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T hi s pa per cont ain s a com ple te li s tin g of isotrop ic Cart es ia n tc nso rs of ran ks up to e ig ht with the ir 

associa ted red uc tio n e q uat io ns fo r o bt ai ning linea rl y ind epe nde nt se ts whe ne ve r th e red uc ti on is ca ll ed fo r . 

In pa rti cul a r . th e li s tin g is co mp il ed onl y fo r isot ro pic ten sors assoc ia ted with t he ro ta t ion gro up 0 +(3) of th e 

th ree ·dim e n s iona l und er lyin g vec to r Sl)ace. Based o n a n id e ntit y o rigi nal ly due to Ca pelli ( 1887) , red uc tion 

equ atio ns fo r te nso rs o f odd ra nk s beginn ing a t rank fiv e a nd e ve n ra nks beginning a t ra nk e ig ht a re s how n 

to b e nont rivia l. S ign if ic ance of the co mput a ti ona l re s ult in both pure and a pplie d mathe matics is d iscu ssed . 

Key word s: Alge bra : a lt e rn a tin g t e nso r; Ca rt es ia n te nsor : C a pe lli 's id e ntit y; gro up re prese nt a ti o n : in varia nt : 

isutro pi c te n sor: Kron ec kt-'r de lt a : or! hogo ll a l ~rou p: te nso r. 

1. Introduction 

With res pect to some of th e most importa nt groups of line ar tra nsform a tio ns, W e yl [1]1 has 
written a definitiv e trea ti se on th e alge braic proble m of decompos ing a space of tensors of a 
given rank into its irreduc ible invariant subspaces . In the course of proving hi s main results , 

-1.\1 .\ ,\II i1, .·. I ( / /I ,\ ,I I /i, 1111 <1 11 1:) ", 72 
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Fi~ lJ rt ·" in "r;lC'k t' l ~ judi"a l l"' Ih ,. lil era lllrt' r t" ft,rt-' ti l' (-' s a t ttw (·nd "f thi .. p a ~)f>r. 
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Weyl employed a powerful formal instrume nt known as Capelli's identity [1 , p. 39]. Based on a 

theorem proved by Weyl [1 , pp. 53-56], and by applying a special form of Capelli's ide ntity, we 
first demonstrate a nontrivial problem. The problem is that of cons tructing explicit linearly 
independent sets of isotropic Cartesian tensors of odd ranks beginning at five and e ve n ranks 
beginning at eight. Our algebraic results including all reduc tion equations are then given in full. 
An application of some of these results in mechanics of deformable media is described in a 
companion paper [2] . 

2. Statement of the Problem 

To facilitat e our application in mechanics, we adopt the three-dime n sional Euclid ean space 
as the underlying vec tor space in Cartesian coordinates. With respec t to a fix ed set of base 

vectors, each Cartesian te nsor of rank n has 3/1 real co mponent s denoted by Tij ... (1/ times), each 
s ubscript varying from 1 to 3. Let A = [a ij ] be a rotation matrix satisfying the co nditions 
ATA= 1 and det A=+ 1. A Cartesian tensor of rank n, with respect to the three-dimensional 
prope r orthogonal group 0 + (3), satisfi es by definition the following trans formation law: 

(new) (old) 

T jmq .. ( n times) T;kp .. ( 0 l;me8) a;j a km a pq" .(n times), (2.1) 

where repeated indices de note summation according to the usual conve ntion with eac h index 
ranging from 1 to 3, and the a's are based on the rotation matrix with which new base vectors 
are expressed in te rms of the old ones. 

Within the context of this paper, we define a Cartesian tensor of rank n as isotropic if it 
satisfies the additional requirement that all components of the tensor re main constant for 
arbitrary rotations of the coordinate axes_ 2 It is not difficult to show that there is no iso tropic 
Cartesian tensor of rank 1; all isotropic Cartesian tensors of rank 2 are in the form of 'A 8 ;j, 'A 

being an arbitrary scalar; and all isotropic Cartesian te nsors of rank 3 are scalar multiples of the 
alternating tensor E ;jk which equals + 1, 0, - 1 for cyclic, acyclic, anti-cyclic pe rmutations of the 
three indices i, j , k. 3 As proved in Weyl [1 , pp. 53-56], every isotropic Cartesian tenso r of even 
rank is expressible as a linear combination of products of the Kronecke r deltas, 8 ;j' 8 km ' etc ., 4 

and every isotropic Cartesian tensor of odd rank is given by a linea r combination of terms 
formed of prod ucts of an appropriate number of Kronec ke r deltas with an alternating t e nsor. 
Such products of Kronecker deltas with or without the alternating tensor E;jk will be re fe rred to 
as fundamental isotropic Cartesian tensors (abbrev. FICT). For every rank n > 1, the total 
number N(n) of FICT's can be calculated from the following formulas: 

