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Abstract
2

We study the multiplication operator M by z

9.

and the ¢ -Bessel operator A

on a Hilbert spaces

q9.a

. . . 1
F ., of entire functions on the disk D(O'l_]' 0<g<1; and we prove that these operators are
—-q

adjoint-operators and continuous from F, , into itself. Next, we study a generalized translation operators

on F .
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1. Introduction

In 1961, Bargmann [1] introduced a Hilbert space F of
entire functions f(z)=)"_a,z" on C such that

2
nl<oo

I =%

n=0

aﬂ

On this space the author studied the differential
operator D =d/dz and the multiplication operator by
z, and proved that these operators are densely defined,
closed and adjoint-operatorson F (see [1]).

Next, the Hilbert space F is called Segal-Bargmann
space or Fock space and it was the aim of many works
[2].

In 1984, Cholewinski [3] introduced a Hilbert space
F, of even entire functions on C, where the inner

product is weighted by the modified Macdonald function.

On F, the Bessel operator

d> 2a+1d

A = —, >-1/2
dz @ Y

“ dz? z

and the multiplication by z° are densely defined,
closed and adjoint-operators.

“Author partially supported by DGRST project 04/UR/15-02 and CMCU
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In this paper, we consider the ¢ -/, modified Bessel
function:

© x2n
I(xq")=Y ——=r
( ) 52% bZn (CX;qZ )
where b, (a;q®) are given later in Section 2. We
define the ¢ -Fock space F, , as the Hilbert space of

even entire functions f(z)=3) " a,z* on the disk

——, and such

D(o,i] of center o and radius 1
—-q

1-¢9
that

|71

00
2 2 .2
B > |an| bzy,(a,q )<oo
! n=0

Let fand g be in F,,, such that f(z)=>" a,z*

n=0"n

and g(z)="_c,z*", the inner product is given by

<f’g>]Fw = Z::)anabzn (a;q2)<oo

Next, we consider the multiplication operator M by
z* and the ¢ -Bessel operator A, on the Fock space
F , and we prove that these operators are continuous

q.a’

from F,, intoitself, and satisfy:
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1
¥, 0 < E"ﬂ F, 0

a,.r

471

1
Sg”ﬂ

By e Fya

Then, we prove that these operators are adjoint-
operatorson F_ :

(Mf.g)

Lastly, we define and study on the Fock space F, ,,
the g -translation operators:

= <f,Aq,ag> ; f.gelk,,

]an ]Fq a

V2. 2 1
T.f(w)=1, (qu/,a;q )f(w); W,ZED[O,EJ

and the generalized multiplication operators:
sz(w) =1, (le/z;qz)f(w); W,z € D(o,lij.
-9
Using the previous results, we deduce that the operators

T. and M_, for zeD[o,—], are continuous from

1-g
F _ into itself, and satisfy:

q.a
lz| . >
<l | —;
Fq,a (Z( ’1_q q )||f|
lz| . 2
<l | —;
]Fq,a a( [l_q q J||f|

2. The ¢-Fock Spaces F,,

rf

L

a1

Fy o

Let @ and ¢ be real numbers such that 0< g <1; the
g-shifted factorial are defined by

n-1

(a:9), =1, (a;q), :=H(1—aq'), n=1,2-- 0

i=0

Jackson [5] defined the g-analogue of the Gamma
function as

r, (x):: (q;q)w (1—q)1_x, x#0,-1,-2,--
(a%59),

It satisfies the functional equation

_1-q _
()= 0r (), T @)=
and tends to F(x) when ¢ tendsto 1. In particular,
for n=1,2,---, we have

L, (n+1)=
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The g-combinatorial coefficients are defined for
nkeN, k=0,--n,by

["l _ (w9, r,(n+1) O

k), (49),(4:9),, T, (k+DT, (n-k+1)

The g -derivative D, f of a suitable function f(see [6])
is given by

S(x) =/ (a)

(1-g)x
and D,f(0)=f'(0) provided f'(0) exists.

