p < q< oo, then M(H*ND)_|,H*ND;_,)=H>*ND]_,.
Regarding the case 0 < ¢ < p, let us notice that if 2 < ¢ < p then H* NDP_, =

p—1
H*>ND!_,

(1.7) M(H*NDY_;,H*ND!_,

= H°. Hence we have
y=H>, 2<gq<np.
When 0 < g < p and 0 < g < 2 the question is more complicated. It is well

known (see [I7, Theorem 1] and [36]) that, whenever 0 < ¢ < 2, there exists a function
f e H>®\Dj_,. We improve this result in our next theorem.
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Theorem 4. If 0 < g < min{p,2}, then there exists a function f € (H*> ﬂDgfl) \
(H*nDi_,).

The functions constructed in Theorem [l are used in a basic way in the proof of part (a)
of our following result.

Theorem 5.
() If 0<g<1land0<q<p<oothen M(H*ND)_ |, H*ND] ;) ={0}.

(b) If 1 < q<2<p then M(H®ND_;, H* ND!_;) = {0}.

In order to prove part (b), we use strongly [I7, Theorem 1] which asserts that, whenever
0 < g < 2, there exists a function f € H* such that

1
(1.8) / (1 — )7L f/ (re®)|?dr = co, for almost every 6 € R.
0

The case 1 < ¢ < p < 2 of Theorem [B] remains open. However, if the answer to the
following open question were affirmative then it would follow that the space M(H> N
Dg_l, H>*nN Dg—1) would be trivial also for this range of parameters. (See the proof of
Theorem[(b)).

Question 1. Suppose that 0 < g < p < 2. Does there exist a function f € H* N DZ};1
satisfying (L8)?

We end up taking X = BMOA, the space of those functions f € H' whose boundary
values have bounded mean oscillation on the unit circle D as defined by John and
Nirenberg [24]. A lot of information about the space BMOA and can be found in
[4, 16], [I8]. Let us recall here that

H>® C BMOACB, and H® C BMOA C Mo<peoo HP.

We emphasize also that BMOA can be characterized in terms of Carleson measures. If
I C 0D is an interval, |I| will denote the length of I. The Carleson box S(I) is defined
as S(I) = {ret : e €1, 1- % <r < 1}. If pis a positive Borel measure in D, we
shall say that p is a Carleson measure if there exists a positive constant C' such that

w(S(I)) < C|I|, for any interval I C dD.
We have (see, e.g. [I8, Theorem 6. 5]):

A function f € Hol(D) belongs to BMOA if and only if the Borel measure py in D
defined by dus(z) = (1 —|z*)|f'(2)|?> dA(z) is a Carleson measure.

The multipliers of the space BMOA have been characterized in [28] (see also [34] and
[38]). Indeed, we have
(1.9) M(BMOA) = H® 0 BMOA,.
Here, BMOA,q, is the space of those functions g € H! for which there exists a positive
constant C' such that

-2
2
/ (1—|21%)|g (2)|? dA(z) < C|I (1og m) , for any interval I C 9D.
S(I)

Let us mention that BMOA,qg is called LMOA in [34]. Following the terminology of
[38], we have:
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BMOAg is the space of those functions g € H' for which the Borel measure pg in
D defined by duy(z) = (1 — |2|?)|g'(2)|? dA(2) is a 2-logarithmic Carleson measure.

In order to make a proper study of the spaces of multipliers M (D, _; N\BMOA,D]_, N
BMOA), we shall present in sections[f and [f] a series of results concerning the space
BMOA;qg, some of which are of independent interest.

In sectionfl we shall prove directly that BMOAiog C Biog © BMOA and we shall also
find some simple conditions on a function f € Hol(D) which implies its membership to

BMOAus. As a corollary we shall prove the following result about lacunary power series
in BMOAlOg.

Proposition 1. Let f € Hol(D) be given by a lacunary power series, i. ,e., f is of the
form

f(z) =310 arz™ (2 € D) with npy1 > Ang for all k, for a certain A > 1.
If S0 o lak|*(log ng)? < oo, then f € BMOAjpg N H™.

Section[f] deals with random power series of the form
[e ]
fi(z) = Zrn(t)anz”, zeD, 0<t<l1,
n=0

where f(z) = Y07 ja,2" is analytic in D and {r,}52, is the sequence of Rademacher
function (see Section 2]). Among other results, we establish a sharp condition on the
Taylor coefficients a,, of f which implies the almost sure membership of f; in BMOAug.

Theorem 6. (1) If 307, lan|?*(logn)® < oo then for almost every t € [0,1], the
function

fi(z) = Z rn(t)anz", z €D,
n=1

belongs to BMOAj,g N H*.

(ii) Furthermore, (i) is sharp in a very strong sense: Given a decreasing sequence
of positive numbers {5,152, with 6,, — 0, as n — oo, there exists a sequence
of positive numbers {a, 22, with Yo~ a2, (logn)® < oo such that, for almost

every t the function f, defined by fi(z) = > o_ rm(t)anz™ (z € D) does not
belong to Biog.

Now we pass properly to study the multipliers from D) _, N BMOA to D] _; "NBMOA
(0 < p,q < o0).

If A>2 then BMOA C Di‘,l- Hence, trivially, we have
(1.10)
M(D?_, 0 BMOA,D!_, N BMOA) = M(BMOA) = BMOAiog N H®, 2 < p,q< o.

This remains true for other values of p and q.
Theorem 7. If1<g< oo and 0 <p < g < oo, then
M(DZ’;_1 N BMOA,DZ_1 NBMOA) = M(BMOA) = BMOAjos N H™.

When ¢ < p then 0 is the only multiplier from D) ; N BMOA to Dj_, N BMOA,
except in the cases covered by (LI0).
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Theorem 8. If 0 < g <p < oo and q < 2, then
M(DZ_1 N BMOA,DZ_1 NBMOA) = {0}.
To deal with the remaining case, 0 < p < g < 1, we shall use the above mentioned re-

sults about lacunary power series and random power series. Our main results concerning
random power series and multipliers are contained in the following theorem.