For n e ve n, N(n) 
n 

G) 2 0 / 2 

N(n) 
n! 

3 (n;3) ! 2( n- 3)/2 

For n odd , 

2.\1an y wril~rs prf" £f"T to U !'i f" Iht' It-'rm " Iwmitrl)p i(''' or "gY Totropi C''' for ! " n SO TS in va riant undt· r rol a t ions of thl' prupf'T ()rlliogol1ai group . 

3St'f". t-'.g . • Jt· f(rf' Ys l :~, "~p o &6.6Hj . 

4Thf' sa mt-' Tt-' S U It f or ,'ye n rank (t-'nSOT S was givf'n appare ntl y fir s t hy Fra nklin [4] in 192:\. 

50 

(2.2) 

(2.3) 



EXf't'pt for /I = 2,.),4, and 6, Racah [5] showed that N(n) in ge nera l exceed s M (n), the total 
numbe r of linea rly ind e pe nde nt FI CT's. Us ing th e th eo r y of group representation of th e three­
dim e nsional rotation group, 0+(3) , he d e riv e d an exp li c it form ula for th e number M(n) as 

follow s: 

[ ,,;1 1 

M (n) = 1,~JG~)-~(2k~ 1)](~} (2.4) 

The following table shows tha t for odd ra nk s beginning at 5 and e ve n ranks beginning a t 8, the re 
exist linea r co mbina tion s among FICT's which a re ide nti ca lly ze ro: 

T .\ I!I .f: I . 

Ran k II 2 3 4 5 6 7 8 9 10 II 

N umber of 

Dis tinct F ICT' s 
N(II) I I 3 10 15 105 lOS 1.260 945 17.325 

N uml wr of l.inea rl y 

Ind epend e nt Fl c r"s 
M(II) I I 3 6 15 36 91 232 60:3 1.511S 

The problem now is to find th ese linear co mbina tio ns, kn ow n as red uc ti on e quations, fo r 
rank s 5, 7, and 8, for use in expli c it ap plica tions suc h as those described in [2]. 

3. Capelli's Identity 

To obt a in th e reduct io n equa ti ons for isotrop ic tenso rs of odd rank s beginnin g a t fi ve a nd 
even ra nk s beginning a t e ight , we rely on spec ial cases of a pow e rful form a l in s trum e nt kn ow n 
as Cape lli 's id e ntity. s In partic ular , we need on ly to app ly the following two id en titi es: 

I) ip I) iq I)i' 

o jp o jq OJ, EjjkEpqro (3.1) 

o tp I) tq 0.,. 

I) ip I) iq 0 ;,- ° i, 

I) jp o jq OJ, OJ, 

= 0 . (3.2) 
I) tp o t q I) k, 0", 

I) mp I) mq Om, Om, 

5 
"t>yl [1. pp . :W·4 71 intrmIU('t"d C:qwlli' !' idf'ntit )' 10 prov(" a fundallH'lItal t lwort'm un orthogonal LIl"ariant ;;. II. p . S:q . For our pllrp,, ;;.t"~ hf'Tf' , Wf'~ r ... f'q u ali"l1 

(C). I ) in ll. p . S.11 l'ouHil"f'!'\ as thl' ha si~ for (, tHllpu t a tion . 
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Ide ntit y (3 .1) can be ve rified direc tly by ex pa nding the 3 X 3 d e te rminant. Ide ntity (3.2) follows 
from the fact that the re are only three possible values of the indices in a three·dime nsional 
space, and since the re are four columns on the left hand side, th e indices of at least two 
columns mu s t be equal. 6 He nce the d e te rminant on the left of (3.2) mu s t vanish. In light of (3. 1), 
consider the d e t e rmina~t of (3.2) e xpande d in th e minors of the fir s t column : 

