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LIPSCHITZ METRIC FOR THE CAMASSA-HOLM EQUATION
ON THE LINE

KATRIN GRUNERT, HELGE HOLDEN, AND XAVIER RAYNAUD

ABSTRACT. We study stability of solutions of the Cauchy problem on the line
for the Camassa—Holm equation us — Uggt + 3uty — 2Ug gy — Ulgzy = 0 with
initial data ug. In particular, we derive a new Lipschitz metric dp with the
property that for two solutions u and v of the equation we have dp (u(t), v(t)) <
eCldp (u0,v0). The relationship between this metric and the usual norms in
H' and L is clarified. The method extends to the generalized hyperelastic-
rod equation  — taat + f(w)e — f(u)aza + (9(u) + 1 1" (u) (uz)?)a = 0 (for f
without inflection points).

1. INTRODUCTION
The Cauchy problem for the Camassa—Holm (CH) equation [3] 4],
(1.1) Ut — Utgg + KUy + Uy — 2UgUpy — Uy = 0,

where k € R is a constant, has attracted much attention due to the fact that it
serves as a model for shallow water waves [§] and its rich mathematical structure.
For example, it has a bi-Hamiltonian structure, infinitely many conserved quantities
and blow-up phenomena have been studied, see, e.g., [5], [6], and [7].

We here focus on the construction of the Lipschitz metric for the semigroup of
conservative solutions on the real line. This problem has been recently considered
by Grunert, Holden, and Raynaud [12] in the periodic case, and here we want to
present how the approach used there has to be modified in the non-periodic case.

For simplicity, we will only discuss the case k = 0, that is,

(12) Up — Utgy + 3’U;U;$ - 2uwu1:a: — UWUggy = 07

and from now on we refer to as the CH equation. However, the approach
presented here can also handle the generalized hyperelastic-rod equation, see Re-
mark In particular, it includes the case with nonzero x. The generalized
hyperelastic-rod equation has been introduced in [I5]. It is given by

(1.3) U — Uggt + [(U)e — [(U)zee + (9(u) + %fﬁ(w(ua:)Q)x =0

2

where f and ¢ are smooth functions With f(u) = % and g(u) = ku + u?,

we recover (1.1)) for any x. With f(u) = ng and g(u) = 3_7711,2, we obtain the
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n addition, the function f is assumed to be strictly convex or concave.
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hyperelastic-rod wave equation:
Ut — Upgy + SUUI - ’Y(QUzuzm + uummx) = 07

which has been introduced by Dai [9, 10, 11].
Equation (1.2)) can be rewritten as the following system

(1.4) up + uug + Py =0,
1
(1.5) P = Py = u*+5ug,
where we choose u to be an element of H(R). The H! norm is preserved as
d 2 d
(16) Ol = 5 [ a2y =0,

for any smooth solution u. However, even for smooth initial data, the solution may
break down in finite time. In this case, the solution experiences wave breaking
(4, B]): The solution remains bounded while, at some point, the spatial derivative
u, tends to —oo. This phenomenon can be nicely illustrated by the so called
multipeakon solutions. These are solutions of the form

(1.7) u(t,x) = zn:pi(t)efleqi(t”.

Let us consider the case with n = 2 and one peakon p;(0) > 0 (moving to the
right) and one antipeakon p2(0) < 0 (moving to the left). In the symmetric case
(p1(0) = —p2(0) and ¢1(0) = —g2(0) < 0) the solution u will vanish pointwise
at the collision time ¢* when ¢1(t*) = ¢2(t*), that is, u(t*,x) = 0 for all x €
R. At time t = t*, the whole energy is concentrated at the origin, and we have
limy_yg (u? +u2) dz = ||Jug| g1 &, with & denoting the Dirac delta distribution at the
origin. In general we have two possibilities to continue the solution beyond wave
breaking, namely to set u identically equal to zero for ¢ > t*, which is called a
dissipative solution, or to let the peakons pass through each other, which is called
a conservative solution and which is depicted in Figure|l} We are interested in the
latter case, for which solutions have been studied by Bressan and Constantin [1]
and Holden and Raynaud [13} [14]. Since the H'-norm is preserved, the space H'
appears as a natural space for the semigroup of solutions. However, the previous
multipeakon example reveals the opposite. Indeed, u(t*,z) = 0 for all z € R.
Thus, the trivial solution @, that is, @(t,z) = 0 for all ¢, € R, which is also
a conservative solution, coincides with u at ¢ = t*. To define a semigroup of
conservative solutions, we therefore need more information about the solution than
just its pointwise values, for instance, the amount and location of the energy which
concentrates on sets of zero measure. This justifies the introduction of the set D of
Eulerian coordinates, see Definition for which a semigroup can be constructed
[13].

Furthermore, the H' norm is not well suited to establish a stability result. Con-
sider, e.g., the sequence of multipeakons u® defined as u®(t,x) = u(t — &, x), see
Figure Then, assuming that [[u(0)[ g1 g) = 1, we have

tim [u(0) — ()l grey = 0, amd [u(t) — () s ay = 1 (#) L g gy = 1,

so that the flow is clearly discontinuous with respect to the H' norm.
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FiGURE 1. The dashed curve depicts the antisymmetric multi-
peakon solution u(t, ), which vanishes at ¢*, for ¢ = 0 (left) and
t = t* (middle) and t = 2¢* (right). The solid curve depicts the
multipeakon solution given by u®(t,z) = u(t — e, x) for some small
€ > 0 (the CH equation is invariant with respect to time transla-
tion).

