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Finite Hypergeometric Functions
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Abstract: We show that values of finite hypergeometric functions
defined over Q correspond to point counting results on explicit
varieties defined over finite fields.
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1. Introduction

Finite hypergeometric functions were introduced independently, and with
different motivations, by John Greene [8] and Nick Katz [9, p.258] by the
end of the 1980’s. They are complex-valued functions on finite fields and an
analogue of the classical analytic hypergeometric functions in one variable,
also known as Thomae’s functions. To display the analogy, we first recall
the definition of the analytic hypergeometric functions.

Consider two multisets (sets with possibly repeating elements) a =
(a1,...,04) and B = (B1,...,Bq), where oy, 3; € Q for all i, j. We assume
for the moment that none of the oy, 3; is in Z<g and 84 = 1. The hypergeo-
metric function with parameter sets «, 3 is the analytic function defined by
the power series in z

aFa( Z ))n 2"

Here (), = z(x + 1) -+ (x + n — 1) denotes the so-called Pochhammer sym-
bol or rising factorial. Using the I'-function we can rewrite the series as

F(ﬁ (g +n)---TDlag+n)
[(a Zrﬁwn T@a+n)
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In order to display the similarity with the upcoming definition of finite
hypergeometric functions, using the identity I'(x)['(1 — z) = 7/ sin(7x) we
rewrite this as

S (ot ) e

n=0:i=1

If B is a positive integer we interpret I'(1 — § —n)/T'(1 — ) as (—=1)"/(n +
8 —1)!, the limit of T'(1 —x — n)/T'(1 — x) as z — f.

We now define finite hypergeometric functions. Again take two multisets
a and B, each consisting of d elements in Q. Assume from now on that
a; # B; (mod Z) for all 4, j. In the analytic case this condition is equivalent
to the irreducibility of the hypergeometric differential equation. In the finite
case we avoid certain degeneracies with this assumption. We need not assume
B4 = 1 any more.

Let [F, be the finite field with ¢ elements. Let v, be a non-trivial additive
character on [F; which we fix once and for all throughout this paper. For any
multiplicative character x : F;' — C* we define the Gauss sum

90) = Y x(@)g(x) .

xR

Let w be a generator of the character group on F;* which we also fix through-
out the paper. We use the notation g(m) = g(w™) for any m € Z. Note that
g(m) is periodic in m with period g — 1. Very often we shall need charac-
ters on qu of a given order. For that we use the notation q = ¢ — 1 so that
a character of order d can be given by w4 for example, provided that d
divides q of course.

Now we define finite hypergeometric sums. Let again « and 8 be multisets
of d rational numbers each, and disjoint modulo Z. Suppose in addition that
q is such that

(¢—Doi,(q=1)B; € Z
for all 7 and j.

Definition 1.1 (Finite hypergeometric sum). Keep the above notation.
We define for any t € Fy,

-2

d
n1—%<y¢q g(__nz‘_,BﬂQ) _1\dp\m
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Note the analogy with the analytic hypergeometric function. These sums
were considered without the normalizing factor (H?Zl g(aiq)g(—Biq)) "t b
Katz in [9, p258]. Greene, in [8], has a definition involving Jacobi sums
which, after some elaboration, amounts to

o T A0 o g

where |3] = 81 + -+ 4+ 4. The normalization we adopt in this paper coin-
cides with that of McCarthy, [13, Def 3.2].

It took some time before people realized that Greene’s finite hypergeometric
functions were closely related to point counting results on algebraic varieties
over finite fields. As an example we mention the following result, adapted to
our notation.

Theorem 1.2 (K. Ono, 1998). Let g be an odd prime power and X € F,
and A # 0,1. Let E) be the projective elliptic curve given by the affine equa-
tiony? = x(z — 1)(z — \) and Ex(F,) the set of Fy-rational points (including
infinity). Then

[EA(F)| = ¢+ 1— (1) V2H,(1/2,1/2;1, 1) .

We should mention here that there are earlier point counting results by
Delsarte [5] from 1951 and Koblitz [10] from 1983. In the latter a link is
signalled with sums that are of hypergeometric type.

In this paper we propose a generalization of Theorem 1.2 which applies to all
hypergeometric sums which are defined over Q. By that we mean that both
H;-lzl(:r — 2™ ) and H;lzl(a: — ¢85 are polynomials with coefficients in
Z. In other words, they are products of cyclotomic polynomials. Let us
assume we are in this case. Then we can find natural numbers pq, ..., p, and
q1,---,qs such that

d . p2mia; H;:1 P — 1

2w, S . .
€T e B; Hj:l x4 1

j=1
Note that p1 +---+p, = q1 + -+ - + ¢s. It is a small exercise to show that

(@) (@ i) ()l Rt
Bon Gan T (@)l (@)l T T

It turns out that when the hypergeometric parameters are defined over Q,
it is possible to extend the definition of H, to all prime powers ¢ which are
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relatively prime to the common denominator of the oy, ;. Let D(X) be the
greatest common divisor of the polynomials [[;_; (X?* — 1) and J[j_, (X% —
1). We rewrite our Katz sum in a different shape.

Theorem 1.3. With the above notation we have

r+s q-2
Hy(ov, BJt) = Zq 0F5(m) g(pm, —qm) w(eM ~'t)™

where
g(pm, —am) = g(p1m) - - - g(prm)g(—qum) - - - g(—qsm)
and € = (=1)2:% and s(m) is the multiplicity of the zero e2™™/4 in D(X).

This theorem is proven in Section 4.

Assumption 1.4. From now on, when we work over Q, we adopt the right-
hand side of Theorem 1.3 as definition of H,.

Let A € F and let V) be the affine variety defined by the projective equa-
tions

and z;,y; # 0. The main theorem of this paper reads as follows.

Theorem 1.5. Let the notation for p;,q;, M be as above. Suppose that the
greatest common divisor of p1,...,pPr,q1,.--,qs is one. Then there exists a
suitable completion of V, denoted by Vy, such that

VA(Eq)| = Prs(q) + (1) 1q™ 0"V Hy (o, BIMN)

min(r—1,s—1) r—1 s—1 qr+s—m—2 _ qm
PTS(q) = Z m m q— 1

m=0

where

and V(F,) is the set of Fy-rational points on V.