E qro (8 ip E jkm - 8 jp E ikm + 8 kp E ijm - 8 mp E ijk ) = O. (3.3) 

Since th e firs t factor of thi s equation does not vanish ide ntically , the linear combination of the 
following four isotropic tensors of rank fiv e mus t: 

(3.4) 

Equation (3.4) can b e c harac terized by the inde x p, whic h is dis tinguished by occurring in each 
of the four Kron ec ke r d e ltas. One ca n write down a to tal of five such equ ations, each 
charac te rized by one of the indices i , j , k, m, p. A glance at table 1 in the las t section , howe ver, 
reveals that for rank fiv e, s ix out of te n di s tinc t FICT's are required to form a linearly 
indepe nde nt se t. He nce one of those fiv e equations based on (3.4) mus t be d e pe nden t. In section 
4, we s how how a line arly indepe ndent set of isotropic tenso rs of rank fiv e can eas ily be 
obtained by us ing (3.4) . A s imilar technique will be used in sec tion 5 for rank 7 tensors , and in 
section 6 for rank 8 te nsors. A vani s hing linear combination such as eq (3 .4) is usuall y re fe rred 
to as a " null isotropic te nsor." 

4. Isotropic Tensors of Ranks 2, 3, 4, 5, and 6 

For co mple te ness, we lis t he re di stinct isotropic tensors of rank s 2, 3, 4, a nd 6, for which 
no reduction is needed. 

T ,\lH.t: 2. 

Rank Dis tinc t a nd lin ea rl y ind ependent funrl a menta l iso t ropic tcnsors 

2 Ii 'f 

3 E ijlr: 

4 

6 

() ;q?) jk 0 m11' 

6 
S imil a r a ppli ('a ! in n ~ of (:~ . :2 ) in Tn ('"c hani('''''; a re in th e lilf"rature . Sf'f'. e .g .. Rivlin 16 ]. S pf'nf' e r and Rivl in 17 1. ell' . 
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Ind e pe nde nt sets of isotropic te nso rs of ra nk fiv e ha ve been s tudied by C is otti [8] and 
Caldo nazzo [9]. A partic ularly s imple way of ge ne ra ting such a se t is to writ e eq (3.4) in the 
following way: 

E jkm 0 ip c= E ijk 0 mp + E ikm 0 jp - E ijm 0 kp . (4. 1) 

It is imme diate ly c lea r fro m thi s equ a ti on , tha t a ny fund a me nta l iso tropic te nso r of ra nk fi ve in 
which the ind e x i a ppea rs in th e Kronec ke r de lta can be e xpressed as a linear combin atio n of 
fund a m e nta l te nso rs in whic h th e index i ap pea rs in the a lte rn a tor. A count of the numbe r of the 
latte r fund ame ntal ra nk ·fiv e iso tropic te nso rs re veals th a t the re are s ix of th e m , vi z: 

E i jk 0 mp' E ijm 0 kp' E ijp 0 km ' E ikm I) jp , E ikp 0 mj' E imp 0 jk · (4 .2) 

S in ce W ey l 's res ult [l J implies th a t (3.4) or (4.1) e xh a us t a ll poss ible redu c ti on eq ua tions for 
rank-fiv e iso trop ic te n so rs, a nd s in ce none of the s ix in (4.2) ca n be so re du ced , we conc lud e 
th a t (4.2) is a linea rl y indepe nden t se t. 

5. I sotropic Tensors of Rank 7 

Th e fundame nta l iso trop ic te nso rs of ra nk se ve n a re produc ts of an a lterna tin g te nsor a nd 
tw o Kronec ker d c ltas . T ab lc I indica tcs th a t th e re a re 105 di s tin c t o nes for th a t ra nk. By th e 
proced ure o f th c las t sec ti on , it is a s im ple ma tt e r to e lirr.in a te all but 45 of these. Thu s we need 
consid e r on ly th e 4.') di s tin c t fund a me nt a l te nso rs ge ne ra ted from E ijk o mp Oqr by those 
pe rmuta ti on s of th e indi ces wh ic h lea ve th e sub sc ri pt i with the a lte rn a tor E ijk . T a bl e I ind ica tes 
th a t a furth e r re du c ti o n is necessa ry s in ce o nl y 36 of these 45 fund a me ntal te nso rs a re linea rl y 
inde pe nd e nt. 