The aim of this article is to present a metric for which the semigroup of conser-
vative solutions on the line is Lipschitz continuous. A more extensive discussion
about Lipschitz continuity with examples from ordinary differential equations, can
be found in [2]. A detailed presentation for the Camassa—Holm equation in the
periodic case is presented in [I2], thus we here focus on explaining the differences
between the periodic case and the decaying case. However, we first present the
general construction.

The construction of the metric is closely connected to the construction of the
semigroup itself. Let us outline this construction. We rewrite the CH equation
in Lagrangian coordinates and obtain a semilinear system of ordinary differential
equations: Let u(t,z) denote the solution and y(t,&) the corresponding character-
istics, thus y:(t,£) = u(t,y(t,€)). Then our new variables are y(t, &), as well as

y(t,€)
(18) Ut€) = u(ty(t,€), H(t,€) = / (u? + u2)dz,

—o0
where U corresponds to the Lagrangian velocity while H can be interpreted as

the Lagrangian cumulative energy distribution. The time evolution for any X =
(y,U, H) is described by

Yy =U,
(1.9) Uy =-0Q,

H, = U3 —-2PU,
where

1 2

(1.10) P(t,§) = 1 /Rexp(—ly(t,ﬁ) —y(t,n) ) (U ye + He)(t, n)dn,
and
(1.11)
Qt,€) = *i/Rsign(y(t, &) —y(t, ) exp(—|y(t, &) — y(t,n) ) (U ye + He)(t, n)dn.

This system is well-posed as a locally Lipschitz system of ordinary differential equa-
tions in a Banach space, and we can define a semigroup of solution which we denote
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S;. From standard theory for ordinary differential equations we know that S; is
locally Lipschitz continuous, that is, given T" and M,

(1.12) 15:(Xa) = SX5)| < Carr [ Xe = X5

for any ¢t € [0,T], Xo, X5 € By = {X | || X|| < M} and where the constant Cps 1
depends only on M and T

The mapping from Lagrangian to Eulerian coordinates is surjective but not bi-
jective. The discrepancy between the two sets of coordinates is due to the freedom
of relabeling in Lagrangian coordinates. The relabeling functions form a group,
which we denote G, and which basically consists of the diffeomorphisms of the line
with some additional assumptions (see Definition . Given X = (y,U, H), the
element X o f = (yo f,Uo f,H o f) is the relabeled version of X by the relabeling
function f € G. Using the fact that the semigroup S; is equivariant with respect
to relabeling, that is,

(1.13) Si(X o f) = S(X)o f,

we can construct a semigroup of solutions on equivalence classes from S;. Finally,
after establishing the existence of a bijection between the Eulerian coordinates and
the equivalence classes in Lagrangian coordinates, we can transport the semigroup
of solutions defined on equivalence classes and construct a semigroup, which we
denote T}, of conservative solutions in D.

We want to find a metric which makes T; Lipschitz continuous. For that purpose,
we introduce a pseudometri(ﬂ in Lagrangian coordinates which does not distinguish
between elements of the same equivalence class and which, at the same time, leaves
the semigroup S; locally Lipschitz continuous. This strategy has been used in [2]
for the Hunter—Saxton equation and in [12] for the Camassa—Holm equation in the
periodic case. In [2], the pseudometric is defined by using ideas from Riemannian
geometry. Here, we follow the approach of [12] and first introduce a pseudosemi-
metrid] which also identifies elements of the same equivalence class and leaves S
Lipschitz continuous. A natural choice, which was applied in [I2], is to consider
the pseudometric J defined as

(1.14) J(Xa.Xs) = inf |[Xoof—Xsoq].

inf
f.9€G
The pseudometric J identifies elements of the same equivalence class, as J (X, X o
f) = 0. Moreover, it is invariant with respect to relabeling, that is, j(Xa of,Xgo
g) = j(Xa,Xg) for any f,g € G. It remains to prove that the pseudosemimetric
makes the semigroup S, locally Lipschitz, that is, given M and T, there exists a
constant C depending on M and T such that

(1.15) J(8:Xa,8:X5) < CJ(Xa, Xs),

for all ¢t € [0,7] and X,,Xg € By The proof follows almost directly from the
stability and equivariance of S;. We outline it here. For every € > 0, there exist

2By a pseudometric we mean a map d: X x X — [0, 00) which is symmetric, d(z,y) = d(y, z),
for which the triangle inequality d(z,y) < d(z,z) + d(z,y) holds, and satisfies d(z,z) = 0 for
z,y,z € X.

