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ABSTRACT

A generic daily time-step model of a dairy cow, de-
signed to be included in whole-system pasture simula-
tion models, is described that includes growth, milk 
production, and lactation in relation to energy and 
nitrogen dynamics. It is a development of a previously 
described animal growth and metabolism model that 
describes animal body composition in terms of protein, 
water, and fat, and energy dynamics in relation to 
growth requirements, resynthesis of degraded protein, 
and animal activity. This is further developed to in-
clude lactation and fetal growth. Intake is calculated 
in relation to stage of lactation, pasture availability, 
supplementary feed, and feed quality. Energy costs 
associated with urine N excretion and methane fer-
mentation are accounted for. Milk production and fetal 
growth are then calculated in relation to the overall 
energy and nitrogen dynamics. The general behavior of 
the model is consistent with expected characteristics. 
Simulations using the model as part of a whole-system 
pasture simulation model (DairyMod) are compared 
with experimental data where good agreement between 
pasture, concentrate and forage intake, as well as milk 
production over 3 consecutive lactation cycles, is ob-
served. The model is shown to be well suited for inclu-
sion in large-scale system simulation models.
Key words: dairy cow, model, lactation, energy 
dynamics

INTRODUCTION

Milk production in dairy cows has been modeled at 
various levels of complexity, from detailed biophysical 
processes to empirical lactation response curves. The 
widely used and detailed Californian model of the 
lactating dairy cow Molly (Baldwin et al., 1987a,b,c; 
Baldwin, 1995) has 2 main modules that describe ru-

men processes and postabsorptive metabolism, provid-
ing insight into the metabolic processes fundamental 
to milk production. At a more fundamental level, indi-
vidual models of rumen and mammary gland function 
can provide insight into the behavior of the underlying 
biochemical function relating to milk production (Neal 
and Thornley, 1983; Hanigan et al., 2001, 2002). At the 
other end of the spectrum, descriptive empirical curves 
are used to describe the lactation response following 
calving. These curves can be used for analysis of the 
time-course of milk production or for assessing feed 
requirement throughout the lactation cycle, although 
they contain little or no underlying mechanistic pro-
cesses (Rook et al., 1993). Perhaps the most widely 
used lactation curve is the Wood equation (Wood, 
1967), which uses the gamma function, although other 
equations are reviewed in Thornley and France (2007), 
which also provides a detailed discussion of dairy mod-
els in general.

A dairy farm typically represents a complex sys-
tem with different interacting components. Generally, 
whole-farm approaches distinguish at least an animal 
component and a soil-crop component, and the models 
constructed are designed to give accurate representa-
tion of animal production, internal cycling of materials, 
and exchange between the farm and the environment 
(Schils et al., 2007b). Several whole-farm models ex-
ist to simulate milk production and related aspects 
such as grazing behavior and greenhouse gas emissions 
from dairy farms [e.g., DairyWise (Schils et al., 2007a), 
FarmGHG (Olesen et al., 2006), MINDY (Gregorini and 
Hanigan, 2012), and SIMSDAIRY (Del Prado and Scho-
lefield, 2006)]. Proponents of these models demonstrate 
the ability to simulate a range of conditions and predict 
well. However, it is difficult to reproduce and verify 
their findings independently as concise mathematical 
descriptions are generally not readily accessible from 
mainstream literature.

Our focus is not only on milk production, but the 
interactions between the grazing animal and whole-
system dynamics, including pasture production and 
utilization, N dynamics, and system management. This 
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requires a model that has appropriate mechanistic 
detail to describe the necessary biophysical processes, 
while being sufficiently tractable to allow inclusion in 
whole-system models. We describe an energy-driven 
model of lactation and N dynamics in dairy cows that 
includes both lactation and pregnancy. The model is 
an extension of the animal growth model of Johnson 
et al. (2012). It has been developed as an integral part 
of DairyMod (Johnson et al., 2008; Johnson, 2013), 
which is a biophysical whole-farm simulation model 
of dairy pasture systems incorporating pasture growth 
and utilization, water dynamics, soil organic matter 
and N dynamics, animal growth, and metabolism, as 
well as milk production. The model has flexible multi-
paddock management options, feeding regimens incor-
porating pasture, concentrate, forage, and TMR. The 
model, along with the SGS Pasture Model (Johnson et 
al., 2003), which is a livestock production model with 
the same underlying biophysical core, has been applied 
extensively in Australia and New Zealand, and other 
locations, to address a range of research questions such 
as the effects of climate variability, drought, business 
risk, and climate change on pasture production (e.g., 
Cullen et al., 2008). A primary objective in developing 
the model has been to ensure that each module has 
been constructed at a similar level of complexity, which 
allows us to explore the behavior of each component 
in the system and their interactions in a consistent 
manner. Although the model described here for milk 
production and N dynamics in dairy cows has been 
developed as an integral part of DairyMod, it will be 
suited to any whole-system dairy simulation model.

We first describe the model structure, with full 
mathematical description of the underlying processes, 
and then look at the general model behavior, includ-
ing pregnancy, lactation, and N dynamics including 
partitioning between dung and urine to demonstrate 
the structural consistency in model behavior. This is 
followed by an analysis of a 3-yr period of a whole-
farm dairy system that has been previously published 
(Chapman et al., 2014a,b; Hill et al., 2014; Tharmaraj 
et al., 2014).

