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g-SELBERG INTEGRALS AND
MACDONALD POLYNOMIALS

By Jyoicni KANEKO

ABSTRACT. — We consider a Jackson integral with special integrand (g-Selberg integral) and give an explicit
formula of a system of g-difference equations satisfied by it. We also define a kind of hypergeometric function
having series expansions in terms of Macdonald polynomials and show that this function satisfies a g-difference
equation formed by summing up equations of the g-difference system above after multiplying each by a suitable
factor. We can thus conclude the g-Selberg integral to be the hypergeometric function in our sense. This implies,
in particular, the g-integration formula of Macdonald polynomials due to Kadell [Kad2]. These results reproduce
our previous ones [Kan2] if we put ¢ = ¢t and let t — 1.

1. Introduction

The purpose of this paper is to give g-analogues of our previous results in [Kan2].
Fix ¢ with 0 < ¢ < 1 and set (%)oo = (T;9)o0 = [[10(1 — 2¢") and (z)q = (z;9)a =
(%)oo/(£9*)oo. For z = (z1,...,Zm) € C™ and t = (ty,...,t,) € (C*)" put

(1.1) (I)(t):_ﬁt;‘f‘*(j“l)(l—z"/)% H (_ql__’y_tlﬁ')_“_f(x,t)

(12 fan= [ ol

1<i<m,1<j<n (q#xlt])

(13) Bo(t) = B()D(t)

where D(t) = H1§i<j§n(ti — t;).
For £ € (C*)™ we put [0,£00], = {(¢°*&1,...,¢°&n) | (81,. .., 8n) € Z™}. The Jackson
integral of a function f on (C*)™ over [0,£o0], is defined by

‘/[05 | f(tla...,tn)(b: (1_q)an(£1q81,-~~,£nqs”)

s; €L
0 = ——dqt1 A+ A _dqtn.
tl tn
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584 1. KANEKO

provided it exists. Similarly, the integral over [0,{] = [0,&] X --- X [0,&,] is defined by

f(tlv---atn)a’ = (1 - Q)n Z f(&quIa-”agnqsn)'

[0751 85 EZZO

We consider the integral

(1.4)  gSnm(a, 8,7, 1521, -, Zm; §) (¢Sn,m(x) for short) =/ Do(t)w.
[0,500](;1

Write g2 = {¢*;k € Z}. We assume the following condition which assures that ®(¢) has
no poles on [0,&00],.

6/& ¢  for 1<i<j<mor2y—1€Zsg
(C) ¢°¢ ¢ g  for 1< j<n or f—1€Zs;
"z ¢t for 1<i<m,1<j<n.

For convergence of the integral we assume also

Rea+n —1> 4(n — 1)max{Re~, 0},
(C2)

Rea+n—1+Ref —1+mReu < —2(n—1)|Rex|.

For the proof of convergence under the conditions (C1), (C2), see the Appendix A.

One of our main results (Theorem 4.11) states that if 4 = 1 or —v, then S, ,,(z) has
an explicit series expansion in terms of A-type Macdonald polynomials [Ma2] (in the case
p = —~, we need to choose ¢ = & =: (1,¢7,...,¢ V7). This precisely corresponds to
our previous result that Sy, ., () := limg=¢e 11 ¢Sn,m () has an explicit series expansion
in terms of Jack polynomials [Kan2, Theorem 5, p. 1106] (see also [Ko]).

In the case f(z,t) = 1(m = 0), ;Sp (e, B,7; &) has been evaluated by K. Aomoto
in [A02] (cf also [Ao3]): '

(15) an,O(anB77;€)
_ qu ﬁ 59:—2(1'—1)7 g(gjqoﬁﬂ—(n—1)7)19(q6+(j—1)7)19(qj7)
el B(qetP==0)9(&;4°)9(q7)
B(&5/€:)
191391 Hq7€;/&)

n

<1 Pola+n—1—(n+j-2)7(B+ (= 1)7)Te(j7)
Fq(a+,@+n—1—(n—j)7)Fq(’y)

J=1

Here ¥(z) denotes the Jacobi elliptic theta function () (¢/%)o0(q) and I'y(z) denotes
the g-gamma function (1 — ¢)*"*(¢)e0/(¢%)eo- We notice that when n = 1, this integral is
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g-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS 585

nothing but the Ramanujan’s 17/, sum [As1]. In Appendix B we shall give a self-contained
proof of (1.5) based on g-difference equation (the m = 1 case of Theorem 4.11). If
¢ = &p, one can simplify the formula (1.5) to get

(16) an,O(avﬂva;gF)
s H Ty(a+n—1-(n+j—2)7Te(B+ (G — )7)T4(jv)
ol Pola+B+n—1-(n-j)1T() ’

where A,, = Z;’ﬂ(a —=2(5—1)y+n—1)(j—1)y. If v is equal to a positive integer k, (1.6)
reduces to the Askey-Habsieger-Kadell’s formula [As, H, Kadl] (see Proposition 5.2) :

. (gtj)oo Zk( 1-ktj ~
/[0,1]n ]_11 7 (g¥t5) H t; / 2k

® 1<i<j<n

= gr=(3)+26°(3) ﬁ Ty(z + (n = 5)k)Tq(y + (n — §)k)T(1 + jk)
=q il T z+y+@2n—j-DET,Q+Ek)

where o and 3 are identified with « + (n — 1)(2k — 1) and y respectively.

In Section 2 we show that, when p = 1 or —7, ¢S .(z) satisfies a system of g-
difference equations (Theorem 2.3, (2.26)). This system tends to the holonomic system
of differential equations in [Kan2, (9), p. 1088] when ¢ — 1. In Section 3 we define
a kind of g-hypergeometric function T@gq’t)(al,...,ar;bl,...,bs;xl,...,xm) using A-
type Macdonald polynomials. By setting ¢ = t* and ¢t — 1, T@gq’t)(x) reduces to the
hypergeometric function ng(a)(x) defined by using Jack polynomials [Kan2, Ko]. We
notice that 2F1(a) is a special case of BC-type hypergeometric function of Heckman-
Opdam [BO]. In Section 4 we prove that 2<I’§q’t)(a, b; c; x) satisfies a g-difference equation
formed by summing up equations of (2.26) multiplied each by a suitable factor. Therefore
the uniqueness properties of solutions of this summed-up equation assures us that 4 S, ()
with u = 1 or —v is nothing but 2<I>§q’t)(a, b;c;x) if we adjust (g,t) and a,b, ¢ suitably
(Theorem 4.11). As a consequence we obtain an g-integration formula of Macdonald
polynomials (Theorem 5.1). In the special case that £ = £ and v = k, a positive integer,
this was conjectured and proved by Kadell [Kad2] in a different way from ours (though
some details of the proof have been omitted in our copy of [Kad2]). This integration
formula in turn gives explicit formulae of the values of 2<I>(1q’t)(a, b; c; z) at special points
(Proposition 5.4). In a separate paper [Kan3] we shall show that Theorem 4.11 implies the
constant term identities due to Forrester, Zeilberger and Cooper [F, Z, C].

In a recent preprint [BC], Barsky and Carpentier have given a different proof of our
previous result [Kan2, Theorem 5] by employing a new method of G. Anderson. It would
be interesting to know whether their argument has g-analogous counterpart.

Part of the results of this paper were announced in [Kanl]. The author thanks
Prof. K. Aomoto for inspiring discussions and the referee for helpful remarks and
suggestions.
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586 J. KANEKO
2. g-difference system

2.1. Let T,;, = T; denote the g-shift operator on the i-th coordinate: T;p(t) =
o(t1y...,qtiy...,t,) and set

dp _ (Ti—1p
Bqti (q - 1)ti ’
Note that
O(py) _ Op O
2V s,
ot ot T,
which will be of frequent use. Put b;(t) = T7;®(¢)/®(t). In particular
l—qﬂtl - tl—q_'ytj de ].—q’l’.’l,'ktl
bi(t) = ¢ .
1() 1 ].—qtl gtl—qV_ltjg 1—.’L‘kt1

Define the covariant g-difference operator V; by

Vip(t) = o(t) — bi(t) Tip(t).
Clearly

[ ewews= [ T@@doms
[0,§oo]q

[0,&00]q
provided the integral is convergent. Hence we have
/ B(6)Vip(t) = 0.
[0,600]q
Let &,, denote the symmetric group of degree n and for o € &,, define

(Uw)(t) = ‘p(td(l)a v vta'(n))~
Put

U,(t) = o®(t)/®(t).
Then we have
£\2=1 9(g7t/t)
Us(t) = = T OE st
191191 (ti) d(qt5/t:)
o (@)>0 7 (4)

By using ¥(qz) = —1/z9(z) one can easily verify that T;U,(t) = U,(t) for every 3.
We assert that

/ (t)o(V ()i = 0
[O,foo]q
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g-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS 587

provided the integral is convergent. In fact

0= [ o (B(1))o (V1p(t))
[O»EOO)‘Z
— U, () / (1) (V1p(t))o.
[0,§Oo]q

Hence for the alternation Ap = ), s sgno - (o), we obtain the fundamental

(2.1) / B(£)A(V1(t))@ = 0.
[O,Eoo]q

For complex @ we shall denote by ¢ Dx(t) = @D(t) the product [], ., ;.. (t: — Qt;).
The following lemma ([Kadl, (4.10), p. 976], cf. also [Mal, chapter 3, (1.3)]) is crucial
to our calculations.