3By a pseudosemimetric we mean a map d: X x X — [0,00) which is symmetric, d(z,y) =
d(y, z) and satisfies d(z,z) = 0 for z,y € X.
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f,g € G such that J(X,, Xg) > || Xa o0 f — Xg0g| — ¢ and we get
(1.16a)  J(S:Xa, St X5) < [|Se(Xa) o f — Si(X5s) o gl

(1.16b) =[Sy (Xao f) =S (Xgog)| (asS:is equivariant)
(1.160) < Cul|Xaof —Xgog] (by (C12)
(1.16d) < Cy(J(Xo, Xp) +€)

and follows by letting ¢ tend to zero. However, the use of the Lipschitz
stability of Sy (1.12) relies on bounds on | X, o f|| and || X o g|| that are unavailable.
The problem is that the norm || - || of the Banach space is not invariant with respect
to relabeling and therefore, since f and g are a priori arbitrary, we cannot obtain any
bound depending on M for || X, o f|| and || X o g||. This motivates the introduction
in this paper of the pseudosemimetric J defined as

(11T (X Xe) = inf ([ Xa0 fi = Xl +1Xa = X5 0 fol).

As expected, the pseudosemimetric J identifies equivalence classes (we have J(X, Xo
f) = 0) but we lose the nice relabeling invariance property. At the same time, this
definition of J implies some implicit restrictions on the diffeomorphisms f; and fs
which allow us to bound the relabeled versions || X, o fi] and || Xg o f2|| so that
the approach sketched in can be carried out.

It remains to explain why, in the periodic case [12], we could use the definition
of J, which is a more natural definition and moreover simplifies the proofs. In the
periodic case (we take the period equal to one), the stability of the semigroup S; is
established in the space W1([0, 1]) equipped with the norm

(1.18) 10Ul o,y = U o 0,17y + 10l o1y -

Note that, in order to keep these formal explanations as simple as possible, we just
consider the second component of X = (y,U, H). Since ||U o f||;« = ||U||;~ and

1
U0 £l =/0 Uoffede = U],

we have |[U o f| 1.1 = [|U|lyy1.1, for any f € G, so that the norm defined in (1.18])
is relabeling invariant. Now, if the norm of the Banach space is relabeling invariant,
we have

(1.19) J( X, Xg) < J(Xa, Xp) < 2J(Xa, X3),

and the pseudosemimetrics J and J are equivalent. However, the natural Banach
space for U is not W1([0,1]) but W12(]0,1]) = H'([0,1]). In the periodic case, it
is not an issue as H'([0,1]) ¢ W11([0,1]) but the corresponding embedding does
not hold in the case of the real line. This also shows that the approach that we
present here for the real line can also be used in the periodic case and that the
novelty in this article is that we handle a norm which is not relabeling invariant.

The final step consists of deriving a pseudometric from the pseudosemimetric J.
This can be achieved by the following general construction: Let

N
d(Xa,Xp) =inf Y J(Xp_1,Xn),
=1

where the infimum is taken over all finite sequences {X,,}_; with X = X,, and
Xn = Xjs. The pseudometric d inherits the Lipschitz stability property (L.15)
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from J. Finally, identifying elements belonging to the same equivalence class, the
pseudometric d turns into a metric on the set of equivalence classes. By bijection, it
yields a metric in D which makes the semigroup of conservative solutions Lipschitz
continuous.

In the last section, Section [5] we compare this new metric with the usual norms

in H! and L*°.
2. SEMIGROUP OF SOLUTIONS IN LAGRANGIAN COORDINATES

In this section, we recall from [I3] the construction of the semigroup in La-
grangian coordinates. The Camassa—Holm equation reads

(2.1) Up — Uggt + 3UUL — 2UglUpy — UlUgye = 0,
and can be rewritten as the following system

(2.2) Uy + uty, + Py =0,

1
(2.3) P—P,,=u’+ 2uz

Next, we rewrite the equation in Lagrangian coordinates. Therefore we introduce
the characteristics

The Lagrangian velocity U reads

(2.5) U(t,€) = ult,y(t,8))-

We define the Lagrangian cumulative energy as

y(t,€)
(2.6) H(t, &) = / (u® + u2)dz.

— 00

As an immediate consequence of the definition of the characteristics we obtain

(27) Ut(t7 g) = Ut (tv Z/) + Yt (tv E)u»L (t’ y) =—-PFP,o0 y(t7 f)

The last term can be expressed uniquely in terms of y, U, and H. From (2.3) we
obtain the following explicit expression for P,

(2.8) P(t,z) = ;/ef‘z%‘(u (t,z) + ;u (¢, z))dz

Setting Q(t,&) = P (t,y(t,€&)) and writing P(¢,£) = P(t, y(t,£)), we obtain

(29) & = 7 [ exp(—lu(t.€) =yt (U + He) 1. )
and
(2.10)

Qt.6) = / sign(y(t,€) — y(t,m)) exp(—ly(t. €) — y(t.m)) (U e + He)(t,n)dn.

Moreover we introduce another variable ((t,&) = y(¢,&) — €. Thus we have derived
a new system of equations, which is up to that point only formally equivalent to
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the Camassa—Holm equation:
G="U,
(2.11) Uy =—-Q,
Hy =U? —2PU.
Let V be the Banach space defined by
V={feG(®R)| fe el

where Cy(R) = C(R) N L> and the norm of V' is given by || f||,, = || fll poo + | fell z2-
Of course H! € V but the converse is not true as V contains functions that do not
vanish at infinity. We will employ the Banach space F defined by

E=VxH'xV
with the following norm | X|| = ||¢[[ +||U|| g1 gy + |1 H ||y, for any X = (¢, U, H) € E.
Definition 2.1. The set G is composed of all ((,U, H) € E such that

(2.122) (¢, U, H) € [Wh]?,
(2.12b)  ye > 0,He > 0,y¢ + He > 0 almost everywhere, and lim H(§) =0,

£——o0

(2.12¢)  yeH: = y§U2 + Ug almost everywhere,
where we denote y(&) = C(€) + &.