METHODS

Animal Care and Use Committee approval was not 
obtained for this study because no animal experimenta-
tion was conducted.

Model Overview

The model is an extension of the animal growth 
model described by Johnson et al. (2012), which de-
scribes animal growth and energy dynamics in sheep 

and cattle in relation to available energy. Animal mass 
comprises protein (WP), water (WH), and fat (WF), with 
protein being the primary indicator of metabolic state, 
whereas fat is a potential source of energy for metabolic 
processes. Model variables are defined in Table 1, and 
parameters, with default values, are defined in Table 
2. Parameter values will vary between different animal 
types and species, and our default values are the values 
we use for illustrations and analysis, unless we specifi-
cally mention otherwise. The total body weight is W, 
and all body components have units in kilograms, so 
that

 W W W WP H F= + + ,  [1]

Protein and water are assumed to be in fixed propor-
tion, with

 W WH P= λ ,  [2]

where λ is a dimensionless constant with default value 
3. Thus, W can be written

 W W WP F= + +( ) .1 λ   [3]

The growth of protein is defined using a Gompertz 
equation in its derivative form, so that it defines growth 
rate, not actual BW (for a discussion, see Thornley and 
France, 2007), with actual protein growth dependent 
on protein mass and available energy. Fat growth is 
secondary and depends on the current protein mass and 
is constrained to a maximum potential fat fraction of 
total BW. Protein degradation occurs so that energy 
is required for protein resynthesis (that is, the main-
tenance of existing protein). Energy is also required 
for activity, which, combined with that for protein 
resynthesis, defines the total maintenance energy re-
quirement. This approach to defining energy required 
for activity is also assumed to include any significant 
costs associated with thermoregulation. A normal fat 
proportion is defined, which increases during growth. If 
the energy is not sufficient for protein and fat growth, 
after accounting for maintenance, then fat growth will 
be reduced. Conversely, if the energy available exceeds 
maintenance and normal protein and fat growth re-
quirements, then excess growth occurs solely in the fat 
component. The model was demonstrated to give real-
istic growth dynamics for animal BW and components 
under a range of available energy conditions (Johnson 
et al., 2012).

Central to the model structure is the relationship 
between available energy and growth of body compo-
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nents. If the energy content of body tissue is ε (MJ 
kg−1) and the efficiency of growth is Y, then the energy 
required per unit growth, E (MJ kg−1), is

 E
Y

=
ε .  [4]

This equation is applied to protein and fat components, 
with subscripts P and F.

The present model extends that described by John-
son et al. (2012) to include pregnancy and lactation as 
well as N dynamics, including partitioning of N between 
dung and urine.

Pregnancy

Fetal growth is assumed to be exponential (NRC, 
2001, 2007; CSIRO, 2007) so that the growth rate is

Table 1. Model variables, definitions, and units1

Variable  Definition  Unit2

Bsen Daily senescence rate of rumen microbes kg of d.wt d−1

Bsen,N Daily N losses through rumen microbial senescence kg of N d−1

D Daily rate of dung excretion kg of d.wt d−1

DN Daily rate of N excretion in dung kg of N d−1

EP, EF Energy required for protein (P) and fat (F) growth MJ kg−1

Emat,req Energy required for a mature nongrowing, dry animal MJ d−1

Epreg,req Energy required for daily fetus growth MJ d−1

EM Energy required for daily lactation MJ d−1

EME ME available to the animal MJ d−1

ECH4 Energy costs of CH4 production MJ d−1

ED Energy costs of dung production MJ d−1

EU,N Energy costs of urine production, related to urine N MJ d−1

EM,avail Energy available for milk production MJ d−1

I Total daily intake kg of d.wt d−1

IN Total daily N intake kg of N d−1

Ipot,ref Potential intake as a function of body protein at reference digestibility kg of d.wt d−1

Ipot,ref,preg Potential intake as a function of body protein at reference digestibility during 
pregnancy

kg of d.wt d−1

Ipot,ref,lact Potential intake as a function of body protein at reference digestibility during lactation kg of d.wt d−1

M Daily milk production L d−1

MN Daily N content of milk production kg of N d−1

UN Daily rate of N excretion in urine kg of N d−1

UN,0 Daily rate of N excretion in urine in the absence of N retained by the animal, including 
lactation

 

W Empty body weight kg
WP, WH, WF Protein, water, fat components of W kg
Wf Fetus weight kg
Wf,0 Initial value for fetus weight kg
Wb Birth weight kg
Wb nf, Birth weight for nf fetuses kg

fI,preg Scale function for intake potential during pregnancy  
fI,lact Scale function for intake potential during lactation  
fNDF,feed, fP,feed, fS,feed NDF (fiber), protein, and neutral detergent solubles (sugars and so on) composition of 

intake
 

fN,dung Fraction of N in dung  
t Time d
tpreg Time since conception d
tlact Time since parturition d
Γlact Normalized gamma function in relation to time since parturition used to define fI,lact  
ΔWN Daily body weight N balance kg of N d−1

ΔNret Daily N retained by the animal either in BW or lactation kg of N d−1

δfeed Digestibility of total intake  
CH4 Proportion of digestible energy intake lost as methane  