LEmma 2.1. — Let M C {1,...,n}. Then

(2.2) Al H tjoD(t)) = Qe (Q; Q)i (Q; @)y

1l a-qr e (£)D(t)

where e(M) = |{(4,j)|1 <i < j<n,i ¢ M,5 € M}| and e.(t) denotes the elementary
symmetric function of degree r.

This lemma implies

T (Q;Q)r(Q; Q)nr

(2'3) Z Qe(M) (Q’ Q)n

Me{1,...,n},|M|=r

2.4 er) _gr__ (@Q)u—1
( ) ME{Z,.%:}JMl:rQ Q (Q;Q)T(Q;Q)n—r—l

LEMMma 2.2.

(2.5) A(eD(®) [J (1 - =ti))

_ (Q; Q)n- d([Tema (L = 2t)) | (QQ)n T
‘D(t){(l—Q)n-ll e T H(l‘“")}'

k=1
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588 J. KANEKO

n

(2.6) A(H(h -Q7't) I (tn-Qu) ﬁ(l - ivtk))

k=2 2<h<k<n

—n-1) (@5 Q)n—1 Q n—
Proof. — From (2.2) and (2.4) we have

A(eD(t) > [It)=ea-@- ")(Q 1@t er(t)D(t),

Me{2,..,n},|M|=r j€EM (1- Q)”
from which follows (2.5). For the proof of (2.6), observe that

n—1
LHS of (2.6)=Q " "VA(eD(t) [ (1 - otx)).
k=1
Then (2.6) follows at once since (2.2) and (2.3) imply

.A(QD(t) Z H tj) —Qr r) (Q Q)n 1 T(t)D()

Me{l,...,n—1},|M|=r j€M (1 )

i tl’,‘ — T
Ai(.’l,'l,...,il)m;t): H -

Expansion in partial fractions gives

(2.7) H ”;f -

Replacing z by 1/z and m by m — 1, we have also

"z Azt
(- nAE
j=t 7

m

(28) H _sz/t l)tl m Z (1_117 t)(.’lZ] Ll?,) +t1—m.

=i 1T jorge (L~ i) (tzs — i)

Specializing z suitably in (2.7) and (2.8), we obtain

4° SERIE — TOME 29 — 1996 — N° 5



¢-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS

-—z; 1-—¢m!
2.10 Ai(x;t ==
(2.10) > At e
J=1,j#t
“ zj Ai(z;t) —tmt
2.11 Aj(z;t) —— = ——
(2.11) > A0t L
J=1,j#
d x; Ai(z;t) -1
2.12 Ai(z;t = .
(212) > Awng = ST
J=1,j#i

Multiplying both sides of (2.8) by (1 — z;2z)~! and using

Tj;—T; _ Z; T
(1-z2)(1—2;2) 1-mz 1—mz2

and (2.12), we get

1 r l—zz/t l—m
(2.13) T H Tz =(t—1)t
J=Llj#i

y i Aj(z;t); Lo Ai(z; 1)

In what follows ) stands for ¢7.

2.2. CASE OF p = 1. — In this case we see

f(xat) = H (1 —xjtk)'

1<j<m,1<k<n

so that

bi(t)Tapi(w,t) = ¢* 11 qtl H(tl Q') I (tn—Qte).

2<h<k<n

We want to calculate A(p;) and A(b;T1¢;). Since

1—zt
l_tlz_a_;_l 1

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
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590 J. KANEKO

we see
1 o 1—qg 7zt
(2.14) A(pi) = ;A( 1T ﬁQD(t))
b=l 1
1 1 T 1—q 'zt
-1 L0 ),
t ( Z; A(l -zt j=g¢i 1- £L'jt1 QD(t)

Substituting t = q and z = ¢; in (2.8) and (2.13) gives

m

(2.15) 11 L-g oty _ (¢- g™ 3 (Aj(x;Q)(arj —e) 4

i LT Eh 7w (U wit)(gws — 20)

m

1 m 1 -—q_lx‘tl - A'(:L‘;q)a:~
j=:|1:}][¢i ! j=§;ﬁ-i (1 = zjt1)(qz; — @)
1-m Al(x)Q)

1—-zty '

t4q

Substituting (2.15) and (2.16) into (2.14) and applying (2.5), (2.10) and (2.11), we have

f(z,t) t) (Q;Q)n
DO Alpi) = (1_Q)nf($»t)

+ ql—m(l _ q) (Q;Q)n—l Z 33]‘(.’13]' — l)A](.’L‘,q)af(m’t)

Q- 4, 95— 9qz;
ne 0
gt m((lQ Q)) L (1~ 2 Ad(as fi;,t)

Hence

(2.17)  Toe ( l()”(t?A( i))
_ (@;Q)n {( _Q )(f( ) +(Q - 1) 31;)

- (1 — )n—l ;
+q1 m 1—(]) Z l‘](xj )TQz(A (:L‘ q))
j= 1]#1 Q Z;
(9f 82f
(8 - 1) 18QZ'13Q$])
2
¥ q“’”(l - Qoo (Ailai) (5= + (@ = Doz ) |

4° SERIE — TOME 29 — 1996 — N° 5
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591
Next we calculate A(b;T1¢;). Since
l—qﬂt1=q”1—_w-%+1—i—é,
we see
A1 Tip;) = gl ! (H Q') H (tn — tk))
k=2 2<h<k<n
+ q“*"‘l( - —q—)A((l —xity) 7t H t—Q ') [ (- tk)).
2<h<k<n
Applying (2.6), we have
f(.’E t) N\ — o otB4n— —(n-1) (Q,Q)n f(ZL‘,t)
Dy AT = 4T T
g1 (& Qn1. (Q; Q)n-
T g
ﬁ n n
X (1 . q—) M a- a:jtk){H(l —aite) - [](@ - xitk)}.
Ti 1<j<m,j#i k=1 k=1
1<k<n
Hence
f(z,t)
(218) Tou, ("5 A Ti0))
_ atpin—1-n (@ Q)n of
_ gothin-1g=n T=or Q)" 4(f( ) +(Q — 1):62 Pos Z)
e (1—Q)” (1 Qa:)
éf n
((Q =g+ (1-QDf ()
. atn— —(n— (Q;Q)n—l 1- Qn n— ) 3f
—q+ IQ ( 1)(1_Q)n—1{1_Q f(.’L’,t)-I—(q’BQ 1_$1)8Q-'Ei}'

It is clear from (2.1) that

(2.19) /[Og Ta (BDATo()d =0

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



592 J. KANEKO

Substituting (2.17) and (2.18) into (2.19), we arrive at (S = S, m(z))

_ 828
(2.20)0 = q—(a+n-1)Q l.q:i(l - Qz;)Tg 2. (Ai(z; Q))W

2

o m Q_l.’lti.’L" 1— 2, 0%S
T (1-g) Y T ()

Pyt Qz; — qz; O0g;0q;
m—1
q —-c 1 B ym—1
+{ —0 +1_Q((1 a)(1 - b)g
oS

e U abQ))tz"’C?:lDi}q"CT1

- - T T; Ai 5 - —
11_ fg - Q’ll_( 7 & Q))(c — abQq~’Qx:)¢"Q
= gD (1 - xp) ., 0S8
) j=§;9€i Qz; — q;?j o (e q))anj }
Ao -he
(1-Q)?

8Qx,-
, 88

+ ani

where
a= Q_n,b — q—(cu-{-n—l)Qn—l,C — q—(a+,3+n—1).

Now we change the variables:

xi=qﬂQ—1yi, i=1,...,m.
Note that

0
T3i=Taia =_'B
o zi = Tq,y Bgm 4 Q
and

Ai(z;q) = Ai(y; q).

(2.20) is transformed into

828
(2.21) yi(c — abQy:)Tq,y, (Ai(y; Q))a_yg +(1-9)

K2

—  yiy;(c — aby;) 9%S
x YU\ = DY) Ay q)) —
2 G T G
m—1
g —¢ 1 _ _ m—1 _ m—1 _ . BS
+ { 1-Q + 1-0 ((1 a)(1—b)g (q abQ))y, _3Qyi

4¢ SERIE — TOME 29 — 1996 — N°® 5



g-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS 593

1—q 1 -Toy(Ai(y;9)) a8
l—Q{ 1y_q (c_abei)_yi

+

- b oS
- Y ey, () )

=15
_ (1-a)-b)gm!

a-qr 7"

2.3. CASE OF y = —-y. — In this case we have

fen= [ o=

1<j<m.1<k<n (@ 'zjtk)oo

SIS, ISR

oiat) = T 0D,

so that
1 1-¢°t rt—-q 1-Q tzty
b (t)Tys(x,t) = @1 || || 1= oD(t).
1(0)Thpi(, ) q 1—Q-lz;t P t — g7tk i 1-z;t ()

Then one can proceed in a similar way as in the case of y = 1. We have (we omit the
details of calculation)

Hi o) = 2 L pa, )+ Bt (1 22) (1, £(2,) - QF(20),
so that
B2 e (QQ) af
Ty, (T A0)) = g (0= @)@ 0 + = 1QA - e 5
We have also
P AnTie)
_ _at+n—-12-m-—n m—1 (Q Q)
=gt T ()
o (Q5Q)n o Of
~ (1= 9@ T an (@ — e A Q) 5
n (Q’Q)n—l - .’L'](q ) f
—(1—Q)QW Z —Q]A( Q) }

i=Li#i

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



594 J. KANEKO

Hence

(2.23) Tq,wi(fl(;z;;)v‘l(blTWi»
— joetn—1)2-m— n(Q Q)n 1 n\yHym-—1 of
= grmmigmn Ei {a-amem (s + @-1e (9q:vi)
2
—a(1- q)Q”(qﬂ-l )Ty (A @) (L S+ (= 1))