Theorem 9. Let {a,}22 be a sequence of complex numbers satisfying

(1.11) Z |lan|?*(logn)? < oo.
n=1
Fort € [0,1] we set
(1.12) fi(z) =) ra(t)anz", z €D,
n=0

where the r,’s are the Rademacher functions. Then, for almost every t € [0,1], the
function f; satisfies the following conditions:

(i) Jy (1 =) (log Tlr)2 (Mo (r, )] dr < oc.
(ii) fi € BMOApg N H>.
(iit) f: € M(Dy_, "BMOA,D}_, " BMOA) whenever 0 <p < q and q > 1.
Furthermore, if 0 < q < % then there exists a sequence {a,} which satisfies (I.11) and
such that f; ¢ Dgfl, for almost every t. Thus, for this sequence {an,} and for almost
every t we have:

(a) fi € M(BMOA).
(b) If 0<p<Xand A>3 then fy € M(D,_, N BMOA,Dy_, N BMOA).
(c) fr ¢ M(Dy_, N BMOA,D;_; N BMOA) whenever 0 < p <q.

We remark that Theorem[d shows that Theorem[l] does not remain true for ¢ < 1/2.

Finally, we turn to consider multipliers in M(D,_, N BMOA,D]_; N BMOA) given
by power series with Hadamard gaps. We will show that whenever 0 < p < ¢ < 1 the
power series with Hadamard gaps in M(D;_; N BMOA,D;_, N BMOA) coincide with
those in 2)371 N BMOAjos and will obtain also the analogue of Theorem[ for lacunary
power series in Theorem[I4l This will give another proof of the impossibility of extending
Theoreml[7] to ¢ < 1/2.

2. PRELIMINARY RESULTS

As usual, a sequence of positive integers {n}32, is said to be lacunar if there exists
A > 1 such that ngy1 > Ang, for all k. Also, by a lacunary power series (also called
power series with Hadamard gaps) we mean a power series of the form

f(z) =312 garz™ (2 € D) with ngyq > Any for all k, for a certain A > 1.

For simplicity, we shall let £ denote the class of all function f € Hol(D) which are given
by a lacunary power series. Several known results on power series with Hadamard gaps
will be repeatedly used along the paper, we collect them in the following statement, (see
(7, T, ).
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Proposition A. Suppose that 0 < p < co, o > —1 and f is an analytic function in D
which is given by a power series with Hadamard gaps,

f(z) =300 garz™ (z € D) with npy1 > Ang, for allk (A >1).

Then:
(i) feD? — Zliio niia71|ak|p < 00, and

Lf = FO)Is Aznk *ag|.

(i) f e H™ if and only if Y p o ar| < oo, and

oo

111 =Y Jal.

k=0
(iti) f € B<= sup, |an| < 00, and

1£1ls = sup |an|.
n

It is also well known that £N H? = £N H? for any p € (0, 00) but
H*NLC H’NL.

In spite of this, for any given lacunary sequence of positive integers {n;}7°; and any
sequence of complex numbers {u}32, € (2, Fournier constructed in [I3] a function
f(z) = X" janz™ € H® with a,, = uy, for all k. Some properties of the bounded
function f which were not stated in [I3] will play an important role in the proof of some
of our results. Due to this fact and for sake the completeness we present a complete
proof of Fournier’s construction pointing out some extra properties of the constructed
function (for simplicity we shall restrict to sequences {ny} satisfying ng41 > 2ny).

Let start fixing some notation. The unit circle 9D will be denoted by T. If g € L!(T)
its Fourier coefficients g(n) are defined by

Y S
—/ g(e®e ™% ds, neZ.
—T

i) = 5-

If ny < ng are integers we shall write |ny,na| for the set of all integers n with ny <
n < ny. Also, for g(z) =Y po, brz® € Hol(D) and ny > ny > 0, we set

ng—1

nl,ngg Z bkz

knl

Proposition 2. Assume that {u}3°, € ¢* and let {ny};2, be a sequence of positive
integers such that ngy1 > 2nyg, for all k. Then, there exists a function ¥ € Hol(D) of

the form
o]
= Z anz", z €D,
n=0
with the following properties:

(i) U e H>.
(i) an, = ug, for all k.
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(iil) If we define Ag = {no} and Ay = |ng — ng—1,nk| for k > 0, we have that the
sets Ay are pairwise disjoint and satisfy Ax, C |nk—1 + 1,ng] for all k > 1.
Furthermore, a, = 0 if n & U2 Ay.

(iv) There is an absolute constant C such that

|Snit 119 || oo < Clurl,  for all k.

Proof. The construction depends on the following equality [13] p.402]

(2.1) la 4 vb|* + |b — va| = (1 + [v|*)(|a]* + |b]?), a,b,v € C.

Let us define inductively the following sequences of functions on T

(22) $o(C) = uoC™, ho(¢) =1, (€T,

and, for k > 0,

(2.3) or(Q) = Pu—1(CQ) +urC™ hi-1(C),  hr(C) = h—1(¢) —urC™ " dr—1(¢), (¢ €T).
Since ng41 > 2ng, it is clear that the sets Ag, £ = 1,2,..., are disjoint and that

A C |ng—1+1,ni] for all k > 1.
We claim that that the sequences {¢} and {hs} satisfy the following properties

k
(2.4) ¢r(n) =0, whenever k>0 and n ¢ U Aj
§=0
. k
(2.5) hi(—n) =0, whenever k> 0andn>1and n ¢ U Aj
j=1
(2.6) &;(n) = &;(n), whenever k£ > j and n < n;,

(2.7) &;(n]) =wuj, wheneverk >j.

