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ABSTRACT 

In this work, we introduce a class of Hilbert spaces ,q   of entire functions on the disk 
1

0,D
 
 
 

0 < < 1q
1 q

, , with 

reproducing kernel given by the q-Dunkl kernel  2;E z q ,q. The definition and properties of the space 

,q

 extend 

naturally those of the well-known classical Fock space. Next, we study the multiplication operator Q by z and the 
q-Dunkl operator   on the Fock space ,q  ; and we prove that these operators are adjoint-operators and continu- 

ous from this space into itself. 
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1. Introduction 

Fock space  (called also Segal-Bargmann space [1]) 
is the Hilbert space of entire functions  
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f z a z




   on  such that  
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n


 

This space was introduced by Bargmann in [2] and it 
was the aim of many works [1]. Especially, the differen- 
tial operator d dD z  and the multiplication operator 
by z are densely defined, closed and adjoint-operators on 

 (see [2]). 
In [3], Sifi and Soltani introduced a Hilbert space 


 

of entire functions on , where the inner product is 
weighted by the modified Macdonald function. On   
the Dunkl operator  

       d 2 1
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1 2,
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and the multiplication by z are densely defined, closed 
and adjoint-operators. 

In this paper, we consider the q-Dunkl kernel:  
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where  are given later in Section 2. We dis- 

cuss some properties of a class of Fock spaces associated 
to the q-Dunkl kernel and we give some applications.  

In this work, building on the ideas of Bargmann and 
Cholewinski [4], we define the q-Fock space ,q 
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the space of entire functions z a z




   on the  f
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 of center 0 and radius 
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such that  
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Let f and g be in ,q    n, such that 
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f z a z
 

  0
n

nn


 

and z c z



  , the inner product is given by  g

 
,
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,q
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The q-Fock space 
,q

 has also a reproducing kernel 



 

 given by  

 2
,

1
, ; ; , 0, .

1q w z E wz q w z D
q 

 
    



,qf

 

Then if  

 

, we have  

 
,

,

1
, ,. , 0, .

1q
qf w f w w D

q


 
    



,q

 

Using this property, we prove that the space 

,q

 is a 
Hilbert space and we give an Hilbert basis. 

Next, using the previous results, we consider the mul- 
tiplication operator Q by z and the q-Dunkl operator *Author partially supported by DGRST project 04/UR/15-02 and CMCU

  on the Fock space ,q  , and we prove that these program 10G 1503. 
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operators are continuous from ,q   into itself, and sat- 
isfy:  

,
, , ,

q
q qf C f

  
,q 

 


 

, ,
, ,

q q
qC f

 
 

C

Qf  

where ,q   is a constant independent of f.  
Then, we prove that these operators are adjoint-op- 

erators on ,q  :  

, ,
, ,

q q
Qf g f g

 
, ,; , .q qf g 

,q

 
 

 

Lastly, we define and study on the Fock space  , 
the q-translation operators:  

     2
,: ; ;z qT f w E z q f w w z  

1
, 0, ,

1
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q

 
   

 

and the generalized multiplication operators:  

     2: ; ;zM f w E zQ q f w w z 
1

, 0, .
1

D
q

 
  

q

 

Using the continuous properties of ,  and Q we 
deduce also that the operators zT  and zM , for  

  2 1

1

1 2q q   
,qz  , are continuous from   into 

itself, and satisfy:  

 
, ,

2; ,
q q

z q f
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2. Preliminaries and the q-Fock Spaces   

Let a and q be real numbers such that ; the 
q-shifted factorial are defined by 

0 < < 1q
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1, 2, , .
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Jackson [5] defined the q-analogue of the Gamma 
function as  
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It satisfies the functional equation 
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and tends to x
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 when q tends to 1–. In particular, for 
, we have 1,n 
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The q-derivative  of a suitable function f (see 
[6]) is given by  

   
 

: , 0,
1q

f x f qx
D f x x

q x


  



   0 0D f f   0f 
 qD f x

and q  provided  exists. 
 If f is differentiable then  tends to f x  as 

1q 

      

.  
Taking account of the paper [3] and the same way, we 

define the q-Dunkl kernel by  
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2 2 2
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x
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 2;Iwhere x q  is the q-modified Bessel function [7,8] 
given by  
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Furthermore, the Dunkl kernel  can be ex- 
panded in a power series in the form  
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Thus, the q-Dunkl kernel  is defined on  

2

1
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1
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  and tends to the Dunkl kernel E x

1q

 

as 

,q

. 

We consider the q-Dunkl operator operator   de-
fined by  

        ,

2 1
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2
q

q q

f qx f qx
f x D f x
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2 11
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The q-Dunkl operator tends to the Dunkl operator   
as . 1q 

Lemma 1. The function  2.;E q  , 
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is the unique analytic solution of the q-problem:  
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which completes the proof of the lemma.          □  
Lemma 2. The constants ,  satisfy 

the following relations: 
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Lemma 3. For  , we have  
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This clearly yields the result.                  □   
Definition 1. Let 1 2   ,q. The q-Fock space 
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Remark 1. If , the space ,q
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 agrees with 
the generalized Fock space associated to the Dunkl 
operator (see [3]). 
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The following theorem proves that   is a repro- 
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we prove the second inequality of this t m.     □  
From Proposition 3 we deduce the following results. 
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