Sa-gQu-Q Y B Er (4,50)

J=1,j#i — Qe
of 9% f
X (3(1.’13]' + (q - 1).’11'1 8q:17,-8q:cj)}'

Substituting (2.22) and (2.23) into (2.19) gives the equation corresponding to (2.20):

%8
(2.24) 0= ¢"™Qx;(¢° " — )Ty 0. (Ai(w; Q))(9 o
q*a
%S
+qa+n 1 Z Q.Z' m](q 37]) 4»“(Aj(x;Q))E)q—xi_8_xj
J=1,5#4
Q Qm : n a+n—1 (n—1) a+n—1 )
+{l—q_i-l—— (-Q" —g" Q" +a Q)xl}ﬁx,
_TQ e e on 25
T (@7 T (A Q)
1-Q s U W
RS Q] ;;ﬁz — Qz; Tq’xi(A](x,Q))aqxj
_ (1 _ Qn)(l _ qa+n—1Q—(n—1))Qm-—1 g
(1-49)? '

Hence changing variables as

xzzth i:]-’""m
yields

928
(2.25) yi(c — abqy:))Ty,y, (Ai(y; Q))a_yg

viy;(c — aby;) 8%8
+(1-Q) ————T, (A45(y; Q)
; 12] ” Qy " 04yi0qYj

4° SERIE — TOME 29 — 1996 — N° 5



¢-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS 595

IS (- 00 -9 - (@ - aba))u
+ 11__6;12 { = Tq’fiEAé(y; D - abqyi)%
- Y T Al )
_ o)1 — byom-1
e a,()l(l_ q;?Q S0
where
a=Q", b= qa+n—1Q—(n—1), = qa+ﬁ+n—1_

We have thus proved

THEOREM 2.3. — Assume j1 = 1 or —. Then ¢Sy, m (v, 8,7, p; x; €) satisfies the following
system of q-difference equations (T; = T, ;).

2
(2.26)  zs(c — abgz:)Ts(As(a; t))a S
q z
ZiT abx %S
+(1-4q) Z —l—t—]—)Ti(Aj(ﬂ?;t))m
Tt qTi0qZ
tm=1l—¢ m—1 1 08
Ho= i ((l—a)(l—b)t (7~ abg)i} 5
l—t(1-Ty(A (act)) NS
1z q{ 1o e abam)g
-y ME(Aj(az;t))aaS }
Py qr; —tx; T
(1-a)(1-b)tm! :
— §=0, i=1,...,m,
(1-q)?

where if jp =1, then put (¢,t) = (Q,q),a = Q7",b = g~ (**"=DQn~1 ¢ = g~(+fn-D)
and change z; with ¢~ °Qx;,1 < i < m. If u = —v, then put (g,t) = (q,Q)
a=Q"b=qg*""1Q=""V ¢ = ¢*t8+7=1 gnd change x; with Q 'z;,1 < i < m

Remark. — In the theorem above the change of variables means that we change only the
variables of the g-difference equations. We do not change the variables of the unknown

function S. The same remark applies also to the following Theorem 2.4 and 2.5.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



596 J. KANEKO

2.4. VARIANTS. — One can calculate a system of g-difference equations satisfied by the
integral S, m(a, B,v; p; 27t ..., z;k; €) provided p = 1 or —v in the same way as in
the case of Theorem 2.3. If y = 1, then put

1-1
pi(z,t) = I—:t—j;QD(t)-

We have

f%uw» - <g;_Q—3);l {@=@Maif@,t)+ (1 = 2)(To-1 2. flw,t) - Q" f(2,1) }

and

f(z,t)
D(t)

A(b1 Ty ;)

a+n—1 l—n(Q;Q)n— n n ‘ af
e (1~—Q)"1{(1 - Q") f(z,t) + (1 - Q)Q w;(1 — ¢°w:) As(w;¢) 5~

aQ.’B,‘
m e (1 — oPs
Fa-gu-r Y o)y ) 0

PR A 9

=4q

Substituting these into (2.19) gives

+¢°t" (1 - ¢)Q? j:li#i %QTQ (Aj(; q”ﬁéo%i?
+ 1 fi@ (@@ —wi) + 1@~ (1 - @)} 5%
B #—gym(l - qﬁQmi)TQ,zi(Ai(ﬂ?;Q))%
N abnelp2 M g
-4 ql)q_Q : j=§;ﬁi wzgg:g—ij])TQ’zi(Aj(x;q))aiij
[ i
(1-Q)?
If u = —~, then put
pi(z,t) = b ﬁ 1 eD().

1—(qQ)~ 1/ o L~ @@) 7 /x;
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We have

f(mvt)A((pi) (Q Q)n 1

{0-Q)f@ - (1 - i1 - 4Qu) Al Q)

D(t) (1 Q)" T;
_(1—q)1—Q)];¢lLQ?xJ) (o Q)aag];
and
f(z,1) _atn—1-(n-1) (@ @)n-1 ny 8.
D(t) Ab1Ti;) = ¢q + Q ( )(1—'_69“)‘,7{(1 -Q )qﬂ:p,f(x,t)
f(z,1) - -
O G ) (,E“ ~tle) = L@ >}’

Substituting these into (2.19) yields

2
0= ga2(1 = Q) Ty (A3 Q)

g 3 ol Q‘JQ””J‘)TQM(Aj(m;Q))
J=1,j#i i

0% z +n—-1)—(n-1)
1 a+n— —(n— 1 _ ,8+1 n i
Xaqa:iaqijrl—q{q Q (I-¢""Q"z;)

. as
-(1-Q"+(1- quwi)q)}aqxl

qz;(1 — ¢*Qx;)
1-¢

a8
(]- - Tq,Zi (Az(xv Q))) aqxi
1 - Q = qxﬂ?a(l quJ)T
S l-q 1 = ;#z — Qs i o
(1 _ Qn)(l a+n lQ (n— 1))
(1-q)?

+

From (2.27) and (2.28) we can conclude

THEOREM 2.4. — Assume p = 1 or —. Then 4Sn m(, 3,7, w27, ... 2715 €) satisfies
the following system of q-difference equations.

2

928 ziz;(c — abx;) 0*s
i(c — abgz;)T;(Ai(z;t 1- L T (4wt
zi(e = abgz) Ti(Ai(= ))&, T3 A q)] ;;él qz; — tx; i) g ity 4710

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



598 J. KANEKO

at™t —c¢/g+ac/qg—c 1 2 me1 as
+{ 4 +1_q(abq—at )i s

1—t(1—"T;(A(x;t)) oS zj(c — abz;) oS

ab A 1 )

+1—q{ 1-t (e- qx)aqxz 1—12#2 qzr; — tx; Ti(44( t))aqa:]}

— m=1__

R et R,

(1-¢)? i

where if i = 1, then put (q,t) = (Q,q), a = Q" b = g~ (etn=DQn-1 ¢ = g—(e+f+n-1)

and change z; with ¢ °Qz;,1 < i < m. If u = —v, then put (q,t) = (q,Q),

a=Q"b=q¢*t"1Q- ("D ¢ = ¢**t8+"=1 and change x; with Q'z;,1 < i < m.
From this theorem one can derive the following theorem by straightforward calculation.

THEOREM 2.5. — Assume ju = 1, or —. Then (1 -+ Zm )" Snm(a, B, 7, 527, ..,
z Y5 €) satisfies the system (2.26) in which if p = 1, then put (q,t) = (Q,q), a = Q7"
b= g latn=DQn-1 ¢ = g=(e+B+n=1) gnd change x; with ¢ °Qx;,1 < i < m. If p = —7,
then put (q,t) = (¢,Q), a = Q™, b = ¢®t"=1Q~("=1 ¢ = ¢*+8+7=1 gnd change x; with
Q'z;,1 < i < m.

3. g-Hypergeometric functions

3.1. MACDONALD POLYNOMIALS. — We first recall the definition of Macdonald polynomials
[Ma2]. Let A = (A1, A2, ...) be a partition and X' = (X[, A}, ...) the conjugate partition.
The number \] of parts of A is denoted by ¢()), called the length of . If A has m; parts
equal to 1, my parts equal to 2, and so on, we write A = (1™ 2™2 ...) and denote
IL>.(r™ m,!) = zx. We write |A| = > A;. If p is another partition, then write 1 < A
when |A| = |u| and py+- - +p; < Ap+-- -+ for all . Given a partition A = (A1, ..., Apn)
of length < m, the monomial symmetric polynomial my(z1,...,%,,) is defined by

m)\(azl,...,xm)—zu’cl T3 T

where the sum is over all distinct monomials obtainable from z}'z)*---z)™ by
permutations of the x’s. In particular when A = () we have the r-th power sum:

m
My = Pr(T1,. .., Tm) = Zx:

For each partition A, we set px = px,px, -

Let ¢,t be independent indeterminates and Q(q,t) be the field of rational functions in
q and t. We have the fundamental ({Ma2, (2.8)]).

