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SCHATTEN CLASS TOEPLITZ OPERATORS ON

THE PARABOLIC BERGMAN SPACE II

Masaharu Nishio, Noriaki Suzuki and Masahiro Yamada

Abstract

Let 0 < aa 1 and let b2a be a Hilbert space of all square integrable solutions of a

parabolic equation ðqt þ ð�DÞaÞu ¼ 0 on the upper half space. We study the Toeplitz

operators on b2a , which we characterize to be of Schatten class whose exponent is smaller

than 1. For the proof, we use an atomic decomposition theorem of parabolic Bergman

functions. Generalizations to Schatten class operators for Orlicz type and Herz type are

also discussed.

1. Introduction

Following the previous paper [11], we study the Schatten class Toeplitz
operators on parabolic Bergman spaces. Let 0 < aa 1 and let V be the ðnþ 1Þ-
dimensional Lebesgue measure on Rnþ1

þ ¼ Rn � ð0;yÞ. We denote by b2a the
Hilbert space

b2a :¼ fu A L2ðRnþ1
þ ;VÞ;LðaÞ-harmonic on Rnþ1

þ g;

where LðaÞ :¼ qt þ ð�DÞa: The orthogonal projection from L2ðVÞ :¼ L2ðRnþ1
þ ;VÞ

to b2a is represented as an integral operator by a kernel Ra, which is called
the a-parabolic Bergman kernel. Let m be a positive Radon measure on Rnþ1

þ
satisfying ð

ð1þ tþ jxj2aÞ�t
dmðx; tÞ < yð1Þ

for some t A R. The Toeplitz operator with symbol m is an operator defined by

ðTmuÞðXÞ :¼
ð
RaðX ;YÞuðYÞ dmðYÞ
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for u A b2a . As for the compactness of Tm : b
2
a ! b2a , it is known that its neces-

sary and su‰cient condition is that limY!A m̂mðaÞðY Þ ¼ 0, where A is the infinite

point of the one point compactification of Rnþ1
þ . Also it is equivalent to

limY!A ~mmðaÞðYÞ ¼ 0 (see [8]). Here m̂mðaÞ and ~mmðaÞ are the averaging function and
the Berezin transformation of m, respectively, which are defined by

m̂mðaÞðY Þ :¼ mðQðaÞðYÞÞ=VðQðaÞðYÞÞ
and

~mmðaÞðYÞ :¼
ð
RaðX ;YÞ2 dmðXÞ

�ð
RaðX ;Y Þ2 dVðXÞ;

where QðaÞðYÞ is an a-parabolic Carleson box (see §2.2). These functions are
very useful for the study of Toeplitz operators (cf. [7], [8], [11] and [12]).

Let 0 < s < y. A compact operator Tm is said to be of Schatten s-class if
the sequence of all its eigenvalues belongs to the sequence space l s. We have
already shown in [11] that when sb 1, Tm is of Schatten s-class if and only if the
averaging function m̂mðaÞ is in LsðV �Þ or equivalently the Berezin transformation
~mmðaÞ is in LsðV �Þ, where

dV �ðX Þ :¼ t�ðn=2aþ1Þ dVðXÞ; ðX ¼ ðx; tÞÞ:

In the present paper, we study the remainder case 0 < s < 1, and we have

Theorem 1. Let 0 < s < 1: For a Radon measure mb 0 on Rnþ1
þ satis-

fying (1), the Toeplitz operator Tm on b2a is of Schatten s-class if and only if
m̂mðaÞ A LsðV �Þ.

We remark here that when a ¼ 1=2, our Bergman space b21=2 coincides with
the usual harmonic Bergman space (see [6]), and the related result for space of
holomorphic or harmonic functions has already studied (e.g. [1], [2], [5] and [13]).

This paper will be organized as follows: We make some preparations in
section 2. In §2.1 we recall the fundamental estimates of parabolic Bergman
kernels. An atomic decomposition theorem is given in §2.2, which plays an
important role in the proof of Theorem 1. In §2.3 we recall some definitions
of compact operators of Schatten class. The proof of Theorem 1 is given in
section 3. We make some related remarks in section 4. In §4.1, we study the
Carleson inclusion of Schatten class. A norm relation between averaging func-
tions and Berezin transformations in the context of Ls space is given in §4.2.
A generarlzation to the Orlicz type class for concave functions is considered in
§4.3. Contrary to the convex case, the assertion of Theorem 1 does not hold for
concave functions. In fact, we give an exapmle of c such that m̂mðaÞ A LcðV �Þ but
Tm is not of Schatten c-class. In §4.4, we discuss the Herz type class of Toeplitz
operators.

Throughout this paper, C will denote a positive constant whose value is not
necessarily the same at each occurrence; it may vary even within a line.
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2. Preliminaries

2.1. LðaÞ-harmonic functions and reproducingkernels. Throughout this paper,
we denote by X ¼ ðx; tÞ, Y ¼ ðy; sÞ and Z ¼ ðz; rÞ points in Rnþ1

þ ¼ Rn � ð0;yÞ.
Let 0 < aa 1. A continuous function u on Rnþ1

þ is said to be LðaÞ-
harmonic, if LðaÞu ¼ 0 in the sense of distribution, i.e.,

Ð Ð
u � ðLðaÞÞ�j dV ¼ 0

for every j A Cy
c ðRnþ1

þ Þ, where jxj ¼ ðx2
1 þ � � � þ x2

nÞ
1=2,

ðLðaÞÞ�jðx; tÞ ¼ � q

qt
jðx; tÞ � cn;a lim

d#0

ð
jyj>d

ðjðxþ y; tÞ � jðx; tÞÞjyj�n�2a
dy

and

cn;a ¼ �4ap�n=2Gððnþ 2aÞ=2Þ=Gð�aÞ > 0:

In this paper, we use a fundamental solution W ðaÞ of LðaÞ given by

W ðaÞðx; tÞ ¼ ð2pÞ�n Ð
R n expð�tjxj2a þ

ffiffiffiffiffiffiffi
�1

p
x � xÞ dx t > 0

0 ta 0:

�
It has the following homogeneity:

qb
xq

k
t W

ðaÞðs1=2ax; stÞ ¼ s�ððnþjbjÞ=2aþkÞðqb
xq

k
t W

ðaÞÞðx; tÞ;ð2Þ
where b ¼ ðb1; . . . ; bnÞ A N n

0 is a multi-index and kb 0 is an integer. Here
N0 ¼ N U f0g denotes the set of all nonnegative integers. The following estimate
is fundamental. There exists a constant C > 0 such that

jqb
xq

k
t W

ðaÞðx; tÞjaCðtþ jxj2aÞ�ððnþjbjÞ=2aþkÞð3Þ

for all ðx; tÞ A Rnþ1
þ (see [6]). For 1a p < y, we denote by bp

a the p-th order

parabolic Bergman space, i.e., the set of all p-th integrable LðaÞ-harmonic func-
tions on Rnþ1

þ .
Next we list some properties of a-parabolic Bergman kernels Ra and Rm

a for
m A N0. Recall that

Raðx; t; y; sÞ :¼ �2qtW
ðaÞðx� y; tþ sÞ

and

Rm
a ðx; t; y; sÞ :¼

ð�2Þm

m!
smqm

s Raðx; t; y; sÞ ¼
ð�2Þmþ1

m!
smqmþ1

t W ðaÞðx� y; tþ sÞ:

They have the following reproducing property: Let mb 0 and 1a p < y. For
every u A bp

a , u ¼ Rm
a ½u�, i.e.,

uðXÞ ¼ Rm
a ½u�ðXÞ :¼

ð
Rm

a ðX ;YÞuðYÞ dVðY Þ:ð4Þ

By (3), there exists a constant C > 0 such that

jRm
a ðx; t; y; sÞjaCRm

a ðx; t; y; sÞ;ð5Þ
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where
Rm

a ðx; t; y; sÞ :¼ smðtþ sþ jx� yj2aÞ�ðn=2aþ1Þ�m:

We consider the corresponding integral operator, which we also denote by Rm
a .