It is clear that (Z4) and (23) hold for k¥ = 0,1. Arguing by induction, assume that
@4) and (2.3]) are valid for some value of k € N. Then,

k
(2.8) Bt1(C) = Br(Q) + s ™ h(Q) = Y D k()™ + fr(Q),
Jj=0neA;
where fi({) = ug+1{™+1hi(¢). By the induction hypotheses fk(n) =0if n ¢ Akt
which gives ([2.4) for k+1. The proof of (Z3]) is analogous. Now, (2.6]) follows from (2.3]),
4) and the fact that the sets Ay are disjoint and (2H]). Using again that the sets Ay

are disjoint, (26), 23) and 22), we deduce (27).
We have that
60O + 1ho(¢)I* = 1+ |uo|?,
so if we assume that |¢x(¢)|* + | (0)]? = H?:o(l + |u4]?), bearing in mind (ZI) and
@3), it follows that
kt1

|6+ (OF + [ 1 (1 = (1 uwsr[*) (106 (OF + [he(OF) = T (1 + [y ),

Jj=0
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hence we have proved by induction that

k
6O + (O = [T +w?), ¢eT, k=0,1,2,....
=0
This and the fact that {ug}32, € €% imply that {h;}2, and {¢x}7>, are uniformly
bounded sequences of functions in L°(T). Then, using the Banach-Alaoglu theorem,
23), Z8) and 27), we deduce that a subsequence of {¢x} converges in the weak star
topology of L>(T) to a function ¢ € L>(T) with ¢(n) = 0 for all n < 0, and ¢(ng) = uy
for all k. Then if we set a,, = ¢(n) (n > 0) it follows that the function ¥ defined by

U(z) = Z anz”, z€D,
n=0
is analytic in D and satisfies (i), (ii) and (iii).

Finally, we shall prove (iv). Using(Z.0]) and (2.8), we see that for any ¢ € T, we have

Nk41 Nk41

St 1) = > T = 3 (im du(m)) "
n=ng+1 m=nj+1
= Y G ()¢ = fe(Q) = werr (™ (),
n=ng+1

which, bearing in mind that supy, ||hx|lcc = C < oo, implies
| St 41| oo = lurgr ||kl oo (my < Cluggal-

This finishes the proof. O

Our work will also make use of the Rademacher functions {r,(t)}52, which are are
defined by

1, if 0<t<1/2
ro(t) =< -1, ifl/2<t<1
0, if t=0,1/2,1.

ro(t) =ro(2"t), n=12,....

See, e. g., [41l Chapter V, Vol. I] or [9, Appendix A] for the properties of these functions.
In particular, we shall use Khinchine’s inequality which we state as follows.

Proposition B (Khinchine’s inequality). If {cx}32, € €% then the series Y oo | ckri(t)
converges almost everywhere. Furthermore, for 0 < p < oo there exist positive constants
Ay, By, such that for every sequence {ci}72, € * we have

I~ p/2 1] o p 0 p/2
A, <Z|ck|2> g/o S re(t)| dt < B, (Zm?) .
k=0

k=0 k=0
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3. MULTIPLIERS ON BN D} _,

Proof of Theorem [0 (i) Assume that ¢ € M(BND,_;,BND]_;). From now and
throughout the paper we shall denote by ¢, the Mobius transformation which inter-

changes the origin and a,
a—z

a = 5 e D.
#al2) 1—-az ?

A simple calculation shows that

sup [lallsnps_, < 0.
acD

So, for any a,z € D

(1= l21)lea(2)g(2)] = (1 = [21*)(ga - 9)'(2) = pa(2)g' ()]

< lleagllsnps_, + (1 = 12*)lea(2)g' ()| < 1Ml snpr_,~m:

q—1 ql

(3.1)

) +lglls < oo
Since (1 — |a]?)|¢l (a)| = 1, taking z = a in (B]) we obtain
l9(a)l S Mgl (sap2_, 502y + lglls < oo,

for any a € D. Thus, g € H*®.
Next consider the family of test functions, fy(z) = log 7=, 6 € [0,27). A calcula-
tion shows that {fg}gc[0,2) is uniformly bounded in BN D} »—1- Therefore,

A= sup |gfolls < sup |lgfollsrmps
0€[0,2m) 0€[0,2m)

< [Mgllsrpr_,—BrD2 ) 05[3,12)@ 1 foll sz, < o0,

which implies that
(1= [2)g' (2) fo(2)| = (1 = |21*)|g'(2) fo(2) + 9(2) fo(2) — 9(2) fo(2)]
< A+ (1 - 12P)]g(2) fo(2)]
= A+ |lgllm~ S II.follB

€[0,27)

< oo, forall z€Dand?® € [0,2n).

Finally, given z € D choose e? = ﬁ to deduce that

1
sup |g'(2)|(1 — |z[) log =—— < o0,
zeD 1- |Z|

which together the fact that g € H> gives that g € M(B).

Suppose now that g € M(B) and take f € BN Dp _1- Then fg € B. Using Lemma [I]
and the closed graph theorem, we obtain

/ (F9)'(2)]9(1 — |22 dA(2)
(32 < / F(2)g()]7(1 — |2 dA(z / 10/ ()FEI( — |2 dA(z)
S ol Wy + [ 1762 ~ |=P)rdAG).
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We shall distinguish two cases to deal with the last integral which appears in (3.2). First,
if 1 < ¢ <2, bearing in mind ([2) and the fact that g € Biog, we see that

1
"()|9(1 = |2]2) 7T dA(= _ I(r — )t ar
L1 @I~ P AC) S | e M N0
(3.3) q ' 1 ]
by | i

Sy

On the other hand, if 2 < ¢ < oo, then using that g € Bjos and the well known fact

that
1/2
) , O0<r<l,

My (5. ) < €1l (106

(see, e.g., [8]) we get

1
/ — 1 —
LI R AC) S | e M N0 e
C&4) 1 1
< q
S [ o O <

Joining (3.2) B3) and ([B.4), we see that in any case we have fg € Dy, and, hence,
fg € BND]_,. Thus, we have proved that g € M(BND,_,,BND;,_,) finishing the
proof.

(ii) We borrow ideas from [15, Theorem 12]. We shall distinguish three cases.