THEOREM 3.1. — For each partition A of length < m there exists a unique symmetric
polynomial Py(x1,...,2Tm;q,t) with coefficients in Q(q,t) satisfying

(3.1) P\ = zuwmﬂ

p<A
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where uy, € Q(g,t) and uxy = 1; and

(32) ng’t)P)\ = 6)\P)\

where D\ and ey (q,t) are defined by

1

m m s
09 = 3" Ay(a 9 =S — @
(33) Dl - s A,(.’L’, t) Z; aqxiv eA(qa t) s 1— q t ‘

We understand that Py(z1,...,2Zm,) = 0 if £(A) > m + 1. One can readily verify that
Py(z1,...,2:,0,...,0) = P\(z1,...,%,).

Denote the ring of symmetric polynomials in z1,...,z,, over the field F = Q(q,t) by
Ay, p. Define a scalar product (, ) on A, g by

(Px, Pu) = Oauzalg,t)
where

£(X) 1— q>“
Z,\(‘Lt) = 2\ H 1——15)‘1
=1

Note that D&q’t) has the following properties ([Ma2, (2.7.1)-(2.7.3)]):

(a:t) _ } :
Dl my = C)\#m#
u<A

for each partition A of length < m;

(D f,g) = (g, D" g)
for all f,g € A F;

AF = e F Cup

From these properties one can deduce that the condition (3.2) in the Theorem 3.1 can
be replaced by

<PA7P;L>=0 if A#p

We shall need a kind of specialization formula of P,. Let u be a new indeterminate
and define a homomorphism

€ut i Amp — Flu]
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by

1—u"

(3.4) €ut(pr) =

for each r > 1. Then we see

etm,t(.f) = f(]-vta v 7tm_1)‘

Consider the diagram of A in which the rows and columns are arranged as in a matrix,
with the ith row consisting of \; boxes. For each square s = (i, j) in the diagram of ), let

a(s)=Xi—j, d(s)=j-1,
U(s) =X, —i,  U(s)=i—1,

and put
a(g,t) = [T (1= @O+, wi(g,t) = T[] (1 - ¢*@*1)
SEA SEA
and
h)\(q’t)
by =br(q,t) = ——=.
=@ =5

One has different expressions of hy and h).

PROPOSITION 3.2. — Let A be a partition of length < n. Then

il - Ai—Aj+1pj—i
(3.5) hi(g,t) = (9)% (H(q/\i“t"_i)oo) H (;i—)q*—:tjt—i—)l;ooo'

1<i<j<n

n ' -1 Xi=Ajpi—i+1
(3.6) ha(g,t) = ()2 (H(q*"t""“%o) 11 %—t—t—)f”

i=1 1<i<j<n

Proof. — We prove (3.5). One can prove (3.6) in the same way. Put

C:{ZlAH_l <)\z‘},

so that

i—1 Ai
H(l _ qa(s)+1tl(s)) — H H H (1 _ q/\,‘_,.—j+1tr)‘

SEA 1€C r=0j5=X;41+1
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Observe that

n

—1
H (q)\,-—)\j+1tj—i)oo — nl_[ H (qki_r—/\¢+1tr)oo

1<i<j<n r=1i=r+1
n—1 n
=@ I I @),
r=0 i=r+1
n—2 n—1
H (q>\i—/\j+1tj—-i—1)oo — H H (in—r—)\i+1+1t7‘)oo
1<i<j<n r=0i=r+1
n—1 -1 n-1 n
— (H(qAn_r-’-ltr)OO) H H (q/\i_r—ki+1+1tr)oo'
r=0 r=0 i=r+1

Hence we get

n—1 n
(in—r—)\i‘Fltr)oo
RHS of (3.5) =[] [] (P

r=0 i=r+1
_ H ﬁ (q/\i_r_Ai"_ltr)oo
i€C 7=0 (grimrRimatlgr)

i—1 A
I T G- e

1€C T=0j=X;11+1

as desired.
We define the generalized factorial (a)f\q,t) by

(a)&q’t) — H(tz (s) _ ¢ (s)a/).
SEAX

The following explicit formula ([Ma2, (5.3)]) is essential:

THEOREM 3.3. — We have

()
u P ,t = .
€ ,t( )\(q )) h,\(q,t)

Remark. — This formula is equivalent to the ¢-binomial theorem for the g-hypergeometric
functions defined in the next subsection (see Theorem 3.5). We shall treat this problem
in a separate paper.

We shall also need ([Ma2, (3.11)]):

(3.7) z/\:bx(q,t)PA(w;q,t)Pk(y; ¢,1) = 1-][ %i]_gf |

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



602 J. KANEKO
or its dual [Ma2, (3.12)]

(3.8) ZPA(x 0Py (y;t,q) = [[( +ziy;).

7]

This is a consequence of [Ma2, Sect. 5, p. 159]:

(3.9) (Px, Py) = ba(q,t)™"

3.2. ¢-HYPERGEOMETRIC FUNCTION. — For a partition A, denote b (\) =Y (i —1) \; =
LN - 1)/2.

DermniTiION 3.4. — Let a4,...,a, and by,...,b; be complex numbers such that
(b; )(q ) # 0,1 < j < m for any partition of length < m. The g-hypergeometric function
o) qt)(al, ey @by, bes Ty, L ) is defined by

(3.10)

—_r

Hr (a; (q,t) (- 1)|,\|qb(,\)
T@gq’t)(al,...,aT;bl,...,bS;x):Z ' { }

PA(‘II:; qa t)
S T, (6 R4 (g, t)

N stl-r
As a consequence of the factor {(—l)p"qb()‘ )} , it follows that

(3.11) lim , 199 (as,...,a,,a;b1,...,bs;21/0a,. .., Tm/a)
a—0o0
= rq>gq’t)(a1, cesapy by, b ).

When m = 1, T<I>§q’t) (z) reduces to the ordinary g¢-hypergeometric function ,.¢,(z)
(cf. [An, GR]), being independent of .

THEOREM 3.5. — We have

3.12 8D (g gy zy) = ] PF Ve
(3.12) 195" ( 1 ) I:Il (T 2)

Proof. — Note first that [Ma2, (2.6)]:

(3.13) H (ti’i”’q))“ = sz(q,t) "Pa(z)pA(y).

In particular we have

= (8233 4)oy =Y " a(g,0)'palx).

(59w 4
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It follows from (3.7) and (3.13) that

(3.14) D (g, )P0, ) Pa(y; 0,8) = D 2a(a,8) T pa(@)pa(y)
A A

SO

(3.15) > ba(g: )P(m;0, ) Pa(yi g,8) = ) 2a(g,8) " pal@)pa(y)

A<t (A<t
for arbitrary [. In view of Theorem 3.3 and

£(0)

1—a*
€at(PA(y)) = H 1_

=1

applying €, ; to both sides of (3.15) considered as polynomials in y yields

(3.16) (@)

Py(z) =Y a(a:0)'pa(e).

li
(AT hy(g:t) IAl<!

Since [ is arbitrary, this clearly gives (3.12).

COROLLARY 3.6

m

(3.17) 00§ (@1, 2m) = [[ (@13 0)eo-

i=1
Proof. — This follows at once from (3.11) because

lim H (:;; =l

i=1

Next we consider the convergence of the series. We assume 0 < t < 1.

LemMA 3.7. — Let ||z|| = max{|z1],...,|Zm|}. There exists a positive constant C
depending only on q,t and m such that

1,7\1/2
|Pa(w350,8)] < C (R RA) " (m ).
Proof. — Put |\| = d and write

P, = Z auDu

|pul=d
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so that

(Py, Pa) = Y a2zu(q,t).

|pnl=d

By Cauchy’s inequality we have

< (5 ion) (£ )

|nl=d |u|=d

It follows from (3.9) that

Z a2z,(q,t) = hy'h).

|p|=d

1—th
= maX
eN)<m 1 — gXi

so that

Ipu\z -1,2
Z <0 Z 2, Pzl |zm]).

a2 (@:?) |ul=d

Since 37 ,1=q Z ' py = Zlul=d m, ([Ma2, p. 17]), we obtain

2
+d—-1
M < Clmd(m d )”1’”2d

|p|=d zN(Q7 t)

Note that

m+d—-1) _ (d+1)(d+2)---(d+m—1) ey m!
(") =) S S

Put C; = maxgym~%d™ . This gives

2
Z|Izu|t) < Oy Cym2a+1 |||,
PERG
Hence by setting C' = (mClCz)1/2, we arrive at the desired inequality.

THEOREM 3.8. — We have
(1) If r < s, then the series (3.10) converges absolutely for all x € C™.
(2) If r = s+ 1, then the series (3.10) converges absolutely for ||z|| < m™!

(3) If r > s+ 1, then the series (3.10) does not converge absolutely for x # (0,

unless it terminates.
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Proof. — We compare the series (3.10) with the series

T

s+1—
i i) = 3 [T (ars a{ (D@02}
rPs A1y ...y Ap; ye.030552) = 3
' ' = [T (bi59)a (¢;9)a

which is known to have radius of convergence p = oo ifr <s,p=1ifr=s+1,p=0
if 7 > s+ 1 unless it terminates [GR, p. 5]. Put

A = aktw(i_l), b = blt_(i—l).