Null isotropic te nso rs in th ese 45 fundam e nta l te nso rs ca n easil y be cons truc ted with th e 
aid of eq (3.4). Th e produc t of e q (3.4) with Oq, c an be combine d with eq (4.1 ) in whic h the 
indices q a nd r repl ace i a nd p , respec tively, to give the following equa tion : 

E ijk (0 mp D Q' + E ikm 

+ E ijm (0 qp 0 h + E ikq (5. 1) 

+ E imq (0 jp O h + E ;jq o. 

This e qu ati on ca n be c ha rac te ri zed b y th e t wo indices whic h a ppear III th e p rod uc t of 
Kronec ke r del tas of eve ry te rm ; i.e., p a nd r . O f the othe r equati ons whic h ca n be ge ne ra ted by 
permuting indices, 15 a re di stin c t with a di s tinc t pa ir of c ha rac te ris ti c indices. These equa ti o ns 
can be put in the form of a 45 X 15 ma trix for re duc tion on a compute r. 

In ord er to s implify manipul a ti on of sy mbols, it is useful to numbe r the 45 fund a me ntal 
isotropic t e nsor s . This has bee n d one in ta ble 3, whe re the symbol ( n ) is a ss igned to the nth 
te nsor of the table . 
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T ABI.E 3. Coding of 45 isotropic tensors of rank 7, of \\'hich 36 are independelll 

(0) * E iill) mpl> qr ( 1 ) * f ijkO mqi) pr ( 2 ) f ijk () mT fj pq 

(3 ) f ijm fj ip() qr ( 4 ) * E ijm () iq (, pr ( 5 ) * Eijm~h~pq 

(6 ) E iiP;).km fj qr (7 ) * E up?) lqO mT (8 ) € UP f, h fj mq 

(9 ) E ijq() lm?) pr ( 10) Ejjq(j,kp()mr ( 11 ) E ijq b ",f) mp 

( 12 ) Eij,0lm0pq ( 13 ) E ijr 1) kr/> mq ( 14 ) E ijr() lqfj mp 

( 15 ) * E ii:m 0 jp(, qr ( 16) * E ;.km () jq?} pr ( 17 ) 8 ilmf) i,8 pq 

( 18 ) E iipfj im() qr ( 19 ) * E i.l.:P(, jqO mT ( 20 ) E ilpt> irt) mq 

(21 ) E ilqO jm O pr ( 22 ) E ikq?l jpf) mT ( 23 ) E ikq{) i,f> mp 

(24 ) E: iir?> im o pq ( 25 ) E j,,/l jpf) mq ( 26 ) E iht; jqD mp 

(27 ) E impf> j/r. t; qr ( 28 ) * E imp;) jq?> h ( 29 ) E imp() i,?) kq 

(30 ) E irnq?> iil) pr (3 1 ) E imq(, jpO h (32 ) E imq?) iff) lep 

(33 ) E im,fi jlef) pq (34 ) E im/> iph kq ( 35 ) E im/i jqO.ir:P 

(36 ) E ;pqO ji O m, (37 ) E ipqf> jm fj .kr ( 38 ) E ipq?) irD km 

(39 ) E iP'O jle (, mq ( 40 ) E jpr O jm fj iq ( 41 ) E iP,fj jq(,.km 

(42 ) E iq,f> jle 0 mp (43 ) E iq,() jm() lp (44 ) E jqrh jp8 .k m ' 

*Marks the nine tensors eliminated by our redu('(ion sc hem e. 

The numerical representation of tensors in table 3 e nables us to prese nt the mne reduction 
equations in a simpler fashion. For example, eq (S.1) becomes 

(0) - (2) - (3) + (S) + (10 ) - ( 11 ) + ( IS ) - (17 ) - (22 ) + (23 ) + (31) - (32) = 0. 