These kernels have the following homogeneity property: For any Z ¼ ðz; rÞ A
Rnþ1

þ ,

Rm
a ðFZðXÞ;FZðYÞÞ ¼ r�ðn=2aþ1ÞRm

a ðX ;YÞð6Þ
and

Rm
a ðFZðXÞ;FZðYÞÞ ¼ r�ðn=2aþ1ÞRm

a ðX ;YÞ;ð7Þ
where

FZðx; tÞ :¼ ðr1=2axþ z; rtÞ
is the a-parabolic similarity on Rnþ1

þ with respect to Z ¼ ðz; rÞ (see [10] and [11]).
Thus by [11, Proposition 2], we have the following boundedness.

Lemma 1. Let 1a p < y and mb 1. Then the integral operator
Rm

a : LpðVÞ ! LpðVÞ is bounded.

We shall frequently use the following integrable estimate.

Lemma 2. Let l; t A R. If �1 < l < t� n

2a
þ 1

� �
, thenð

tlð1þ tþ jxj2aÞ�t
dVðx; tÞ < yð8Þ

and ð
tlðsþ tþ jx� yj2aÞ�t

dVðx; tÞ ¼ Csl�tþðn=2aþ1Þð9Þ

with some constant C > 0.

This lemma and the homogeneity (2) show that, if m >
n

2a
þ 1

� �
1

p
� 1

� �
,

kRm
a ð�;YÞkLpðVÞ ¼ Csðn=2aþ1Þð1=p�1Þð10Þ

with some constant C > 0 independent of Y ¼ ðy; sÞ A Rnþ1
þ .

2.2. Representation of parabolic Bergman functions. We shall show an
atomic decomposition theorem for parabolic Bergman spaces bp

a for 1a p < y.
We use this result for p ¼ 2 in the proof of our main theorem.

For d > 0 and Y ¼ ðy; sÞ A Rnþ1
þ , we put

Q
ðaÞ
d ðY Þ :¼ FY ðx1; . . . ; xn; tÞ; 1a ta 1þ d; jxjja

d1=2a

2
ð j ¼ 1; . . . ; nÞ

( )
:
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Note that when d ¼ 1, Q
ðaÞ
1 ðY Þ ¼ QðaÞðYÞ, where

QðaÞðYÞ :¼ ðx1; . . . ; xn; tÞ; sa ta 2s; jxj � yj ja
s1=2a

2
; j ¼ 1; . . . ; n

� �
is the a-parabolic Carleson box which was used in our previous papers.

Now for k ¼ ðm1; . . . ;mn; kÞ A Z nþ1; we put

Xk ¼ ðxk; tkÞ :¼ ðm1d
1=2að1þ dÞk=2a; . . . ;mnd

1=2að1þ dÞk=2a; ð1þ dÞkÞ
and

Qk :¼ Q
ðaÞ
d ðXkÞ:

We call fXkg and fQkg the standard d-lattice on Rnþ1
þ and the standard d-

decomposition of Rnþ1
þ , respectively. Then Qk ¼ FXk

Q0, where Q0 ¼ Qð0;...;0;0Þ

and VðQkÞ ¼ ðdtkÞn=2aþ1.
Let mb 1 and 1a p < y. Let l p ¼ l pðZ nþ1Þ. Consider the mappings

Bp; d : b
p
a ! l p and Um

p; d : l
p ! bp

a defined by

Bp; d½u� :¼ ðtðn=2aþ1Þð1=pÞ
k uðXkÞÞk

for u A bp
a , and

Um
p; d½ðlkÞk�ðX Þ :¼

X
k AZ nþ1

lkR
m
a ðX ;XkÞtðn=2aþ1Þð1�1=pÞ

k

for ðlkÞk A l p, respectively. It is known that both operators are bounded ([9,
Theorem 1 and Lemma 5]). Our atomic decomposition theorem is to assure that
Um

p; d has a bounded right-inverse. Then Um
p; d would be surjective, and hence

every element u A bp
a can be represented by an (infinite) linear combination of

atoms fRm
a ð�;XkÞgk.

For our purpose, we consider the composition of two operators. Let

Am
d ½u�ðXÞ :¼

X
k AZ nþ1

VðQkÞRm
a ðX ;XkÞuðXkÞ

for u A bp
a . Then

Am
d ¼ dðn=2aþ1ÞUm

p; dBp; d;

so that Am
d : bp

a ! bp
a is bounded. Further we obtain

Proposition 1. Let 1a p < y and mb 1. Then there exists d0 > 0 such
that Am

d is invertible for any 0 < d < d0.

Proof. First we recall Lipschitz estimates of parabolic Bergman kernels (cf.
[12, Proposition 3.2]). There exist constants d1 > 0 and C > 0 such that for
every 0 < d < d1 and for all X ;Y ;Z A Rnþ1

þ with Y A Q
ðaÞ
d ðZÞ, we have

jRm
a ðX ;YÞ � Rm

a ðX ;ZÞjaCðdþ d1=2aÞRm
a ðX ;Y Þð11Þ
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and

jRm
a ðY ;XÞ � Rm

a ðZ;X ÞjaCðdþ d1=2aÞRm
a ðY ;XÞ:ð12Þ

These inequalities bring us

jRm
a ðX ;XkÞjaCRm

a ðX ;YÞ and jRm
a ðXk;X ÞjaCRm

a ðY ;XÞð13Þ
for every X A Rnþ1

þ and Y A Qk, where ðXkÞk is the standard d-lattice and ðQkÞk is
the standard d-decomposition of Rnþ1

þ , respectively.
Now we shall estimate the operator norm of I � Am

d for 0 < d < d1, where I
is the identity on bp

a . By the reproducing property of u A bp
a , we have

uðXÞ ¼
ð
Rm

a ðX ;YÞuðYÞ dVðY Þ ¼
X

k AZ nþ1

ð
Qk

Rm
a ðX ;YÞuðYÞ dVðY Þ;

so that (11) gives

uðX Þ �
X

k AZ nþ1

ð
Qk

Rm
a ðX ;XkÞuðYÞ dVðY Þ

�����
�����

a
X

k AZ nþ1

ð
Qk

jRm
a ðX ;YÞ � Rm

a ðX ;XkÞj juðY Þj dVðY Þ

aCðdþ d1=2aÞ
X

k AZ nþ1

ð
Qk

Rm
a ðX ;Y ÞjuðYÞj dVðY Þ

¼ Cðdþ d1=2aÞRm
a ½juj�ðX Þ:

Similarly, for any Y A Qk, (12) gives

juðY Þ � uðXkÞj ¼
ð
ðRm

a ðY ;ZÞ � Rm
a ðXk;ZÞÞuðZÞ dVðZÞ

���� ����
aCðdþ d1=2aÞ

ð
Rm

a ðY ;ZÞjuðZÞj dVðZÞ

¼ Cðdþ d1=2aÞRm
a ½juj�ðYÞ;

and hence by (13) we getX
k AZ nþ1

ð
Qk

Rm
a ðX ;XkÞuðYÞ dVðY Þ � Am

d uðXÞ
�����

�����
aC

X
k AZ nþ1

ð
Qk

Rm
a ðX ;XkÞjuðY Þ � uðXkÞj dVðY Þ

aCðdþ d1=2aÞ
ð
Rm

a ðX ;Y ÞRm
a ½juj�ðYÞ dVðY Þ

¼ Cðdþ d1=2aÞRm
a ½Rm

a ½juj��ðX Þ:
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Therefore

juðXÞ � Am
d uðXÞjaCðdþ d1=2aÞfRm

a ½juj�ðXÞ þ Rm
a ½Rm

a ½juj��ðXÞg:

By the Lp boundedness of Rm
a in Lemma 1, we obtain

ku� Am
d ukbp

a
aCðdþ d1=2aÞkukb p

a
:

Hence kI � Am
d k < 1 for su‰ciently small d > 0, which implies that Am

d is
invertible. r

Our atomic decomposition theorem is stated as follows.