Note first that

(hah})” (H(q,q» ) (1-0™

and

fr=b() < RIA

where we put R =1if r > s, and R = t"~*)™ if r < 5. Then by Lemma 3.7 we have

+1-7r

H:_l(ai)g‘%t){(_l)l)\l b(A’)}éJ
T, (6) ki (g, 1)
<(1—t)y™? Z B AL COMCEDLIEY
A

>

A

[Ty ITi 1 (akis @) i(@)“" Py
Hl 1H (bln ) i h’ H:ll(q;Q)/\i
iy I (aki; @2, g0 (] |)M
Hl—l Hi_l(bli; ) i H'-— (q7q)/\z
ITios(ars; @)a, gt =M D2 (R |2 [)>

Hl=1(bluq)>\«; Hi:l(qv(I) Ai .

< (1 _ t)—m/?cz t(r—s)b()\)

1—t-m/20HZ

=1 ;=0

This completes the proof of the assertions (1) and (2).
For the proof of (3), suppose x; # 0,1 <4 < a, and z; = 0 otherwise. Note that

W @ 2 (-9 -am ™)™,
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Put § = (1 — q)(1 — gt™)~L. Picking up the terms with A = (d,d,...,d) = (d*) (so that
P, = z;---x, by (3.1)), we obtain
H:=1(ai)g\q’t){(_1)|>\Iqb(>\')}s+1_r
; ITis: (5) 8R4 (g, 1)
> Z £r=s)b(2) L Y G Y I A
- 3 Hl:l Hi=1(bli§ Q)Ai Hi:l(q; Q))\i
N oo l—[;:l H?=1(a/ki; Q)d qa(s+1—r)d(d—l)/2 It(r—s)a(a-—l)/Zeaxl . xald

s [T ITi=; (b 9)a ((g59)a)"

This last series is easily shown to be divergent, thereby completing the proof of (3).

Py

4. g-Difference system of g-hypergeometric function

4.1. SUMMED-UP EQUATION. — As in the case of ¢ = 1 [Kan2], we shall consider the g-
difference equation formed by summing the g-difference equations, multiplied by A;(z;t)
each, in the system (2.26). First we introduce auxiliary operators:

Déq’t) = -1—-——(1 Z A@'j(w’ t)xixj 82 - 1 Z Ai]' (.T t)wii
1-1¢ 1<i<j<m 6qwiaqxj 11—t 1<iZi<m anL'i
where
Ay(wit) =t ﬁ (tz; — z)(tr; — k)
Y k=1,ki,j (i = ze)(2; = 2x)
and
s 1o}
E=€Em = ;Ai(x;t)aqxi.
It is known that [Ma3]
(4.1) DSOPy = fx(g,t)P
where
1 o
f>\ - - t2m—z—](q)\i+>\j _ 1)
(1-g)(1-1) 152"7@
> (1 —tm ) (1=t Igh) (1 —tm (1 — t’"'j)} 1—m
— — €.
< em (I-g)(1-1) (I-g9)(1-17) 11—t
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Denote by A7, the vector space of symmetric homogeneous polynomials of degree 7 in
Z1,...,Zym With coefficients in Q(q,1).

LEMMA 4.1. — ¢ defines a linear mapping from AT, to AT for every r.

Proof. — Since the p(z1,...,%m)'s with |A\| = 7 and £(A\) < m form a basis of A7 , it
suffices to show ep) € A" 1. But this easily boils down to prove the case of A = (r). We see

1— qr m . 1— qr
.= E Azl = ———Dip_1.
Hence the lemma follows immediately from (3.2) and the fact that the Py(z1,...,Zm)’s

with |[A\| = 7 — 1 and 4(\) < m form a basis of A7 1.

Let us denote by L,, = LYY the g-difference operator formed by summing the
g-difference operators, multiplied by A; = A;(x;t) each, in the system (2.26):

m 2
(4.2) L, = in(c - aqui)Aﬂ}(Ai);? +(1-1%)
=1 a1
z;xzi(c — abx;) 9?2
x D58 D) 4 Ti(Ag) e
IS#ZJ-Sm qz; — tx; ( J)aqxié)qxj
- tmt—c 1 m—1 m—1 0
+ ;{ ekt q((l —a)(1 =)™ — (¢ - abq))xl}Alaqxi

1—t [ 1-Ti(A) 0
+ ——{Z S (c — abgz;)A; Ao

3 Z ZL'j(C_ab.’L'j)Ai:Z_,i(Aj) 0 }
1<iZj<m qr; — t:l?j Bqa;j
(1-a)(1=b)tmt 1—¢m

(1-g)? 1-¢°

Now we can state the following crucial lemma.

LemMA 4.2. — We have

(4.3) Ly, = —— (D1 — eD;) — ab pro 1=t p ) T,

I T g ' tl-g) 7)) T1-¢
1 [2ab(1—tm) 1 (1—a)(1-=b)tm—t1—tm
+1_q{ T~ (a+ b }D1~ G —
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Proof. — We show that

(4.4) i‘i'T;(Dle _eDy)

-\ 8 AT(4)) | ATi(A) &
= szAzﬂ(Az)gﬁl‘g (1=t > w’x’{qxi —t, | gz, —ta, }‘9q$iaq$z‘

i=1 1<i<j<m

1 « o 1-t T; ]
T AW Ty, O e AW

1<igtj<m ="

1—¢2
t(1—q)

= ; q; A,-T,-(A,-)@

_ i AT(A)) | AT(A)Y 62

(4.5) D?— D,

1<i<j<m

1 m
1, ;{—qxiAiTi(Ai) 1= >

o
1<i<m,jti 109

2
T3
S AT(4)

_ (4m-1 m
2— ("t 4+t )xi i} 0 .
1—-t¢ 6,1.'1,‘,‘

One can check (4.3) without difficulty assuming (4.4) and (4.5). It is clear that the coefficient
of 82/8,x? in Die — eD; is (1 — q)z;A;T;(A;). For the coefficient of 82/8,7;0,z;, it
suffices to observe

the coefficient of 9%/8,x;0,x; in Die — eD;

= 2 AiTi(Aj) + 2;A;T;(Ai) — ;A Ti(Aj) — 2:A;T5(As)
= (i — ;) (ATi(4;) — A;T(Ay))

o2 g (i — @) (B — qri) (g — @) (B — gzj)
= (zi =) t { (i — z;)(z; — qx5) (zj — z:)(z: — qz5) }
_ Ay (- 9)(d ~ )(g — t)ziw;(zi + 25)

t (qr; — z5)(qz; — ;)
and

ATi(A;) + A;T5(A)
qr; —tx; qz; — tx;
A,'j til)i — Tj t.’l?j — T
= +
t {(%' - ;)(qzi —x;) (75— 7)(qz — @) }
_ A (g—t)(zi+3;)
t (qzi — z;)(qz; — =)
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We have also
the coefficient of 0/0yx; in Die —eD;
e (9A1 e B(A,.'L‘,)
= Az, — — A;
]§=:1 ! ]811*'”]' ; ! 04z
0A;
=-AT(A) - Y. (@i- Tj)Aig
. . i q J
1<j<m,j#i
Since
(9Ai _ til,‘i — Tk t.’Bi —qx; t(L‘i — Ty i — Ty
(@i = 25) - H a;i—ack(xi—qxj x,-—a:j>(q—l)xj

NTi i
te; — o, (1 —t)z;

H Ty — Tk qT; — T
k=1keij k 4qT; 1

Mx—iTj(Ai),
qr; — tx;

the proof of (4.4) is complete.
=" D), is clearly as in (4.5). For the coefficient

The coefficient of 6%/0,a7 in D} — ;7
of 8%/8,x;0,x;, note that

zix;(ATi(4;) + A;T(As))
Aij ziw; (qoi — ta;)(te — x;)(qz; — i) — (925 — twi)(tz; — 2:)(qTi — ;)

Tt mi—g; (gzi — x5)(qw; — m:)

and

(qmi — tz;)(tz; — 25)(qz; — z:) — (9z; — txi)(tz; — =i)(qz: — =)
= (qzi — @ + (1 — t)z;)(twi — ;) (qz; — =) — (g — z + (L = t)ai)(tz; — =) (g — x;)

= (1 +t)(w: — ;) (qwi — z;)(qz; — 1)

+ (1 = t){z;(gz; — @:)(tz: — ;) — (s — @) (tw; — z:)}.

Hence
. 2 . 2 1 - t2
the coeflicient of 0°/9,x,0,z; in Di — m—)Dz
_(1- t)flijxixj{xj(qwj — @i)(tzi — x;) — xi(qw: — x;)(tz; — z:)}
t (@i —z;)(gi — z;)(g%; — i)
AiTi(4; iA; T (A
=(1—t):v¢xj{$] (4,) | z:dy J(A)}.
qx; — tx; qz; — tx;
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Since
the coefficient of 9/9,z; in D? :—ﬁ—D
T
1 1-t™ 1+¢
= 1—__—{ T3 z;A; — qziAiTi(As) — Z zi A;T5(A:) + 5 Z xiAij}v
e 1<) <m i 1< <m, g

we conclude the proof of (4.5) from

> {AT(A) - — 4y~ (- ) ———— A T(A)}
1<j<m,ji 9y i

_ Z Aj H t:ci—xk{t:vi—q:cj_(1+t)txj‘—xi_(1_t) x; }

z; — T \ x; — qT; Tj— T T; — T
1<j<mti k=l 0 Ok T4 i Ti 9T; = Ti

m
e Ty — Tk tx; — X
1<j<m,j#i k=1,k#1,j

= _ A Z A Ti T

Tt
T — T;
1<j<m, j#i J ¢

1—¢m!
- A
1—t

Il

where the last equality follows from (2.10).

