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Abstract

A dominating set is called a global dominating set if it is a dominating
set for a graph G and its complement G. We investigate some general
results for global dominating sets corresponding to the graphs P,, C,
and W,
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1. Introduction

We begin with finite connected and undirected graph G = (V| E) without
loops and multiple edges. The set S C V of vertices in a graph G is called a
dominating set if every vertex v € V is either an element of S or is adjacent
to an element of S. A dominating set S is a minimal dominating set(MDS)
if no proper subset S’ C S is a dominating set.

The minimum cardinality of a dominating set of G is called a domination
number of G which is denoted by «(G) and the corresponding dominating
set is called a v-set of G.

The open neighborhood N (v) of v € V is the set of vertices adjacent to
v and the closed neighborhood of v is the set N[v] = N(v) U{v}.

The complement G of G is the graph with vertex set V and two vertices
are adjacent in G if and only if they are not adjacent in G.

A subset D C V is called a global dominating set in G if D is a domi-
nating set of both G and G. The global domination number v,(G) is the
minimum cardinality of a minimal global dominating set in G. The concept
of global domination in graph was introduced by Sampathkumar [4].

The wheel graph W, is defined to be the join C,,_1 + K. The vertex
corresponding to K is known as apex vertex and the vertices corresponding
to cycle are known as rim vertices.

Duplication of a vertex v of a graph G produces a new graph G’ by
adding a vertex v' with N(v') = N(v). In other words a vertex v’ is said
to be duplication of v if all the vertices which are adjacent to v are now
adjacent to v’ also.

If the vertices of a graph G are duplicated altogether then the resultant
graph is known as splitting graph of G which is denoted as S'(G).

For all standard terminology and notation in graph theory we refer to
West [6] while for terminology related to domination in graphs we rely
upon Haynes et al. [2]. The various bounds of global domination number
in terms of order, degrees and domination number of graph is given by
Brigham and Duttom [1]. The global domination number for one-point
union of finite number of copies of cycles C,, is reported in Vaidya and
Pandit [5] while Kulli and Janakiram [3] have introduced the concept of
total global dominating sets.

In the present work we investigate some general results which relate the
concept of global domination and duplication of a vertex.
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2. Some General Results

Lemma 2.1. For cycle C,,, let C), be the graph obtained by duplication of
a vertex x by ' where x € V(C,,). If S is a dominating set of C), containing
either of the vertices which are adjacent to x, then S is also a dominating
set of CJ.

Proof: If x € V(C,) is duplicated by a vertex 2’ then V(C}) = V(C,) U
{z'}. Now if S is a dominating set of C,, and a € S(a # =) dominates x
then a is adjacent to 2’ in C/,. Thus, a dominates 2’ in CJ,. That is, S is a
dominating set of C,.

Theorem 2.2. Let C/, be the graph obtained by duplication of a vertex x
of Cp, by 2/. If S is a global dominating set of C,, containing either of the
vertices which are adjacent to x then S is also a global dominating set of
Cl.

Proof: If S is a global dominating set of C), then S is a dominating set of
C, as well as C,,. As S is a dominating set of C,, then according to Lemma
2.1, S is also a dominating set of CJ,.

To prove the required result it remains to show that S is a dominating
set of C/,. For that if a € S is adjacent to x in C!, then it is not adjacent
to = in C’. Now, S being a dominating set of C,, 3 a vertex b € S, a # b
such that b is not adjacent to = in C,, but dominates x in C,,. As a € S is
adjacent to both z and 2’ in C/, implies that it is not adjacent to both x
and 2’ in C/,. Moreover, V(C!) = V(C,) U {2’} and S is a dominating set
of C,, then above referred vertex b € S must dominate 2’ in C. Hence, S
is also a dominating set of C7,.

Thus, S is a dominating set of both C, as well as C/,.
Therefore, S is a global dominating set of C/,.

Theorem 2.3. If S is a y-set of P,, (n > 6) then S is a global dominating
set of P,. Also v(P,) = v4(Py).

Proof: For P,, n > 6, consider a y-set, S = {v,vs,...,v3j42} if n =
0or2(mod 3) and S = {va,vs,...,v3j42} U{vp_1} if n = 1(mod 3) where
0<j <[22

In P,, there are two vertices of degree 1 and (n — 2) internal vertices
are of degree 2. Now, let v; € S and v; € S be any two vertices such that
vj & Nlvi].
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Then we claim that these two vertices are sufficient to dominate remaining
vertices of P,. Since the vertices which are not in N(v;) must belong to
N(vj), any S C V containing v; and v; will be a dominating set of P,.
Thus, S is a dominating set of both P, as well as P,. Hence, S is a global
dominating set of P,.

Since, S being a y-set, it is of minimum cardinality. Therefore, v(P,,) =
Yg(Pp) for n > 6.

Remark 2.4.