Theorem 2. Let 1a p < y and mb 1. Then there exists d0 > 0 such that
U m

p; d has a bounded right-inverse for every 0 < d < d0. In particular U m
p; d : l

p ! bp
a

is bounded and surjective.

Proof. Let d0 > 0 be taken in Proposition 1. Since Am
d ¼

dðn=2aþ1ÞUm
p; dBp; d : b

p
a ! bp

a is invertible for 0 < d < d0, Um
p; dðd

ðn=2aþ1ÞBp; dðAm
d Þ

�1Þ
is the identity on bp

a . r

Remark 1. (1) Let ga :¼ t�1=ajdxj2 þ t�2 dt2 be an invariant Riemannian
metric under a-parabolic similarities fFX ;X A Rnþ1

þ g. We denote by da the
distance induced by ga and by B

ðaÞ
r ðXÞ the geodesic ball with center X A Rnþ1

þ and
redius r > 0. We can obtain the following generalization of Theorem 2. Let
1a p < y and mb 1. For a sequence ðXjÞj ¼ ððxj; tjÞÞj in Rnþ1

þ , we set

Um
p ½ðljÞj�ðXÞ :¼

X
j

ljR
m
a ðX ;XjÞtðn=2aþ1Þð1�1=pÞ

j ððljÞj A l pÞ:

If there exists a constant r0 > 0 such that

sup
j

ðafk;Xk A BðaÞ
r0
ðXjÞgÞ < y;

where aA denotes the number of elements of a set A, then the operator
Um

p : l p ! bp
a is bounded. Furthermore, if r0 is su‰ciently small and

6
j

BðaÞ
r0
ðXjÞ ¼ Rnþ1

þ ;

then Um
p has a bounded right-inverse.

(2) In the above argument, we can take m ¼ 0 when 1 < p < y.

2.3. Schatten class. We recall some necessary properties of compact oper-
ators of Schatten class. Let T be a compact operator from a Hilbert space H1

to H2. Then there exists a nonincreasing sequence of nonnegative numbers ðljÞj
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tending to 0 and there exist orthonormal systems ðhjÞj in H1 and ð fjÞj in H2 such
that T can be represented

T ¼
X
j

ljh�; hji fjð14Þ

as a singular decomposition. Here lj is the j-th singular value of T , which is
defined to be the j-th eigenvalue of the positive operator jT j :¼

ffiffiffiffiffiffiffiffiffiffi
T �T

p
on H1.

Note that our Toeplitz operator Tm on b2a is positive, so that jTmj ¼ Tm holds.
Let c : ½0;yÞ ! ½0;yÞ be an increasing homeomorphism. For a compact

operator T represented as above, T is said to be of Schatten c-class, if ðljÞj A lc,
i.e., there exits a constant t > 0 such thatX

j

cðlj=tÞ < y:

Then we denote T A Sc ¼ ScðH1;H2Þ. When cðtÞ ¼ ts, we write Ss simply.
For every r > 0, we define

kTkr;Sc :¼ kðljÞjkr; l c ;
where

kðljÞjkr; l c :¼ inf t > 0;
X
j

cðlj=tÞa r

( )
:

In particular, when r ¼ 1, we write kTkSc ¼ kTk1;Sc and kðljÞjkl c ¼ kðljÞjk1; l c .
Although kTkr;Sc is not a norm in general (see Remark 2 (1) below), we
sometimes call it Schatten norm (with respect to c and r > 0) for convenience’
sake.

Note that by definition, T A Sc if and only if kTkr;Sc < y for some
r > 0. However, since

lim
t!y

X
j

cðlj=tÞ ¼ 0;

kTkr;Sc < y holds for every r > 0. We now make two remarks.

Remark 2. Let c : ½0;yÞ ! ½0;yÞ be an increasing homeomorphism.
Then there exist two positive constants a and b such that

cðtþ sÞa aðcðbtÞ þ cðbsÞÞ
holds. In fact, we may take a ¼ 1 and b ¼ 2 in general. Moreover if c is
convex, we can take a ¼ 1=2, b ¼ 2, and if c is concave, we can take a ¼ b ¼ 1
(see Lemma 3 below). Let Sc ¼ ScðH1;H2Þ. By the same argument as in
[11, Appendix] (see also [3]), we have:

(1) For r > 0 and T1;T2 A Sc, we have

kT1 þ T2k2ar;Sc a bðkT1kr;Sc þ kT2kr;ScÞ;
so that Sc is a vector space.
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(2) Sc is complete in the following sense: If ðTkÞk is a sequence in Sc

such that

lim
k; ‘!y

kTk � T‘kr;Sc ¼ 0ð15Þ

for every r > 0, then there exists T A Sc such that limk!ykTk � Tkr;Sc ¼ 0 for
any r > 0.

(3) Sc is a both side ideal in the space of all bounded linear operators, i.e.,
if T A ScðH1;H2Þ, A A LðH0;H1Þ and B A LðH2;H3Þ, then BTA A ScðH0;H3Þ
and kBTAkr;Sc a kBk � kTkr;Sc � kAk holds for every r > 0, where L denotes the
space of all bounded linear operators.

(4) Let T A Sc. The min-max principle shows that the operator norm of T
is equal to l0 (see [11, Appendix]), and hence kTkac�1ðrÞkTkr;Sc holds.

Remark 3. In general, Schatten norms k � kr;Sc are not comparable with

respect to r > 0. However, when cðtÞ ¼ ts ðs > 0Þ we have

k � kr;Ss ¼ 1

r1=s
k � kSs

for r > 0. Hence in the case cðtÞ ¼ ts, we only consider the simple one
k � kSs .

Let F be the set of all concave and strictly increasing functions c : ½0;yÞ !
½0;yÞ such that cð0Þ ¼ 0 and limt!y cðtÞ ¼ y. In this paper, we mainly treat
the Schatten class operators for c A F. A typical example is cðtÞ ¼ ts with
0 < sa 1. We recall a fundamental property of functions in F.

Lemma 3. Let c A F. Then for any sequence ðajÞj of positive numbers, we
have

c
X
j

aj

 !
a
X
j

cðajÞ:ð16Þ

Moreover we have

cðs0tÞa s0cðtÞð17Þ

for every s0 b 1 and t > 0.