(S.2 ) 

The fifte e n equations mentioned earlier can all be coded in a form similar to eq (S.2) in order to 
obtain a 4S X IS matrix for computer solution. Thi s matrix can be reduced by s tandard 
procedures to give nine reduction equations expressing nine tensors as linea r combinations 
among the remaining 36. The nine reduction equations used to eliminate tenso rs (0 ) , (1 ) , (4 ) , 
{S), ( 7 ) , (1S), (16), (19) and ( 28) are shown in table 4, and the eliminated te nsors are marked 
with asterisks in table 3. The remaining 36 fundam e ntal te nsors of rank 7 form a complete 
linearly independent set. Such a set is , of course, not unique and entails some arbitrariness in 
the choice of which tensors are eliminated. 
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T ARLF. 4. R edu ction equations for iso tropic tensors of rank 7 

(0 ) 2 + 6 - 8 - 10 + 11 - 12 + 13 - 18 + 20 + 22 - 23 + 24 - 25 - 37 + .38 - 43 + 44. 

( 1 ) 2 + 9 - 10 - 12 + 13 - 2 1 + 22 + 24 - 25 - 4.1 .,. 44. 

( 4 ) .3 - 6 + 8 + 9 - I I - 1.1 + I 4 + 27 - 29 - .10 + 32 + 37 - 38 + .19 - 40 - 42 + 4.1 . 

( 5 ) 3 - 6 + 8 + 12 - 11 t 27 - 29 - 3 1 + 32 - 33 + 34 + 37 - 3R + 39 - 40 + 41 - 44. 

(7 ) 8 + 10 - II - 11 + 14 - 16 + 37 + 39 - 40 - 42 + 43. 

( I S) 17 + 18 - 20 - 24 + 25 - 27 + 29 + 33 - 34 - 39 + 40. 

( I (i ) 17 + 2 1 - 2.1 - 24 + 2(i - 30 + 32 + 33 - 35 - 42 + 4.1. 

< 19 ) 20 + 22 - 23 - 25 + 26 - 36 + 38 + 39 - 41 - 42 + 44. 

( 2R ) 29 + 3 1 - 32 - 34 + 35 - 37 + :~8 + 40 - 41 - 4:3 + 44 . 

In all nin e equation s give n in ta ble 4, we ha ve s implifi ed furth e r by dropping a ll brac ke ts o n th e 
right hand s id e of ea c h equ ation . Th e computational res ult is no w complete for rank ·se ve n 
isotropi c te nsors. 

6. Isotropic Tensors of Rank 8 

There are 105 fundam e ntal te nso rs of ra nk 8, of whic h o nl y 91 a re lin e arly ind epe nd e nt. 
The null isotro pic te nsors ca n be re prese nted b y de te rmina nts of m at ri ces of Kronec ke r d e ltas 
as was done in e q (3.2). Th e numbe r of di s tinc t null vec tors tha t can res ult from pe rmutation s of 
indices of e q (3.2) is 35, th a t is th e numbe r of ways the 8 indi ces can be divid ed up into tw o 
di s tinc t groups of 4 eac h. These res ults can be put into a 105 X 35 ma trix a nd redu ced in th e 
manne r desc ribe d in th e pre viou s sec tion . 

Th e reducti on of thi s la rge m a trix requires co ns id e rably more ma nipulati on tha n does th e 
45 X 15 matrix of the las t sec tion . For thi s re ason , it is convenient to have a me th od of c oding 
th e fund a me ntal iso tropi c te nso rs by calculation rath e r than sea rc hing an arbitrary li s t. As it 
turns out , th e re is a s imple way to do this. The lette r indices of the Kronec ke r d e ltas a re fir s t 
interc hanged with numbers , viz: 

(i, j , k, m, p , q , r , s) -- (7, 6 , 5, 4 . 3, 2 , l , 0). (6 .1 ) 

Each Kronec ke r delta then corresponds to a double t of digit s, and these are orde red acco rdin g 
to the magnitude of the larges t digit (Step 1) . The smaller digit s o f each of th e three la rges t 
doublets are then collected in order and arrayed from le ft to right (S te p 2). Each of th ese digit s 
is then reduced by one for each digit to the left of it that is s ma ll e r (S te p 3). Fina ll y the right 
hand digit is added to three times th e middle digit and 15 times the le ft hand digit (S te p 4). 
There results a uniqu e number in th e range 0 to 104 whic h c harac te rizes th e origin a l 
fundam e ntal isotropic te nso r. Th e process is illus trate d by the following e xample : 