What we mean by a suitable completion of Vy is elaborated in Section 5,
more precisely Definition 5.1. Unfortunately this completion may still be
singular. We have not been able to construct a non-singular completion.
Here we give a few examples to illustrate the theorem.
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Corollary 1.6. Let f(z) =23+ 32% —4t with t €F, and t #0,1. Let
N¢(t) be the number of zeros of f(x) in Fy. Suppose that q is not divisi-
ble by 2 or 3. Then

Ny(t) =1+ Hy(1/3,2/3:1,1/2t) .
Proof : We take a1 =1/3, 00 = 2/3,81 = 1, f2 = 1/2 and note that

(x _ 62m‘/3)(x _ 647ri/3) 3 -1

(x —1)(z+1) (=122 -1)

Sopi =3, ¢1 =1, g2 =2, and M = 27/4. The variety V) is given by the
equations * — y; — y2 = 0, \z® = y193. Eliminate y; and set yo = 1 (deho-
mogenization) to get  — Az® — 1 = 0. Replace 2 by —3/x to get 2% + 322 —
27\ = 0. Application of Theorem 1.5 and the relation ¢ = 27\ /4 gives the

desired result.
O

Corollary 1.7. Consider the elliptic curve y* + xy +y = \x® with X € Fy.
Denote its completion with the point at infinity by Ey. Suppose that q is not
divisible by 2 or 3. Then

Proof : We take a1 = 1/3, 0 = 2/3, 81 = 1, 2 = 1 and note that

(x _ €2m‘/3)($ _ 647ri/3) (x?’ _ 1)

(x —1)?) GRSV

Sopr =3, gt =q2=¢q3 =1, and M = 27. The variety V) is given by the
equations

T —y1 — Y2 — Y3 = 0,3 = y192y3 .

Eliminate y3 and set 1 = 1 to dehomogenize. We get
L—yi—yp— Ay 'y =0
Introduce new coordinates z,y via

y = —y/z, y2 = —1/x .
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Note that this is a birational map. In the new coordinates get the curve
v 4 ay +y =S,

Theorem 1.5 tells us that the number of F,-rational points (including oo)
equals

q+1—H,(1/3,2/3;1,1|27)) .

Corollary 1.8. Consider the rational elliptic surface Sy given by the affine
equation

v —ayz+ i+ 25 -t =0
with A € F . Suppose that q is not divisible by 2,3 or 5 and 2143955\ £ 1.
Let Sy be a suitable completion of Sx. Then
[S\Eq) = q* +3q + 1 + qHy(ox, B23%5°) |
where
o =(1/30,7/30,11/30,13/30,17/30,19/30,23/30,29/30)
and
B = (1/5a1/3a2/5a 1/273/572/3a4/5’ 1) :
Moreover, Hy(cx, B|t) is integer valued.
From [1] it follows that the analytic function gsF7(e,3|z) is an algebraic

function. Fernando Rodriguez-Villegas computed its degree over C(z) [6],
which is 483840. He also noted that

(30n)!n!
(15n)!1(10n)!(6n)!

n

sFr(a, B[2113%5%) = )

n>0

The coefficients turn out to be integers and they were essentially used by
Chebyshev in his proof for his estimates of the prime counting function 7 (x).
Another remark is that 4% — zyz + 23 4+ 2> — A1 = 0 is a rational elliptic
surface for any given A. The (-function of such surfaces has been computed
extensively by Shioda in[15]. There it turns out that the global (-function
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of such a surface has the form ((s)¢(s — 1)2¢(s — 2)L(p, s — 1), where ((s)
is the Riemann ¢ function and 7L(p, s) is the Artin L-series corresponding to
a finite representation of Gal(Q/Q)) of dimension 8.

Proof : We take the elements of a for the «; and the elements of 3 for the
Bj. We verify that

ﬁ x— e (230 — 1)(z — 1)
Pk e2mib; (15 — 1) (210 — 1)(26 — 1) °

Compare the exponents with the remarks above. We have M = 2143955,
Theorem 1.5 implies that

@ +3¢+ 1+ qHy(a, BIMN)

equals the number of Fy-rational points on a suitable completion of

T+ re—y—ya—yz3 =0,  Arilmy =yl

Eliminate zo and set x1 = 1. We obtain
L+ AT %98 — 1 — 92 —y3 =0
Substitute y; =z 'yz 7!, yo = 2%y 127 y3 = 27y~ 12% Note that this

monomial substitution is reversible because the matrix of exponents has
determinant —1. We obtain

—zyz— A i+t +2° =0,

The integrality of the values of H, follows from Theorem 4.2.
O

Surprisingly enough Theorem 1.5 does not immediately imply Ono’s Theo-
rem 1.2. In this case we get the parameters p; = ps = 2,1 = o = ¢° = ¢* =
1 and the threefold

1+ T2 —y1 — Y2 —y3 —ya =0, Azfiﬁ% = Y1Y2Y3Y4 ,

instead of the expected Legendre family of elliptic curves. However in this
case we have the relations p; = q1 + q2, p2 = q3 + q4 besides the overall rela-
tion p1 +p2 = q1 + - -+ + q4. In such a case we can construct another variety
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whose point count also yields the desired hypergeometric sum. We indicate
how this works in Theorem 6.1 in the last section of this paper. This theorem
does yield Legendre’s family for our example.

Acknowledgements: We are greatly indebted to Fernando Rodriguez-
Villegas who inspired the subject, and who co-organized the AIM/ICTP
meeting on 'Hypergeometric motives” at Trieste in July 2012. During this
stimulating meeting the idea of reverse engineering hypergeometric motives
on an industrial scale arose. We thank both AIM and ICTP for their hospital-
ity. We also like to thank the Mathematisches Forschungsinstitut Oberwol-
fach for providing the wonderful atmosphere during the workshop ’Explicit
methods in number theory’ in July 2013. Here the final form of the present
paper was conceived. Finally we thank the anonymous referee for some per-
tinent questions which led to a substantial improvement of the manuscript.

2. Gauss sums, basic properties

We use the notation given in the introduction and recall some basic theo-
rems. The reference that we use is the second author’s books on Number
Theory, [2], [3] (where the notation 7(x, ) is used instead of g(x) though).

Theorem 2.1. We have

1) g(0) = -1
2) g(m)g(—m) = w(=1)"q if m # 0 (mod q).

This is Lemma 2.5.8 and Proposition 2.5.9 of [2].

Theorem 2.2. Define for any two integers m,n the Jacobi sum

_ 9(m)g(n)
J(m,n) = ot
Then,
> ver\fo,13 W — @) w(@)”  if mn,m+n#0 (mod q)
J(m,n) =< —1 if m=0 (mod q) orn =0 (mod q)

w(—=1)"q if m=—n (mod q) and m # 0 (mod q)

This follows from Corollary 2.5.17 of [2], although we slightly perturbed the
definition of J. A simple consequence is the following.
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Lemma 2.3. For every pair of integers m,n the quotient g(m)g(n)/g(m +
n) is an algebraic integer in Q(y), where (g is a primitive ¢ — 1-st root of
unaty.