Given a constant M > 0, we denote by Bj; the ball
(2.13) By ={X€eFE| |X| <M}

Theorem 2.2. For any X = (3,U,H) € G, the system R.11) admits a unique
global solution X (t) = (y(t),U(t), H(t)) in C* (R, E) with initial data X = (y,U, H).
We have X (t) € G for all times. If we equip G with the topology induced by the
E-norm, then the mapping S: G x Ry — G defined by

Sy (X) = X(t)

is a continuous semigroup. More precisely, given M > 0 and T > 0, there exists
a constant Cyy which depends only on M and T such that, for any two elements
Xao,Xg € GN By, we have

(2.14) 156X o = 5:Xpll < Cnr [|[ Xo = X
for any t € [0,T].
Proof. We have

X = F(X)

where F' is locally Lipschitz (see proof [I3, Theorem 2.3]). It implies, by Gronwall’s
lemma, that we have

156(Xa) = Se(Xp)l| < Cf| Xa = Xg]

for ¢ € [0,7], where the constant C' only depends on sup,ci 1) [|S:(Xa)|l and
supyeo,ry [|St(Xp). In [I3] Theorem 2.8] it is proved that sup,co 7 [[S¢(Xa)|| only
depends of || X, | and T, and thus on M and T. O
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Definition 2.3. We denote by G the subgroup of the group of homeomorphisms
from R to R such that

(2.15a) f—1d and f~* —1d both belong to W > (R),
(2.15b) fe — 1 belongs to L*(R),

where Id denotes the identity function. Given k > 0, we denote by G, the subset
Gy of G defined by

Ge={f G| If W1 + /7" —1d|[ ;1 m) < 5}

The subsets G, do not possess the group structure of G. The next lemma
provides a useful characterization of G.

Lemma 2.4 ([13, Lemma 3.2]). Let k > 0. If f belongs to G, then 1/(1+ k) <
fe <14 K almost everywhere. Conversely, if f is absolutely continuous, f —1d €
Whee(R), f satisfies and there exists ¢ > 1 such that 1/c < fe < c almost
everywhere, then f € Gy for some k depending only on ¢ and || f — IdHWl,oo(R).

We define the subsets F,. and F of G as follows
‘FK:{X: (yaUaH) €Q | y+H€GK}7
and
F={X=(UH)eG|y+HeG}
For k =0, Go = {Id}. As we shall see, the space Fy will play a special role. These
sets are relevant only because they are preserved by the governing equation (2.11))
as the next lemma shows. In particular, while the mapping & — y(¢,£) may not

be a diffeomorphism for some time ¢, the mapping £ — y(t,£) + H(t, £) remains a
diffeomorphism for all times ¢.

Lemma 2.5. The space F is preserved by the governing equation 1) More
precisely, given k, T > 0, there exists k' which only depends on T, k and XH such
that
Si(X) € Fur

for any X € F,.

Proof. Let X = (y,U,H) € F, we denote by X(t) = (y(t),U(t), H(é)) the solution
of (2.11) with initial data X and set h(t,§) = y(t,§) + H(t,§), h(§) = y(§) +
H(¢). By definition, we have h € G, and, from Lemma 1/c < he < ¢ almost
everywhere, for some constant ¢ > 1 depending only on x. We consider a fixed &

and drop it in the notation. Applying Gronwall’s inequality backward in time to
(2.11) we obtain

(2.16) [9(0)] + [He(0)] + |Ue (0)] < “ (Jye ()] + | He (8)] + [Ue (£)]),

for some constant C' which depends on [|X(¢)||¢((o, 7,5y, Which itself depends only
on H)_(H and T. From (2.12c)), we have

(2.17) Ue(t)] < \/ye(t) He (1) < %(yg(t) + He (1))

Hence, since ye and H; are positive, (2.16) gives us

(2.18)

ol

3
<ye+He < geCT(yf(t) + He(t)),
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and he(t) = ye(t) + He(t) > Ze~ 9T, Similarly, by applying Gronwall’s lemma for-
ward in time, we obtain ye(t) + He(t) < 3ce“T. We have ||(y + H)(t) — Ellpoe ) <
IXOlleqo,r,p < € and |lye + He =112 < [[Gellp2 + [Hell . < € for another
constant C' which only depends on HX H and T. Hence, applying Lemma we
obtain that y(¢, - )+ H(t, - ) € G, and therefore X (t) € F,» for some £’ depending
only on k, T, and HXH [l

For the sake of simplicity, for any X = (y,U, H) € F and any function f € G,
we denote (yo f,U o f,H o f) by X o f. This operation corresponds to relabeling.
Definition 2.6. We denote by II(X) the projection of F into Fo defined as

OX)=Xo(y+H)™*
for any X = (y,U,H) € F.
The element II(X) is the unique relabeled version of X that belongs to Fo.

Lemma 2.7. The mapping S; is equivariant, that is,
Se(X o f)=5(X)o f.

This follows from the governing equation and the equivariance of the mappings
X — P(X) and X — Q(X), where P and @ are defined in (2.9) and (2.10)), see
[13] for more details. From this lemma we get that

(2.19) IToS;oll =110 5;.
Definition 2.8. We define the semigroup Sy on Fy as
St =1IIo St.