(1) S = {va} is a y-set of both P» and P3 which is not a dominating set
of P, as well as of P3 and hence it is not a global dominating set of P, as
well as of P3. Also y(Py) # v4(Py) for n = 2,3 as v(P2) = y(P3) =1 #
2 =79(P) = 79(P3).

(ii) S = {v1,v4} is a y-set as well as a global dominating set of P,
while S = {vi,v3} and S = {va,v4} are such ~v-sets of P4 which are not
dominating sets of P; and hence they are not global dominating sets of Pj.
But ")/(P4) = ")/g(P4) = 2.

(13i) S = {va,v5} is a y-set as well as a global dominating set of Ps
while S = {vg,v4} is such a vy-set of P5 which is not a dominating set of Ps
and hence it is not a global dominating set of Ps. But v(Ps) = 4(P5) = 2.

Therefore, y-set of P, (n < 5) may or may not be a global dominating
set of P,.

Theorem 2.5. S is a global dominating set of P, if and only if it is a
global dominating set of P}.

Proof: For P, (n > 4), consider the global dominating set S = {va, vs, vs, ...

’U3j+2} if n = OOT’Q(mOd 3) and S = {’02,@5,'118,--‘77)3]'—&-2} U {'Un—l} if
n = 1(mod 3) where 0 < j < |252].

There are three possibilities when duplication of a vertex of P, takes
place.

(7) Duplication of a pendant vertex.

(74) Duplication of an internal vertex not belonging to S

I
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(#4i) Duplication of an internal vertex belonging to S.

Case-1 Either a pendant vertex or an internal vertex of P, not belonging
to S is duplicated.

Here, a duplicated vertex v’ is adjacent to a vertex in above referred S
and V(P)) =V (P,) U {v'}.
Hence, S is a global dominating set of P).

Case-II An internal vertex of P, belonging to S is duplicated.

For P, (n > 4), consider the global dominating set S' = {v1,v4,v7,...,v3j41}
if n = 1or2(mod 3) and S = {v1,v4,v7,...,03j41} U{v,} if n = 0(mod 3)
where 0 < j < |21

Here, the duplicated vertex v’ is adjacent to a vertex in above referred
S and V(P)) =V (P,)U{v'}. Hence, S is a global dominating set of P} .

Conversely, suppose that S is a global dominating set of P/. Therefore,
S is a dominating set of both P! and P’. But V(P)) = V(P,) U {v'} and
V(P.) = V(P,) U {v'}. Moreover, S being a global dominating set of P’ 3
a vertex in S which will dominate both the vertices v and v" in P}, as well
as in P’. Hence, S is a dominating set of both P, and P,. Therefore, S is
a global dominating set of P,.

Hence, we have proved that S is a global dominating set of P, if and
only if it is a global dominating set of P),.

Theorem 2.6. v4(P)) = ~4(P,) for n = 2,3.

Proof: For path P, V(P2) = {vi,v2}. Then S = {v1,va2} is a global
dominating set of P which is also an MDS with minimum cardinality.
Hence, v4(P2) = 2.

Now on duplicating either of the pendant vertices v of P, by a vertex
V', S = {v1,v2} is a global dominating set of Pj which is also an MDS with
minimum cardinality. Hence, v,(P3) = 2.

Thus, v4(P3) = v4(F2).

Next, consider the path P3, V(P3) = {vi,v2,v3}. Then S = {v1,v2}
is a global dominating set of P3 which is also an MDS with minimum
cardinality. Hence, v4(P3) = 2.

Here, duplication of a vertex can take place in either of the following
manner:
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Case-l

If v" is the duplicated vertex of either of the pendant vertices of P3 then
S = {v1,v2} is a global dominating set of P; which is also an MDS with
minimum cardinality. Hence, v,(P3) = 2.

Case-11

If v is the duplicated vertex of an internal vertex v of P3 then S =
{v1,v2} is a global dominating set of P which is also an MDS with mini-
mum cardinality. Hence, v4(P3) = 2.

Thus, 7(P}) = 1(P).
Hence, we have proved that v4(P),) = v4(P,) for n =2, 3.

Theorem 2.7. For n > 4,

Yg(P)) = v4(Py) for n = 1or2(mod 3)

and
Yo(Pn') = g(Pn); ifvig S _
’ — (P +1; ifuicS }fom:o(m‘)d 3)

where v; is the vertex of F,, which is to be duplicated.

Proof: For P, (n > 4), consider the global dominating set S = {va, vs, vs, ...

’U3j+2} if n = OOT’Q(mOd 3) and S = {’02,@5,'118,--‘77)3]'—&-2} U {'Un—l} if
n = 1(mod 3) where 0 < j < |252].
Consider S = {vg, v5,vs, ..., v3j12} if n = 0(mod 3). Then, for v; € S,

S —{v;} will not be a dominating set as the vertices v;—1 and v;41 will not
be dominated by any of the vertices of S — {v;}. Hence, S is an MDS of
P,.

