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Abstract

We shall give a definite and good application of the theory of reproducing kernels
to the Tikhonov regularization that is powerful in best approximation problems in
numerical analysis.

1. Introduction

At first, we recall a fundamental theorem for the best approximation by the
functions in a reproducing kernel Hilbert space (RKHS) based on [1, 3].

Let £ be an arbitrary set, and let Hx be the RKHS admitting a reproducing
kernel K(p,q) on E. For any Hilbert space # we consider a bounded linear
operator L from Hg into 2. Then, we shall consider the best approximate
problem

1.1 inf ||Lf —d|,
(1) Jnf |Lf = dll,
for a member d of »#. Then, we have

PROPOSITION 1.1.  For a member d of #, there exists a function f in Hg such
that

(1.2 inf L7 =d], = | — ],
if and only if, for the RKHS Hj defined by
(1.3) k(p,q) = (L"LK(-,q), L"LK(-, p))
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L* is the adjoint of L,
(1.4) L*d e Hy.

Furthermore, if the existence of the best approximation f satisfying (1.2) is ensured,
then there exists a unique extremal function f§* with the minimum norm in Hy, and
the function f§* is expressible in the form

(1.5) Ji'(p) = (L&, L'LK(-, p))y, on E.

In Proposition 1.1, note that

(1.6) (L*d)(p) = (L', K(-, p)) y, = (&, LK(-, p)) 5

that is, L*d is expressible in terms of the known d, L, K(p,q) and #.
In Proposition 1.1, when L*d does not belong to Hj, the function

is still well-defined and the function is the extremal function in the best ap-
proximate problem

(18) Jnf |L°Lf = Ld]
as we see from Proposition 1.1, directly.

Let P be the projection map of # to Z(L) (closure). Then, there exists f
in Hy satisfying (1.2) if and only if Pde #(L). This condition is equivalent to

d=Pd+ (I - P)deR(L)+ #(L)".
Further, this condition is equivalent to
Lf —de #(L)" = /(L")

for some f € Hg; that is, for some f € Hk,

L*Lf =L*d
J& in (L1.5) is the Moore-Penrose generalized inverse of the equation
Lf =d

In particular, if the Moore-Penrose generalized inverse f;* exists, it coincides with
Jo&in (1.7).

Proposition 1.1 is rigid and is not practical in practical applications, because,
practical data contain noises or errors and the criteria (1.4) is not suitable.

Meanwhile, the representation (1.7) is convenient in these senses. However,
the function f;”(p) is, in general, not suitable for the problem (1.1). Indeed, we
can see an estimate of ||Lf;* —d|, as follows:

For the best approximate function f;*(p), we have

a (p) = (L"d, L°LK(-, )y,
= (L"LL™d)(p)
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and so for the image of f;*(p), we thus obtain the estimate
ILfa" = dlly < [LLTLLT =T [ld] -

We shall establish good relationship between the Tikhonov regularization and
the theory of reproducing kernels. For the Tikhonov regularization, see, for
example, [2].

2. Tikhonov regularization

We shall introduce the Tikhonov regularization in the framework of the
theory of reproducing kernels based on ([1], [3, pp. 50-53]). However, from the
viewpoint of Tikhonov regularization we shall give a further result constructing
the associated reproducing kernels and a new viewpoint for the previous results.

Let L be a bounded linear operator from a reproducing kernel Hilbert space
Hy admitting a reproducing kernel K(p,q) on a set E into a Hilbert space #.
Then, by introducing the inner product, for any fixed positive 4 >0

(29) (f7 g)HK(L;/l) = /I(fv g)HK + (Lf7Lg)7/7

we shall construct the Hilbert space Hg(L;A) comprising functions of Hg.
This space, of course, admits a reproducing kernel and we shall denote it by
K;(p,q;2). Then, we first have the elementary properties:

Lemma 2.1.  For the linear mapping from # into the RKHS Hg defined by

(2.10) f(p)=,LK,), for deA;
K, :=K(-,p),

we have

(2.11) f=L"d

and

(2.12) 171 = (€L LK), ) e

Lemma 2.2. The following items are equivalent:
(i) K(p.q) » (LKy, LK) 45
that is, K(p,q) — (LK,,LK,), is a positive matrix on E,

(i) Ll <1,
and
(i) [/l < lldl[, in (2.10).