The semigroup property of S; follows from ‘ From [13], we know that S; is
continuous with respect to the norm of E. It follows basically from the continuity of
the mapping II, but II is not Lipschitz continuous and the goal of the next section
is to find a metric that makes S; Lipschitz continuous.

Remark 2.9. The details of the construction of the semigroup of solutions in
Lagrangian coordinates for the generalized hyperelastic-rod equation s given
in [I5]. The construction is based on a reformulation of the equation in Lagrangian
coordinates which leads to a semilinear system of equations, similar to for the
Camassa—Holm equation. In the case of the generalized hyperelastic-rod equation,
the equation can be rewritten as

G = f'(U),
(2.20) Uy =-Q,
H,=G(U)-2PU,
where G(v) is given by

(2.21) G) = [ @)+ /()2
and
1 . .
(2:22) Q1.6) = — [ sien(¢ —m)exp (= sian(¢ ~ m)(u(€) ~5(n)

1

< ((6(0) ~ 55" @)y + 5 5" (V) H ) (n) i,
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(2.23) P(t,¢) =

N —

/R exp ( — sign(€ — 1) (y(€) - y(n))

< ((00) = L")y + 5 F(U)H ) (n) .

Section 2] outlines the construction of the semigroup of solutions in Lagrangian co-
ordinates. The construction of the metric in Eulerian coordinates, which is given
in the following sections, relies basically on two fundamental results of this section:
The Lipschitz stability of the semigroup of solution in Lagrangian coordinates (The-
orem and the equivariance of the semigroup (Lemma . The same results
hold for the generalized hyperelastic-rod equation, see [15, Theorem 2.8 and Theo-
rem 3.6] so that it is possible to define a Lipschitz stable metric for this equation in
the same way as we do it for the CH equation.

3. LIPSCHITZ METRIC FOR THE SEMICGROUP S;
Definition 3.1. Let X, X3 € F, we define J(Xo, X3) as
(3.1) J(Xa, Xg) = inf ([ Xaofi—Xpll+[Xa = Xgo foll).
f1,f2€G

The mapping J is symmetric. Moreover, if X, and Xz are equivalent, then
J(Xa,Xpg) = 0. Our goal is to create a distance between equivalence classes,
and that is the reason why we introduce the pseudosemimetric J as follows in the
periodic case ([12]).

Definition 3.2. Let X, Xg € F, we define j(Xa,Xg) as

J(Xa, X5) = inf | Xoof—X .
( 5) f}gﬂeGH of —Xpog|

The pseudosemimetric J is relabeling invariant, that is, J (Xaof,Xgog) =
J(Xo, X 5). With Definition we lose this important property. However, Defi-
nition [3.1] allows us to obtain estimates that cannot be obtained by Definition [3.2]
see the proof of Theorem In addition, it turns out that we do not actually
need the relabeling invariance property to hold strictly and the estimates contained
in the following lemma are enough for our purpose.

Lemma 3.3. Given X,,Xg € F and f € G, we have

(3.2) [Xaof—Xgof| <ClXa—Xg
so that
(33) J(Xa 0 f,X5) < CJ(Xa, Xp)

for some constant C which depends only on k.

Proof. Let us prove (3.2). Let Xo = Xy o f and Xs = Xgof. We have (, =
Yo —Id and (g = yp — Id_so th_at HCa - CﬂHLoo = 190 — sl Lo = Yo —ysllpo =
[¢a — ¢gll - Hence, ||Xo—Xgs||,.. = [ Xa — Xpll . By definition we have

Ua (&) = ya(f(€)) = F(E)+Calf(§)) = £+Ca() and hence (o (§) = Ca(f(£))+ ()¢
Thus

ot = Corellre = o © ffe — Coe o ffell
- / (Cort — G2 (F(O)F2(E) e
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< (14 x) / (Co — Co.0 () e (€) d
<(1+r) / (Cot — Core)(6) de

< (L4, [ICae = Coell 2
so that || Xa,e — Xgel|,» < C [ Xae — Xpell 2. We have

[T = Usl;. = /R(U"‘ —Us)? o f(€) d¢

(3.4) <( +n>/R<Ua U)o ffede = (14 k) [Un — Us|s .

This concludes the proof of . For any f € G and any f1, fo € G, we have
J(Xaof, Xp) <[ Xaofofi—Xpll+[[Xaof—Xsofof
< ||Xaofof17X5H+O||Xanﬁof20f71H.
Hence, after taking C' > 1,
J(Xao f, Xp) C(IXao fofi — Xpl + || Xa - Xgofaof!
which implies, after taking the infimum,

J(Xoo f.X5) SO int (X0 fr = Xal + | Xa = Xgo fal)).

),

O
From the pseudosemimetric J, we obtain a metric d by the following construction.

Definition 3.4. Let X, X3 € Fy, we define d(Xo,X3) as
N

(3.5) d(Xo,Xp) =1inf Y J(Xp_1,X,)
i=1

where the infimum is taken over all sequences { X, }_o € Fo which satisfy Xo = X,
and Xy = Xg.