In Theorems 3.3 and 4.2 (in the case over Q), we will compute a bound for
the denominator of H,;. To do so we need a statement on the prime ideal
factorization of Gauss sums. This is provided by Stickelberger’s theorem.
We use Theorem 3.6.6 of [2], in a weaker form.

Theorem 2.4 (Stickelberger). Let p be the ideal divisor of p in Z[(y)
such that w™'(z) = z (mod p) for all x € F,. Note that p has degree f, where
pf = q. Let B be the totally ramified prime ideal above in p in Z[(y, (p)- Let
0 <r < q—1. Then g(r) is exactly divisible by "), where o (r) is the sum
of the digits r; in the base p decomposition r =rg +mrip+---+ rf,lpffl.
An alternative description of o(r), without the restriction 0 <r < q—1, is
given by

a<r>:<p—1>i{qpf1} |

In order to rewrite H,; when it is defined over Q we use the following result.

Theorem 2.5 (Hasse-Davenport). For any N € N dividing  we have

g(Nm) = N)NVm H J m;:qj/q;[/N) .

This is Theorem 3.7.3 of [2]. Note the analogy with Euler’s identity

[ T(z +j/N)
[ TG/N)

I'(Nz) = NV2

for the I'-function. The following proposition will be used repeatedly. It is
Fourier inversion on the multiplicative characters.
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Proposition 2.6. Let G : F; — C be a function. Then, for any A € F; we

have
1 2
G(\) = q_lmzzzonw(A) ,
where

Gm =Y _ GNw(N) ™.

AEFS

Here is an application for later use.

Lemma 2.7. Leta= (ai,...,a,) € Z". Define apt1 = —ay — -+ — ay, and
a =ged(ay, ..., ay). Then, for any integer m,

Z Yg(v(1+ 1+ -+ xp))w(x*)"
veEF,,xe(Fy )"
equals
(¢ —1)"d(am) +g(arm) - - g(ans1m) ,

where we use the vector notations x = (x1,...,2,), x* =z -zl and

d(x) =9(x1) - 6(zp) and 6(x) =1 if x =0 (mod q) and 0 otherwise.
Proof : We carry out the summation over zy,...,z, and v =0 to get

n

Yo wb)™ = (g1 [[é(@im) = (a - 1)"3(am) .

x€(Fy )™ i=1
The summation over z1,...,z, and v € IF‘qX yields

D ol 4 4 2) ()™

X
v,x;€Fg

- Z glaym) - 'g(anm)@bq(v)w(v(_“l_'”—an)m)

veFS
= 9(a1m) e 'g(an+1m)~

From these two summations our result follows.
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3. Katz hypergeometric functions

Let a = (aq,...,aq4) and B = (B4, ..., Bq) be disjoint multisets in Q/Z. We
assume that both (¢ — 1) and (¢ — 1)8 are subsets of Z. In [9, p 258] Katz
considered for any ¢ € F the exponential sum

Hypg(on 1) = 3 gl + -+ 2 — 1 — - — ya) w(x)Uly)
(x,y)€T:

where T} is the toric variety defined by tx;---zq=1y1 - yq and w(x)*"
stands for w(z)“% - - - w(xg)**9, etc. Note that we have taken Katz’s formula
for the case n = m = d. Define

-2 d
Su(e i) = 1 3 TT lm+ asag(-m ~ i) (-1

m=01i=1

Proposition 3.1 (Katz). With the above notation we have

Hypy(ax, Blt) = w(-1)Pl4S, (a, Blt)

for all t € T, where |B| =, Bi.
Proof : We consider Hypy(a, B|t) as function of ¢ and determine the m-th
coeflicient of its Fourier expansion. Using Proposition 2.6, this reads

1/(g — 1) times

ST gl wa =y — o — ) W) e(y) P()
toxg,y  €FY

We substitute t = (y1 - yq) (w1 - 24) ! to get

1

q—1 Z Yolxr+ -4+ xg—Yy1— - —Yd) w(x)eraqw(y)*m*BQ .
zi,y; EFG

Summation over the 2d variables x;,y; then gives the desired result.
OJ

Notice that Hyp, (and S,) are algebraic integers in the field Q((p, (4—1),
where (,, denotes a primitive n-th root of unity. A simple consideration
shows that S, is in Q((,—1) if Z?Zl(ai — ;) € Z. Moreover we have the
following divisibility properties.
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Proposition 3.2. For any integer m the product Hle g(m + a;q)g(—m —

Biay) is divisible by g(|a — Bla), where | — B = Y, (a; — B;), and by
Hle 9((a; — Bi)ag). Moreover, the quotients are in Q((q—1).

This is a direct consequence of Lemma 2.3. Consequently S, (e, B|t) is divis-
ible by these numbers for any ¢ € F;*. This proposition suggests that we
might normalize S, by the factor 1/g(Jac — B|q) or by 1/ [, g((cs — Bi)a).
The latter normalization is taken by John Greene in his definition of finite
hypergeometric sums, see [8]. More precisely, Greene uses the function

:l:ql_d
[L; 9((ci = Bi)a)
We will adopt the normalization from the introduction. It keeps the sym-

metry in the o; and 3;, but accepts the possibility that the function values
may not be integers. Namely,

Sq(a7ﬁ|t) .

(3.1) a,Blt) = Sq(e, BIt) -

:&

L g(aim)g(—pia)

To get a bound on the denominator of H, we introduce the Landau function

d

)\(a,ﬁ,x) - Z ({x + ai} - {al} + {_x - /Bl} - {_BZ}) )

i=1

where {2} denotes the fractional part of the real number x.

Theorem 3.3. Keep the above notation and let N be the common denom-
inator of the ay, 8. Define

A= — . N |
xe[o’l]ggll(lk,N):l (a7 137:1;)

Then ¢*H,(cx, Blt) is an algebraic integer.