φδ Scale function for effect of pasture availability on intake  

F lact, Fat catabolism function growth during lactation priority function  

Apparent ME coefficient MJ d−1

1Body composition components are protein, water, and fat. Energy dynamics include requirements for pregnancy and lactation. Intake can in-
clude pasture and supplementary feed. Symbols are ordered alphabetically: uppercase and then lowercase, English and then Greek.
2d.wt = dry weight.
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d

d
W
t

k Wf
f f ,  [5]

where Wf (kg) is the fetus weight, and kf (d−1) is a 
growth coefficient. For normal growth, this equation is 
solved to give

 W W ef f
k tf

, .0   [6]

Denoting pregnancy duration by τpreg and the birth 
weight by Wb, it follows that

 W W ef b
k tf preg

, .0 =
−   [7]

Rather than specifying the growth coefficient kf, it is 
convenient to prescribe the fraction of pregnancy dura-
tion to 50% birth weight, denoted by μf, so that

 W t t Wf f preg b( ) ,= =μ 2   [8]

which, with equation [6], gives

Table 2. Model parameters and values used in the simulations presented here1

Parameter  Definition  Unit

Wb Calf birth weight 50 kg
WP,b Protein weight at birth Calculated
Wpas,h Pasture dry weight for half maximum intake 0.7 t ha−1

Wpas,ref Reference pasture dry weight for intake calculations 2 t ha−1

YP Efficiency of protein synthesis 0.48
YF Efficiency of fat synthesis 0.71
YM Efficiency of milk production 0.6
fP,M Protein fraction of milk 3%
fF,M Fat fraction of milk 4.3%
fL,M Lactose fraction of milk 4.6%
fM,solids Fraction of milk solids Derived
fF,b Body weight fat fraction at birth 6%
fNDF CH ref, ,4

Reference NDF fraction of intake 0.65

fB,N N fraction of rumen microbes 0.1
kf Fetus growth coefficient d−1: derived from other parameters
nf Number of fetuses 1
qpas Curvature coefficient in the pasture intake response function 1.5
qδ Curvature coefficient in φδ 2
α Curvature coefficient in Γlact 0.9, τ < τlact,mx

0.5, τ ≥ τlact,mx
where τ is time since parturition

αN N fraction of protein 0.16 kg of N/(kg of protein)
δref Reference digestibility for intake calculations 0.68
δh Digestibility for half maximum intake 0.5
δNDF,feed NDF digestibility of feed. Prescribed for NDF component of individual feed sources.  
δP,feed, δS,feed Protein and NDS digestibilities of feed 0.85
εU,N Energy required for urine N production 30 MJ (kg of N)−1

εP Energy density of protein 23.6 MJ kg−1

εF Energy density of fat 39.3 MJ kg−1

εL Energy density of lactose 16.5 MJ kg−1

εg Gross energy of feed intake 18.45 MJ kg−1

εM Energy density of milk Calculated from other parameters
γpreg Scale factor for energy requirement during pregnancy 2
λ Ratio of body water to protein 3 (kg of water)·(kg protein)−1

CH ref4 , Value of CH4 at reference NDF fraction in intake, fF CH ref, ,4
0.09

μB Rumen microbial decay coefficient 0.04 d−1

μf Fraction of pregnancy duration to 50% birth weight 0.8
ρM Density of milk 1.03 kg L−1

τpreg Pregnancy duration 280 d
τlact Lactation duration 300 d
τlact,mx Time to maximum intake during lactation 80 d
τlact,F0 Time at which F lact,  is zero 95 d

φδ ,mx Asymptote for φδ Calculated
1Symbols are ordered alphabetically, uppercase and then lowercase, English and then Greek. The parameters will vary for different animal 
breeds.
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 k f
preg f preg f

=
−

=
−

ln( )
( )

.
( )

.2
1

0 69
1τ μ τ μ

  [9]

Fetal growth parameters to be defined are Wb, τpreg, μf, 
with defaults

 Wb preg f= = =50 280 0 8 kg,  d, τ μ . .  [10]

Equation [6] with [7] and [9] defines fetal growth in 
relation to birth weight, pregnancy duration, and the 
time to 50% birth weight. Wf is illustrated in Figure 
1. It can be seen that, at conception, fetal weight does 
not increase smoothly from zero—the model could be 
refined to make this the case but the effect on simu-
lations would be negligible and would not justify the 
extra complexity.

When multiple fetuses are present, nf, birth weight is 
reduced and it is assumed that

 W
n

Wb n
f

bf, .=
+

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

2
1

  [11]

It can be seen that the total fetal weight has been 
considered and not the individual protein, fat, and wa-
ter components, which has been done to avoid undue 
complexity. It is well established that the net energy 
requirements for pregnancy in ruminants are directly 
related to the size and number of fetuses due to gravid 
uterus composition (ARC, 1980; AFRC, 1998; NRC, 
2001, 2007). To calculate energy requirement during 
pregnancy, it is assumed that fat and protein composi-
tion during fetal growth is constant and the same as 
at birth. Thus, applying equation [4] to the fat and 
protein components of fetal BW, the energy required 
for fetal growth, Epreg,req (MJ d−1), is

 E f
Y

W
W Y

npreg req F b
F

F

P b

b

P

P
preg f, ,

, ,= +
⎛

⎝
⎜

⎞

⎠
⎟

ε ε
γ   [12]

where fF,b is the body fat fraction at birth, WP,b is the 
protein mass at birth as calculated from equation [3], εF 
and εP are the energy densities of fat and protein (MJ 
kg−1), and γpreg (with default value 2) is a scale factor 
to allow for the fact that the energy required during 
pregnancy is greater than that for fetal growth alone 
(Rattray et al., 1974).