OJ, 0 jq 0 km 0", beco mes (S te p 1): (7,1)(6,2)(5,4)(3,0) 
(S te p 2): (7,1)(6,2)(5,4) or (1 ,2,4) 
(Step 3): (1 , 2- 1,4- 1- 1) or (1,1,2) 

(Step 4): (IXI5 + 1X3 + 2) or (20) (6.2) 
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Thp invprse cooing process is easily constructed. This coding procedure, though mysterious at 
first glance. relates in a straightforward way with the method of indexing the Kronecker deltas. 
It is a procedure which can be generalized to arbitrary even ranks of fundamental isotropic 
tensors. For the rank 8 case, it is convenient to have a dictionary of this coding to use in 
interpreting results . Table 5 is such a dictionary . 

TARLE s. Dictionary of rallk 8 isotropic tensors 

(0 ) = isjr kq IIII' ( 21 ) = ir jp ks mq (42 ) = iq jk ms pr ( 63 ) = im jr ks pq ( 84 ) = ik jp ms qr 
( I ) = is jr kp 111'1 ( 22 ) = ir jp jp illS (43 ) = iq jk mr ps ( 64 ) = in! jr kq ps ( 8.1 ) = ik jf! IIlr qs 

( 2 ) = is jr kill 1"1 ( 23 ) = ir jp kill qs (44 ) = iq jk mp rs ( 65 ) = im jr kp qs ( 86 ) = ik jp IIlq rs 
( 3 ) = is jq kr IIII' ( 24 ) = ir jill ks pq (45 ) = ip js kr mq ( 66 ) = illl jq ks pr ( 87 ) = ik jill ps qr 
( 4 ) = isjq kp IIIr ( 25 ) = ir jill kq ps (46 ) = ipjs kq mr ( 67 ) = im jq kr ps ( R8 ) = ik jill pr qs 
( 5 ) = isjq kill pr ( 26 ) = ir .1111 kp 'Is (47 ) = ip js km qr ( 68 ) = illl jq kp rs ( 89 ) = ik jill pq rs 
( 6 ) = is jp kr Illq (27 ) = ir jk illS pq (48 ) = ip jr ks I1lq ( 69 ) = illl jp ks qr ( 90 ) = ij ks mr pq 
( 7) = is jp kq IlIr ( 28 ) = ir jk IlIq ps (49 ) = ipjr kq 1"115 (70 ) = illl jp kr qs ( 91 ) = U ks IIlq pr 
( 8 ) = isjp kill <JI" ( 29 ) = ir jk IIII' qs ( 50 ) = ipjr kill qs (7 1) = illl jp kq rs ( 92 ) = U ks 1111' qr 
( 9 ) = is jill kr 1''1 ( 30 ) = iq js kr IIIp ( 5 1) = ip jq ks I1lr ( 72 ) = ill1 jk ps qr ( 93 ) = U kr I"IIS pq 

( IO ) = isjlllkqpr ( 31 ) = iq js kp II1r ( 52 ) = ipjq kr m s (73 ) = illl jk pr qs ( 94 ) = U kr mq ps 
( 1 I ) = is jll1 kp qr (32 ) = iq js km pr ( 53 ) = ip jq k111 rs ( 74 ) = illl jk pq rs ( 95 ) = U kr IIIp qs 
( 12 ) = is jk IIIr 1''1 ( 33 ) = i" jr ks IIII' ( 54) = ip jm ks qr (75 ) = ik js IIlr pq (96 ) = U kq mol pr 
( 13 ) = is jk lIl'l pr ( 34 ) = iq j r kp 1115 ( 55 ) = ipjll1 krqs (76 ) = ik js 111'1 pr ( 97 ) = U kq IIlr ps 
( 14) = isjk II1pqr ( 35 ) = iq jr k111 ps ( 56 ) = ip jill kq rs (77 ) = ik js IIII' W (98 ) = U kq 1111' rs 
( 15 ) = irjskqllip (36 ) = iq jp ks II1r ( 57 ) = ip jk illS W ( 78 ) = ik jr illS 1''1 (99 ) = U kp ms qr 
( 16) = irjs kp 111'1 ( 37 ) = iq jp kr illS ( 58 ) = ip jk mr 'IS ( 79 ) = ik j r IIlq ps ( 1(0 ) = U kp II1r 'IS 
( 17 ) = ir js kill 1''1 (38 ) = iq jp kill rs ( 59 ) = ipjk 111'1 rs ( 80 ) = ik jr IIlp 'IS ( 101 ) = Ukpll1qrs 
( 18 ) = ir jq ks IIlp ( 39 ) = iq jill ks pr ( 60 ) = ill1 js kr pq ( 81 ) = ikjq I1lS JII" ( 1(2 ) = ij kill ps qr 
( 19 ) = ir jq kp illS ( 40 ) = iq jill kr ps ( 61 ) = ill1js kq pr ( 82 ) = ik jq IlIr pol ( 103 ) = Ukll1prqs 
( 20 ) = ir jq kill ps ( 41 ) = iqjlll kp rs ( 62 ) = ill1 js kp qr ( 83 ) = ik jq IIII' rs ( 104 ) = U kill pq rs 