Case 1. 2 < q < oo. Assume that g € M(BND;_,,BND]_ ;) and g # 0. By the
proof of [I5, Theorem K] (see also the proofs of [I9, Theorems 1.6 and 1.7]), it follows
that there exists a function f € Dg_l, given by a lacunary power series, with f(0) # 0,
and such that its sequence of ordered zeros {z,} (that is, the z/ s are ordered so that

|21] < |22| < |23]...) satisfies

v 3-1
H — # 0| log N .
n=1 |Zn|

Since f is given by a lacunary power series, by Proposition [Al the sequence of its Taylor
coefficients is in #P. This implies that f € BN Dgfl. If {w,} is the sequence of non-zero
zeros of gf arranged so that |wi| < |ws| < |ws]..., we have that |w,| < |z,]|, for all n,
which gives that

N N 1

1
—— #o|log N
1|wn|

This together with [19, Theorem 1.6] implies that fg ¢ Dgfl. This is a contradiction.
Thus, g = 0.

hence

NI
Q=

=

n
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Case 2. 0 < q <2 < p. The proof is similar to that of the case 1. Suppose that

g#0and g € M(BND,_;,BND]_;). Take vy € (0 ——%). Then, by the proof of

[15, Theorem K] and Proposition [A] there is a function f € BN Dgfl, represented by a
lacunary series, with f(0) # 0 whose sequence of ordered zeros {z,} satisfies

(3.5) H 5 n| £ 0<logN> .

Let {w,}52; be the sequence of ordered non-zero zeros of fg. Since fg € DZ& and
g < 2, it follows that fg € HY? and, hence, {w,}2, satisfies the Blaschke condition
which is equivalent to saying that

1
H—:O(l), as N — oo.
oy [0

This is in contradiction with (B3], because any zero of f is also a zero of fg. Conse-
quently, g = 0.

Case 3. 0 < p < 2. Suppose that g # 0 and g € M(BND,_,,BND;_;). Take

an = = with 0 < & < %f]—gandf( z) = 30° L anz?" . Since Y00 aP < oo and

>y ad, = oo, then by Proposition[Al f € BNDy_,\ D] _,.
Let {ri(t)} be the Rademacher functions and let f;(z) =Y po 7% (t)akZQk. By Propo-
sition [A] (iii)
15 = suplan| = || fells, ¢ € [0,1]

and

0o 2
(3.6) /el = <Z|akl2> (Z Iak|p> = Hftll%”;1 = ||f||%”571, t€l0,1]
k=0

Then for any t € [0, 1], it follows that

B0 [ Naf @I = 2P AG) S Al |+ 15 = 11, | +11fll5 < .

So, by Fubini’s theorem, Khinchine’s inequality and the fact that g € Dg—p we obtain

/ 1 [ lafi@ = oy da)a
/ [ g @i = sy aa e+ / [ 1t @ = 2y da)

s SVl + / 0 [ I 2 )
Sy, + [ 19/ 0~ ) aA()
S Wy, + 10, [ I@I70 = )1 dAC)

< q
S s,

On the other hand, since g # 0, there exists a positive constant C such that M{(r, g) > C,
1/2 < r < 1. Using Fubini’s theorem, Khinchine’s inequality and bearing in mind that
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f' is also given by a power series with Hadamard gaps (thus My (r, f') =< My(r, f')) we

have that
1
/ / g FN(L — [2[?)0 dA(z) e

/|g = et ([ i par) asc)

(3.9) / 19(2)[7(1 — |2 ME(|2], £)dA(2)

>C M(?(T,Q)Mg(ﬁ (=) dr
1/2
1

>C M](r, A =) dr = +o0.
1/2

This is in contradiction with (B.8]). It follows that ¢ =0. O

We remark that the argument used to prove the inclusion M(BND;_,BND;_,) C
M (B) in the proof of Theorem 1 (i) works for any values of p and g, that is we have

MBNDY

b1, BNDI_ ) C M(B), 0<p,q< oo,

We do not have a complete characterization of the space M(BND,_,,BND{_,) in the

case 0 < p < ¢ < 1, however we find a sharp sufficient condition on a function g to lie
in this space of multipliers. We note that Theorem [2]is a byproduct of part (ii) of the
following stronger result.

Proposition 3. Let0<p<¢g<1,a€e (l ) and g € Hol(D). Then,
(i) If g € Bioga N H™, then g € M(BND,_,,BND;_,).

(i1) (Biog N H*)\Di_, # {0}. o

Proof. Part (i) can be proved arguing as in [B.2]) and ([33]), so we omit a detailed proof.
(ii) Assume first that 0 < ¢ < 1. Consider the lacunary power series

SR
L

By Proposition[A] g € H>* \ D]_,. Since limsup
k—o0

kll/q (log Qk)l/q < oo (see [32 p.20])

ge Blog,%'

Let us consider now the case ¢ = 1. The proof in this case is a little bit more involved.

Set
1

k+1
Let ¥ be the H*>-function associated to these sequences via Theorem 2l By [36, Lemma

1.6 (1)),

and np =4 k=0,1,2,....

U =

1

Ul > [[{U(ARY° =S —— =
[Tl 2 {W (4" Feolle kZ:OkH
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Finally, we shall see that U € Bjoe. Bearing in mind, [30, p.113], [27, Lemma3.1] and
Lemma [2 (iv), we deduce

o0

Moo (r, 0') < [T(1)| + D Moo (7, Sy 41m0, ¥)
k=0

o0
SOl + 3 1Smttimg @l et
k=0

o0
SO+ > 418, s1m s, Ulrer™
k=0
k

>~ 4 x
SN+ ="
k=0

Since an standard calculation shows that

vo L g<pcn
F+1 ~(-rlg=’ =7

k=0
this finishes the proof. O

Next we provide a sufficient condition, which involves Carleson measures, on a function
g to lie in this space of multipliers. It turns out to be also necessary if g is given by a
power series with Hadamard gaps.

Theorem 10. Assume that 0 < p < g <1 and let g be an analytic function in D. Let
Ug.q be the Borel measure in D defined by dug q(2) = |g'(2)]%(1 — |2]?)? 1 dA(z).
(a) If g € H*® N Biog and the measure g 4 is a Carleson measure, then g € M (BN
Dy _,BND;_,).
(b) If g is given by a power series with Hadamard gaps, then g € M (BN DZ?DB N
Dg—1) if and only if g € H* N Biog and the measure g 4 is a Carleson measure.