Proof : The definition of Hyp, and Proposition 3.1 imply that S,(c, B]t)
is an algebraic integer. Since H, is a normalization of S, by a factor
H;-i:l g(a;q)g(Biqq) the denominator of H, is a power of p. We determine
the p-adic valuation of the coefficients of the expansion of H,,.
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Let p be defined as in Theorem 2.4. Then the p-adic valuation of the m-th
coefficient of Hy(ax, B|t) equals

S8 (v s}t

Note that this is greater than or equal to —fA. Let 0 € Gal(Q({4—-1)/Q)
and k such that o((;—1) = (Z;_l. Then the o(p)-adic valuations of the coef-
ficients of Hy(cx, B|t) are equal to the p-adic valuations of the coefficients of
H,(k*o, k*Bt), where kk* =1 (mod ¢ — 1). The latter valuations are also

bounded below by —fA, so our theorem follows.
O

We end by noting some obvious identities for S.

Theorem 3.4. Let o, 3 be as before. Let € Q be such that pg € Z and
denote (a1 + p,...,aq+p) by p+(ay,...,aq), etc. For any X € Fy we
have

w(t)Se(p + o, p+ Bt) = Sq(e, BIt) -
Hence, by (3.1),

d
(1 + o) g(—p — Biqy)
Wt Hy(p+ o, i+ BJt) = [T 2 Hy(cx, Bl1).
e 1] g(aia)g(—Bia)

This follows directly from the definition of S, and the replacement of
the summation variable m by m — pug. We recall the analytic functions
o Fi(a, B,7]2) and 2177 9 Fy(a + 1 —v,8+ 1 — 7,2 — 7v|z) (when v is not an
integer) which form a basis of solutions around z = 0 for the Gauss hyper-
geometric equation. Note that they can be considered as analogues of the
functions in Theorem 3.4 with = (1 — )q. Note that the latter differ by
a factor independent of t. In contrast with the finite case, the analytic func-
tions are linearly independent over the complex numbers.

We also have

Theorem 3.5. Let a, B be as before and suppose t € IE‘;. Then
Sq(a, Blt) = Se(—B, —all/t) .

Again the proof follows directly from the definition of S; and replacing the
summation variable m by —m.
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4. Hypergeometric motive over Q

From now on we concentrate on the case when the Katz sums are defined
over Q. In other words, as in the introduction, we assume the following:

Assumption 4.1. There exist natural numbers pi,...,Pr,q1,--.,qs Such
that

27Tza, HT (Xpl . 1)
i=1 o
H X — 627”5, Hj:1(qu _ 1) and ng(pla s >qs) =1.

We now prove Theorem 1.3, which tells us that we can rewrite our Katz sum
in a different shape.

Proof of Theorem 1.3: We use the notation given in the introduction.
Let 0 be the degree of D(X). Suppose that the zeros of D(X) are given by
e2mi¢ /U with j=1,...,0, where possible repetitions of the roots are allowed.
The coefficient of w(t)™ (without the 1/(1 — ¢)) in H, can be rewritten as

HH gm+]®1/pz) HH g(=m — ju/q)

eros gGam) B e(—daja)

. ﬁ 9(ej)g(=c;)

glm+cj)g(=m —c¢j)

j=1
Using Hasse-Davenport, the first product can be rewritten as

T

[T )™ g(pim) -
i=1
Similarly, the second product is equal to

I -w(@)*™g(—qm) .
=1

n

To rewrite the third product, we use the evaluation g(n)g(—n) = w(—1)
if n # 0 (mod q) and ¢(0)g(0) = 1. We get

q

w(_l)&nq—s(ﬂ)-l—s(m) .

Finally notice that d+ ¢ equals the degree of [[_;(X% — 1), in particu-
lar d+ 6 =37, ¢i. Hence the coefficient (without the factor 1/(1 — ¢)) of
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w(t)™ becomes

(_1)r+sq—8(0)+8(m) Hg(pim) Hg(—Qjm)w ((_1)Zi qll:[[lquf> ’
- iP;

as asserted.
O

As we noted in the introduction the new summation makes sense for any
choice of ¢ relatively prime with the common denominator of the «;, 3;. We
now continue to work with H, as defined by the new summation.

Before we proceed we can now be more specific about the arithmetic nature
of Hy. We need our main Theorem 1.5 for this, which we will prove in Section

5.
Theorem 4.2. Suppose H, is defined over Q. Define

A= min {piz} 4o+ e} + {—azh 4o+ (o)

where as usual {x} denotes the fractional part of x. Then A > 1 and
qmin(r,s)—)\Hq(a’ﬁ|t) c7.

In most cases it turns out that A — min(r, s) is the exact p-adic valuation of
H,. but we have not tried to prove this.

Proof : From Theorem 1.5 it follows that the values of H, have a denom-
inator dividing p™("$)=1 To determine the p-adic valuation of H, we use
Theorem 2.4 and the notation therein. To be more precise, we determine the
p-adic valuation of each coefficient g(pim)---g(p,m)g(—qim)---g(—gsm).
Because p1 +---pr —q1 — -+ — ¢s = 0 each such coefficient is in Q((;—1).
According to Theorem 2.4 its p-adic valuation is given by

f
3 pom o feem | fmam | fmasm ]
— lg—1 q—1 qg—1 q—1

This is bounded below by fA. Hence the p-adic valuation of H, is bounded
below by f, and since the values of H, are in Q our theorem follows.

0
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The main purpose of this paper is to show that the Katz hypergeometric
function occurs naturally in the point counting numbers of the completion
and normalization of the variety V), which is defined by the points of P51
satisfying the equations

Tzt — o —ys =0, Axtabr =yl

with A € F-.
We have the following preliminary result.

Proposition 4.3. Assume that ged(p1,...,pr q1,--.,qs) = 1. Let VA(F;)
be the set of points on V) with coordinates in F; . Then

2
1 q—
X o r+ 2 m
VA(E) = (g =)™ q—1 n;)g pm, —qm)w(e)
where

g(pm, —qm) = g(p1m) - - g(pym)g(—qim) - - - g(—gsm) and e = (—1)= % |

Proof : We will use Lemma 2.7. Let us take n + 1 = r + s and write a =
(a1,a2,...,an41) = (P1y---,Pry —q1,--.,—qs). In particular n=r+s— 1.
We introduce the new variables z,,; = —y; for j = 1,...,s. The equations
for V) now read

Qn
T4+ x2+ -+ Tpe1 =0, Az{t -z =€

In vector notation the latter equation reads Ax® = e. We dehomogenize by
setting x,4+1 = 1. Then

g VA(F))| = > Yo(o(1+ 1+ -+ xp)) .

vEF, xE(F3 )™, Ax2=¢

This is a function of A € F,*. Let > 7 cmw()\)m be its Fourier series. The
coefficient ¢, is given by

e = ql S G ) 0N

vEF  ,\,x; €F ,Ax2=¢
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Substitute A = ex™ to get

- ql S G0t et ) wlex®)™

’L}GFQ,wq‘,G]F;
Then Lemma 2.7, using ged(ay, ..., a,) = 1, yields

r+s
em = (g —1)""*723(m +—Hgal

Putting everything together and dividing by ¢ gives us

q—2

Z glaim) - glapysm)w(eX)™

m=0

1
FX)| = = _11"—4—5 2
V(E| = (la =1 s

which yields the desired statement.
O

Notice that most terms in the summation in Proposition 4.3 and in the
summation of Theorem 1.3 agree except for a few, which differ by a factor
which is a power of ¢. The final goal of this paper is to show that this
difference is caused by the difference between V) and its completion. In
others words, the extra factors ¢ arise from addition of the components of
the completion of V). In the next section we shall elaborate on this idea and
prove our main Theorem 1.5.