Lemma 3.5. For any X,, Xg € Fo, we have

(3.6) [ Xo = Xgll o < 2d(Xa, Xp).
Proof. First, we prove that, for any X,, Xg € Fy, we have
(3.7) | Xo = X5l 0 <2J(Xa, Xp).
We have

”Xa - XBHLOO < HXoc —Xqao0 f”Loo + ||Xa of— XB”Loo
(3-8) < Xagllpoo If =1d[ o + [ Xa o f — X5l o -

It follows from the definition of Fy that 0 < ye < 1,0 < He < 1 and |U¢| < 1 so
that || Xo.¢l ;o < 3. We also have

I1f = 1dl oo = [I(ya + Ha) o f = (ys + Hp)|l oo < | X0 f — Xpll o -

Hence, from (3.8)), we get
[Xa = Xpllpo <4l Xaof = Xpll o -
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In the same way, we obtain || X, — X3/, < 4[| Xoa — Xgo f]|; for any f € G.
After adding these two last inequalities and taking the infimum, we get (3.7)). For
any € > 0, we consider a sequence {X,,}_, € Fy such that Xo = X, and Xy = X5

and Zf\;1 J(Xn-1,X,) <d(Xs,X3) +e. We have

N
||Xa - X5||Loo S Z ||Xn—1 - Xn”Loo
n=1

N
<2> J(Xno1, Xn)
n=1

<2(d(Xq, Xg) +€).
After letting e tend to zero, we get (3.6). O

Lemma 3.6. The mapping d : FoxFy — Ry is a distance on Fo, which is bounded
as follows

1
(3.9) S 1Xa = Xl < (X, Xp) 21X — X5

Proof. The symmetry is embedded in the definition of J while the construction
of d from J takes care of the triangle inequality. From Lemma we get that
d(Xy,Xp) =0 implies X, = Xg. The first inequality in (3.9) follows from Lemma
while the second one follows from the definition of J and d. Indeed, we have

d(Xa, Xp) < J(Xa, Xp) < 2| Xo — Xpl|-
0

We need to introduce the subsets of bounded energy in Fy. Note that the total
energy is equal to H(oo) — H(—00) = |H||;« as H(—o0) = 0 and H is increasing,
see Definition .11

Definition 3.7. We denote by FM the set
FM={X=(y,UH)eF| |H|~ <M}

and

Fol =FonFM.

The ball By (see (2.13)) is not preserved by the equation while the set FM is
preserved because of the conservation of energy, namely,

HH(t? ')HLOC = lim H(t7§) = lim H(va) = ”H(Ov ')HL<>C :
£—o0 £E—o0
The set FM is also conserved by relabeling as, for any f € G, ||[H o f|| ;o = ||H] ;-
The ball By, is included in FM but the reverse inclusion does not hold. However,

as the next lemma shows, when we restrict ourselves to Fy, the sets Fo N FM and
Fo N By are in fact equivalent.

Lemma 3.8. For any element X € FM, we have
(3.10) FoN By ¢ FM C By,

for some constant M depending only on M.
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Proof. Since ye + He = 1, Hc > 0, y¢ > 0, we get 0 < He <1land 0 <y < 1.
Hence, ||H5Hi2 < JaHedé = H(oo) < M. Since ¢ = —H, we get [|(¢l|,. < M.
By (2.12), we get Ug < yeHe and therefore [, Ug d¢ < H(oo) < M. Finally, we
have to show that [|U]|;. < C(M). Therefore observe that by (2.12d), [, U?yed¢ <
Jg Hedé < M. This together with the fact that X € Fy yields

/ Ude = / Uyedt + / U?Hede < M(1+ |U]2.).
R R R

Thus it is left to estimate ||U||;«, which can be done as follows,

13
U3 e) =2 / U (n)Ue )y = 2 / U (n)Ue(n)d,

—00 {n<¢&lye(n)>0}

where we used that U (§) = 0, when y¢(£) = 0 by (2.12¢). For almost every & such
that y¢(€) > 0, we have

Ue () > UZ(E)y 1
VU] = 1y e©U©Osl < 5 (U000 + 4 57) < 5He(6)
from and hence |U||5 . < M and ||U]|7, < M(1 + M). 0

Definition 3.9. Let dM be the distance on F which is defined, for any X, Xg €
FM . as

N
dM(Xo, Xp) = inf Y J(Xp_1, X)
n=1
where the infimum is taken over all the sequences {X,}N_o € FM which satisfy
XO = Xa and XN = XB'
We can now prove our main stability theorem.

Theorem 3.10. Given T > 0 and M > 0, there exists a constant Cy; which
depends only on M and T such that, for any Xo, Xg € FM and t € [0,T), we have

(3.11) dM(S: X o, S:X5) < Cpd™ (X o, Xp).