Proof. Suppose that g € H*> N Bjyg and the measure pg4 4 is a Carleson measure. Take
feBnD; ;.
e Using (L6]), we see that g € M (B) and, hence, fg € B.

e Using [36], Theorem 2.1] we deduce that g € M(D?_,) and, then it follows that

p—1
fg e Dg_l.
Since Dy_; N B C D}_; N B, we have that fg € BND]_,. Thus, we have proved that
g€ M(BND,_,BND;_,). This finishes the proof of part (a).

Suppose now that ¢ is given by a power series with Hadamard gaps and g € M (BN

Dy ,BND]_ ;). Then g € D;_,. Now, using Theorem 3.2 of [20], we see that this
implies that pg4 4 is a Carleson measure. [ O

4. MULTIPLIERS ON H* NDy_,

Proof of Theorem[3. Suppose that 0 < p < ¢ < co.

If g € M(H>® N Dg_l,HOO N Dg_l) then, since H>® N D£—1 contains the constant

functions, it follows trivially that g € H>* N Dg_l.
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On the other hand, if g € H* ND]_, and f € H* ND}
We also have

/D“g'f +9f)(@)|" (1= [T d A2)
< [ 16 N@R -2 a4G) + [ o @I - ) A)

S e llglps |+ N9l 1115 A1l < oe.

Thus, gf € Dj_; and, hence, gf € H* N D]

q—1
geM(HOOﬂDg LH*NDE_ ). O

p—1, it is clear that gf € H®°.

Consequently, we have proved that

Proof of Theorem [4.
Let p = min{p, 1} and p* = min{p, 2}. We shall split the proof in two cases.
Case 1: 0 <q < 1. Take a sequence {u}72, € ¢/ \ ¢4 and let f be defined by

o0
z) = ZukZQk, zeD
k=1

Then, using Proposition[A]and the fact that p < 1, we see that f € (Dp 1N H°°) \Dj_,.
Case 2: 1< q < 2. Let us consider a sequence {uy} such that {ug}3°, € #" \ £9 and
let choose ny = 4¥. We claim that the function ® € H* associated to {uy} and {ny}
via Lemma [ satisfies that ® € H*ND)_, \ H*ND]_,.
Arguing as in the proof of [36, Lemma 1.6 (i) | and bearing in mind Lemma [2] (ii), we
deduce
— 4
|(I)||Dq B Z ‘@(’I’Lk)‘
k=0

= [{u}lze = o0,

that is, ® ¢ D _,.
By (@), if p > 2 we are done. On the other hand, if 0 < p < 2 by [19, Theorem 1.1
(ii)], M. Riesz theorem and Lemma [ (iv),

1
||<I>||qD£71 S/O (1= )P~ ME(r, &) dr

S (1820 201 2]]12)"”
k

Il
o

S (ISuprar 1@ )" S B < oo,

NE

~
Il
o

which finishes the proof. [

Proof of Theorem [A(a). Assume that 0 < ¢ < 1, 0 < ¢ < p and that g € M(H>® N
DP . H>®N Dg_l) and g #Z 0. Take

p—1

t\z

SR 9=t

k=1 k

Q=

Then we use the Rademacher functions as in the proof of Case 3 of Theorem[Il(ii) to get

a contradiction. Hence, g = 0.
a
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Proof of Theorem [3(b).  Assume that 1 < ¢ < 2 < p. By [I7, Theorem 1] there is a
function f € H* such that

1
/ (1— r2)q*1|f’(rei9)|qdr =oo for every 0 € B,
0

where B is a subset of [0, 27] whose Lebesgue measure |B| is 2.

Suppose that g € M(H>*ND,_,, H*ND;]_,) and g # 0. Notice that g € H*ND;_,.
Since
(4.1) /D(l =279 () ()7 dA(2) < 1 FlGree 9l s, < 00,
it follows that
“2) [Pt @l aae) < o
D

Since g € H* and g # 0, there is a set A = A(g) C [0, 27| with |A| > 0 and such that
lim,_,;- g(re??) # 0 if @ € A. Then, for every § € AN B there is r9(0) € (0,1) such that

K = inf |g(re’)| > 0. Then
ro<r<l1

1 1
/ (L= 127 g(re®)| | (rei®) | dr > K° / (L= 127 f/(re!®) |7 dr = oo,
0

To

since |[AN B| > 0, this is in contradiction with (£2]). Thus g must be identically 0. This
finishes the proof. [

5. SOME BASIC RESULTS ON THE SPACE BMO A,

We shall start this section by proving some embedding relations between BM O A,
Biog and BMOA. With this aim, we recall that g € BMOA,q, if and only if

log’ 1f\a\ ()2 2

sup 19" (2)[7(1 = |2]7) dA(2) < oo,
aep 1—lal Js)

where S(a) is the Carleson box associated to the interval

1 — |a|
2

Ia{eitE'IF: larg(ae™"")| < },aED\{O}, Iy =T.

Proposition 4. If 1 > 3 > %, then BMO Aoy € Biog  Blog,s € BMOA.

Proof. First, we prove that BMOA\sg C Biog. Take f € BMOAjyg. Let a € D and
assume without loss of generality that |a| > 1. Set a* = %ei arga go that the disc
D (a, 1_2|a|) of center a and radius 1_2"1‘ is contained in the Carleson box S(a*). This
inclusion together with the subharmonicity of | f/|? and the fact that (1 —|z|) < (1 — |a])
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for z€ D ( ‘a‘) gives

log 2 2(1flal)2|f’(a)l2§ o8 1257 ) o, -gey ()2 dA(2)
(108 27 (toe 27)
log1 ‘a‘

i fD ey (1= 221/ (2) P dA(z)

~
~

(10g11‘(\;:*|\) fD g W 1—|z| |f’(z)|2dA(z)

< lostn) R dAG),

5o f € Biog-

Now, let us see that the inclusion is strict. We borrow ideas from [31, Proposition 5.1
(D)]. Assume on the contrary to the assertion that BMOAios = Biog. By [22, Theorem
1] (see also [1]) there are g1, g2 € Biog such that

B L
(1~ [2I) log .27

191(2)] + 19a(2) zeD.