If f is differentiable then D, f(x) tendsto f'(x)
as g—o1.

Taking account of the paper [4] and the same way, we
define the ¢ -7, modified Bessel function by

I, (x;q2 ) — i x2"

n=0b,, (a;qz)

, x#0

D, f(x)=

where
b, (a;qz _ (1+ q)Z" Fq;(” +1)I“q2 (n+a+1) 2
2 (a +l)
If we put U :;,then
! b,, (a;qz)
L—> 1 > qg—->1
Uy (l—q)

Thus, the ¢-1I, modified Bessel function is defined

on D o,;2 and tends to the 7, modified
(1-9)

Bessel functionas ¢ > 1.
In [4], the authors study in great detail the ¢ -Bessel
operator denoted by

2a+1
B, ()= D07 (3) D, ()

where
_ 2a+l
[2a +1], ::1 g
1-q
The ¢ -Bessel operator tends to the Bessel operator
A, a g—o1.

a

Lemma 1: 1) The function I, (Z.;qz),i € D[o,li}
-9
is the unique analytic solution of the g-problem:

Aq’ay(x):/lzy(x),y(O):l and qu(O):O 3)
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2) For ne N, we have

Az = bzn(a;qz) ZZ(n—l)’ n>1

" by(ay (a;qz)

3) The constants b,, (;

g’), neN satisfy the
following relation:

bopea (3% ) =[20+2] [2n+2a+2] by, (@3 4?)

Let a>-1/2. The g-Fock space F, , is the Hilbert

space of even entire functions f(z)=>"_ a,z*" on

n=0"n

D(o,ij , such that
1-¢

i a b2n<a q ) 4)

n=

n

where b, (a;q”) is givenby (2).
The inner productin F, , is given for

( ) Z” Oaﬂzz" and g(z) = Z:::ocnzz” by
<Vf¥éz>m = :E:anzizhn (Cl;qz ) (5)
“ n=0

Remark 1: If ¢ —»1", the space F,, agrees with
the generalized Fock space associated to the Bessel
operator (see [3]).

Theorem 1: The function «,, given for

w,z ED(O,LJ, by
1-¢

Ky o (w,z) =1, (v_vz;qz)
is a reproducing kernel for the ¢ -Fock space F, ,, that
is:

1) Forall we D(o,ij, the function z — «, , (w,z2)

1-¢g

belongsto F, , .

2) For all weD[o,li] and feF,,,wehave
—-q

<f, K, q (W, ')>Fq,a = f(w)
Remark 2: From Theorem 1, 2), for feF, 6 and

we D(o,ij , We have
1-¢9

F,

49,2

=)

QOB RIS S
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3. Multiplication and ¢ -Bessel Operators on
F

q,0

On F

9.a

and N,

we consider the multiplication operators M
given by

Mf(z) = sz(z)
f(z)-1(42)
1-¢
the ¢ -Bessel operator

qu(z):: quf(z):

We denote also by A_,

defined for entire functions on D£0’1Lj .
—-q

We write
(A M ]=A, M-MA,,

By straightforward calculation we obtain the following
result.

Lemma2: [A,, M |=(1+q)[2a+2] B, +W,

q.a’

where
B,(z)=1(4z)

and
W,.f(z)=(1+q)(1+4* )gzD,(f)(qz)  (6)

Remark 3: The Lemma 2 is the analogous commu-
tation rule of Cholewinski [3]. When ¢ —>1",

then [A

q.a’

M} tends to 4(a+1)1+4zdi, where [
Z

is the identity operator.