Lactation

We now turn attention to the energy dynamics of lac-
tation. Milk production can be defined either as liters 
per day or kilograms of milk solids per day. Denoting 
the fat, protein, and lactose fractions of milk as fF,M, 
fP,M, fL,M, respectively, and the density of milk as ρM, 
the fraction of milk solids, fM,solids (kg of solids L−1), is

 f f fM solids M F M P M, , ,( ),= +ρ   [13]

and the energy density of milk, εM (MJ L−1), is

 ε ρ ε ε εM M F F M P P M L L Mf f f= + +( ),, , ,   [14]

where the energy densities for fat and protein were 
defined earlier, and εL is the energy density of lactose 
(Table 2).

Applying equation [4], the energy required for milk 
production can now be written

 E
YM
M

M
= ⋅ −ε

MJ L 1.  [15]

Fat Catabolism During Lactation. Although 
fat catabolism can occur at any time during animal 
growth if energy intake is sufficiently restricted, during 
lactation additional fat catabolism occurs, particularly 
during early lactation, to provide the extra energy re-
quirements associated with the production of milk. As 
time progresses, a shift occurs from priority for milk 
production, which incurs fat catabolism, to replacing 
body fat through fat growth. This is defined in the 
model through the scale function

 φ τ
τ τ

τ τF lact
lact F

lact F
,

,

,
( ) ,=

−

+
0

0

  [16]

where τ is the time (d) since parturition. ϕF,lact lies be-
tween ± 1 as τlact increases from zero, taking the value 

Figure 1. Fetal growth in dairy cows with default parameters.
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0 when τlact = lact F, ,
0

 and the default value is lact F, 0
 = 

95 d. Equation [16] is illustrated in Figure 2.
When this function is negative, compulsory fat ca-

tabolism occurs, and when it is positive it defines the 
relative priority for fat growth and milk production. 
The overall growth dynamics are discussed later.

Animal Intake

The model of Johnson et al. (2012) did not include 
feed intake directly but defined growth and metabolism 
in relation to available intake energy. For the present 
purposes, we need to define intake in relation to feed 
availability and quality because, during lactation, in-
take potential is assumed to increase. Also, feed com-
position affects N dynamics through the animal as well 
as milk production.

It is common for models to relate potential intake to 
animal BW in some way. The approach here is to as-
sume that, for a reference digestibility, normal growth 
can be satisfied with nonlimiting feed availability. 
Potential intake at this digestibility is then related to 
animal body protein, rather than total weight, because, 
as discussed above, body protein is taken as the pri-
mary indicator of metabolic state. Thus, for example, 
if a mature animal loses body fat but not protein, the 
potential intake is unchanged.

The approach when solving the equations is to grow 
an animal under normal conditions and calculate the 
ME required, which is then stored in an array as a 
function of body protein, WP. The corresponding intake 
at reference digestibility, δref, that provides this ME is 
defined by

 I Wpot ref P, ( ), ,  kg of d.wt animal d1 1   [17]

where d.wt = dry weight. This is then evaluated and 
applied at all stages of growth.

During pregnancy or lactation, it is assumed that 
potential intake increases due to physiological changes 
in the rumen. These are considered in turn.

Intake During Pregnancy. Potential intake is 
assumed to increase during pregnancy to provide the 
extra energy required for fetal growth. The simple 
scale function, assumed to increase linearly as energy 
requirements increase, is

 f t
E
EI preg preg
preg req

mat req
,

,

,
( ) ,= +1   [18]

where tpreg (d) is the time since conception, Epreg,req (MJ 
d−1) is the energy required for pregnancy as given by 
equation [12], and Emat,req (MJ d−1) is the energy re-
quired for a nonpregnant, nonlactating animal at nor-
mal mature weight. Combining equations [17] and [18], 
the potential intake during pregnancy is

 I I W f tpot ref preg pot ref P I preg preg, , , ,( ) ( ).  [19]

Intake During Lactation. Potential intake is as-
sumed to increase to a peak following parturition and 
subsequently decline, according to the function

 f t f tI lact lact I lact mx lact, , ,( ) ( ) ( ),= + −1 1 Γ   [20]

where Γ(tlact) is defined as a normalized gamma func-
tions in terms of the time since parturition, tlact (d), 
time to maximum intake, τlact,mx (d), and the curvature 
coefficient α, as given by

 Γ( ) exp
, ,

t
t t

lact
lact

lact mx

lact

lact mx
=
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ − −

⎛

⎝
⎜⎜

⎞

⎠
⎟

τ
α

τ

α

1⎟⎟
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

,  [21]

where

 
Γ

Γ

( )
( ),

t
t
lact

lact lact mx

= =

= =

0 0
1τ
  [22]

so that

 
f t
f t f
I lact lact

I lact lact lact mx I lact mx

,

, , , ,

( )

( ) .

= =

= =

0 1

τ
  [23]

It should be noted that, in the model, different curva-
ture parameter values for α can be used for pre– and 
post–peak lactation.