Then, for any a € D
! 2
/S(a) (1 —|2]) log” 12 ( )N/S(a)ﬂg () +195(2))” (1 = |2]%) dA(z)
< [ R ERaAG) + [ 1R - R A

(1 —al)
2 2
log =[a]

<

)

so bearing in mind that

1 1-
/ o dA(z) = L)
s(a) (1= |2])log” 1= log =15

and letting |a| — 17, we obtain a contradiction.
Assume now that 8 € (%,1). Then it is clear that Biog & Biog,s. Furthermore,

ok
f(2) = 37021 55 € Biog,s \ Biog (see [32, p. 20])

The inclusion Biog, s & BMOA, for 8 > %, follows easily using the characterization
of BMOA in terms of Carleson measures (see [I4, p.669]). Finally, we observe that

f(z) =log &= € BMOA\ Biog,p for any 3 > 0. This concludes the proof. O

Next we find a simple sufficient condition for the membership a a function f € Hol(D)
in the space BMOA|qg.

Proposition 5. Let f be an analytic function in D. If

(5.1) /01(1 —7) (10g - i

then f € BMOAg.

T)2 [Moo(r, f1)]) dr < oo
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Proof. Suppose that f satisfies (5.]) Let I be an interval in T of length h, say I = {e® :
Op <t < 8o+ h}. Then

Bt i) @ = P )R dAGz) = CBEE [ oy ity ar
< (log 2)° [, (1= 1) [Mao(r, £ dr < ff_h(l = 1) Moo, )7 (108 1%) dr

< fol(l — 1) [Mso(r, f’)]2 (log 1ET)2 dr.

O

Now we turn to the question of finding conditions on the Taylor coefficients of a function
f € Hol(D) enough to assert that f € BMOA,s. We shall need two lemmas. The first
one estimates an integral which may be viewed as a generalization of the classical beta
function (compare with Lemma 2 of [10]) and we omit its proof.

Lemma 2. Whenever m =1,2,3,... and o > 0, we have

1 a
1 1 «
(5.2) /0 (1 —z)™ (log = z) der = (;)iﬂ ,  asn — oo.

Lemma 3. Suppose that o > 0 and let g be an analytic function inD, g(z) = > 7 a,z"
(z € D). The following two conditions are equivalent:

() Jy(1= )9 () (log 257) " dA(2) < oo
(i) >o02 lanl*[logn]® < 0o
Proof. We have
Jp(1— 1212)]g" (2)|? (log 1f‘z‘)a dA(z) < fol r(1 —r)Ma(r, g')? (1og %M)a dr
= Y lanf? fy (L= (log ) dr

Now, using Lemmal2] with m = 1 we see that fol(l —r)r?n-t (log

1|

2
Then it follows that [, (1— |2|2)]¢(2)|? (log 1_2\2\) dA(z) = Y2 Jan|*log(n+1)]*. O

We close this section proving Proposition[Il
Proof of Proposition[dl. Suppose that Y7~ |ax|*(log ny)® < co and

f(z) =302 garz™ (2 € D) with ngyq > Any for all k, and A > 1.

Using the Cauchy-Schwarz inequality and the fact that Y5 %" < log 2= (because
the function h given by h(z) = 22"* is a Bloch function), we see that

0o i\ 2
[rMoo(r, f1)]? < (32020 law|r™)
< (i mhlas ) (7o) 5 (log 125 ) Si s v
Then, using Lemmall with m = 1 and a = 3, we obtain
1 2 1 3 o
Jo(1=r1) (log ﬁr) (Moo (r, [ dr S [y (1 =7) (log ﬁ) (S0 o n2lag|>r2mx) dr

3
= o ntlaxl® fy et =) (log ) dr S 5 Jaxl? (logme)® < oc.
Then PropositionBlimplies that f € BMOAjqg.
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To see that f € H* observe that A* < ny and |ax|? < (logng) 3. Then it follows that
lag| = O (k=3/2), as k — oo and the result follows. O

6. RANDOM POWER SERIES

In this section we shall consider random power series analytic in D of the form
o0

g €nanz"

n=0

where the €,’s are random signs. More precisely, if f € Hol(D), f(z) = > oo qanz"
(z € D), we set

fi(z) = Zrn(t)anz”, 0<t<l1l, =zeD,
n=0

where the r,,’s are the Rademacher functions. Each function f; is analytic in D. Little-

wood [25] (see also [9, Appendix A]) proved that if > |a,|? < co then f; € No<pecoc HP

almost surely (a.s.), that is, for almost every ¢t. On the other hand, the condition

>0 o lan|* = oo implies that for almost every ¢, f; has a radial limit almost nowhere.
Paley and Zygmund [29] gave an example of an f with

(6.1) Z|an|210gn< 00
n=1
such that f; ¢ H> for every t.

Anderson, Clunie and Pommerenke [2] used a result of Salem and Zygmund [33] on
the behaviour of the maxima of the partial sums of random trigonometric series to prove
that (GI) implies that f; € B a.s. and that this condition is best possible. Later on,
Sledd [35] used also the Salem and Zygmund theorem to show that (E]) actually implies
that f; € BMOA a.s.

Duren proved in [I0] the following result.

Theorem A. If 0 < 3 <1 and Y o7, |as|*(logn)® < oo, then for almost every t €
[0,1], the function

fi(z) = Z rn(t)anz™, 2z €D,

n=1

satisfies

(6.2) /01(1 ) (1og : ! T)B_l (Mo (r, f1)]2 dr < .

Using this, Duren gave in [I0] a new proof of Sledd’s theorem. Next we prove an
analogue of Duren’s theorem for § = 3. This will allow us to obtain the analogue of
Sledd’s theorem for BMOAjqg.