Lemma 2.3.  The reproducing kernel Ki(p,q;A) is determined as the unique
solution K(p,q; 1) of the equation:

5 1 - 1
(2.13) K(pvq;;°)+z(LquLKﬁ),#: K(p,q)

A
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with

(2.14) K,=K(-,q;A\) e Hx for qeE.

Note here, in general, that the norm of the RKHS H,x admitting the reproducing
kernel 2K (p,q) (4> 0) is given by

1
215) I W =7 11

and the members of functions of H;x are the same of those of Hg.

We shall consider that the reproducing kernel K(p,q) is known and we
wish to construct the reproducing kernel K;(p,q;4). For this construction we
can obtain a very effective method by using the Neumann series. We define the
bounded linear operator L from Hg into Hg defined by

(L/)(p) = (L, LK), = (L"Lf)(p)-
Then, from (2.13) we obtain directly

TurorReM 2.4. If ||L|| < A, then Ki(p,q;)) is expressible in terms of K(p,q)
by the Neumann series:

216 Kuan=(1+5) Lxo =3 (-5 ke,

n=0 4
iy
where <I +q> is a bounded linear operator from Hy into Hg satisfying
A

1 I
< = .
L

A

il=
I+— 1 -
A

Of course, if the operator L is compact, then we can apply the spectral theory
to the equation (2.13) without the restriction |L| < A. In particular, then

L . .
<I +7> is a bounded linear operator and
= -1

IN 1
Ki(p.q;2) = (1+7> EK(p,q)-

We shall consider the best approximation problem, for any given f, e Hx and
de 7

(217) At {20fo = Sl + 14 = L1115 ),

in connection with the Tikhonov regularization for the equation Lf =d.
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We shall introduce the direct sum space

(2.18) H, =IHg ® H

and the bounded linear operator L; from Hg(L; ) into #, defined by
(2.19) Lif =Vif ® Lf € #,

and the adjoint operator ﬁi‘ of L, defined by, for f e Hgx and for de #
(2.20) Li{f,d} = Vif + L*d € Hx(L; ).

Then, by Proposition 1.1 we see that in (2.17) the best approximation
f*eHk(L; ) = Hk (as sets of functions) in the sense

(221)  inf {201fo = Sl + 11 = LA 15} = Afo = i + 1 = LF I

exists if and only if, for fy e Hx and d e #

(2.22) L;{/o,d} € Hy,,

where H), is the RKHS admitting the reproducing kernel
ki(p,q) = (L; LKL (-, 4 4), L LiKL (-, P 2)) 1)

In the present case, L, is an isometric operator from Hg(L;A) into #, and so,
L;L, is the identity on Hg(L;A). Therefore, we have the simple identity

(2.23) ki(p.q) = K(p,q; 4).

Therefore, the best approximation /™ exists always in (2.21). Furthermore, since
N(L;L;) = {0}, it is uniquely determined. Again, note that as members of
functions

HK(L; i) = HK.

We thus obtain, from Proposition 1.1:

THEOREM 2.5. In our situation, the generalized solution f* of the equations

Jo=/f in Hg
and

d=Lf inH
in the sense (2.21) exists uniquely and it is represented by
(2.24) 1 (p) = 2(fo(), KL(-, p3 4)) g + (&, LKL(-, p3 2)) -

In Theorem 2.5, in particular, we shall consider the best approximate function,
for fob=0

(225) f)yjd(p) = (d7 LKL(' ) Ps /1))%/;,

which is the extremal function in the Tikhonov regularization (2.21) for f; = 0.
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In general, in the Tikhonov regularization, the operator L is compact and
the extremal functions are represented by using the singular values and singular
functions of the selfadjoint operator L*L. So, the representations are, in a sense,
abstract. And the behaviour of the extremal functions as A tends to zero is an
important problem, because the limit function may be expected as a solution of
the equation Lf =d as in the Moore-Penrose generalized inverse.

