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Simultaneous Blochv and Josephson Oscillations, and Resistance Quantizations in Small

Superconducting Double Junctions

K. K. LIKHAREV and A. B. ZORIN

Department of Physics, Moscow State University, Moscow 119899 GSP, U.S.S.R.

A structure comprising three superconducting electrodes separated with two small Josephson junctions

has been analyzed. It has been assumed that a dc voltage V
is fed to its middle electrode. The analysis has proved that

of the structure, and a dc current

is applied to the external electrodes

the supercurrent flowing through the structure should oscillate simultaneously with the Josephson

frequency f
oscillations leads to quantization the ratio R =

1. INTRODUCTION

Recently, it was predicted theoretically [1]and
confirmed experimentally [2] that extremely small
Josephson Jjunctions exhibit a behavior quantum-
mechanically dual to the usual Josephson effect. _
In particular, the junction fed by a dc current I
generates coherent "Bloch" oscillations with the
frequency fp = I/2e rather than the usual Joseph-
son oscillations with frequency fj7 = (2¢/h)V. A
natural question arises, whether the two types of
oscillations can coexist. The answer is presumably
no if a single junction is considered . We will
show, however, that even a slight modification of
the system leads to a coexistence of the Bloch and
Josephson oscillations. Moreover, interaction of
the two processes results in a gualitatively new
dynamics, in particular, in quantization of the
voltage/current ratio.

2. SYSTEM AND MODEL

Let us consider a structure [3] of three super-
coducting electrodes connected by two Josephson
junctions with very small capacitances and conduc-
tances (for experimental estimates see ref.1)

2 -1 .
C1,2 < e /2kBT . G1,2 << RQ N (1)
where R, = h/(2e)? is the quantum unit of resis-
tance. Let a voltage source fix a dc voltage Vo

across the external electrodes while the dc curr—
ent source I, with a nonvanishing internal cond-
uctance G,

G, << @ << R. (2)

1,2 Q’
feeds a current I into the middle electrode
(Fig.1).

Neglecting the intrinsic junction damping one
can present the Hamiltonian of the system in the
form similar to that of ref.3

C C

2 1
H=H -V Q= + Q,5)
o o 1C+ 2C+
- _ : (3)
(]/1/2e)(Io IX) oy * HX .
Q2
H = 5@: - E, cos ¢, = Eycos ¢, , ()
Q = Q7 - Q1 , C, = 01 + 02 (5)
where Q; and Qp are charges passed through the
junctlons 1 and 2 respectively; E, and Ej

1

= 2eV/h and the Bloch frequency fg

I/2e . Mutual phase locking of these

V/I in units RQ h/(2e)2
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Fig. 1. The equivalent circuit of the system com-
prising the double junction, the dc voltage
source, and the dc current source with internal
conductance G,

(we will assume E, < E,), the Josephson coupling
energy amplitudes; ¢4 and 4o, the Josephson pha-
se drops across the Junctions, H,, the Hamilto-
nian of the shunting conductance G which plays
the role of environment, and IX, the operator of
current through the conductance” G providing the
environment-subsystem coupling via the variable
Earlier, it was shown [3] that in the particular
case V_ =0, I, =0 the supercurrent Ig flowing
through the double junction is a 2m -periodic fun-
ction of the total Josephson phase difference ¢
= ¢4 + ¢p and a 2e-periodic function of the elec-
trlc charge been injected into the middle electro-
de. It was also supposed that at Vo # 0, I, # 0
the Josephson and Bloch oscillations will coexist
and interact in the system. Here we will analyze
this interaction quantitatively.

3. BASIC EQUATION

As the summary phase
led by Vg,

¢y is directly control-

t
¢o(t) = (2e/H) [ ]Odt' = 2nﬁﬁjt + ¢O(O) (8)

this variable can be considered as. a classical one.
On the contrary, the combination $=(¢p-¢1)/2

should be considered as operator, so that Hy can
be presented as

H =

. 7%: - E;(®) cos[6+x(D)] D)
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Fig, 2.
and two values of Io; I

(b) blowup of the main resistance step (m=n=1)
with
[¢ s Q] = 2ei ,
where

E,cos 6 (0] Y%, (®

T2, 2
E;(t) = [E] + E, + 2E,

o
x(t) = Arctan (b tan 5 ), b-(E2 El)/(E1+E2). (9)

The Hamiltonian (7) is similar to that of a single
Josephson junction. Its time-dependent eigenfunc-—
tions V¥E8(¢,t) can be derived from the usual Bloch
wave functions wg(cb) [1] as

. T
‘lfz(q),t) =Yg ox(®] el /g, tat'}, o
0

where q 1is the quasicharge; s, the energy band
number; and ES(q,t), the s-band dispersion curve
whose time dependence is provoked by time variati-~
on of Er (8). At low temperature and weak dam-
ping (1) the system is confined in the lower all-
owed energy band: s = 0. Proceeding just as in
ref, 1 one can obtain in the limit o= GRy<< 1
the basic equation for quasicharge gq

El =1, where
o (11D
- _ % _ ~8E(g,t) o o
I IO I1-G 5q + G%()( ’leJ),

where T is the noise-current term obeying the
Callen-Welton theorem, We see that Eq.(11) de-
scribes in the system both the Bloch oscillations
with frequency fB = I/2e and the Josephson os~
cillations with “frequency fj = 2eV /h.

4. RESULTS AND DISCUSSION

We have carried out numerical calculation of I
using Eq.(11} in the limit Ej << Ey = e2/{20),
The result is presented in Fig.2 where I is
ploted as a function of Vy. One can see a set
of sloped steps pointing out a phase locking of
the two types of oscillations which occur at
mez an , l.eo,

VO/I = (m/n) RQ .
Such quantization of a voltage/current ratio is
similar to that taking place at the quantum Hall

(12)
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I,= 12},

(b)
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The average current 1 flowing into the middle electrode as a function of Vo for o=0.1
= eG/C, is the threshold current 1 ;
vicinity for two values of b.

(a) general view for b = 0.1

effect (see, e.g., ref.4 ) and can also be used
in quantum metrology for development of the fun-
damental standard of resistance.

In our calculations we have neglected the noise
term I . In the limit (1) this noise would pro-
vide only weak rounding of the edges of the resis-
tance steps, with an exponentially small influ-
ence upon the fundamental relation (12) at the
middle of the steps.

To summarize, we have shown that the coexisten-—
ce of the Bloch and Josephson oscillations and the
resistance quantization suggested in ref. 3 shoulc
really take place in the system under analysis.
Note, however, that according to Eq.(11) the
resistance step magnitudes are relatively small
( AI/Ty v o) within the limit o0 when this
equation is valid. One needs to use more elaborate
techniques (see, e.g., refs.5 and 6) to analyze
the general case o vl.
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