Proof. By the definition of d™, for any  such that 0 < & < 1 there exists a sequence
{X, 3N o in FM such that Xo = X,, Xy = X3,

N
Z J(Xn_1,X,) <d™(X,, Xp) +¢.
n=1

Hence, there exist functions {f, 27:_01, { fn N_| in G such that

N
(3812) S (1Xno10 faot = Xall+ [ Xumt = X0 Full) < d (Xa, Xp) + 22.

n=1
Let us denote

Xn=8¢Xn), gn=yn+H, X,=58X,=I(X;)=X,0(g,)""

By Lemma ‘we have gl € G, for some + which depends only on M and T
The sequence {X!} has endpoints given by S;(X,) and S;(Xs). Since X, € FM
and the set FM is preserved by the flow of the equation and relabeling, we have
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Xt e FonFM = FM so that the sequence {X!} is in F}, as required in the
definition of d™. For f! | =g' ;0 fn_10(g')~ !, we have
Hthzfl ofh - Xf;” = HXrtLA o(gh_ ) tofl 1 —Xlo (92)_1H

<Cum HXfL—l © (92—1)71 © fi—l © (92) - XrtLH (by (3-2)))

= O [ X5y 0 far = X4 |

= CM ”St(anl) © fnfl - St(Xn)H
(3.13) = O ||Se(Xn—10 fr—1) — S¢:(X,)|| (by the equivariance of Sy).
To use the stability result (2.14)), we have to bound [ X, 10 fr—1] and [[X,].
By Lemma there exists M such that || X| < M for any X € FM. Hence,
| Xnll < M as X,, € FM. Since f,,_1 is a priori arbitrary, it may seem difficult to
bound || X,, o fr—1]|, and it is important to note here that the relabeling invariant
pseudosemimetric J, see (1.14), would not provide us with a bound on this term
and the following estimates in fact motivate the Definition Indeed, by (3.1)),
we obtain (3.12)) which yields

1Xn-1 0 fo = Xnll < d™(Xa, X5) +2
<2|[Xo = Xpll+2 (by (3.9))
< 4M + 2,
as Xo, X € FM. Therefore, by the triangle inequality, || X,,—10 fu| < 5M + 2
so that || X,,—1 o fn|| and || X,,|| are bounded by a constant depending only on M.
Thus, we can use (2.14) and get from (3.13) that
[ X1 0 faoy = Xoll < O [ Xy 0 faos — Xanll

where from now on Cj; denotes some constant dependent on M and T'. Similarly
for fi =gt o fno(gh_,)™", we get that

| %t = &b o 2| < Cut || Xaos = Xuo
Finally, we have
— —_ N —_ — — ~
dM (8 X0, 8:Xp) <Y (| Xy 0 froy = Xal| + 1Koy = X0 fI)
n=1
N ~
S CM Z(HXn—l o fn—l - Xn” + ||Xn—1 - Xn o fn”)
n=1

< Op(dM(Xo, X5) + 2¢).
The result follows by letting € tend to zero. O

4. FROM LAGRANGIAN TO EULERIAN COORDINATES

We now introduce a second set of coordinates, the so—called Eulerian coordi-
nates. Therefore let us first consider X = (y,U, H) € F. We can define Eulerian
coordinates as in [13] and also obtain the same mappings between Eulerian and La-
grangian coordinates (see also Figure . For completeness we will state the results
here.

Definition 4.1. The set D consists of all pairs (u, ) such that
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(Id._ U, Jﬂ; r!;r)

(1d, o, | dyo)

Lagrangian coordinates (F) Eulerian coordinates (D)

FIGURE 2. A schematic illustration of the construction of the semi-
group. The set F where the Lagrangian variables are defined is
represented by the interior of the closed domain on the left. The
equivalence classes [X] and [Xo] (with respect to the action of the
relabeling group G) of X and X, respectively, are represented by
the horizontal curves. To each equivalence class there corresponds
a unique element in Fy and D (the set of Eulerian variables). The
sets Fo and D are represented by the vertical curves.

i) ue H'(R), and
(i) :
(ii) p is a positive Radon measure whose absolutely continuous part piq. satis-

fies
(4.1) fhae = u? +u2.
We can define a mapping, denoted by L, from D to Fy:
Definition 4.2. For any (u, ) in D let,

y(§) =sup{y | u((—o0,y)) +y < &},
(4.2) H(&) =& —y(6),
U(§) = uoy().

Then (y,U,H) € Fo, and we denote by L : D — Fy the map which to any (u, )
associates X € Fy.

Thus from any initial data (ug, o) € D, we can construct a solution of (2.11)
in F with initial data X = L(ug, o) € Fo. It remains to go back to the original
variables, which is the purpose of the mapping M defined as follows:

Definition 4.3. Given any element X in Fy, then (u,u) defined as follows
(4.3) u(z) = U(€) for any & such that x = y(&),

(4.4) B = yg(vdf),

belongs to D. We denote by M : Fo — D the map which to any X in Fy associates
(u, ).
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In fact, M can be seen as a map from F/G — D, as any two elements be-
longing to the same equivalence class in F are mapped to the same element in D
(cf. [13]). Moreover, identifying elements belonging to the same equivalence class,
the mappings L and M are invertible and

(4.5) LoM =1dr/q, and MoL=1Idp.

We will now use these mappings for defining also a Lipschitz metric on D.
Definition 4.4. Let
(4.6) T, :=MS,L: D — D.

Next we show that T; is a Lipschitz continuous semigroup by introducing a metric
on D. Using the map L we can transport the topology from Fy to D.

Definition 4.5. Define the metric dp: D x D — [0,00) by
(4.7) dp((u, ), (@, 1)) = d(L(u, p), L(1, f1)).

The Lipschitz stability of the semigroup T; follows then naturally from Theo-
rem It holds on sets of bounded energy, which are given as follows.