Lemma3:If f€F,, then B f, N, f and W, f

belong to Fq'a , and
Y 8., <7,
1 +q 1+q
9 ., <,
Proof. Let f(z)= Z::Oanzz” eF, . then
B,f(2)=f(qz) = Da,q"z" @)
n=0

and from (4), we obtain
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"B"f";,a = §)|an|2 4"b, (:4%)

<ol b (i) =1/,
and

)

Using the fact that [Zn]q < % we deduce

Al = St (1201, 2

1 2
2 Z|a | 20 ( ) —2||f||[Fq’a

I sE, e

( _
On the other hand from (6), we have

W (2)= (L4 q) (1) o, [20], 472 (@)

and

Using the fact that [Zn]q <

) <[(1+q)(1+q )]
e (1-q)
Therefore, we conclude that

(1+ q)(l+ q )
wq,a - 1—

zwu)wq>

...

7,1

171,

which completes the proof of the Lemma. o
Theorem 2: If feF, , then A, ,f and Mf
belong to Fq,a , and we have

1) |A,.f

1
F, . SE"f"JFW '

1
2) M, SE"f I, . -

Proof. Let f(z)=>"a,z"" €F,,.
1) From Lemma 1, 2),

A, f(z)= i (a qz)) 2(n-1)
, "
(10)
- 55, EZ“ 4 )) .
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Then from (10), we get

S 2b2n+z(a;‘]2) .,
= nz::‘)|a,,+1| bzn (a;qz) b2 +2 (0-’ q )

Using Lemma 1, 3), we obtain

4,11

F, o

2
.11,

i Qa’”l'z [2n+2] [2n+2a+2], by, (ai4?)

and consequently,

A, f"; Z|a| [2n], [2n+2a] b, (a:g®) (A1)
. 1
Using the fact that |2 2n+2 < , we
g [or] [on 2], < =
obtain
1 2 2 . Y2 1
||Aq,a F SE[ZH%' bzn(a.qz)} _E"f"FW
2) On the other hand, since
Mf(2) = Ya, 12 12)
n=1

then

||Mf||;qa = Zl|an—1|2 bZn (a’ q2

By Lemma 1, 3), we deduce

) = i|an|2 b2n+2 (aqu)
n=0

s ||§q’a = §|an *[2n+2] [2n+2a+2] b, (@:q°) (13)
. 1
Using the fact that [2n+2] [2n+2a+2] < o
we obtain
1
[, < E"f l,
We deduce also the following norm equalities. o
Theorem 3:If' f€F, , then
D (1 W,f), = (1+q)(1+ ¢ )N, S B,S),
2 .l =, + <NfBﬁ
3) ol =[N/, +@ra)l
(l+q+[2a+ Z]q)<qu’qu>qu‘a ,
4y Ml =], ; +(1+q)[2a+2] |3, f";

HS W )y,
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Proof. Let f(z)=>" a,z"" €F,,

1) Follows from (7), (8) and (9).
2) From (11), we get

2 o0
[, = 2la
Fya n=0
Using the fact [2n+2a] —[2n] +q° [Za]q, we

deduce
=|

2
”A'iv"f Fy o
3) By (13) and using the fact that

|4,0f

]q [Zn + Za]q b,, (a; qz)

+[2¢],(N, 1.8, f}FW

[2n+2] [2n+2a+2],
=([2n],) +(1+g+[2a+2],)* [24],
+(1+q)[2a+2], "
we obtain
=l +(eateas2) o

+(1+q+[2a+2]q)< JB,f),

qa

4) Follows directly from 1), 2) and 3). o
Remark 4: Let f(z)=)" a,z"¢
(1., f>F >0, then

Therefore Mf =0 impliesthat f=0. Then
M:F,, —F , is an injective continuous operator on
F .

q.a
Proposition 1: The operators M and A,, are
adjoint-operators on F, ,; and for all f, ge]F

have

F,, . Since

1+q)[

(M.g), = (£, Aq,ag%w

Proof. Consider f(z)=3" a,z"" and
g(z)=>"_¢,z"" in F,,.From (10) and (12),
» b a.q’
A‘I ag(Z) = ch-ﬂMZM
' n=0 b,, (a; qz)
and

Mf(z) = i.i:clwlzz'1

Thus from (5), we get

Copyright © 2011 SciRes.