Theorem 11. If > 77 |an|*(logn)? < oo then for almost every t € 0,1], the function

fi(z) = Z rn(t)anz", z €D,
n=1
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satisfies

(6.3) /01(1 1) <10g =

Another result of [33] implies that the condition Y07, |a,|*[logn]? < oo for some
B > 1, implies for almost every ¢, f; has a continuous extension to the closed unit disc.
Using this, Propositionl and Theorem[IT]we obtain the first part of Theorem[Gl Part (ii)
of this theorem can be proved arguing as in section 3.4 of [2], and we omit the proof.

The proof of Theorem[ITlfollows the lines of that of Theorem[Alin [10]. We shall use the
result of Salem and Zygmund already mentioned (Lemma 1 of [I0]), Hilbert’s inequality
(Lemma 2 of [10]) and Lemma[2 with m = 3 and a = 2.

Proof of Theorem 11l Set

) (Mo (r, /1) dr < oo.

o0
= Zk2|ak|2, n=12,...,
k=1

and Y(r) = (1 —r) > .2, Bpy/lognr™ (0 < r < 1). Just as in p. 84 of [10], we have
(6.4) Ifi'(2)] < C¥(r), |zl=r, 0<r<1, almost surely.

logz

Using Lemmal2l the simple fact that 2535 decreases as x increases in [e2/3

,00), and
Hilbert’s inequality, we deduce

[ - (e

1(1 — )3 (log

) werar

)

ZB v lognB,; Vlog/ (1 — )3 <1og

ZB@T}

)
S—

L

2
>d7’

n=1j=1
> o~ Bpv/1Io nBj+/log j .
(*) <y s 5 llog(n + )12
n=1j=1 (n+‘7)
< ii 1 B,[logn]*/? Bjllog j]*/?
> = n+j n3/2 3/2
= 2[1ogn]3
5;|Bn| o
Now
1ogn log‘n]
(**) Z|B 2= Z
n=1k=1

:Zkz2 rl? Z Zak| [log k]?
k=1

Then (64), (*) and (**) imply that (3] holds for almost every ¢, finishing the proof.
(]
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7. MULTIPLIERS ON Dy _; N BMOA

In this section we shall prove our results concerning multipliers from Df;l N BMOA
to Di_; N BMOA. Let start with the following result.
Theorem 12. For any p,q with 0 < p,q < co we have
M(D;_, "BMOA, D} | " BMOA) C BMOAj,g N H* = M(BMOA).
Proof. The proof uses arguments similar to those in that of Theorem[Il(i) and, hence, we
shall omit some details.

Using that the family {¢, : @ € D} is bounded in D3_; N BMOA for all A > 0, we
deduce that

M(D;_,NBMOA,D]_, N BMOA) C H*, 0<p,q<oo.

Suppose now that 0 < p,q < oo and g € M(D,_; N BMOA,D}_; N BMOA). Let us
use the test functions f, (a € D) defined by

1
a =1 , D.
fa(2) 08T z €

It is easy to see that the family {f, : a € D} is also bounded D3_;, N BMOA for all
A > 0. On the other hand, there exists an absolute constant C' > 0 such that for any arc
I coD

< ful2)] < Clog =

log |I|’

ze S(I),

where a = (1 — |2—€T|)§ with £ the center of I.
Then we have
log2 2
RS (= RGP AAR) € G [y (1= )1 fal2) Pl ()2 dA(:)
S @ MH%g(WM )+ L o (L= P4 Plo() dAG:)
Since g € M(Dy_; N BMOA, D] _; N BMOA), the family {f.g : a € D} is bounded
in BMOA and hence supl%fsm(l — 1212)(fa9)'(2)]> dA(2) < oco. Also, using that

g € H* and that the family {f, : a € D} is bounded in BMOA, we deduce that
sup; % fS(I)(l —2)If2(2)|?g(2)|? dA(z) < oo. Consequently, we have that

1og2 %

o /sm(l_'Z' g’ (2)]" dA(z) < eo,

sup

that is, g € BMOAjes. O

Proof of Theorem[7 Suppose that 1 < ¢ < co and 0 < p < g < co. In view of Theo-
rem([I2, we only have to prove that M(BMOA) C M(D,_, N BMOA,D}_, N BMOA).

Take g € M(BMOA) and f € BMOAND,_,. Then, clearly, fg € BMOA. Using
Lemma [ and the closed graph theorem, we obtain

/lm 91— |2[2)0 1 dA(z)
(7.1) sméJf<znxznq — 2Py ldA( t/|g — 2t dA(z)
smmmW%;mmmA+Auwwwwu—v%wwma
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Now, Propositiond] implies that g € Biog. Also, since BMOA C HY?, we have that
f € H1. Then we see that the last integral in (Z1]) is finite as in the proof of (3.3]). Thus,
we have proved that g € M(D,_; N BMOA,D]_; N BMOA) finishing the proof. [J

Proof of Theorem [8.  Suppose that 0 < ¢ < p < 00, ¢ < 2 and g € M(’Dg_1 N
BMOA,D]_; N BMOA) with g # 0. Take a,, = L (n=1,2,...) with

(1 1) 1
max (=, — | <A< -
2'p q

and set f(z) = 307 an,2?" (2 € D). We have that f € Dy N BMOA\D]_;. Then

we use the Rademacher functions as in the proof of Case3 of Theorem[Il(ii) to get a
contradiction. Hence, g = 0. O

Now we turn to prove Theorem [ Let us notice that (i) follows from Theorem[IT] and
(ii) from Theorem[@(i). To prove (iii) we shall use the following lemma.

Lemma 4. Suppose that 0 < ¢ < 2 and o > 0. Let f be an analytic function in D of the
form f(z) =307 yanz™ (z € D), with Y,7  |an|*[logn]® < co. If f € BMOAjgg N H*®
then

feM(D,_,NBMOA,D] " BMOA), whenever 0 <p<gq and % > 1.