5. Proof of the main theorem

Let notation be as in the introduction. In order to complete the variety V)
given by equations (1.1), we need to fill in the points where one or more
of the coordinates are zero. In this section we shall do that quite explicitly,
but first like to motivate our approach by linking it to the theory of toric
varieties. Our main reference is the book by Cox, Little, Schenck, [4]. First
of all, consider the variety Xy in P"**~! defined by the projective equation
M, 2l = | y?j. Take any solution (ai,...,a,;by,...,bs) with non-
zero coordinates. Then x;/a;, y; /b; are the coordinates of points on the pro-
jective variety Xi. The variety X7 is a toric variety, the points with non-zero
coordinates form an open subvariety which is a torus (of rank 7 + s — 2) and
the action of this torus can be extended to all points of X7, see [4, Def 3.1.1].
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To a toric variety one can associate a so-called fan (see [4, Def 3.2.1]), which
we shall denote by 3. To compute it we use [4, Thm 3.2.6] which gives a
one-to-one correspondence between limits of group homomorphisms C* —
X7 and the cones of a fan. Concretely, choose (&1,...,&5m1,...,ns) € R™S
such that >0, pi& = >, gjn;. Call this hyperplane H. We consider H
modulo shifts with the vector (1,1,...,1). Any vector in H/(1,1,...,1)
has a representing element with min; ;(&;,n;) = 0. Consider the embedding
RZ, — X1 given by t — (t&, .. &t 7). Now let t [ 0. The limit
consists of vectors with ones and zeros. A component is zero if and only if the
corresponding &; or n; is positive. Two points in H/(1,...,1) lie in the same
cone of ¥ if and only if their limits are the same. Therefore, an open cone
in ¥ is characterised by the index sets S;, S, defined by i € S, <= & >0
and j € Sy, <= n; >0.

It turns out that usually the toric variety X; corresponding to ¥ is highly
singular. We like to construct a partial blow up of X;. To do this one can
construct a refinement ¥’ of ¥ and consider the toric variety corresponding
to ¥’ (which may not be projective ay more). The refinement we choose is a
triangulation of ¥, which need not completely remove the singularities from
X1, but it will be enough for our purposes. Denote the blown up variety
by Xi. Completeness of our blowup is garantueed because 3 is a fan whose
support is all of H/(1,...,1), see [4, Thm 3.1.19].

Denote the corresponding completion of the translated variety X, by X,.
The variety V) is the intersection of >\ | z; = ijl y; with the affine part
of X consisting of all points with non-zero coordinates.

Definition 5.1. Let notations be as above. We define Vy as the completion
of Vi in X,.

We have seen above that the fan ¥ of X; has its support in H/(1,...,1).
We choose representatives of H/(1,...,1) in the set H defined by

T S
& €R: D pibi=> gy, and nilijn(fuﬁj) =0.
i=1 j=1 ’

The (closed) cones of ¥ are then characterized by sets S, C {1,...,7} and
Sy C{l,...,s}viai g Sy =& =0and j ¢S, =n; =0.

We now proceed to choose a refinement of X. Let H be the convex closure of
H. Note that it is the R>q span of the vectors v;;, i =1,...,r;5=1,...,s
defined by

Vij:(0,...,Qj,...,o;o,...,pi,...,O)GRT+S,
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where ¢; is at the i-th coordinate position of R" and p; at the j-th position
of R*.

Let A™! be the standard simplex defined by p1&; + - - + p.& = 1 and & >
0 and A®~! the standard simplex defined by ¢im1 + - -+ + qsns = 1, n; > 0.
Then we see that the points corresponding to the vectors v;;/(piq;) are
vertices of a polytope isomorphic to A™! x A~ Thus H is a cone over
the (r + s — 2)-dimensional product simplex A"~! x AS~1,

A simplicial subcone of H is the Rsg-span of any set of vec-
tors Vi js.--, Vi ij.., such that {i,..., 441} ={1,...,r} and
{j1s-- -y Jr+s—1} ={1,...,s}. By abuse of language we will call the corre-
sponding set of index pairs

(ilvjl)a ey (iT+S—17jT+S—1)

a simplex. We now triangulate #. That is, we write H as a union of simplicial
cones whose interiors do not intersect. To do this we take a triangulation of
A" x A~1 and consider the cones over the simplices of this triangulation.
The triangulation we choose is the so-called staircase triangulation, see [12,
Lemma 6.2.8].

Proposition 5.2. A triangulation of H is given by the set of cones over all
simplices (i1,71),- -+ (ipts—1, Jr+s—1) With i1 <ig < -+ <ipps-1 and j1 <
j2 <--- < jr+s—1~

Thus simplices of the staircase triangulation are in one-to-one correspon-
dence with lattice paths in the plane that go from (1,1) to (r,s) by making
steps of size 1 in north or east direction.

To illustrate this proposition we give the staircase triangulation for A? x
A', which is a triangular prism. In this case r = 3, s = 2. The sequences
(41,41),- -, (i4,ja) are depicted as dots in the following pictures,

There are three possible pictures which corresponds to the fact that a tri-
angulation of a triangular prism consists of three simplices.

Any subset of a simplex is called a cell. The cone spanned by the correspond-
ing vectors v;; is called a cellular cone. From now on we restrict to cells
which are subset of the simplices belonging to the staircase triangulation.
They are characterized by sequences (i1, j1), . - -, (i, j;) with i3 < --- <4; and
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J1 < ...<j;,but {i1,..., i} need not equal {1,2,...,r} anymore and simi-
larly for {j1,...,7i}. The corresponding cellular cones have dimension ! and
can be pictured in a similar way as above. To any cell C' we can associate
the supports S (C) = {i1,...,4} and S, (C) = {j1,...,ji}. Let S(C) be the
disjoint union of S, and S,. Then clearly, [ +1 < |S(C)| < min(r + s, 21).
We say that the support of C' is mazimal if |S(C)| =r + s. The cellular
cone corresponding to a maximal cel is not contained in H, the cone corre-
sponding to a non-maximal cel is contained in H. Furthermore, if S(C) is
not maximal, then |S(C)| <r+ s — 2, since points with only one non-zero
coordinate cannot exist in H because of the equation ), p;& = 5 45+

Definition 5.3. The fan X' is defined by all cellular cones whose support
s not maximal.