Figure 2. Scale function, equation [16], for fat catabolism and 
partitioning between fat growth and milk production for a dairy cow.
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During lactation, the potential intake function in 
equation [17] is scaled according to

 I I W tpot ref lact pot ref P lact, , , ( ) ( ).= Γ   [24]

Default parameter values are

 
τ α τ

α τ
lact mx lact mx

lact mx I lac

t
t f

, ,

, ,

; . , ,

. , ;

= = <

= ≥

80 0 9

0 5

 d   

  tt mx, . ,= 2 2
  [25]

although these values will vary between different breeds.
Intake in Relation to Composition and Feed 

Availability. The analysis so far has considered po-
tential intake for feed at a reference digestibility, and 
we now briefly consider how actual intake is affected by 
availability and composition.

Animal feed, whether from pasture or supplement, is 
assumed to comprise 3 basic components: NDF, which 
is primarily cellulose, hemicellulose, and lignin in cell 
wall material; protein; and the remainder, which is the 
neutral detergent solubles and is mainly sugars for pas-
ture but may include compounds such as starch and fat 
for other feeds. The fractions of these are denoted by 
fNDF,feed, fP,feed, fS,feed, respectively, which sum to unity. 
If these components have digestibilities δNDF,feed, δP,feed, 
δS,feed, respectively, then the total digestibility is

δ δ δ δfeed NDF feed NDF feed P feed P feed S feed S feedf f f= + +, , , , , , . 

 [26]

In the present analysis, we assumed that

 δ δP feed S feed, , . ,= = 0 85   [27]

although this can easily be relaxed. Thus, variation in 
digestibility of different feed types is influenced primar-
ily by composition and the digestibility of the NDF 
component.

A dimensionless digestibility intake scale factor, ϕδ, 
introduced to describe the influence of digestibility on 
potential intake, is defined as

 φ φ
δ δ

δ δ
δ δ

δ

δ
=

+

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟,

( )

( )
,mx

feed h
q

feed h
q1

  [28]

where

 φ
δ δ

δ δ
δ

δ

δ,
( )

( )
.mx

ref h
q

ref h
q=

+1
  [29]

According to these equations, ϕδ increases from zero 
when digestibility is zero, takes the values 0.5 and 1 
at digestibilities δh and δref, respectively, and has as-
ymptote ϕδ,mx as given by equation [29]. The coefficient 
qδ affects the curvature of the equation. The response, 
which is based on the general switch type equation 
discussed by Thornley and Johnson (2000, chapter 2), 
is illustrated in Figure 3a for default parameter values

 δ δ δh ref q= = =0 5 0 68 2. , . , .  [30]

It is simple to adjust the shape of the curve by 
varying these 3 parameters. Note that, because this 
function is defined to take the value unity at reference 
digestibility 0.68, it will exceed unity at digestibilities 
above that value.

Pasture intake depends on pasture mass as well as 
quality. A generic scale factor is defined to define intake 
in relation to available pasture, which is defined in a 
mathematically equivalent way to that for ϕδ above 
(equations [28], [29]), with default parameter values

Figure 3. Scale factors for intake in relation to feed digestibility (a) 
and pasture availability (b). d.wt = dry weight.
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 W W qpas h pas ref pas, ,. , , . ,= ⋅ = ⋅ =− −0 7 2 1 5t ha t ha1 1   [31]

where Wpas refers to pasture d.wt. Again, it is simple 
to adjust the shape of this curve, which is illustrated 
in Figure 3b.

Supplement intake is related to supplement com-
position and digestibility, as well as any management 
restrictions in supply. Potential intake is defined in a 
similar way to pasture intake, but at the asymptote 
where intake is not restricted by availability.

Metabolizable Energy and Nitrogen Dynamics

The theory so far describes the diet composition and 
digestibility, which determine potential animal intake, 
and we now consider ME in relation to feed compo-
sition and N dynamics, which are central to overall 
nutrient dynamics in the model. Nitrogen dynamics 
are considered first because energy costs are associated 
with urine excretion and these affect overall available 
ME. The net N balance through the animal is simple in 
that the input is equal to the sum of N retained (body 
tissue or milk) and that excreted in dung and urine. In 
the case of a nonlactating cow maintaining a fixed BW, 
excreted N will exactly balance input. However, the 
animal requires dietary N to balance turnover of rumen 
microbes. It is beyond the scope of the present model to 
include full rumen functionality, although such models 
provide valuable insight into rumen dynamics. A sim-
pler approach is adopted.

Denoting the total intake by I (kg of d.wt d−1), the 
corresponding N intake is

 I f IN N P feed=α , ,  [32]

where fP,feed is the protein fraction, and αN is the N 
fraction of protein, taken to be 0.16 kg of N (kg of 
protein)−1, which is equivalent to the usual factor of 
6.25 for converting N to protein.

Rumen microbe activity is not addressed directly, 
but some account has to be made of N losses through 
microbial senescence. It is assumed that this senescence 
and subsequent excretion of rumen microbes is exactly 
balanced by new growth. It is further assumed that 
rumen microbial senescence, Bsen (kg of d.wt d−1), is 
proportional to intake, which implies that as microbial 
activity increases through greater intake, so does the 
turnover of microbes. Thus,

 B Isen B= μ ,  [33]

where μB (d−1) is a microbial decay coefficient. The 
corresponding N excretion from rumen microbes is then

 B f Bsen N B N sen, , ,  [34]

where fB,N [kg of N (kg of d.wt)−1] is the N fraction 
of the rumen microbes with default value 0.1. If no 
account is made for microbial decay then for a ma-
ture, nongrowing, animal, the only source of excreted 
N is through undigested protein. Allowing for microbial 
decay ensures consistent N concentration in dung (see 
below).