The process of reducing the matrix by computer is facilitated by knowing something of the 
form of the results. Apparently, the reduction equations need never involve coefficients other 
than 1 and - 1. Whether this is true in general remains , to the best of our knowledge, a 
conjecture. In light of this, the computer is instructed to abandon the test of any candidate for 
elimination whenever a coefficient other than ± 1 appears in the redu ced matrix. 

The result of the reduction is the elimination of fundamental isotropic tensors (0), (1), 
(2), (13), (34), (35), (44 ), (49), (58 ), (59), (68), (75), (76), (81). The reduction equations 
are given in table 6. The remaining 91 tensors are a linearly independent set of isotropic tensors 
of rank 8. 
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T ABI.F. 6 . Redu c tion equation s lor ra nk -(Jigh t isotropic tensors 

(0 ) 2 + 3 - 5 - 9 + 10 + 16 - 17 - 2 1 + 2:l + 24 - 26 - 3 I + 32 + 36 - 38 - 39 
+ 4 1 - 45 + 46 + 48 - 50 - 5 I + 53 + 55 - 56 + 60 - 6 I - 6.3 + 64 + 66 - 67 
- 79 + 80 + 82 - 83 - 85 + 86 + 94 - 95 - 97 + 98 + 100 - 10 1. 

( I) 2 + 6 - 8 - 9 + I I + 16 - 17 - 2 I + 23 + 24 - 26 - 45 + 47 + 48 - 50 - 54 
+ 55 + 60 - 62 - 63 + 65 + 69 - 70. 

(12 ) - 3 + .'; + 7 - 8 + 9 - 10 + 14 + 18 - 20 - 22 + 23 - 24 + 25 + 27 - 29 - 36 
+ 37 + 39 - 40 - 42 + 43 - 66 + 67 + 69 - 70 - 72 + 73 + 90 - 92 - 93 
+ 95 + 96 - 97 + 102 - 103. 

(13 ) - 3 + 5 + 6 - 8 + 14 + 18 - 20 - 21 + 23 + 28 - 29 - 66 + 67 + 69 - 70 - 72 
+ 73 + 9 1 - 92 - 94 + 95 + 102 - 103. 

(34) 15 - 17 - 18 + 20 + 24 - 25 - 30 + 3 1 + 33 - 36 + 37 - 46 + 47 + 5 1 - 53 
- ~ + ~ + W - ~ - ~ + ~ + ~ - ro+~ - M - ~ + ~ - M 

+ 85 + 87 - 89 - 93 + 95 + 97 - 98 + 99 - 100 - 102 + 104. 

(35 ) 15 - 16 - 18 + 20 + 2 I - 23 - 2.'; + 26 - 30 + 3 1 + 33 - 36 + 38 + 40 
- 4 1 + 45 - 46 - 48 + 50 + 5 I - 5.3 - 55 + 56 + 79 - 80 - 82 + 83 + 85 
- 86 - 94 + 9.'; + 97 - 98 - 100 + 10 1. 

(44 ) - 15 + 17 + 22 - 23 - 27 + 29 + .30 - 32 - 37 + 38 + 42 - 60 
+ 6 1 + 70 - 71 - 7.1 + 74 + 9.3 - 95 - 96 + 98 + 103 - 104. 