4.2. GENERALIZED BINOMIAL COEFFICIENTS.

DEeFINITION 4.3. — For any partitions A and p of length < m, the generalized binomial
coefficient (2) is defined by

m

() (/\) b (1)
el ————P L1yeoey Iy = et i TlyeeeyTm)-
(Ctm,t(PA) A( ! )) ; 12 m Etm,t(PM) #( ! )

Remark. — If we put ¢ = t* and let ¢ — 1, then it is readily seen that ( 2)m reduces to
the generalized binomial coefficient defined by using Jack polynomials [Kan2, p. 1096].
In this case the following theorem has been announced by [L] and proved by [Kan2].

Denote p C A if pu; < A; for every i.

TueoREM 4.4. — (1) (1), # 0 if and only if p C X and |u| = [A| - 1.

(2) the (2)m’s are independent of the dimension m in the sense that (z)r = (Z)s
provided 7,3 < £(N).
We leave the proof to Section 6. We write ( 2) dropping the subscript m. For each partition
A weput Agy = (A, dict, A+ L A, .. and A = (A, s A= 1, Ay, L)
and call them admissible if the parts are in nonincreasing order. We shall write
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i) = MA@y, A = (AD)0), By Theorem 4.4 (1), (2) = 0 unless A = p; (or
p = A9) for some 4. Hence, in view of b(\) — b(A®)) =i — 1, we have

A\
(4.6) ePA(21,- .., Tm) = cab) Z ()\(i) ) ——— Py (T1,- s Tm)

Y
i=1 ety

where we have put

GtM,t(PA) - (t"‘)(f”t) /
h hy M

ex =cen(g, t,m) =
The summation in (4.6) is over all ¢ such that A(®) is admissible. This convention will be
used in all future summations involving A(;) or @),
ProposITION 4.5. — The formal series
Py (z1,..., 2,
S(xlv'ﬂymm) = Z’Y)\_‘_(_E,_—"—l
X Y

satisfies the summed-up equation L,,(S) = 0 if and only if the coefficients «y» satisfy the
following recurrence relations

m

1 A@) \ pmt1=2ipi-1
(47) mzc%)( )\))t 7 =" ),
=1

1—¢? 2ab(1 —t™)  (a+b)mt
* { _ab<e§_ t(l—Q)fA) " ((1—q)(1—t) S 1-g )eA
(-9 -bm (1 -tm)
(1-q)3(1-1t)

" =0.

Proof. — One can easily verify that, using (3.2), (4.1) and (4.6), the left-hand side of
(4.7) is the coefficient of Py/h) in L,,(S).
Note that for » < m we have

Py(z1,...,Tm
(4.8) S(z1,...,z.) = S(z1,...,2,,0,...,0) = Zw%.
Y

A
The recurrence relation (4.7) implies the following uniqueness property.

COROLLARY 4.6. — Assume that (c)g‘q’t) # 0 for any partition \ of length < m. If the
formal series (4.8) satisfies L,.(S(x1,...,z,)) = 0 for every r < m, and S(0,...,0) =0,
then S(Z1,...,Zm) = 0.
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Proof. — Note that the coefficient of ~y(;y of (4.7) is not zero because of the assumption

(c)f\q’t) # 0. We prove S(z1,...,z,) = 0 by induction on r, the case r = 1 being immediate
from (4.7). Clearly it suffices to show S(z1,...,%,,) = 0 assuming S(z1,...,z,) = 0 for

r<m—1,ie v\ =0if {(\) < m — 1. For v, with k,, = 1, put A = (™ or A(m) = K.
Substituting this A into (4.7) immediately shows that YA(m) 18 @ linear combination of ~x
and Mgy 1 < m. Thus we find My = 0. The general case follows by induction on &,,.

Let us denote by (2.26),, the system (2.26) to express its dimensional dependence.

Lemma 4.7. — If S(z1,. .., Tm) is a solution of (2.26),,, then S(z1,...,2,), 1 <r <m,
is a solution of (2.26),.

Proof. — Clearly it suffices to prove the case of 7 = m — 1. Substitute S(z1,...,Zm)
into (2.26),, with ¢ # m and put z,, = 0. Then one finds that S(z1,...,Zm_1) satisfies
that the system (2.26),,—; multiplied by t.

This lemma implies that if S(zy,...,2,) is a solution of (2.26),,, then
L.(S(z1,...,2.)) = 0 for < m. Hence by Corollary 4.6 we obtain

LEMMA 4.8. — Assume that (c)g\q’t) # 0 for any partition X of length < m. If S(z1, ..., %Tm)
is a solution of (2.26),, and S(0,...,0) = 0, then S(z1,...,Zm) = 0.

We next provide some formulas for the (2)5

LEMMA 4.9. — We have

o A 1—¢m
4.9 e < (1)> = (i
(49) 20V ) = T=aa-9
TN A A) 11— m—1
. ¢ . = — - t
(410 20 %( V)= ta=aa=s oo

TN ami 2 (Aw)_ -t i -t
(10 g(q"t )*<“<A)‘{(1—q><1—t> 1— tey

+ (1=t tex®+ (t - 1)t + tm‘z)f,\}c,\.

Proof. — We first show

(4.12) > A=t my
=1
m
(4.13) > Ai? =t g + (- Dma
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tm_l(l _ tm—l)

1<i#j<m
(4.15) Z Aij(.’l);t).’l:i.’llj = t2m—3m(111)
1<i<i<m

where m; = m(;) = 1 + -+ + T Replacing z with 1/z in (2.7) yields

et — 2 2z Ai(z3t)
=(t-1 —— 4™
El—zxi ( ); 1—zzx; +
Differentiating both sides once (resp. twice) with respect to z and then setting z = 0 gives
(4.12) (resp. (4.13)). By (2.10) and (2.7) with z = tx; we have

i i tx; — Tk T; — e i —Tr (1l t—-1 x;
Z H Tj— Tk tT; — T Z H T;—T {t+ t x‘—]ta:-}
=1, k=1k#i,j k I j=1j#i k=1k#i,j k 3 ¢

11—t’"—l 1, — t2x
I tml "}
t 1-—t t 1—t{ + H Ty — tx;

k=1, ki
_l{l—tm ﬁ xk—tzxi}
tl1—¢ b bt Ty — tx;

Hence we obtain

Z Ai]' (.’I); t).’l?,

1<i#j<m

e i da tr T T x
@ T —
:tZAixi{ > Il o= ]}
Ti— T tT; — T;
i=1 G=1,5%i k=1ksi,j I k Wi T by

m

= 11__t;n ZA z; — ZA (z; %)z

1-—tm
1—t¢
_ tm-1(1 —¢m1)
B 1-t
The proof of (4.15) is similar to that of (4.14) and we omit it.
Setting @ = 0 in (3.12) yields

tm—l t2m—2

my — my

mi.

() A |

4.16 L P(1, . T -
(419 g Pl =1 G
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It follows from (2.9) that

1 [& T 1
(I_I (zi:9) oo) - 1—q<§“‘i) [I (255 0)os
1=t 1
BRCEDCEDE L YT
Hence applying € to both sides of (4.16), we have

()

1—tm o) -
(- —t) & B, Pa(@s, oy am) *Z (Z (A(’ )cM,)h/(,,P*“'))'

=1

Equating coefficients of P, in both sides yields (4.9).
For the proof of (4.10), note that by (4.12) and (2.9) we see

Dl(HZl(ii;Q)w) :1 i q<(; Aixi) g (xi§1Q)oo)

tm—l

my

1-qIT2, (=i59)

and

m m

E(H:nl(zz’Q)oo) {ZlAz—}— qZTZ ml)A}H

{11_—t: + ((1 _1q_)(t1m_ ) tm—l)ml}ﬂz';l(zlvi;q)oo’

1= l(x‘l’Q)

so that we obtain

m—1 __m 1 —¢m - m
eDl(H;’;xii;q)oo) B i—q{ll -tt * (u—q)(tl—t) - )mi} 11 (xi;1q>

=1

Hence applying €D; to both sides of (4.16) gives

tbo‘)e)\ tm— 1(1 _ tm) tb A)
ePy(z1,...,Zm) = —P\(z1,...,%m)
Ty, D) = T

tb(/\)e)\

1-¢" m-—1
+(<1—-q‘><1——t>—t )30 P )

Substituting (4.6) in the left-hand side and equating coefficients of Py of both sides gives
(4.10) (use ey, = ex +t™*¢* and then (4.9)).

4° SERIE — TOME 29 — 1996 — N°® 5



g-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS 615

By virtue of (4.14) and (4.15) we can derive

m 1 tm—l . 1—¢m 1 m 1
Dz(g e Il v ) U I e e | e

Also by (4.12) and (4.13) we have

(o) = (o m+ (g - 0 + o )}
T 1
* H (xhq)oo

Hence applying D5 to both sides of (4.16), we get

t*) £y
h

ePy(x)
X

- —t(:;zl ) {tm_%(ng':((;l;)q)w) - Iimt_ 5(1‘[;’; IZt;q)w)}

- tm_l m—2 1—¢™ _(4m—1 m—2 m(l,l)
R (e G v e S GRS ) e
1-— tm_l m—2 m—1 _ 1—-tm my
+ (t +t (1-¢)(1- t)) T2 (26 0o

1—¢
_(@=tmhHa - 1 }
(1-1)? [T (=i 9)

- m—1 m— tbo‘)f
_ ((—————-—(t +m )3 P

- )1 -1) -
tm 1(1 — tm— 1)(1 _ tm) tb(A)
—ga-7 2 e

Substituting (4.6) into the left-hand side and equating coefficients of Py of both sides yields

B = = L

Since

1—¢m } tm—iq/\i (tm—iin)Z

f*<i>=f*+{(1_Q)e*_1—t =t " 1.t

one can simplify the left-hand side by using (4.9) and (4.10) and this completes the
proof of (4.11).
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4.3. ¢-DIFFERENCE SYSTEM. — We now state one of the main results of this paper.