For 0 < ¢ < 1, (iii) of Theorem [ follows using (ii) and the lemma with o = 3, while,
for 1 < g < o0, it follows from Theorem [7

Proof of Lemmal[jl Suppose that f is in the conditions of the lemma and that 0 < p <g¢
and Qq—fq > 1.

Take h € Dy _; N BMOA. Since BMOAjo,g N H* = M(BMOA), it follows that
fhe BMOA.

We have also

Jo(L =107 H(fR) (2)|* dA(2)
S Jp@ = 12D @R (2)]7 dA(2) + Jo(1 = 2D (2)]7]h(2)] dA(2)
=1+ Is.
The first summand I, is finite because f € H* and h € Dy _;NBMOA C D} _,NBMOA.

Let us estimate the second one I5. Using Holder’s inequality with the exponents % and

QL, we obtain
—q

I = [(1L= 27 f(2)|h(2)]7 dA(2)

= o 17N = )72 (log 5) T (log ) IR(2)I91 — J2])E L aA(z)
(2-9)/q

@ q/2 %
oo onrie) s [

Using Lemmalf3], it follows that the first integral in the last product is finite. Now, notice
that f € H for all A < oo to deduce

b= 2q 1
/ (=)™ aG) < 15175, [ S
D (10g 1_6|Z|) (1 -z fEmeJo (log 13) (1—-7)
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and this integral is finite because 5 > 1. Thus I < co. Then we have that fh € D,
and, hence, fh € DZ_1 N BMOA. Consequently, we have proved that f € M(Dg_1 N

BMOA,D!_, n BMOA). O
To finish the proof of Theorem [@take ¢ € (0,1/2) and let {a,} be defined as follows:
age = (k+1)"Y1 k=0,1,...

and a,, = 0, if n is not a power of 2. Set

o0 o0
f(z)= Zanz" = Z(k +1)7 Y2 s eD.
n=0 k=0
It is clear that {a,} satisfies (LII). Furthermore, for almost every ¢, f; is given by a
lacunary power series, fi(z) = Z;O:O 7ron () agk z2k, which does not belong to DZ_1 because

Yoo lage]? = oco.

Now turn to consider multipliers in M(D,_;NBMOA, D]_; NBMOA) given by power
series with Hadamard gaps. First we show that whenever 0 < p < ¢ < 1 the power
series with Hadamard gaps in M(D,_; N BMOA,D]_; N BMOA) coincide with those
in DI_; N BMO Ay,

Theorem 13. Suppose that 0 < p < q <1 and let g be an analytic function in D given
by a power series with Hadamard gaps. Then the following conditions are equivalent:
(a) g€ 1\4(295_1 NBMOA, DZ_1 NBMOA).
(b) g€ Dgﬂ NBMOA.

Proof. Since D} _; N BMOA contains the constants functions, it is clear that M (D}_, N
BMOA, 73271 NBMOA) C ng and the inclusion
M(Dp_, N BMOA,D]_; N BMOA) C BMOA\ follows from Theorem[I2 Hence, the
implication (a) = (b) holds.

Let us prove next the other implication. So take g € Dg_l N BMOAxs N L,

9(2) = Y peparz™ (z € D) with ngi1 > Any, for all k, for a certain A > 1.

We have 77  Jag|? < oo which, since ¢ < 1, implies that Y 7°  |ag| < oo. Thus g € H>®.
Then g € BMOAj,s N H>® = M(BMOA).
Take f € Dg_l N BMOA. Since g € M(BMOA), we have that gf € BMOA. Now,

Jol(gf) ()11 = [2[*) 71 dA(2)
S Ipla@f ()71 = |22)17 1 dA(2) + [ |f(2)19]9" (2)1(1 = [2*)9" dA(2)
=1 + I

The first summand I; is finite because g € H> and f € Dj_,.

Let us estimate the second one. Using Theorem 3.2 of [20] we see that the measure
Hg.q in D defined by dpg 4(2) = (1—|2]*)971¢'(2)|? dA(2) is a Carleson measure and (see,
e.g., 37, Theorem1] or [36l Theorem 2.1]) this implies that pg 4 is a Carleson measure
for Dgfl, that is, D371 C L(dpg,q). Hence f € L9(dpug,q) which is equivalent to saying
that Iy < oo. Hence, gf € Dj_;.

So, we have proved that gf € Di_; N BMOA for any f € D) ; N BMOA, that is,
g€ M(D"_, N BMOA,D!_, N BMOA). [

Finally, we obtain also the analogue of Theorem[ for lacunary power series.
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Theorem 14. Let f € Hol(D) be given by a lacunary power series, of the form
f(z) =31 garz™ (z € D) with ngy1 > Any for all k, for a certain A > 1,

and suppose that the sequence of coefficients {a}3, satisfies
o0

(7.2) Z lax|?(log ng)® < oo.
k=1

Then the function f satisfies the following conditions:

(i) f e M(BMOA)

(i) f € M(D;_, N BMOA,D;_, " BMOA) whenever 0 < p < q and q > z

Furthermore, if 0 < g < % then there exists a sequence {ax} which satisfies (7.2) and

such that f ¢ Dgfl. Thus for this sequence {ar} the function f satisfies:

(a) f € M(BMOA).

(b) If 0<p < Xand X\ >1/2 then f € M(D}_, NBMOA,D}_,) whenever 0 < p <

A
(c) f¢ M(D)_,NnBMOA,D]_; N BMOA) whenever 0 < p <gq.

Proof. Part (i) follows from Proposition[ll Part (ii) follows from Theorem [7 for ¢ > 1
and from Lemmald] (with o = 3) whenever 0 < ¢ < 1.

Now, if 0 < g < % take
ar=k~Y1 k=1,2,...

and
flz)= Zakz2k, zeD.
k=1
Clearly,

oo oo
Z lax|*k® < 00, and Z lax|? = oo.
k=1 k=1

Then f satisfies conditions (a), (b) and (c¢) of Theorem[Idl O

As we mentioned in Section [, Theorem[I4] also shows that Theorem[7] does not remain
true for ¢ < 1/2.
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