For n = 0(mod 3), |S| = §. Suppose, if possible, S # S is an MDS
with |S1] = § —1 < [S]. Any path P, has total n vertices and any vertex v
of P,, dominates either 1 or 2 vertices of P, other than vertex v. Therefore,
(§ — 1) vertices of S cannot dominate more than |S1|+2|S1| vertices. But
1S1]+2%1] = (3—1)+2(3-1) = 2-14+2-2=3_3 =n-3 <n= V(B
Hence, S7 is not a dominating set of P,, which is a contradiction.

Therefore, S is an MDS with minimum cardinality.

Case-I n = 1(mod 3).

I
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Subcase-1 When a pendant vertex or an internal vertex of P,, not belonging
to S is duplicated.

Here, S = {vg, v5,0s,...,v3j42} U{v,—1} is a global dominating set of
P, as well as of P! as we have proved in Theorem 2.5 and it is an MDS
of minimum cardinality as proved above. Therefore, v4(P),) = 74(P,) for
n = 1(mod 3).

Subcase-2 An internal vertex of P, belonging to S is duplicated.

Here, S = {v1,vs4,v7,...,v3j11} is a global dominating set of both P,
and P, as we have proved in Theorem 2.5 and it is an MDS of minimum
cardinality as proved above. Therefore, v4(P},) = v4(P,) for n = 1(mod 3).
Further, we have the following cases :

Case-2 n = 2(mod 3).

Subcase-1 When a pendant vertex or an internal vertex of P, not belonging
to S is duplicated.
S = {1)2, V5, U8y« « -y ’Ungrg} ifn= Q(mod 3)

Subcase-2 An internal vertex of P, belonging to S is duplicated.
S = {vi,v4,07,...,03541} if n = 2(mod 3).

Case-3 n = 0(mod 3).

Subcase-1 When a pendant vertex or an internal vertex of P, not belong-
ing to S is duplicated.
S = {va,v5,08,...,03542} if n = 0(mod 3).

We treat the Subcase-2 of Case-3 separately.

Subcase-2 An internal vertex of P, belonging to S is duplicated.

Here, S = {vi,v4,v7,..., 03541} U {vn,} and S = {vg, v5,vs,..., 03542}
are global dominating sets of P and P, respectively.

Now, the respective sets S are global dominating sets of P, as well as
of P} as we have proved in Theorem 2.5 and following the analogous argu-
ment as above, it can be shown that the respective sets S are MDS with
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minimum cardinality.

Thus, for n > 4,
Yg(Ph) = 7v4(Py) for n = 1or2(mod 3)
and

=7(Pn)+1; ifv; €S

where v; is the vertex of F,, which is to be duplicated.

Yo(Bn') = v4(Pn); ifvi ¢S }forn = 0(mod 3)

Theorem 2.8. S is a global dominating set of W), (n > 4) if and only if it
is a global dominating set of S'(W,,).

Proof: Consider the wheel W), = C,,_1 + K1 with vy,v9,vs,...,v, as its
rim vertices and c; as its apex vertex.
Let v/, v9',v3', ..., v, be the duplicated vertices corresponding to vy, v, v3,

..., v, while ¢’ be the duplication of ¢;.

We observe that S = {v1,v2,v3,c1} is the global dominating set of Wy
as well as S'(Wy).

For n > 5, consider a global dominating set of W,,, S = {v1,v2,c¢1}.
Now, V(S'(W,,)) = V(W,)UV (W2) where V(W) = {v1/,vo’,v3', ..., v/, ¢} }.

From the definition of splitting graph, any vertex in S which dominates
v € V(S'(W,)) will also dominate the duplicated vertex v’ of v in S"(W),,).
Hence, S being a dominating set of W, it is also a dominating set of
S'(Wh).
Now, it remains to show that S is a dominating set of S’(W,,).
From the definition of duplication of a vertex, it is obvious that
(i) a vertex v and its duplicated vertex v’ can never be adjacent in S"(W,,).
Therefore, they are adjacent in S'(W),).
(i7) any vertex in S which dominates v will also dominate v" in S"(W,,)
and S is a dominating set of W,, implies that S is a dominating set of
SH(Wh).

Thus, S is a dominating set of both S'(W,,) and S’(W,,). Therefore, S
is a global dominating set of S'(W),,).

Conversely, suppose that S is a global dominating set of S'(W,,). Then,
S is a dominating set of both S'(W,) and S"(W,). But V(S'(W,)) =
V(Wn) UV (W) and V(S'(Wy)) = V(W) UV (W)
which implies that S is a dominating set of both W,, and W,,. Hence, S is
a global dominating set of W,,.
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Thus, we have proved that S is a global dominating set of W, if and
only if it is a global dominating set of S'(W,,).

3. Concluding Remarks

Some structural properties are derived corresponding to the concept of
global dominating sets. Analogous results can be obtained for other graph
families and in the context of various types of dominating sets in graphs.
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