(49 ) 4 - S - 7 + 8 + 10 - II + 16 - 17 - 19 + 20 - 21 + 22 + 24 - 25 
- 3 I + 32 + 36 - 38 - 39 + 4 I - 45 + 46 + 48 - 5 I + 52 + 60 - 6 I 
- ~ + M + ~ - ~ + ~ - ~ - M + ~ + ~ - ~ - ~ + ~ + ~ 

- 10 1 - 102 + 104. 

(58 ) - 4 + 5 + 7 - 8 - 10 \ II + 19 - 20 - 22 + 23 + 25 - 26 - :36 + .17 + 39 - 40 
- 42 + 43 + 5 I - 52 - 54 + 55 + 57 - 66 \- 67 + 69 - 70 - 72 + 7.3 + 96 - 97 
- 99 + I 00 + 102 - 103. 

(59 ) - 4 + 5+7 - 8 - 10 + 11 - 16 -+ 17+ 19 - 20 - 27 + 28+3 1 - .12 - 36 
+ 38 + 39 - 4 1 + 45 - 46 + 5 I - 52 - 54 + 56 + 57 - 60 + 6 1 - 66 + 67 + fi9 
- 7 I - 72 + 74 + 9:l - 94 - 99 + 10 I + I 02 - 104. 

(68 ) 4 - 5 - 7 + 8 + 10 - II - 3 1 + .32 + 36 - 38 - 39 + 4 1 + 46 - 47 - 5 1 + 53 
+ 54 - 56 - 6 I + 62 + 66 - 69 + 7 I . 

( 75 ) - 15 + 17 + 18 - 20 - 24 + 2.) + 46 - 47 - 5 1 + 53 + 54 - 56 + 77 + 82 - 83 
- 87 + 89 + 90 - 92 - 97 + 98 + 102 - 104. 

(76 ) - 15 + 16 + 18 - 20 - 21 + 23 + 25 - 26 - 3 1 + 32 + 36 - 38 - 39 + 4 1 + 46 
- 47 - 5 1 + 53 + 54 - 56 + 77 + 82 - 83 - 85 + 86 - 87 + 88 + 9 1 - 92 - 97 
+ 98 + 100 - 10 I + lin - 103. 

( 81 ) - 4 + 5 + 7 - 8 - 10 + I I + 19 - 20 - 22 + 23 + 25 - 26 + 82 + 84 - 85 - 87 
+ 88 + 96 - 97 - 99 + 100 + 102 - 103. 

In a ll 14 equation s give n In tab le 6 , we have a lso s implifie d furth e r by dropping a ll brac kets o n 
the right ha nd s id e of each equ a ti o n . Th e co mputa tio na l result is now comple te for rank -e igh t 
iso tropic te nso r s. 
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7. Significance of Computational Results 

Th e computational result s prese nted he re we re motivated by a direc t appli ca ti on in 
mechanics as desc rib ed in a companion pape r [2J. It is probable, how e ve r , th a t furth e r 
applic ati ons in theore tic al ph ysics will result in vi e w of the c lose conn ec ti on be tween iso tropi c 
te nsors a nd th e decomposition of a te nso r space. 7 S ince all laws in physics are necessaril y 
te nsorial equations, the tool we have d e veloped he re would be pa rtic ularly useful in re du cing 
complicat ed ph ysic al laws into uncouple d irreduc ible equation s. 

Two additional comm e nts ma y be of inte res t to our read er s. On the abs trac t le ve l, our 
result s m ay be used to ge nera te e xa mples of mathe matically interes ting algebras . T e nsors 
invariant t o tran sformations by e le m e nt s of s ubgroups of the orthogona l group ca n be de ve lope d 
al so. S uc h te nso rs a re some tim es called " ani so tropic te nsors,"8 and comple te se ts of the m mu s t 
contain the iso tropic tenso rs d e ve loped in this pa pe r. 9 At the prac tic al le ve l, our res ults c an be 
used to d e termine whe the r two isotropic te nsors of equal rank are ind eed the sa me, s ince th e 
ques ti on of "same ness" for two iso tropic te nso rs of equal r ank is bes t se ttled by ex press ing 
th e m in t e rm s of a linea rly inde pe nde nt se t. 10 
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