Now consider dung, D (kg of d.wt d−1), which is given 
by

 D I B I Ifeed sen feed B= − + = − +( ) ( ) ,1 1δ δ μ   [35]

and the corresponding dung N, DN (kg of N d−1), is

 
D f I B

f I f
N N P feed P feed sen N

N P feed P feed B B

= − +

= − +

α δ

α δ μ
, , ,

, ,

( )

( )

1

1 ,, .N I
  [36]

The N fraction of dung can now be written as

 f
f f

N dung
N P feed P feed B B N

feed B
,

, , , .=
−( ) +

− +( )
α δ μ

δ μ

1

1
  [37]

The default value of μB is 0.04 d−1 so that microbial 
decay is equivalent to 4% of intake. Thus, for example, 
for a good quality pasture with digestibility 75%, and 
25% protein, the dung N concentration is 3.4%, which 
is consistent with observation (Eckard et al., 2007).

Urine N is taken to be the excess intake N that is not 
used by the animal or excreted as dung. The total daily 
N input balance between intake, retained and losses to 
dung and urine is

 I W M D UN N N N N= + + +Δ ,  [38]

where ΔWN is the body weight N balance (and is nega-
tive for protein weight loss), MN is the N content of 
milk (where appropriate), and UN is the N loss as urine: 
all terms have units of kilograms of N per day. Thus, 
UN becomes

 U I f f M WN N P feed P feed B B N N N= − − −( ) ., , ,α δ μ Δ   [39]

This gives the urine N balance in terms of intake, N 
retained by microbial biomass, milk, and BW change. 
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For example, if the animal is not lactating and has no 
weight change, then all digested N that is not retained 
by the microbes is excreted as N. The N retained by 
the microbes is balanced by the corresponding losses to 
dung through microbial senescence.

The ME available to the animal, EME (MJ d−1), is the 
difference between the gross energy of feed intake and 
energy costs associated with the production of methane 
and urine N, and can be written as

 E I E EME g CH U N= − −ε δ
4 , ,  [40]

where εg (MJ kg−1) is the energy density of the feed, 
with default value 18.45 MJ kg−1 (IPCC, 2006), and 
the last 2 terms are energy costs associated with CH4 
production through rumen fermentation and urine N 
excretion, respectively. They are considered in turn.

Energy costs associated with CH4 production are as-
sumed to be given by

 E ICH CH g4 4
= λ ε δ ,  [41]

where CH4 is a dimensionless variable defining the pro-
portion of digestible energy intake that is lost as meth-
ane. CH4 is related to the fiber fraction of the diet, fNDF, 
according to

 λ λCH CH ref
NDF feed

NDF CH ref

f
f4 4

4

1 2

=
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟,

,

, ,
,  [42]

and CH ref4 ,  is the value of CH4 at the reference fiber 
fraction fNDF CH ref, , .

4
 Default values are

 λCH ref NDF CH reff
4 4

0 09 0 65, , ,. ; . .= =   [43]

Thus, for example, if δNDF,feed = 0.6, δP,feed = δS,feed = 0.85, 
then for composition fNDF,feed = 0.55, fP,feed = 0.2, fS,feed = 
0.25, which is representative of pasture, the fraction of 
gross energy intake lost through methane fermentation 
is 6.1%, whereas if the composition is now fNDF,feed = 
0.2, fP,feed = 0.1, fS,feed = 0.7, which is representative of 
a concentrate supplement, the energy fraction is now 
4.2%. These values are consistent with lower energy 
costs through methane fermentation for low-fiber diets 
(Beauchemin et al., 2009).

The energy costs associated with urine are related to 
the urine N, so that

 E UU N U N N, , ,= ε   [44]

where the urine output, UN, is given by equation [39] 
and εU,N is the energy cost of producing urine N, with 
default value of 30 MJ (kg of N)−1 (NRC, 2001).

It is convenient to separate urine N into the compo-
nent corresponding to no N retention by the animal and 
then allow for any retention as milk or BW change. To 
do so, write equation [39] as

 U U NN N ret= −, ,0 Δ   [45]

where

 U I f fN N P feed P feed B B N, , , ,( )0 = −α δ μ   [46]

is the urine N that would be excreted in the absence of 
any retention by the animal, including lactation, and 
the N retained by the animal, ΔNret, corresponds to the 
N in milk plus any change in body weight N, as given 
by

 Δ ΔN M Wret N N= + .  [47]

The ME, equation [40], can now be written as

 E I NME U N ret= +ψ ε , ,Δ   [48]

where

ψ ε δ λ ε α δ μ= −( ) − −( )g feed CH U N N P feed P feed B N Bf f1
4 , , , , . 