From many examples in our situation ([4, 5, 6]), however we see that

(2.26) lim K..(p. q;7)
L
and
(2.27) lim(d, LK..(p,4; 1))

do, in general, not exist.

3. Main results

We now give our main results in this paper:

THEOREM 3.1. For any d e # and for the two best approximate functions
Jia(p) in (2.25) satisfying

. 02 112 e 2 )2
nf (AT + 1 = L1} = A1l + 1= L5l

and f{*(p) in (1.7) satisfying
nf LLf — Ll = 271 — L]

we have the estimate

(3.28) 1f7a(p) — fi*(p)] < (x

* * 1
L+ |LLLL" - ’”m) VEG Dl

Proof. From (2.13), we have
(3.29) AKL(p.q;4) + L"LKL(p,q;2) = K(p,q).
Hence,
12K1(p,4; Iz, + IIL* LKL (. 4; 2)
and so, in particular,

(3.30) IL*LKL(p.q: 1) 7, < K(q,9)

e+ 2ALKL(p.q; A5 = K(q,9)

and

(3.31) 2|LKL(p.q; M)y < K(q.q)-
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Hence, from (3.29)
LL*LK(-, p) = LKL(-, p; 2)
= JLL*LK;(-,p;2) + LL*"LL*LK; (-, p; ) — LK.(-, p; A).
From (2.25) and (1.7), we have the desired result
(3.32) £ a(p) — S (D)

< [l [[ILL"LK(- , p) = LKL(-, p; W)l o
< Alld||, [[LLLKL(-, p; )| + Al [[LLLL™ = T |LKL(-, p; )|l

* ) * * 1
< Al A NILIHIL"LKL(, p; A g + ] |ILL*LLY = T —=~/K(p, p)

V22
A L 1
< Alld|l,IILIVK(p, p) + 14l ILL*LL" — I|| —=/K(p, p).

V2.

COROLLARY 3.2. If LL* is unitary, then we have for the two best ap-
proximate functions f;4(p) in (2.25) and fi*(p) in (1.7) we have the estimate

(3.33) [fra(p) = Ja" (P)] < LIV K(p, p)lld]]

which shows that as J tends to zero, f;4(p) tends to fi*(p) with the order i and
the convergence is uniform on any subset Eo of E satisfying sup,. g, K(p,p) < oo.

THeorReM 3.3. If L is a compact operator, then for the Moore-Penrose
generalized inverse f§,

(334) lim f7a(p) = /i (p),
uniformly on any subset Ey of E satisfying sup,.p, K(p,p) < .

Proof. Since L is compact, we have, from (2.13)

1

EPTES ARl

Ki(p,q;2)

Then,
ffd(l’) = (d, LKL(-, p; )

1 *

As we see by using the singular value decomposition of L, for the Moore-Penrose
generalized inverse f*, as A — 0,
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1
—L"d S, in H
Lt e i He
(see Section 5.1 in [2]). Hence, from the identity

a0 = 50 = (5 g L= i KCp))

Hg
we have the desired result.

The result in Theorem 3.3 is very reasonable and good, because in the Tikhonov
regularization, if the Moore-Penrose generalized inverse exits and if 1 tends
to zero, then (3.34) is valid. Of course, here we need to consider a reproducing
kernel Hilbert space as the function space. However, the convergence rate in
(3.34) or the error estimate in the form

[7a(p) = 1a (P)]

will be derived by case by case arguments depending on concrete problems. See,
for example, [7].

In Corollary 3.2, the result (3.33) will be fresh, because f;*; and fy* are, in
general, different, however, if 1 tends to zero, then f;*;(p) tends to f¢*(p) with
the A order, under the unitarieness of LL*. However, at this moment, the author
does not see the precise meanings of this result.

Theorem 3.1 is a much more delicate result in the general situation that
the extremal functions f;°y and f§™ exist, when we consider their difference in
connection with the parameter A, involving the unitarieness of LL*. Indeed, the
quantity ||[LL*LL* —I|| may be understood as a distance of the operator LL*
from being unitary.
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