Proof. It is su‰cient to show that cðtþ sÞacðtÞ þ cðsÞ for t; s > 0. Since
c is concave and cð0Þ ¼ 0, we see

t

tþ s
cðtþ sÞacðtÞ and

s

tþ s
cðtþ sÞacðsÞ;

from which the claim cðtþ sÞacðtÞ þ cðsÞ follows. r
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Lemma 4. Let T be a linear operator from H1 to H2, ðekj Þj a complete
orthonormal system on Hk where k ¼ 1; 2 and cðtÞ ¼ fðt2Þ for some f A F. If
ðhTe1j ; e2kiÞjk A lc, then T A Sc and

kTkr;Sc a kðhTe1j ; e2kiÞjkkr; l c
for every r > 0. Moreover, the infimum of the right hand side over all complete
orthonormal systems is equal to the left hand side.

Proof. Let r > 0 be fixed and take t > 0 arbitrary such thatX
j;k

c
jhTe1j ; e2kij

t

 !
a r:

Since fð
P

j;k jhTe1j ; e2kij
2=t2Þa

P
j;k fðjhTe1j ; e2kij

2=t2Þa r, we haveX
j;k

jhTe1j ; e2kij
2 ¼ t2f�1ðrÞ < y:

This means that T is a Hilbert-Schmidt operator, so it is compact. Using the
singular decomposition

T ¼
X
j

ljh�; hji fj;

we have X
k

jhTe1j ; e2kij
t

 !2
¼

Te1j

t

�����
�����
2

¼
X
m

lm

t
he1j ; hmi

���� ����2:
Since

P
m jhe1j ; hmij

2
a 1 and f is concave,

f
Te1j

t

�����
�����
2

0@ 1Ab
X
m

f
lm

t

���� ����2
 !

jhe1j ; hmij
2;

which implies

rb
X
j

X
m

f
lm

t

���� ����2
 !

jhe1j ; hmij
2 ¼

X
m

f
lm

t

���� ����2
 !

¼
X
m

c
lm

t

� �
:

Thus we find that T A Sc and kTkr;Sc a t: For the last claim, we have only to
choose complete orthonormal systems which contain ðhjÞj and ð fjÞj. r

When cðtÞ ¼ ts, we have the following.

Corollary 1. Let 0 < sa 2: Let T be a linear operator on a Hilbert
space H and ðejÞj be a complete orthonormal system on H. If

P
j;k jhTej; ekij

s

< y, then T A Ss and

kTkSs a
X
j;k

jhTej; ekijs
 !1=s

:
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Lemma 5. Let c A F and T be a positive operator on a Hilbert space. If
ðhTej; ejiÞj A lc for some complete orthonormal system ðejÞj, then T A Sc and

kTkr;Sc a kðhTej ; ejiÞjkr; l c

for every r > 0. Moreover, the infimum of the right hand side over all complete
orthonormal systems is equal to the left hand side.

Proof. Let r > 0 be fixed and take t > 0 arbitrary such thatX
j

c
hTej; eji

t

� �
a r:

By using the spectral decomposition of T :

T ¼
ðy
0

l dEðlÞ

and the Jensen inequality, we have

c
hTej; eji

t

� �
b

ðy
0

c
l

t

� �
dkEðlÞejk2 ¼ c

T

t

� �
ej; ej

	 

;

and hence,

tr c
T

t

� �� �
¼
X
j

c
T

t

� �
ej; ej

	 

a
X
j

c
hTej; eji

t

� �
a r < y;

where tr½cðT=tÞÞ� denotes the trace of an operator cðT=tÞ. This shows that
cðT=tÞ is compact, so that T ¼ tc�1ðcðT=tÞÞ is also compact. Let ðljÞj be the
sequence of all singular values (¼ eigenvalues) of T . ThenX

j

c
lj

t

� �
a
X
j

c
hTej; eji

t

� �
:

When we consider the case that ðejÞj is the normalized eigenvectors of ðljÞj,
the last claim follows. r

Corollary 2. Let T and S be positive operators on a Hilbert space with
SaT and c A F. If T A Sc, then S A Sc and

kSkr;Sc a kTkr;Sc

for every r > 0.

In fact, for any complete orthonormal system ðejÞj, we have hSej; ejia
hTej ; eji, so that the assertion follows from Lemma 5 immediately.
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3. Proof of Theorem 1

In this section, we shall prove our main theorem. First, we introduce
auxiliary functions. Let d > 0 and let mb 0 be a Radon measure on Rnþ1

þ . For
Y A Rnþ1

þ , we put

m̂m
ðaÞ
d ðY Þ :¼ mðQðaÞ

d ðY ÞÞ
VðQðaÞ

d ðYÞÞ
:

This function is closely related to the original averaging function m̂mðaÞð¼ m̂m
ðaÞ
1 Þ. In

fact, the following assertion holds.

Lemma 6. Let d > 0 and 0 < sa 1. For a Radon measure mb 0 on Rnþ1
þ ,

the following three conditions are equivalent:

m̂mðaÞ A LsðV �Þ; m̂m
ðaÞ
d A LsðV �Þ and ðm̂mðaÞ

d ðXkÞÞk A l s;

where ðXkÞk is the standard d-lattice on Rnþ1
þ . To be accurate, the valuesð

m̂mðaÞðX Þs dV �ðXÞ;
ð
m̂m
ðaÞ
d ðXÞs dV �ðXÞ;

X
k AZ nþ1

m̂m
ðaÞ
d ðXkÞs

are comparable to one another.

Proof. The equivalence m̂mðaÞ A LsðV �Þ , m̂m
ðaÞ
d A LsðV �Þ can be shown sim-

ilarly to [11, Lemma 1].
To show the implication ðm̂mðaÞ

d ðXkÞÞk A l s ) m̂m
ðaÞ
d A LsðV �Þ, let ðQkÞk be the

standard d-decomposition of Rnþ1
þ . We remark that

N1 :¼ sup
k

afn A Z nþ1; bX A Qn such that Q
ðaÞ
d ðXÞVQk 0jg < y:

For each n A Z nþ1, we put

~QQn :¼ 6
X AQn

Q
ðaÞ
d ðXÞ

and set Kn :¼ fk A Z nþ1; ~QQn VQk 0jg: Since for every X A Qn,

mðQðaÞ
d ðXÞÞa

X
k AKn

mðQkÞ; i:e:; m̂m
ðaÞ
d ðX Þs aC

X
k AKn

m̂m
ðaÞ
d ðXkÞs;

we have

1

VðQnÞ

ð
Qn

m̂m
ðaÞ
d ðXÞs dVðX ÞaC

X
k AKn

m̂m
ðaÞ
d ðXkÞs;
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which impliesð
m̂m
ðaÞ
d ðX Þs dV �ðXÞ ¼

X
n AZ nþ1

ð
Qn

m̂m
ðaÞ
d ðXÞs dV �ðXÞaC

X
n AZ nþ1

X
k AKn

m̂m
ðaÞ
d ðXkÞs

aCN1

X
k AZ nþ1

m̂m
ðaÞ
d ðXkÞs:

To show the opposite implication, let d 0 > maxfdþ dð1þ dÞ; dþ dð1þ dÞ1=2ag.
Then for any k, there exists n such that

Qk H 7
X AQn

Q
ðaÞ
d 0
ðXÞ;

and hence we have

m̂m
ðaÞ
d ðXkÞs a

C

VðQnÞ

ð
Qn

m̂m
ðaÞ
d 0
ðX Þs dVðX ÞaC

ð
Qn

m̂m
ðaÞ
d 0
ðX Þs dV �ðXÞ:

Since

N2 :¼ sup
n

afk A Z nþ1;Qn VQkg < y;

we obtain X
k AZ nþ1

m̂m
ðaÞ
d ðXkÞs aCN2

ð
m̂m
ðaÞ
d 0
ðXÞs dV �ðXÞ;

which completes the proof. r

By the similar argument, we have the above assertion for general c which
is an increasing homeomorphism on ½0;yÞ. Here we recall the definition of the
Orlicz space LcðVhÞ. For h A Rn, we set dVhðXÞ ¼ th dVðX Þ. A Borel mea-
surable function f on Rnþ1 belongs to LcðVhÞ, if there exists t > 0 such thatð

c
j f jðXÞ

t

� �
dVh < y:

For f A LcðVhÞ and r > 0, we set

k f kr;LcðVhÞ :¼ inf t > 0;

ð
c

j f jðX Þ
t

� �
dVhðXÞa r

� �
:

Note that V � ¼ V�ðn=2aþ1Þ and if cðtÞ ¼ ts ðs > 0Þ, then LtsðVhÞ is nothing but
the usual LsðVhÞ and

k f kr;Lts ðVhÞ ¼
ð
j f ðXÞjs dVhðXÞ

� �1=s
holds.
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Remark 4. If m̂mðaÞ A LcðV �Þ; then m satisfies the growth condition (1) with

t >
n

2a
þ 1. Moreover, if c ¼ ts ð0 < sa 1Þ, we can choose t ¼ n

2a
þ 1. In

fact, from the above lemma, if m̂mðaÞ A LsðV �Þ, then ðm̂mðaÞ
d ðXkÞÞk A l s, i.e.,

X
k AZ nþ1

ð
Qk

t�ðn=2aþ1Þ
k dmðXÞ

� �s
< y;

which impliesð
ð1þ tþ jxj2aÞ�t

dmðX Þ
� �s

a
X

k AZ nþ1

ð
Qk

t�ðn=2aþ1Þ dmðXÞ
� �s

< y;

if 0 < sa 1 and tb
n

2a
þ 1. For general c, the condition m̂mðaÞ A LcðV �Þ yields

the boundedness of the following sequenceð
Qk

t�ðn=2aþ1ÞdmðXÞ
� �

k

;

which gives the inequalityð
ð1þ tþ jxj2aÞ�t

dmðx; tÞaC

ð
ð1þ tþ jxj2aÞ�t

dVðx; tÞ:

The integral of the right hand side is finite if t >
n

2a
þ 1 by Lemma 2.

Proof of Theorem 1. Let 0 < s < 1 and take mb 1 such that

msþ n

2a
þ 1

� �
s

2
� 1

� �
> �1:ð18Þ

For d > 0, let ðQkÞk be the standard d-decomposition and ðXkÞk be the standard

d-lattice of Rnþ1
þ and put

gkðXÞ :¼ Rm
a ðX ;XkÞtð1=2Þðn=2aþ1Þ

k :

Now suppose m̂mðaÞ A LsðV �Þ. First we shall showX
j;k AZ nþ1

jhTmgj; gkijs aC
X

l AZ nþ1

m̂mdðXlÞs:ð19Þ

Note that the right hand side is finite by Lemma 6. The condition (1) guarantees

jhTmgj; gkij ¼
ð
gjgk dm

���� ����a ð
jgjgkj dm:
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To show (19), it is su‰cient to proveX
j;k AZ nþ1

ð
jgjgkj dm

� �s
aC

X
l AZ nþ1

m̂mdðXlÞs:

By (13) we haveð
jgjgkj dm ¼

X
l AZ nþ1

ð
Ql

jRm
a ðX ;XjÞRm

a ðX ;XkÞjtð1=2Þðn=2aþ1Þ
j t

ð1=2Þðn=2aþ1Þ
k dmðX Þ

aC
X

l AZ nþ1

Rm
a ðXl ;XjÞRm

a ðXl ;XkÞtð1=2Þðn=2aþ1Þ
j t

ð1=2Þðn=2aþ1Þ
k mðQlÞ:

Hence mðQlÞ ¼ Ct
ðn=2aþ1Þ
l m̂mdðXlÞ impliesX

j;k AZ nþ1

ð
jgjgkj dm

� �s
aC

X
j;k AZ nþ1

X
l AZ nþ1

Rm
a ðXl ;XjÞsRm

a ðXl ;XkÞstðs=2Þðn=2aþ1Þ
j t

ðs=2Þðn=2aþ1Þ
k mðQlÞs

¼ C
X

l AZ nþ1

X
j AZ nþ1

Rm
a ðXl ;XjÞst ðs=2Þðn=2aþ1Þ

j

0@ 1A2mðQlÞs

aC
X

l AZ nþ1

m̂mdðXlÞs;

becauseX
j AZ nþ1

Rm
a ðXl ;XjÞstðs=2Þðn=2aþ1Þ

j

¼ C
X

j AZ nþ1

t
msþðn=2aþ1Þðs=2�1Þ
j ðtl þ tj þ jxl � xjj2aÞ�ðn=2aþ1þmÞs

VðQjÞ

aC

ð
smsþðn=2aþ1Þðs=2�1Þðtl þ sþ jxl � yj2aÞ�ðn=2aþ1þmÞs

dVðy; sÞ

¼ t
�ðn=2aþ1Þðs=2Þ
l

by Lemma 2. In fact, by (18), l :¼ msþ n

2a
þ 1

� �
s

2
� 1

� �
and t :¼

n

2a
þ 1þm

� �
s satisfy the integrability conditions in Lemma 2. Hence (19) is

estabilshed.
Let ej A l 2 be the j-th unit element, where l2 ¼ l 2ðZ nþ1Þ. Then ðejÞj is a

complete orthonormal system of l 2. Considering the operator U ¼ Um
2; d : l

2 ! b2a ,
we can write

hTmgj; gki ¼ hTmU ½ej�;U ½ek�i ¼ hU �TmU ½ej�; eki;
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so that an operator U �TmU on l 2 belongs to Schatten s-class by Corollary 1 and
(19). Hence if d > 0 is taken small enough, Theorem 2 ensures us that U has a
bounded right-inverse, which we denote by ~BB. Then we have

Tm ¼ ~BB�U �TmU ~BB A Ss:

Next, we assume Tm A Ss: For d > 0, let ðQkÞk be the standard

d-decomposition and ðXkÞk be the standard d-lattice in Rnþ1
þ again. For a given

M > 0, we divide Z nþ1 ¼ fkg into a finite union fkg ¼ 6
n
fkn; jgj such that

daðQkn; j ;Qkn; k Þ > M

whenever j0 k. Here da is the distance we used in Remark 1. We denote by
BrðX0Þ the geodesic ball with center X0 ¼ ð0; 1Þ and radius r > 0. Now take n
arbitrarily and fix a positive number r. Writing mk :¼ wQk

m, where wQk
is the

characteristic function, we set

mn :¼
X
j AFn; r

mkn; j ;

where Fn;r :¼ f j A Z nþ1;Xkn; j A BrðX0Þg. Then Tmn A Ss and kTmnkSs a kTmkSs

by Corollary 2, because

hTmnu; ui ¼
ð
juj2 dmn a

ð
juj2 dm ¼ hTmu; ui

for every u A b2a .
Since the operator U ¼ Um

2; d : l
2 ! b2a is bounded, the matrix

Tn :¼ ðhTmngj; gkiÞjk ¼ ðhU �TmU ½ej�; ekiÞjk
defines an operator U �TmnU on Ssðl 2Þ, where gkðXÞ :¼ Rm

a ðX ;XkÞtð1=2Þðn=2aþ1Þ
k as

above. We divide Tn into two parts, the diagonal part Dn of Tn and the o¤-
diagonal part En :¼ Tn �Dn.