Definition 4.6. Given M > 0, we define the subsets DM of D, which correspond
to sets of bounded energy, as

(4.8) DM — {(u,) € D | p(R) < M},
On the set DM we define the metric dpy as
(49) deM((U,/J,), (ﬂ,ﬁ)) = dM(L(ua ,U,),L(fl/,/l)),

where the metric dM is defined as in Definition .

Definition is well-posed as we can check from the definition of L: If (u,u) €
DM then L(u,u) € FM.

Theorem 4.7. The semigroup (Ty,dp) is a continuous semigroup on D with respect
to the metric dp. The semigroup is Lipschitz continuous on sets of bounded energy,
that is: Given M > 0 and a time interval [0,T], there exists a constant Cyr, which
only depends on M and T such that for any (u,u) and (@, i) in DM, we have

(410) dDM (Tt (ua ,LL), T; (ﬁa /ﬂ’)) < CMdDM ((’LL, ,U,), (ﬁa /ﬂ’))
for all t €]0,T).

Proof. First we prove that T} is a semigroup. Since S; is a mapping from Fy to Fo,
we have

TyTy = MS;LMSy L = MS;Sy L = MS; oL = Ty iy
where we also used and the semigroup property of S;. We now prove the
Lipschitz continuity of T;. By using Theorem we obtain that

dpw (Ty (u, 1), T (@, 1)) = dM (LM Sy L(u, u) LM S, L(, 1))
= d™ (S, L(u, ), S¢L(a, 1)
(4.11) < Cnd™ (L(u, p), L(a, 1))
= Cudpu ((u, ), (4, ).

By a weak solution of the Camassa—Holm equation we mean the following.
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Definition 4.8. Let u: R x R — R that satisfies
(i) u € L>([0,00), H'(R)),
(ii) the equations

(4.12)
/ —u(t, x) o (t, x)+(u(t, z)ug (t, )+ Py (t, z))p(t, x)dzdt = / u(0, ) (0, z)dz,
Ry xR i
and
(4.13) //R R(P(t,x) —u?(t,x) — %ui(t,x))(b(t,x) + Py (t,x)px(t, v)dxdt = 0,

hold for all ¢ € C§°([0,00),R). Then we say that u is a weak global solution of the
Camassa—Holm equation.

Theorem 4.9. Given any initial condition (ug, o) € D, we denote (u, p)(t) =
T (uo, po)- Then u(t, ) is a weak, global solution of the Camassa—Holm equation.

Proof. After making the change of variables x = y(¢,£) we get on the one hand

- / / u(t, 2)n (1, 2)ddt = — / / w(t, y(t, €))n (b, y(t, €) e (1, €)dedt
R4 xR Ry xR
. / /R ULt ) = 6 (8904, Ol sl
. / / U0 et (0001, ) — ety DU (8.l
(4.14) :AUuawwmamw@@

" / /R U8 €)0e(0:6) + Ut s 1. oLt (0, )

+ / /R U0y, asan
:/u((),x)gb((),x)dx

R
- / /R QU1 €) + Vel U (1 )00, . €)) e

while on the other hand

[t put.a) + Pttt o
@) =[] WOV + Pt et )0ttt €) e

N // UV ) + QU Oye(t ) (¢, (¢, ©)deat,

which shows that (4.12)) is fulfilled. Equation (4.13]) can be shown analogously

//R+ XRP”“(t’ )¢ (t, x)dudt
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- / /R Qe (. y(t. e
(416) = / /R Qe y(t. )it
. / / Qe(t )(t, y(t, €))dedt
Ry xR
— [ GH0+ GUAEE) - POt Ol ult. )i
Ry xR

1
- / / L2t 2) + u2(t,2) — Pt )]t ) dudt.
]R+ xR 2
In the last step we used the following

(4.17) / u? +ulde = / u?o Yye + ug o yyed§
R R

U2
=/ U?ye + —d¢ = / Hed€.
{€€Rye (1,6)>0) Ye R

For almost every t € Ry the set {& € R | y¢(¢,£) > 0} is of full measure and hence

(4.18) /u2 +uide = / Hedg,

R R
which is bounded by a constant for all times. Thus we proved that u is a weak
solution of the Camassa—Holm equation. O

5. THE TOPOLOGY ON D
Proposition 5.1. The mapping
(5.1) u = (u, (u® 4 u?)de)

is continuous from H'(R) into D. In other words, given a sequence u, € H'(R)
converging to u € HY(R), then (un, (u2 +u2,)dx) converges to (u, (u? +u2)dx) in
D.

Proof. Let X = (g, Un, Hy) = L(tn, (u+u,)dz) and X = (y,U, H) = L(u, (u®+
u2)dz). Then as in the proof of [13, Proposition 5.1] one can show that

(5.2) X, = X in E.
Hence using (3.9), we get that lim,,_,~, d(X,,, X) = 0. O

Proposition 5.2. Let (uy,, p,) be a sequence in D that converges to (u, p) in D.
Then

(5.3) wp — u in L°(R) and p, — p.

Proof. Let X,, = (yn,Un, Hy) = L(un,pn) and X = (y,U,H) = L(u,pu) . By
the definition of the metric dp, we have lim,,_,~ d(X,,X) = 0. Using (3.9), we
immediately obtain that

(5.4) X, — X in L®(R).
The rest can be proved as in [13] Proposition 5.2]. O
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