Choose a cell C given by (i1,71),- - ., (i, 71). To it we shall associate a com-
ponent, denoted by W , of the completion of V). Choose an index o not in
Sg, or if that is not possible, o € S,,. Assume the first case happens. Then set
2o = 1 (dehomogenization). However, for the sake of elegance, we continue
to write z,.

We replace the coordinates z;,i € Sy, yj,j € S, by monomials in |S| new
variables, namely, u1, ..., u;, wi, ..., w51, 2. It could happen that there
are no variables w;, namely if |S| has the minimal value [ 4+ 1. We begin by
choosing [ lattice points uy,...,u; in the R>p-span of v; ;,...,v;; such
that they form a basis of the lattice points in the R-span of v j,,...,Vi;,.
We next extend this basis to a basis of the lattice points in the space p1&; +
s prér = i + - - - + gsms with support in S. That is, for any such lattice
point we have § = 01if i ¢ S, and y; = 0 if j ¢ S,,. The additional vectors
are denoted by wi, ..., w|g_;_;. Finally we extend this basis to a basis of
all lattice points with support in S by adding a suitable vector z.

Let us denote the m-th component of u; by uy;,, and similarly for the other
indices. Now replace x;, in equation (1.1) by

Uiy Uiy Upig W14y

214
ul u2 ...ul wl ...Z 1

and similarly for the other variables x,,,m € Sy, ym, m € Sy. It is important

to notice that the minimum of the ¢;-th components of uy, ..., u; is positive.
The component W ) to be added consists of the points with u; = --- = u; =
0 and all other coordinates non-zero. Setting w1 = uo = --- = u; = 0 in our

equation will render x;,7 € S;,y; € Sy zero. Furthermore, since the u; and

w; all satisfy the equation p1&1 + -+ - + pr& = @ + - - - + qsns the variables

u;, w; will be absent from the equation )\xlfl A y‘fl -+ yd after we made
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the substitution. The variable z will occur in the equation with exponent
+ag where as = ged(pi,, -, Piss Qjrs - - - G5, )-

After the variable substitution and setting u; = - -- = u; = 0 we are left with
the equations

(5.1) Z T = Z yj, Az H o = H Yy

€Sy IESy iZ S, JESy

Notice that the variables w; have disappeared from the equations. We choose
them arbitrarily and non-zero. The variables z;,¢ € S, and y;,j € S, are also
taken non-zero. So the component W¢ y is GL‘z'_l_l times the affine variety
of points with non-zero coordinates given by the equations (5.1).

Before giving the point count on W y we present an example of the eval-
uation of some components. Consider the case p; = 6,p2 = 3,p3 = 2,p4 =
1,1 = 8,92 = g3 = 4. We have r = 4, s = 2 and the equations of V) read

(5.2) T1+ Ty a3+ T =Y+ v, Aririaizy = yiys.

We would like to construct the components W y for the following cells C':

|| |

In all three examples we shall set x4 = 1. First consider the cell given by
(1,1). The relevant variables that become 0 are z1,y;. Choose u; = (4, 3)
(actually u; € RS, but we write down only the non-zero coordinates at the
positions corresponding to x1,y;). We choose z = (1,1). This gives rise to
the substitution z; = ufz,y1 = uiz. After this substitution equations (5.2)
become

ujz+ a9+ a3+ 1=udz +yo, Iriald = 2%y

After setting u; = 0 we get
o+ x3+1=1ya, \rszi = 22y;.

Now consider the cell given by (1,1),(2,1). The relevant variables that
become 0 are x1, x2,y1. For uy, us we have to find a lattice basis in the cone
spanned by (4,0, 3), (0,8,3). Choose u; = (4,0, 3),us = (3,2,3). Finally we
choose z = (0,3,1). Our substitution becomes x; = u‘llu%,:vg =ud23 Yy =
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u3u3z. Equations (5.2) become

ujus +u3d2® +x3 + 1= ududz, /\zxg = 5.
Setting u; = ug = 0 leaves us with
r3+1, \223 = ys.
Now consider the cell given by (1,1),(2,2). That means xi,x2,y1,y2
are the relevant variables that go to 0. We choose u; = (4,0,3,0),us =
(0,4,0,3). Since |S| — 1 — 1 =1 in this case we can choose a vector wy, say

w1 = (1,-2,1,—2). Note that all three vectors satisfy 6t1 + 3ty = 8t + 4t4.
Finally we take z = (0,1,0,1). This yields the substitution

4 4, —2 3 3, —2
T1 = U W1, T2 = UpWy 2, Y1 = UWL, Y2 = UgW; 2
and equations (5.2) become

ujw; + u%wl_Qz + a3+ 1 =udw + u%wl_Qz, \z3 = 2.

Setting u; = uo = 0 yields z3 +1 =0, )\xg = z. We see that w; has disap-
peared from the equations.

Proposition 5.4. Let C be a cell as above, | its number of elements and S
its support. Let W¢ y be the product of G',;f“l‘l and the variety defined by
the equations (5.1). Then

1 i

WenFy)l = g(q —1)rteiee
(~1)ls! Sio1

+ T(q — DPIEEN" 5(agm) g(pm, —qm)w(eX)™,
m=0
where
g(pm, —am) = [ g(pim) [ [ 9(—aym) and € = (—1)2i=1%.
i=1 j=1

In addition, if we take C' empty, then |S| =1 =0 and the point count coin-
cides with Proposition 4.3 if we set ag = 0.
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Proof : We work with a non-empty cell. First we count the number N of
solutions of equations (5.1) and then multiply the result by (¢ — 1)I¥1=1=1,
Let us rewrite the equation (5.1) in the more managable form

Ltz 44z, =0, =X ][]af".

To arrive at this we set x, = 1 and replace —y; by variables z,, and the
set {a1,...,a,} to be the set consisting of p;,i € S, Uo and —gq;,j € Sy.
Finally, € = (—1)216% % Notice that n =7 + s — |S] — 1.