THEOREM 4.10. — The hypergeometric function 2<I>(1q’t)(a, b;c; Ty, ..., Tym) is the unique
solution of the summed-up equation L,,(S) = 0 subject to the following condition:

(a) S(z) is a symmetric function in z1,...,%my.

(b) S(z) is analytic at the origin with S(0) = 1.

©) S(z1,...,2+,0,...,0) is a solution of L.(S) = 0 for every r < m.

Proof. — The uniqueness is immediate from Corollary 4.6. Put v, =
(@) (5)9/(c)"". Then we see

Ty =M= a) (T — g (T — M)

By virtue of (4.7), the proof that Lm(2<I>§q’t)) = 0 (and also (c)) boils down to show

1 icx AG) tm+1—2i(ti—1 _ ina)(ti—l _ q""a) _ ab(e2 _ 1—1¢2 f)‘)
=g &0\ A ‘ T Hl—g)

( 2ab(1—t™)  (at b)tm‘l) _(1=a)(- byt (1 —-t™) 0
(1-g)(1-1) 1-gq (1-gq)*(1-1t) '
But this is an immediate consequence of Lemma 4.9.

Next we compare the hypergeometric series 2‘I>§q’t)(a, b;c;xy,...,z,) with the g-
Selberg integral S, m(a, 8,7, p;z;€) with o =1 or —v. If p = 1, then (S, m(z), being
a polynomial, is analytic at the origin. But if y = —v, then in general ;S, ,,(z) has

poles at x; = §j—1q'7+k, k € Z, so that the origin is an essential singularity. In this case
we choose £ = &r = (1,Q,...,Q"!). Then the integral ;S, ..(z;&F) over [0,&F], is
analytic at the origin because the integral is done only over the set < {r > consisting
of the points such that t; = ¢**,¢2/t; = ¢"2, ... tp/tn—1 = ¢"1» for each v; € Z5¢
(this is the so called “«a-stable cycle” in [Aol]). Combining Theorem 2.3, Lemma 4.8 and
Theorem 4.10, we now obtain

THEOREM 4.11. — We have (¢°Q 7'z = (¢°Q~'x1,...,¢°Q 'z,,) etc.)

(4.17)
#Snm(@,8,7,1;¢°Q 7 2;€) = C - 8PP (Q™", ¢~ g (A )

(4.18)  (Snm(a, B9, —7; Qz; £) = Cp - @D (Qn, go¥n=1Q~(n=1); qatBin=1, 1

where C' = an,O(avﬂa'Y;g),CF = an,O(aaﬁa v £F)

The condition that 2<I>§q’t)(a,, b;c;x1,...,T,,) satisfies the system (2.26) is equivalent
to an infinite system of polynomial equations in q,t,a,b,c. The formula (4.18) implies
that these equations hold when ¢t = ¢7,a = ¢"7,b = ¢@t"~1-(=1)7 ¢ = gatB+n—1 Gince
n, o, B, are arbitrary, these equations hold for any g, ¢, a,b, c. Thus we arrive at
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THEOREM 4.12. — The hypergeometric series 2<I>§"'t)(a, b;c;x1,...,%Tm) is the unique

solution of the system (2.26) subject to the following conditions:
(@) S(z) is a symmetric function in xy,. .., Tpy.
(b) S(z) is analytic at the origin with S(0) = 1.

5. Consequences

5.1. INTEGRATION FORMULA OF MACDONALD POLYNOMIALS.

Put
- i—1)(1— t;) (¢" 775/t oo

D(a, B,v; 1) = []eet0-Da-27) (¢t5)oo J D(b).

Dl iit) = [15 (@°t,)os @i D0

Theorem 4.11 implies the following integration formula.

j=1 1<i<j<n

THEOREM 5.1.

/[ ! P)\(t;Qa Q) qD(a’ﬂ”Y;t)‘:)

0,§00]4

(Qn g‘q»Q)(qa+n—1Q——(n—1))§\¢1»Q)
e, Qg+ 1)

a+n—1)—(n-1) (,Q)
= an,O(aaBa Y3 g)PA(l’Qa"‘aQn_l;an) (q Q )/\

= an,O(aa /Ba v 6)

(gatB+n—1) &Q»Q)

Proof. — Replacing z by —¢?Q7 'z, A by X and setting y = t = (ty,...

(¢,t) = (Q,q) in (3.8), we have

II a-dQ'zt;) = (-°Q7H)¥Pu(x;Q,q)Pa(t:0, Q).
A

1<i<m 1<5<n

Substituting this into (4.17) yields

(5.1) > (=@ NPy (x;Q, q)/ PA(t;¢,Q) D(e, B, v; 1)
by [0,£00]4

=C- 2(I)§Q,<1)(Q—n, q—(a+n—1)Qn—1; q—(a+ﬂ+n—1);x)
(Q—n)g‘?ﬂ)(q—(a+n—l)Qn—1)g‘€274)

P)\' (.’L’; Qa q)
Zx: (q=++n=D)CVp, (Q, q)
Note that in general we have

@ = (=a)M@ %P, Ki(a.t) = ha(t,q).
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Hence equating the coefficients of Py (z;@,¢) in (5.1) immediately gives the desired first
equality. The second equality is a direct consequence of Theorem 3.3.

We next show Theorem 5.1 implies the integration formula of Kadell [Kad2]. Assume
v = k, a positive integer. Put z = a4+ (n — 1)(1 — 2k),y =

PROPOSITION 5.2. — Assume Re(z) > 0,y # 0,~1,-2,.... We have

(5.2) Pi(t;q,q k)Ht” 10 [T %@/t

[0,1]~ ! (qyt )oo 1<i<j<n

nk)(%q )

k:c( )+2k2(% )(_‘_1_________
h)\(qy k)
y 12[ Ty (ik + DTy(z + (n — i)k + X)Ty(y + (n — i)k)
i=1 Fg(k+ Dlg(z+y+ (2n—i—-1)k+ X
_ BBy g, gD g g
e+ T+ (0 ik 4 AT+ (0= )
Lo+ )lg(z+y+(2n—i—Dk+X)

=1

Proof. — Observe that [, ;<. t2° ' (q"~*t;/ti)2x—1 is antisymmetric. Using Lemma
2.1, (4.17) and Theorem 5.1, we have
LHS of (5.2)

n t:) oo 1, 1 .
- / Pt d) [ 222 a¢ T (k- )25 1@y 1) ad
<€r> j=1

(9¥t5)o0 1<i<j<n

_ ((lq’“_; (f;_?)'; / _ Ba60,0Dl + (0= )2k = 1),y k50)2

_ (656" )n 4, (§")a i e - g=t(n—k+i—1)
T3 NCYR Tl jyex(1 — g HvH@n=—i-Dk+i-T)

, ﬁ Ly(ik)Ty(z + (n — )k)Ty(y + (n — i)k)
T, (K)y(z+y+(@n—i-Dk)

i=1

Hence (5.2) is immediate from the formulas

Fy(z+1)= qF(x)

and

A, = i(a—2(j —Dk+n—-1)(j-1k= kx(g) +2k2(’;).

J=1
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Kadell [Kad2] has given a different proof of Proposition 5.2 in a slightly different
expression:

_ 5, ("¢ (Ai = A+ (G = D))
LHS of (52) = ¢* (7 s 191}9 T oF

STz 4 (n— )k 4+ X))y + (n — i)k)
XH Fyz+y+2n—i-Dk+X)

i=1

where B, = kY o (1 — 1)\ + km( ) + 2k2< ) This is checked by utilizing (3.6):

n
i) = @O JI@ 0z T @y

1<i<j<n

and observing

nk)g\q,qk)( Aik(n—itky qu:‘:l(i—l)Ai Fyn

(q q (q

t
5.2. INTEGRAL REPRESENTATION OF , &% )(a, b; c; ).

Let a1,...,a, and by,...,bs be such that (b )(q’t) # 0 for any j and any partition A
of length < m. Assume m 5 n, and put

(5.3) ,<I>g‘1’t>(a1, ey Q3 byy b T, T Yy e Yn)

) stl-r
S T l(az)(q’”{(—l)'*'qﬂﬂ}
B DSCOR (g, )PA(L, 8, ..., 1)

Py (z;q,t)Pr(y; ¢, t).

This series converges in a neighborhood of origin only if » < s+ 1 and its proof is
similar to that of Theorem 3.8.