First we estimate the norm of Dn from below. If we take d > 0 small
enough, then jRm

a ðX ;XkÞjbCRm
a ðXk;XkÞ for X A Qk. We fix such a d > 0.

Then

kDnks
Ssðl 2Þ ¼

X
j AFn; r

jhTngkn; j ; gkn; jij
s ¼

X
j AFn; r

ð
jgkn; j j

2
dmn

� �s

b
X
j AFn; r

ð
Qkn; j

Rm
a ðX ;Xkn; j Þ

2
tðn=2aþ1Þ
kn; j

dmn

 !s
bC

X
j AFn; r

ðRm
a ðXkn; j ;Xkn; j Þ

2
tðn=2aþ1Þ
kn; j

mnðQkn; j ÞÞ
s

¼ CRm
a ðX0;X0Þ2s

X
j AFn; r

m̂m
ðaÞ
d ðXkn; j Þ

s:
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Next we estimate the norm of En from above. We have

kEnks
Ssðl 2Þ ¼

X
k0l;k AFn; r

jhTmngkn; k ; gkn; lij
s ¼

X
k0l;k AFn; r

ð
gkn; k gkn; l dmn

���� ����s
aC

X
k0l;k AFn; r

X
j AFn; r

½mðQkn; j ÞRm
a ðXkn; j ;Xkn; k Þ

� Rm
a ðXkn; j ;Xkn; l Þtð1=2Þðn=2aþ1Þ

kn; k
tð1=2Þðn=2aþ1Þ
kn; l

�s

aC
X
j AFn; r

½mðQkn; j Þ
s �

ðð
daðY ;ZÞ>M

Rm
a ðXkn; j ;YÞsRm

a ðXkn; j ;ZÞs

� sðs=2�1Þðn=2aþ1Þrðs=2�1Þðn=2aþ1Þ dVðY Þ dVðZÞ�:

Here changing variables Y ¼ FXkn; j
ð ~YY Þ and Z ¼ FXkn; j

ð ~ZZÞ, we haveðð
daðY ;ZÞ>M

Rm
a ðXkn; j ;YÞsRm

a ðXkn; j ;ZÞssðs=2�1Þðn=2aþ1Þrðs=2�1Þðn=2aþ1Þ dVðY Þ dVðZÞ

¼ cMt�sðn=2aþ1Þ
kn; j

¼ dsðn=2aþ1ÞcMVðQkn; j Þ
�s;

where

cM ¼
ðð

dað ~YY ; ~ZZÞ>M

Rm
a ðX0; ~YY ÞsRm

a ðX0; ~ZZÞs

� ~ssðs=2�1Þðn=2aþ1Þ~rrðs=2�1Þðn=2aþ1Þ dVð ~YY Þ dVð ~ZZÞ:

By (18) and Lemma 2, we haveðð
Rm

a ðX0; ~YY ÞsRm
a ðX0; ~ZZÞs~ssðs=2�1Þðn=2aþ1Þ~rrðs=2�1Þðn=2aþ1Þ dVð ~YYÞ dVð ~ZZÞ

¼
ð
Rm

a ðX0; ~YY Þs~ssðs=2�1Þðn=2aþ1Þ dVð ~YYÞ
� �2

< y;

so that the constant cM can be taken arbitrarily small, if we choose M > 0 large
enough. In this way, we have

kEnks
Ssðl 2Þ ¼

X
k0l;k AFn; r

jhTngkn; k ; gkn; lij
s
aCdsðn=2aþ1ÞcM

X
j AFn; r

m̂m
ðaÞ
d ðXkn; j Þ

s < y;

which shows

ðC � Cdsðn=2aþ1ÞcMÞ
X
j AFn; r

m̂m
ðaÞ
d ðXkn; j Þ

s
a kDnks

Ssðl 2Þ � kEnks
Ssðl 2Þ a kTnks

Ssðl 2Þ:
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Since kTnkSsðl 2Þ ¼ kU �TmnUkSsðl 2Þ a kUk2kTmkSs ;
P

j AFn; r
m̂m
ðaÞ
d ðXkn; j Þ

s
aCkTmks

Ss

holds. Hence letting r ! y and taking the finite summation over n, we haveX
k AZ nþ1

m̂m
ðaÞ
d ðXkÞs aCkTmks

Ss :

Lemma 6 shows m̂mðaÞ A LsðV �Þ, which completes the proof. r

4. Remarks

4.1. Carleson inclusion of Schatten class. We discuss the Carleson inclu-
sions on b2a . Let m be a positive Radon maesure on Rnþ1

þ satisfying (1). The
inclusion map im : b

2
a 7! L2ðmÞ is called a Carleson inclusion. It was shown in [8]

that im is compact if and only if Tm : b
2
a 7! b2a is comapct. Moreover, in this case,

Tm ¼ i�m � im
holds, where i�m : L2ðmÞ 7! b2a is the adjoint of im. On the other hand, by defin-
tion, the Schatten norm of im is that of

ffiffiffiffiffiffiffiffiffiffiffi
i�m � im

p
. Hence

kimkSs ¼ kTmk1=2Ss=2 :

This gives us the following consequence.

Corollary 3. Let s > 0. For a Radon measure mb 0 on Rnþ1
þ satisfying

(1), the Carleson inclusion im on b2a into L2ðmÞ is of Schatten s-class if and only if

m̂mðaÞ A Ls=2ðV �Þ.

4.2. Relation between averaging functions and Berezin transformations. As
for a relation between averaging functions and Berezin transformations, we shall
show the following.

Proposition 2. Let s > n=ðnþ 2aÞ. Then m̂mðaÞ A LsðV �Þ if and only if
~mmðaÞ A LsðV �Þ.

We showed this equivalence in [11, Theorem 1] for sb 1. Proposition 2
will be proved along the almost similar way to the case sb 1, but some modifica-
tions are necessary.

First, we recall weighted averaging functions and Berezin transformations,
introduced in [11]. We put

AK ;lmðX Þ :¼
ð
FX ðKÞ

sl dmðXÞ
�ð

FX ðKÞ
sl dVðX Þ

and

Bm;p;lmðXÞ :¼
ð
jRm

a ðY ;XÞjpsl dmðYÞ
�ð

jRm
a ðY ;X Þjpsl dVðYÞ:
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Note that AQðaÞðX0Þ;0m ¼ m̂mðaÞ and B0;2;0m ¼ ~mmðaÞ and we also define

Bm;p;lmðXÞ :¼
ð
jRm

a ðY ;XÞjpsl dmðYÞ
�ð

jRm
a ðY ;X Þjpsl dVðYÞ:

It is not di‰cult to verify that

Bm;p;lmðXÞaCBm;p;lmðXÞ:ð20Þ

If we use a-parabolic similarities instead of [11, Proposition 1], the proof of
[11, Lemma 3] also gives us the following.

Lemma 7. Let 0 < say, m A N0, 0 < p < y and l; t; h A R. We assume

�1 < l <
n

2a
þ 1

� �
ðp� 1Þ þmpð21Þ

For a compact set K of positive Lebesgue measure and a positive Radon measure m
on Rnþ1

þ , we have

kAK; tmkLsðVhÞ aCkBm;p;lmkLsðVhÞ

with some constant C > 0 independent of m. More generally, for any r1 > 0, there
exist r > 0 and C > 0 such that

kAK ; tmkr1;LcðVhÞ aCkBm;p;lmkr;LcðVhÞ;

where c : ½0;yÞ ! ½0;yÞ is a strictly increasing continuous function with cð0Þ ¼ 0
and lims!y cðsÞ ¼ y.