De cardinality N is computed using

N = > CED NS

o
2,2, EF g WEF €/ =Xz%s [], z;*

where the summation and product with index i are to be taken over i =
1,2,...,n. We determine the Fourier coefficient ¢, of this expression.

Cm = qil z Pe(v(1+ le)) w(A)~

2,2 ANEFy WEF €/ =Az%s [, z}?
3 _ 1 .—as —Q;
Substitute A = €27 [[, x;“ to get

= X e+ Y ) we [La

z,x;€Fy weEF,

Summation over z yields the factor (¢ — 1)d(agm). Then, using Lemma 2.7,
summation over v and the x; shows that ¢, equals

d(asm) ((q — 1) S5 (am) + 79 Z‘“ )Hg(aim)> w(e)™,

where a = ged,;_; _,(a;).

We rewrite this expression for ¢, in terms of our original data. First of all
a is the ged of all p;, q; with i ¢ S, Uo and j € Sy. Note that any divisor d
of both a and ag divides all p;, g; except possibly p,. Because the sums of
all p; equals the sum of all ¢;, d also divides p,. Since the ged of all p;, g; is
1 we conclude that ged(a,ag) = 1, hence d(am)d(agm) = d(m).

Secondly, if agm =0 (mod q) then p;m =0 (mod q), hence g(p;m) = —1,
for all i € S, Uo and similarly g(—g;m) = —1 for all j € S,. Furthermore,



582 Frits Beukers, Henri Cohen and Anton Mellit

=D am= =3 pim+ Y ggm+pem (mod q)=p,m (mod q).
Hence

d(asm)g(=Y _ aim) [ [ 9(aim) = (=1)®5(asm) [T 9(pim) [ [ 9(—a;m) -
i i =1

i=1

Thirdly, if 6(agm) = 1, then m > jes, U is divisible by agm, hence divisible
by g —1. If ¢ is odd this means that m3 ¢ ¢; = my5_1qj (mod 2).
hence (€)™ = €™. If q is even we work in characteristic 2 and thus 1 = —1.
We obtain

' S
em = (=175 (m) + (=115 (asm) [T gpem) [ [ 9(—am)w(e)™.
i=1 j=1
Division by ¢, multiplication by (¢ — 1)I¥I=/=1w(\)™, and summation over
m yields the desired result.
U

Denote by 7.5 the set of all cells of the staircase triangulation of
A1 x A7 Recall that any such cell C of T, is given by a sequence
(11,71)s - -+, (i1, 51) of distinct pairs such that iy,41 — im, jm+1 — Jm > 0 for
m=1,...,0l—1. The number [ =1[(C) is called the length of the cell.
As before, the support S(C) is the disjoint union of the index sets
{i1,.. - .}, {j1,---,71}- Notice that the difference |S(C)| — I(C) — 1 is equal
to the number of indices m such that i1 — im, Jm+1 — Jm > 0. We note
specifically that the sequence may be empty, i.e. [ =0, in which case we
speak of the empty cell.

Proposition 5.5. With the above notation we have

Z(q o 1)|S(C)|—Z(C)(_1)|S(C)| _ qmin(r,s) 7
c

where the summation extends over all cells C' of Trs, including the empty
one.

Proof : We divide the cells into two types. The set A of cells for which
there exists m such that i,, # j,, and the set B of cells for which i, = j,
for all m, including the empty one. We show that the total contribution in
the sum coming from the cells in A is zero. Denote by p the minimum of all
min(é,,, jm) for which i, # j,,. We distinguish two types in the set A.
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(i) The point (p,p) is contained in the cell.
(ii) The point (p,p) is not contained in the cell.

We can map the cells from A(i) one-to-one to A(ii) by deletion of the point
(p,p). In the process the difference |S(C)| —I(C') does not change but the
value of |S(C)| changes by one. Hence the terms that are paired by this
mapping cancel. So it remains to compute the contribution from the cells
of B. They are all of the form (i1,71),...,(i;,4;) and the length is at most

min(r, s). For each cell in B the number |S| = 2[ is even and also, |S| — 1 = [.

The number of cells in B of length [ equals (minl(r’s)). Hence the sum reads

min(r,s) (min(r, S)

! )(q — 1) = (g — 1+ 1)min(rs) = gmin(rs)

=0

as asserted.

Proposition 5.6. With the above notations we have

min(r—1,s—1)

Z(q _q)rsHO)-1 Z (7“;& 1) <3; 1) gsm1

C m=0

where the summation extends over all cells C' of Trs, including the empty
one.

Proof : Denote the sum on the left by A,s and the sum on the right by
Bys. When r = 1 the number of cells of length [ is equal to (?) Hence

s s L .
AlS:Z<l>(q_1)l+s : 1:(] )
=0

which equals By;. is the desired answer when r = 1. Similarly we have A,1 =
B, for all r.
We claim that for all 7, s > 1,

Ars = qArfl,s + qAr,sfl - (C]2 - Q)Arfl,sfl .

The summation over the cells of 7,¢ consists of the cells in 7,_1 s, the cells
Tr.s—1 and the cells with (4;, 5;) = (7, s). The contribution to A,s from 7,_; g
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equals (¢ — 1)A,_ s because k is increased by 1. Similarly we get a contribu-
tion from 7;. s—1. However, cells in 7,_1 s—1 have been counted doubly. So we
have to subtract the latter contribution once, which equals (g — 1)2A4,_1 s_1.
This gives the contribution

(q - 1)A'r—1,s + (q - 1>Ar,s—1 - (q - 1)2147"—1,5—1 .

The cells with endpoint (r,s) have not been counted yet. They arise by
adding (7, s) to the cells in 7,1 s—1, Tr—1,s and T, s_1. The length of the cell
increases by 1 and k increases by 1, except with 7,_1s—1 in which case k
increases by 2. Using inclusion-exclusion we arrive at a contribution

Ar—l,s + Ar,s—l - (q - 1)Ar—1,s—1 .

Our claim now follows. We see that the A, are uniquely determined by the
recursion and A, = q", A1s = ¢°.

It remains to verify that B,s satisfies the same recursion. Consider B,g —
qB'r—l,s - qB'r,s—l + (q2 - Q>Br—1,s—1 for T, d > 1. It equals

S0 -C0) -0
O L e ) [ U

where we use the convention that we sum over all m > 0 and use (7‘7‘1) =0if
a is an integer < m. The terms of the sum on the first line are easily seen
to equal (7”_2) ( 8_2)qT+s_m_1 if m>1and 0 if m = 0. So we are left with

m—1/) \m—1

r—2 5s—2 r4s—m—1 r—2 s—2 r+s—m—2
Z(m—l)(m—1>q Z m m )7 ’
m>1 m>0

which equals 0. Hence B, satisfies the recurrence and the equality A,s = B,
holds for all 7, s.
O

Proposition 5.7. With the above notation we have

- min(r—1,s—1) o1 s 1 n
m m

S(C)=r+s m=0

where the summation extends over all cells C' of Tys with |S(C)| =r + s.