<Mf,g> Zan s (05 q )

n=1

.2
- zan n+1 2n+2 (a’q )

n=0

= <f’ A‘I’“g>mq,a

which gives the result. o

4. Generalized Multiplication and
Translation Operatorson F,,

In this section, we study a generalized multiplication and

translation operatorson F, , .
1
and w,ze D(o,—l j,

Definition 2: For f €[,
—-q

we define:
-The ¢ -translation operatorson F, ,, by
< A" uf(w .,
r.f(w)=) 22—+~ )

S, ()

-The generalized multiplication operatorson F,  , by
> M"f(w) ,,
M_f(w)= Z—( 2) 22

n=0 b2n ((Z, q )

(14)

(15)

1-q
fies the following product formulas:

r,1, (.;qz)(w)zla(z;qz)la (W;qz)
M1, (4% )(w) =1, (wziq? )1, (wid”)
Remark 5: If ¢ —>1 , we obtain the generalized

translation operator given in ([3], page 181)
Proposition 2: Let f(z)=)Y." a,z" €F, , and

n=0"n q.a

For w,zeD[o,i], the function 7(.;¢”) satis-

Z,We D[o,i]. Then
1-¢
1)
=2 S}
o (a +1)rq2 (n+a+1)

2k

(ZJ 2n

— wo.
qu(k+a+1)1"2(n—k+a+1) w ]

q

2) M.f (W)=Zf:o[2" C(l”—_qu)Z“]WZ”-
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< A;xaf(w) ZZn.

n.f(w)=2

Proof. 1) Let f(z)=)" a,z"" €F, . From (14),
”=0b2n (a,qz)

we have
w,zeD 0,i
1-q
Since from Lemma 1, 2),

n W2k — bzk (a’qz) W2(k—n)'

A
" Doy (0‘;‘12)

k>n

we can write

n — < bZk (a’qz) 2(k—n)
Aq,af(W) - I{Z:’;ak bz(k_,,) (a;qz) w

Thus we obtain

2n—k) 2k

)=S0 3 teleid)

On the other hand from (1) and (2), we get
b,, (a;qz)
b (@) ()
(n] r 2(oc+l)l"q2 (n+a+1)
P

q
k), , (k+a+1)Fq2(n—k+a+1)

which gives the 1).
2) From (15), we have

© M" on 1
sz(W)z;#_(:;))z ; W,ZED[O,EJ

But from (12), we have
Mnf(w) - iak_nWZk
k=n
Thus we obtain
sz(w) - i i A, L2k |20 g
n=0| k=0b,, (a;qz)

According to Theorem 2 we study the continuous
property of the operators 7. and M_ on F, .

Theorem 4: If f eIFM and z ED(O,%} then
—-q

T.f and M_f belongto F,,,and we have

o 1 iy

1)

rf

Fya !
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2) |m.f

Fro

F sg{iiﬁfyv
N

Proof. From (14) and Theorem 2, 1), we deduce

2n
0
n=0

|2

Fya sz (a,qz)

2n

IA

Lf

Aul

By

d

(1-q) by, (a;qz)

<3 I

By

Therefore,

Lf

2l . .
Ly Sla(ﬂ’q "f

which gives the first inequality, and as in the same way
we prove the second inequality of this theorem. o
From Proposition 1 we deduce the following results.
Proposition 3: Forall f,geF, ,, we have

(M.f.g), =(fTg)

Fy

L B

<Tzf'g>mq,a = <'f,M;g>]Fq,(x

We denote by R the following operator defined on
F,. by
R =TM. -MT =1,(:02:q°)1, (M)
-1, (;MlIZ;qZ)Ia (zA;/Z ;qz)

a

Then, we prove the following theorem.
Theorem 5. Forall f €F, ,, we have

e, =Irsl,, +(rR1),
Proof. From Proposition 3, we get
IM.rl,, =(rmm.r),
=(f \M-T.+R
(r(Mr+r)r),
=|rsly,, (RS :
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