The opposite inequality is much restricted.

Lemma 8 (cf. [11, Lemma 4]). Let 0 < sa 1. Let m A N0, 0 < p < y and

l; t; h A R, and put k :¼ ðp� 1Þ n

2a
þ 1

� �
� l. Take a relatively compact open set

U 0j in Rnþ1
þ . If

�k� pm <
hþ 1

s
and

hþ n

2a
þ 1

� �
s

< lþ n

2a
þ 1

� �
;ð22Þ

then

kBm;p;lmkLsðVhÞ aCkAU ; tmkLsðVhÞ

with some constant C > 0.

Proof. Let ðXkÞk and ðQkÞk be the standard d-lattice and d-decomposition
of Rnþ1

þ for d ¼ 1. Then in a similar manner to the proof of [9, Proposition 2],
we have
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Bm;p;lmðYÞ ¼ sk
ð
ðsmðtþ sþ jx� yj2aÞ�ðn=2aþ1Þ�mÞptl dmðXÞ

¼ skþpm
X

n AZ nþ1

ð
Qn

ðtþ sþ jx� yj2aÞ�pðn=2aþ1Þ�pm
tl dmðX Þ

aCskþpm
X

n AZ nþ1

tln mðQnÞðtn þ sþ jxn � yj2aÞ�pðn=2aþ1Þ�pm

¼ Cskþpm
X

n AZ nþ1

tlþðn=2aþ1Þ
n m̂mðaÞðXnÞðtn þ sþ jxn � yj2aÞ�pðn=2aþ1Þ�pm:

Hence Lemma 4 gives us

Bm;p;lmðYÞs

aCsskþspm
X

n AZ nþ1

tslþsðn=2aþ1Þ
n m̂mðaÞðXnÞsðtn þ sþ jxn � yj2aÞ�spðn=2aþ1Þ�spm

aCsskþspm

ð
m̂mðaÞðX Þstslþðs�1Þðn=2aþ1Þðtþ sþ jx� yj2aÞ�spðn=2aþ1Þ�spm

dVðXÞ;

and Lemma 2 yieldsð
Bm;p;lmðYÞs dVhðYÞ

aC

ð
m̂mðaÞðXÞstslþðs�1Þðn=2aþ1Þ

�
ð
sskþspmþhðtþ sþ jx� yj2aÞ�spðn=2aþ1Þ�spm

dVðYÞ dVðX Þ

aC

ð
m̂mðaÞðXÞstslþðs�1Þðn=2aþ1Þtskþspmþh�spðn=2aþ1Þ�spmþðn=2aþ1Þ dVðX Þ

¼ C

ð
m̂mðaÞðXÞs dVhðX Þ;

because k ¼ ðp� 1Þ n

2a
þ 1

� �
� l. Note that Lemma 2 requires the following

integrability condition

�1 < skþ spmþ h < sp
n

2a
þ 1

� �
þ spm� n

2a
þ 1

� �
;

which follows from (21). Thus we get kBm;p;lmkLsðVhÞ aCkm̂mðaÞkLsðVhÞ. By the
a-parabolic similarity, we also see

m̂mðaÞðXÞ ¼ AQðaÞðX0Þ;0ðXÞaCAU ; tðXÞ;

which completes the proof. r
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Proof of Proposition 2. Let p ¼ 2, m ¼ 0, l ¼ 0 and h ¼ � n

2a
þ 1

� �
.

Then they satisfy the conditions (21) and (22). Hence if we take K ¼ U ¼
QðaÞðX0Þ, then two lemmas and (20) show our assertion. r

4.3. A remark on Orlicz type class. Recall that F is the set of all concave
and strictly increasing functions c : ½0;yÞ ! ½0;yÞ such that cð0Þ ¼ 0 and
limt!y cðtÞ ¼ y. In this section, we remark that the equivalence relation
Tm A Ss , m̂mðaÞ A LsðV �Þ does not hold for a general c A F. In fact we will
give an example of c A F and a Radom measure m such that m̂mðaÞ A LcðV �Þ but
Tm B Sc.

We use the following.

Lemma 9. There exists a positive measure m on Rnþ1
þ with compact support

such that the corresponding Toeplitz operator Tm on b2a is not of finite rank.

Proof. We shall show that the one dimensional Lebesgue measure m on the
x1-axis, i.e., m ¼ 1½a1;b1� dx1 n dðx2Þn � � �n dðxnÞn dcðtÞ is a required measure.

To see this let RY
a :¼ Rað�;Y Þ for Y A Rnþ1

þ and put

FðX ;YÞ :¼ TmðRY
a ÞðX Þ ¼

ð
RaðX ;ZÞRaðY ;ZÞ dmðZÞ:

By the direct computation, the Fourier transform ~FF in the space variables of F is
given by

~FFðx; t; h; sÞ :¼
ðð

e
ffiffiffiffiffi
�1

p
ðx�xþh�yÞFðx; t; y; sÞ dxdy ¼ Gðx; tÞGðh; sÞ f ðx1 þ h1Þ;

where

Gðx; tÞ :¼ 2ð2pÞ�n=2jxj2ae�ðtþcÞjxj2a and f ðwÞ :¼ e
ffiffiffiffiffi
�1

p
b1w � e

ffiffiffiffiffi
�1

p
a1wffiffiffiffiffiffiffi

�1
p

w
:ð23Þ

Now we assume that the rank of Tm is finite. Then the singular decom-
position theorem implies

Tmu ¼
Xk
j¼0

ljhu; fjifj

with some integer k, where ðfjÞj is an orthonormal system of b2a . Then

FðX ;YÞ ¼
Xk
j¼0

ljhR
Y
a ; fjifjðXÞ ¼

Xk
j¼0

ljfjðY ÞfjðXÞ

72 masaharu nishio, noriaki suzuki and masahiro yamada



and hence

~FF ðx; t; h; sÞ ¼
Xk
j¼0

lj ~ffjðx; tÞ ~ffjðh; sÞ:

Thus we have

f ðx1 þ h1Þ ¼
Xk
j¼1

ljð ~ffjðx; tÞ=Gðx; tÞÞð ~ffjðh; sÞ=Gðh; sÞÞ:

Considering the right hand side is only the function of x1 and h1, di¤erentiating
in h1 within ðk þ 1Þ-times and putting h1 ¼ 0, we have a non-trivial linear rela-
tion between f ; f 0; . . . ; f ðkÞ, i.e., an ordinary di¤erential equation with constant
coe‰cients. However this solution does not have a form in (23). This con-
tradiction shows that Tm is of infinite rank. r

Example. Let m be as in Lemma 9 and let ðljÞyj¼1 be a strictly decreasing
subsequence of eigenvalues of Tm. We now construct a c A F such that Tm B Sc.
Take the convex hull K of the set

fð0; 0Þ; ðl1; 0ÞgU lj;
1

j

� �
; j A N

� �
;

and define c on ½0; l1� by cðtÞ :¼ supfy; ðt; yÞ A Kg. Then limt!0 cðtÞ ¼ 0
(see Remark 5 below), so that c can be prolonged to ½0;yÞ as a concave
and increasing homeomorphism. Since

P
j cðljÞb

P
j 1=j ¼ y and cðlj=tÞb

cðljÞ=t for t > 1 by (17), we find that Tm B Scðb2aÞ: On the other hand, it is
obvious that m̂mðaÞ A LcðV �Þ because m̂mðaÞ is bounded and supported by a compact
set.