Finite Hypergeometric Functions 585

We call cells with |S(C)| =r+ s mazimal cells. They correspond to the
cellular cones that are not contained in . Although these maximal cells do
not contribute to the pointcount on V) it is convenient to include them in
summations over the cells of 7.

Proof : The cells C with [S(C)| = r + s are given by (i1,71),- - , (i1, ji) with

(tmt1, Jm+1) — (ims Jm) € {(1,0),(0,1),(1,1)} for all m and (i1,71) = (1,1)
and (i, ;1) = (r,s). Let D,s be the corresponding sum. We claim that

Drs = Drfl,s + Dr,sfl + (q - 1)Dr71,571

for all r,s > 1. This is a consequence of the fact that maximal cells in 7,
arise by adding (r,s) to a maximal cell in T,_1 5, Trs—1 Or Tp_1-1. It is
clear that D13 = D,1 = 1. Together with the recurrence and an argument as
in the previous proposition we arrive at our assertion.

O

According to Proposition 5.4 we associate to any cell C' the counting number

N(C) _ 6(q_1)r+s—l(C)—2
2
q—1)5¢ — m
+ )q_ 0 DI N5(agcym)g(pm, —qm)w(e)
m:0

where
T S
g(pm, —am) = [ [ g(pim) [ ] 9(—a;m
i=1 j=1

In particular, if |[S(C)| =1(C) =0 (C empty), then this number coincides
with |[VA(F;)| according to Proposition 4.3. To obtain the cardinality of
Va(Fy), we take the sum of N(C') over all cells C with |S(C)| <r+s—2. A
straightforward check shows that our definition gives N(C) =0 if |S(C)| =
r + s — 1. Hence we can take the sum of N(C') over all cells C' and subtract
the contribution from the maximal cells.

We first sum over all C' and do this term by term in the above expression for
N(C). The summation of %(q — 1)+~ UE) =2 yields, according to Proposition

5.6,
min(r—1,s—1)
1 r—1 s—1 o
E : < > < )qr—i-s 2 )
qg—1 m m

m=0
Now choose the m-th term in the Fourier sum. Let I(m) be the set of i
such that p;m =0 (mod q) and J(m) the set of j with ¢;m =0 (mod q).
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Since d(ag(ym) is only non-zero if S;(C') C I(m) and S,(C) C J(m), we
must sum over all such C. According to Proposition 5.5 the sum of
(=1)5©) (g — 1)FON=UE) gyer such cells is equal to gL - The
total contribution in the sum of the N(C) reads

1 O
()l =LIm)|=1) g

g1 pim) - g(prm)g(=qum) - - g(=gsm) .

Note that min(|Z(m)|,|J(m)|) equals s(m), which occurs in Theorem 1.3.
We now subtract the contributions coming from the maximal cells. If C' is
maximal, then ag(cy = 1 since the ged of all p;, g; is 1. Hence §(agcym) = 1
if and only if m = 0, and 0 otherwise. So, for a maximal cell C' we get

— 1)r+sfl(C)71

N(C) = ((g—1)"14+1) = (g — 1) T UD-2

q

According to Proposition 5.7 summation over these terms gives

1 min(r—1,s—1) 1 1
r— s — m
o ()0

m=0

Together these contributions yield

min(r—1,s—1) r—1 s—1 qr+sfm72 _ qm
> GO0

m=0

-2
1 4
A n;)qs(m)lg(pm, —qm)w(eA)™ .
Combination of this result with Theorem 1.3 yields Theorem 1.5.

6. Some alternative varieties

Let k = r 4+ s. Notice that the dimension of the variety V) equals k — 3. In
some cases this is higher than expected. For example, if &« = {1/2,1,2} and
B = {1,1} one would get p1 = p2 =2,¢q1 = q2,93 = @4 = 1. So k = 6 and the
dimension of V) equals 3. However, one would expect that the Legendre
family of elliptic curves is associated to this particular choice of o and 3.
One can remedy this by noticing that the set {2,2,—1,—1,—1,—1} can be
divided into two sets {2, —1,—1} both of whose elements sum up to 0. In
such cases the dimension of V) can be reduced by considering an alternative
variety.
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Let us write (a1,...,ax) = (p1,...,Pry —q1,--.,—qs). Suppose {1,...,k} is a
union of disjoint subsets K1, ..., K; such that ZreKi ar=0fori=1,...,1.
Let A; = (aj)jek, for i = 1,... 1. Define the variety V), as the subvariety of
P15 ..o PIEI=T given by the equations

g xi:---:E x; =0, Azt -apt =€
1€EKy 1€ K

Note that V) has dimension k — 2] — 1. In our particular example we get
dimension one.

Theorem 6.1. We use the above notation. In addition we assume that the
ged of the elements {a;|i € K;} is one for all j =1,...,1. Then

l q—2
VA = q_lngmq) e 3 glorm) - glam) o))"

where Q(x) = ((x — 1)" "1 4+ (=1)") /x.

Proof : For each K; we choose k; € K; and set x, = 1 (dehomogenization).
We introduce the short-hand notation ¥; = 143 .. K, izk, Ti- Then

¢ A(F)| = > Yg(ur Sy + - + ) .
U yeou €EF g xE(FF)F Axa=1

The latter sum is a function of A € IF; and the m-th coefficient of its Fourier
series reads

1 _
Cm = E Z ¢q(U1E1 + -+ ulEl) w()\) m
Uty U EF g N3 €FF AXx2=1
In the summation over x we let z;,, =1 for ¢ = 1,...,[. Substitution of A =
ex 2 yields
1
Cm = 1 Z Pg(urX + -+ wXy) wlex®)™.

X
Uy, W EF g2, EFg

We now use Lemma 2.7 to each of the sets K; to get

1 l
co = q‘il<q—1>’j1:I1Q|Kj|<q>



588 Frits Beukers, Henri Cohen and Anton Mellit
and for m # 0 (mod q),

em = (q— 1) glarm) - g(axm) .

Thus we get
q—2
IVA(F — H Qj(q e z:lg aim) - - glagm)w(eX)™
as asserted.
O
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