 [49]

This coefficient (MJ kg−1) is termed the apparent ME 
coefficient and is the ME content of the feed in the 
absence of any N retention by the animal. It therefore 
follows that the actual ME available to the animal is 
not a function of the feed composition alone, but also 
the N dynamics in the animal so that, for example, if 
the same feed is supplied to nongrowing animals that 
are either lactating or not lactating, the ME content 
available to the lactating animal will be greater due to 
the N retention in milk. This difference is due to the 
costs of excreting surplus N in urine.

Growth, Milk Production, and Fetal Growth  
in Response to Metabolizable Energy

The analysis so far defines the ME available to 
the animal in terms of available pasture and quality, 
supplement supplied, and animal metabolic state. It 
now remains to calculate the overall growth dynam-
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ics including milk production and fetal growth where 
appropriate. The sequence of calculations using the 
theory described above is as follows:

• Calculate potential intake from pasture and 
supplement.

• Calculate ME required for growth, maintenance, 
and if relevant, pregnancy.

• If the animal is lactating and τ τ< lact F, 0
 in equation 

[16], so that fat catabolism occurs, calculate the 
energy released.

It then remains to calculate growth. First, consider 
a nonlactating animal, in which case, 3 conditions are 
considered:

• ME available exceeds requirements for growth, 
maintenance, and pregnancy (if appropriate). In 
this case, intake is reduced to maximum require-
ment and growth is calculated accordingly.

• ME available is less than requirements for growth, 
but fat catabolism is sufficient to meet mainte-
nance requirements. In this case, no growth occurs 
and the necessary fat catabolism occurs to provide 
energy, along with intake, to meet maintenance 
requirements.

• ME available through intake and fat catabolism 
is insufficient to meet maintenance requirements. 
This is an animal that is going to lose weight and 
does so first through maximum fat catabolism. 
Body protein will then be lost as a result of in-
sufficient energy to resynthesize degraded protein 
through protein maintenance requirements.

For a lactating animal, lactation will only occur if the 
energy available exceeds maintenance requirements. If 
this is the case and the available energy after meeting 
other costs is Elact,avail and daily milk production is M (L 
d−1), then the energy balance is

 L
Y

f EM

M
N M U N lact avail

ε
ε−

⎛

⎝
⎜

⎞

⎠
⎟ =, , , ,  [50]

where fN,M (kg of N L−1) is the milk N fraction. This 
equation accounts for the energy that is available 
through N retention in the milk that would otherwise 
have incurred a cost to be excreted as urine. Thus, the 
milk production is

 M
E

Y
f

lact avail

M

M
N M U N
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−

⎛

⎝
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⎞

⎠
⎟

,

, ,

.
ε

ε
  [51]

In practice in the model, milk production will respond 
to pasture availability and quality as well as feed man-
agement.

RESULTS AND DISCUSSION

As discussed earlier, the model described here is the 
lactating cow component of DairyMod (Johnson et al., 
2008; Johnson, 2013), and the focus on developing the 
model has been to provide a versatile description of 
milk production in dairy cows that can be incorporated 
in whole-farm simulation models for dairy systems. We 
shall first present illustrations of the model behavior 
under simplified conditions and then as part of a whole-
farm analysis.

General Model Dynamics

In practice in DairyMod, milk production responds to 
pasture availability and quality as well as feed manage-
ment. However, as a simple example, consider a dairy 
cow being fed 2 contrasting feeds:

• a fixed good-quality, pasture-based feed with 50% 
NDF at 60% digestibility, and 20% protein. The 
model parameters are given in Table 2.

• a mixed ration feed with 25% NDF at 80% digest-
ibility, and 20% protein.

In both cases protein and neutral detergent solubles 
have a digestibility of 85%. The corresponding lactation 
over 300 d is shown in Figure 4 where it can be seen 
that, as expected, substantially greater milk production 
occurs with the mixed ration, with total milk produc-
tion being 7,329 and 9,924 L, respectively. These exam-
ples show 2 extremes, and in practice, cows are likely to 
receive a balance between pasture, concentrate, forage, 
and mixed ration. However, this example demonstrates 
the model gives the appropriate response to differing 
feed supply. It should be noted that the absolute values 
for milk production will depend on the definition of 
model parameters that can be adjusted to reflect size 
and genetic merit of the cow.

Body weight and energy dynamics corresponding to 
the pasture-fed cow in Figure 4 are shown in Figure 
5. The characteristics of the dynamics are similar for 
the mixed ration feed supply. It can be seen that BW 
declines following parturition as expected through fat 
catabolism and this weight is regained as the lacta-
tion cycle progresses. The negative growth energy cor-
responds to this fat catabolism. Also, no net protein 
weight loss occurs, although this may not be the case 
for animals with poor feed supply. A small step increase 
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in growth energy can be seen when lactation ceases, 
which is due to the greater energy available for growth 
processes.