Remark 5. Let ðljÞyj¼0 and ðajÞyj¼0 be strictly deceasing sequences in R

convergent to 0. We define a sequence ðbjÞyj¼0 inductively by b0 :¼ a0 and

bj � aj

lj
¼ bj�1 � aj

lj�1

for jb 1 and let Ka and Kb be convex hulls of the sets

fð0; 0Þ; ðl0; 0ÞgU fðlj; ajÞ; j A N0g and fð0; 0Þ; ðl0; 0ÞgU fðlj; bjÞ; j A N0g;

respectively. Then we have (i) aj < bj for jb 1, (ii) ðbjÞyj¼0 is strictly decreasing
and convergent to 0 and (iii) Ka HKb, and ðlj ; bjÞ is an extremal point of Kb for
every jb 1. In particular, cðtÞ :¼ supfy; ðt; yÞ A Kaga bj whenever 0 < ta lj
so that limt!0 cðtÞ ¼ 0.

As for the converse implication Tm A Sc ) m̂mðaÞ A LcðV �Þ, we do not know
whether this is true or not in general. A related result is the following.
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Proposition 3. Let c A F and let dmðXÞ ¼ f ðX Þ dVðVÞb 0 be an abso-
lutely continuous Radon measure on Rnþ1

þ satisfying (1). Then Tm A Sc implies
f A LcðV �Þ and

k f kr;LcðV �Þ a kTmkrr0;Scð24Þ

holds for any r > 0, where r0 ¼ RaðX0;X0Þ with X0 ¼ ð0; 1Þ.

Proof. Let ðejÞj be a complete orthonormal system of b2a which consists of
eigenvectors of Tm and put lj :¼ hej;Tmeji ¼

Ð
f jejj2 dV : Let r > 0, and take

any t > 0 with
P

j cðlj=tÞa rr0. Since c�1 is convex, by the Jensen inequality
we have

c�1

ð
c

f ðXÞ
t

� �
jejðX Þj2 dVðXÞ

� �
a

ð
f ðX Þ
t

jejðX Þj2 dVðXÞ ¼ lj

t
:

Remarking
P

j jejðXÞj2 dVðXÞ ¼ RaðX ;XÞ dVðX Þ ¼ RaðX0;X0Þ dV �ðX Þ (see [11,
Remark 1]), we haveð

c
f ðX Þ
t

� �
dV �ðX Þa 1

r0

X
j

c
lj

t

� �
a r;

which shows f A LcðV �Þ and (24). r

4.4. Herz type class. In this section, we consider the Herz type Toeplitz
operators connected with the Schatten class ones. Herz introduced in [4] a kind
of mixed norm spaces. First, we modify the definition of the Lebesgue-Herz
spaces.

Let d > 0, 0 < s < y and 0 < p < y. For the standard d-decomposition
ðQkÞk of Rnþ1

þ , we set

L
s;p
d :¼ f ; k f kLs; p

d
:¼

X
k AZ nþ1

ð
Qk

j f js dV �
� �p=s !1=p

< y

8<:
9=;:

Note that L
s;p
d does not depend on d > 0, because

supkaft A Z nþ1;Qt VQ 0
k 0jg < y

suptafk A Z nþ1;Qt VQ 0
k 0jg < y;

�
ð25Þ

where ðQkÞk and ðQ 0
tÞt are d- and d 0-decompositions of Rnþ1

þ , respectively.
Now we give the definition of the Schatten-Herz class operators.

Definition 1. Let d > 0 and take the standard d-lattice ðXkÞk and d-
decomposition ðQkÞk of Rnþ1

þ . For a Radon measure mb 0 on Rnþ1
þ , Tm is said
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to be of Schatten-Herz class if

kTmkSs; p
d

:¼
X

k AZ nþ1

kTmjQk
kp
Ss

 !1=p
< y:

Then we denote by Tm A S
s;p
d .

The purpose of this section is to characterize for the Toeplitz operator to be
of Schatten-Herz class by using the averaging function of the given symbol
Radon measure. We see the following.

Theorem 3. Let d > 0, 0 < s < y and 0 < p < y. For a Radon measure
mb 0 on Rnþ1

þ , Tm A S
s;p
d if and only if m̂mðaÞ A L

s;p
d . Moreover, both norms

kTmkSs; p

d
and km̂mðaÞkLs; p

d
are comparable.

Proof. First, we assume that m̂mðaÞ A L
s;p
d . For each k A Z nþ1, dmjQk

mjQk

ðaÞ
a m̂mðaÞ

and the number of sets Qk 0 which intersect the support of dmjQk
mjQk

ðaÞ is bounded by a

constant independent of k so that there exists a constant C > 0 such that

kdmjQk
mjQk

ðaÞkp

LsðV �Þ aC
X
k 0

km̂mðaÞjQk 0
kp

LsðV �Þ:

Here taking the summation over k, we haveX
k AZ nþ1

kdmjQk
mjQk

ðaÞkp

LsðV �Þ aC
X

k AZ nþ1

X
k 0

km̂mðaÞjQk 0
kp

LsðV �Þ aC
X

k 0 AZ nþ1

km̂mðaÞjQk 0
kp

LsðV �Þ

because for k 0, the number of indices k such that the support of dmjQk
mjQk

ðaÞ intersects

Qk 0 is also bounded by a constant independent of k 0. Since kdmjQk
mjQk

ðaÞkLsðV �Þ and

kTmjQk
kSs are comparable by Theorem 1 for 0 < s < 1 and [11, Theorem 2] for

sb 1, we have kTmkSs; p

d
aCkm̂mðaÞkLs; p

d
.

Next, we assume that Tm A S
s;p
d . Since m̂mðaÞ ¼

P
k 0
dmjQk 0
mjQk 0

ðaÞ, by the similar
argument to the above, we have

km̂mðaÞjQk
kp

LsðV �Þ aC
X
k 0

kdmjQk 0
mjQk 0

ðaÞkp

LsðV �Þ

andX
k AZ nþ1

km̂mðaÞjQk
kp

LsðV �Þ aC
X

k AZ nþ1

X
k 0

kdmjQk 0
mjQk 0

ðaÞkp

LsðV �Þ aC
X

k 0 AZ nþ1

kdmjQk 0
mjQk 0

ðaÞkp

LsðV �Þ;

which shows the theorem. r

Remark 6. The above space S
s;p
d does not depend on d and also s. In

fact, by (25), it is independent of d. To show the independence of s, let
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0 < s1 < s2 < y be arbitrarily and mb 0 be a measure on Rnþ1
þ . Then sinceP

jðl=tÞ
s1 a 1 implies

P
jðl=tÞ

s2 a 1, which shows kTmjQk
kSs2 a kTmjQk

kSs1 for

any Qk. On the other hand, since V �ðQkÞ is independent of k, the Hölder
inequality gives us

km̂mðaÞjQk
kLs

1
ðV �Þ aCkm̂mðaÞjQk

kLs
2
ðV �Þ

with some constant C > 0 independent of k. As a consequence, kTmjQk
kSs2 and

kTmjQk
kSs1 are comparable, which shows independence of s.

The Toeplitz operator whose symbol has compact support is always compact
(see [8]). Hence Remark 2 (4) implies the following.

Proposition 4. Let mb 0 be a Radon measure on Rnþ1
þ . If Tm A S

s;p
d , then

Tm is compact.

Schatten-Herz class Toeplitz operators for the harmonic Bergman space are
discussed in [2], where the cutting process is di¤erent from ours. We mention
that ours is more natural, because they cut the upper half space into (non
compact) strips, but we cut it into compact sets. The above assertion is an
advantage of our cutting.
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