Application in a Whole-Farm Simulation

To demonstrate model capacity in pasture-based 
dairy production systems, we used DairyMod to simu-
late cow feed intake and milk production and compared 
the results with experimental data from the Project 
3030 “Ryegrass Max” farmlet in southwest Victoria, 
Australia. This was a whole-farm study looking at milk 
production, pasture, forage, and concentrate intake. 
The objective of this analysis is to show that the model 
of animal growth and lactation described here can be 
incorporated into a large-scale pasture system simula-
tion model and that the results display the expected 
characteristics of the system. The Project 3030 farmlet 
design and management (Chapman et al., 2014b) and 
experimental results for pasture production (Tharmaraj 
et al., 2014), feed intake, and milk production (Chap-
man et al., 2014a; Hill et al., 2014) have been previously 
reported. Briefly the farmlet experiment was conducted 
with a herd of 36 Holstein Friesian cows grazing on 
16.4 ha (stocking rate of 2.2 cows ha−1). The site at 
Terang, Victoria, Australia, has a temperate climate 
with mean annual rainfall of 785 mm (1,901 to 2,013 
inclusive). Pasture was the main source of feed offered 
to cows, but they were also fed grain every day during 
milking, and hay or silage when pasture availability was 
limited (generally in summer and autumn, occasionally 
in winter). Cows calved in winter and were milked for 
approximately 300 d per lactation. Cows were milked 
twice per day. Further specific details of the experiment 
are reported in the articles cited above.

The climate, soil, pasture, feed management, and cow 
parameters from the experiment where used to simu-

late the dairy production system in DairyMod. Daily 
climate data were obtained from the SILO PatchPoint 
data set (Jeffrey et al., 2001). The soil type was a brown 
chromosol, and perennial ryegrass (Lolium perenne) was 
the dominant pasture species (Chapman et al., 2014b). 
Rotational grazing through the 20 paddocks was imple-
ment in the model by targeting grazing to occur at 2.5 
t of DM ha−1 and removing stock at an average residual 
pasture mass of 1.5 t of DM ha−1, in line with the 
practice in the experiment. Pasture production for this, 
and other, locations with the model has been tested 
and reported previously (Cullen et al., 2008). Cow feed 
intake was predicted by the model according to pasture 
availability and rules for minimum and maximum grain 
and hay/silage feeding, which varied according to stage 
of lactation. Calving date was simulated as June 15, 
and results analyzed from July, in line with the time 
when the whole herd was lactating in the experiment, 
to the end of February at which time all cows in the 
herd were still lactating. The cow parameters used for 
the simulation are those listed in Table 2.

Figure 4. Milk production over 300 d of lactation for a cow being 
fed good quality pasture (solid line) or mixed ration feed (broken line).

Figure 5. Body weight (a) and energy dynamics (b) for the pas-
ture-fed dairy cow as illustrated in Figure 4. The BW and energy 
components are indicated.
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The monthly experiment data were compared with 
simulation results for 3 lactations (July 2006 to March 
2009). Monthly average milk production (expressed per 
day) is illustrated in Figure 6, and it can be seen that 
the model and data are in good agreement. Pasture 
intake is illustrated in Figure 7 and supplement in 
Figure 8. The model simulated well both the expected 
feed intake patterns within years. Statistical analysis 
is presented in Table 3 for comparison between simu-
lated and observed values, where R2, bias correction 
factor, and concordance correlation coefficient are 
shown. These values demonstrate, respectively, that 
the model gives a good description of the data, there 
is good agreement on the 1:1 line, and relatively little 
bias on the 1:1 line. The main discrepancy between 
the model and data occurred with forage intake in the 

summer of the first lactation. This was at least in part 
due to the lower ME content of forage fed in the late 
spring and early summer period (Hill et al., 2014), and 
possibly due to increased wastage when high rates of 
forage were fed. The characteristics of the model simu-
lations and data are consistent; in particular, high rates 
of pasture intake in spring being replaced in the diet 
by silage in the summer and differences between years. 
For example, pasture intake is lower in the first spring 
(from November 2006) than the following 2 springs, 
and this was due to the low spring rainfall in 2006 that 
resulted in reduced pasture growth and, consequently, 
greater forage feeding during this time compared with 
the following 2 yr. The pattern of milk production is 
also consistent with the observed data. 

Although the consistency between the model and ob-
served data is an important test of this type of model, 
for complex systems it is rare that complete data sets 
are available to test the entire model as discussed, 
for example, by Oreskes et al. (1994), Thornley and 
Johnson (2000), Thornley and France (2007), and so 
it is important to look at the underlying model behav-
ior. The simulations comparing model behavior with 
experimental data, combined with those showing the 
general dynamics of the model, give confidence in the 
overall robustness of the model. 

CONCLUSIONS

In this paper, we describe a dairy cow simulation 
model, which includes energy dynamics for fat and 
protein synthesis, energy released from fat catabolism, 
pregnancy and lactation, as well as nitrogen dynamics, 
and have presented a complete mathematical statement 

Figure 6. Average daily lactation, calculated monthly, for the 
Terang simulation for 3 lactations (July 2006 to March 2009). The 
lines are simulations, and the solid circles are observed data.

Figure 7. Average daily pasture intake for the Terang simulation 
corresponding to Figure 6. The lines are simulations, and the solid 
circles are observed data. d.wt = dry weight.

Figure 8. Average daily supplement intake for the Terang simula-
tion corresponding to Figure 6. Solid lines are simulated forage, solid 
symbols are observed forage, broken lines are simulated concentrate, 
open symbols are observed concentrate. d.wt = dry weight.
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of the model. It is an intake-driven model with the bal-
ance between the individual animal processes being de-
pendent on total metabolizable energy available to the 
animal. The model is constructed from relatively simple 
assumptions and includes the important underlying 
physiological processes. The simulations presented here 
demonstrate that the model is suitable for a range of 
applications in whole-system dairy simulation models.
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