PROPOSITION 5.3. — Let apy1 = ¢° and bsy1 = q" andput o = e+ (n - 1)(y - 1),0 =
n—¢e—(n—1)y. We have

(54) r41 g?l-tl)(alv . ,a'r—f-l;bly---abs+1;x1a---7$m)
= ¢Sno(a, B,7;ép) 7

x/ T@gq’t)(al,...,aT;bl,...,bs;xl,...,xm;yl,...,yn)
[0§F°°]q
X ¢D(e, B,7;y)@

provided the right-hand side is convergent.
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Proof. — This is an immediate consequence of Theorem 5.1 because

(qa+n—1Q—(n—l))§\¢LQ) (q )(q ,Q)

(gm0 (Y
PROPOSITION 5.4. — Let a = ¢°,b = ¢°,c = ¢" and « = € + (n — 1)(y — 1),
B =n—¢e—(n—1)y. We have
(5.5)

n B+G-1)y
) - n— n n— - q
28177V, b ¢, 4Q, ..., qQm ) = gVt ”’”H(q ( Jn
=1

a+ﬂ+n-—1—(i—1)'y)N ’

where 6 = —N,N € I and

(5.6) 2<1>(4’Q)(a b; c;c/ab, cQ/ab, . .., cQ™/ab)

H B0+ -DYly(a+B+n—-1-(i-1)y)
T LB+ (i —1)7)lg(@+B—-8+n—1-(i— 1))

provided the left-hand side is convergent.

Proof. — By Theorem 3.5 we have

n
(5.7) 1859 (q;0,4Q, 0@ w1y wn) = [ (@ u)w,
i=1

) n— 9" Yi)oo
(58) 1009 (asc/ab,cQ/ab,...,cQ" fabiys. .., yn) = II ﬁ
Substituting (5.7) (resp. (5.8)) in the right-hand side of (5.4) with m = n,r = 1,s =0

and a; = ¢~V (resp. a; = a) gives

s - n— n(a+(n— - n.0\ &, /8+N Y5 4q N£
B0V b6,4Q, ., Q") = gl 25l 2
nO(a IBa’YagF)

Nn(a+(n 1(1-v)) ¢ Sn.ola, B+ N,v;€r)
no(a B,7;&F)

- Sn (a’ﬂ - 6"7;§F)
9 (g, b: ¢;c/ab,cQ/ab, . ..,cQ"" Jab) = 1222 )
2 ( / Q/ Q / ) an.O(aaﬁa7;£F)

Hence the proof follows from the explicit formula (4.19).
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6. Proof of Theorem 4.4

6.1. SKEW MACDONALD POLYNOMIALS. — For any partition A, y, v define rational functions
* (g,t) b
fav(a,t) by

A A _ < PA,P#PV >
py ,uu(qat) - < P)\,P)‘ > .
Equivalently,
(6.1) P,P, =) fi(g,t)Px.
A

Clearly f, = 0 unless |A| = |u| + |v|. Moreover it holds that f,, = 0 unless A D p
and A D v [Ma2, (4.2)].

If A\, p are partitions, define skew Macdonald polynomials Py, by

(6.2) P/ =b3"bu Y by fo (a,1) Py

Hence P/, = O unless A D p. Let z = (21, %2,...) and y = (y1,¥2, . . .) be two sequences
of independent indeterminates. Then we have [Ma2, (4.5)]:

(6.3) Py(z,y) = > _ Py/u(2)Pu(y).
m
Put
~ bub, .\
pv by pv’
Setting £ = T,y = (T1,...,Zm—1) in (6.3), we get
(6.4) Py(Z1,...,ZTm) = Z(Z f:(r))xfnPﬂ(xl,...,xm_l).
m r

If X D p then the skew shape A/u (regarded as a difference A — p of diagrams) is called
a horizontal r-strip (resp. vertical r-strip) if |A\/u| = r and no two distinct squares of
A/p lie in the same column (resp. row). Then f;\(r) # 0 (resp. fﬁ\(r) # 0) if and only if
A D pand \/p is a horizontal (resp. vertical) r-strip [Ma2, (4.8)]. Moreover they can be
explicitly evaluated as follows. For each square s and each partition A, define

1— qa(s)tl(s)+1
(6.5) ba(s) = ba(s; q,t) = [EPTIOEErIey
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if s € A\, and by(s) =1 if s € A\. If S is any set of squares (contained in the diagram
of A or not), put

(6.6) br(S) = [ ba(s).

sES

Now let A, be partitions such that A O x and A/p is a horizontal r-strip. Let Cy/,
(resp. Ry/,) denote the union of the columns (resp. rows) that contain squares of \/pu.
Then [Ma2, (5.12)]:

(6.7) f/i‘(r) = b(_r;bk(a\/u)/bu(cz\/u)'
Observe that

o bu(Ba/u) _ 1=t bu(Ra/u)
68 by — b 123 [ — [ M .
( ) fﬂ(l) 1) b)\(R)\/p,) 1— qu(RA/u)

If A, p be partitions such that A D p and A/u is a vertical r-strip, then applying the duality
theorem [Ma2, (3.5)] (¢f. [Ma3, Chap.6, (7.9)]) to (6.7), we obtain

(6.9) fﬁ\(v) = bA(Rx\/u)/bu(R,\/u),
where Ry, denotes the union of rows that do not contain squares of A/p.

6.2. LEMMAS. — Put

o~

A a'(8)ym—1'(s a'(s)ym—1'(s -1 (A
(6.10) (#)m=H<1_q()t z())(H(l_q()t z())) h"h*l<n>m’

SEA SEp

so that from Definition 4.3 we have

——

(6.11) eP\(T1, o Tm) = Y (2)mpﬂ(ml,...,xm).

ll=IAl-1

LEMMA 6.1. — Let A and p be partitions of £(A\) < m and £(p) < m — 1. We have

/2 2% .
(“)m=t<u)m_l+f3(1)’ if L) <m-—1,

(2) = Py if € =m.
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Proof. — Setting x,, = 0 in (6.11) yields

BP)\(.CCl, o ,:Em)
OgTm

t&'P)‘(fL’l, s axm—l) +

/2N
:Z ( ) P;t(xlv--axm—l)’
Ty =0 " l’l’ m

in which we see by (6.4) that

OP\(z1,...,x
(Bla: = = > f#(l)P (1, Tm-1).
qm L =0 |[.I,1 |>\| 1
Hence equating the coefficients of P,(z1,...,Zm—1) in both sides gives the desired
formulas.

For each partition A, define A\, = (A — 1, 2 — 1,..., Agx) — 1). One can readily derive
from Theorem 3.1 that if £(\) = m, then

(612) P)\("El,. . ,.’L‘m) = (Hl’i)P)\*((Iil,. . ,.’L‘m).

LEMMA 6.2. — For partitions A and i of length = m, we have

AN (A o
(u)m - q(u*>m + A any

Proof. — 1t follows from (6.12) that

(6.13) sPA(xl,...,:cm)=e(Hx,~)P>\*(a:1,...,xm)+q<Hxi)aP>\*(x1,...,wm).
i=1

i=1

We assert in general that

1— tm—'r+1

(614) ee,(xl,...,xm) = —‘1—t—6r_1($1,.‘.,117m).

In fact

m
(xla"*vxm) = ZAier—l(xlw" 7xi—17xi+la'~'ax‘m)

= ZAi(er—l(xly (X 7:1"771) - xier—2(xla ooy L1, Tiq 1y e e 7$m))

Il

_I_Tt_er—l(xb cee 7xm) - Dler—l(mla D) ,.’L'm)

1— tm—r+1

= ——1—_t_€r—1($1,-~»$m)~

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



624 J. KANEKO

Substituting (6.14) with 7 = m into (6.13) and equating the coefficients of P,(z1,...,Zm)
of both sides gives the desired formula.

LemMA 6.3. — We have

(6.15) V(lr< ) Pu(1,. .., )

(1—t +qeu)er IP ($17 amm)

- D (er_lP,,(xl, e ,:vm)) +ereP(z1,. ., Tm)-

Proof. — The left-hand side is nothing but e(eTP,,(ml, . ,a;m)). On the other hand
using (6.14) and that

Towier(T1y oy Tm) = €p(T1, .., Tm) + (¢ — D)Tier1(T1, .o L1, Tig1s -, Tin)
=e(Z1,. .., Tm) + qTier_1(T1,. . ., Tm) — T Ty ziro1(T1,. .., Tm),
we have

e(erP(21,. .., Tm))

= (ee,)P,(21,...,Tm) + ZA Tyz: (er) P (Z1y.e ey Tm)

1 _tm—r+1
- _—l;t—er—lpu(l'h .. .,l'm) + GTEP,,(.Z'l, cee 7xm) + qer—1D1PV(x1? . "xm)
0
—ZA(L'qu(eT 1)(9 P(:El, a$m)'
=1

Hence the formula (6.15) is immediate from

tm—r-l—l —m
1 -1

+ZA Ty 2, (€r- 1) P(xl, cey Tm)-

Dl(er—lpu(xlv"'axm)) = eT’—IPV(xlv"‘7$m)

LemMma 6.4.
(6.17) E ,(2)( ) w(T15 -, Tm)

- U a0 - (- PejaRe, )

t(1 — ¢?
+ (—1‘_—;1%—)'1)1 (61P,,(.’L'1, . ,.’L‘m)) + P(g)EP,,(LEl, N ,xm).
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Proof. — One can readily deduce from Theorem 3.1 that

14 1-1
Pyy =m@) + —————-( lqz(qt )m(m),

SO
OPp _tl-¢*)  (+q1-1)

6.18 = i )
( ) 0,T; 1—th+ 1—gt !

from which we get

_ (149l -gt™)

i P
(6 19) I (2) 1 — qt
We have
3 i 9Py OP,
(6.20) e(PoyP,) = e(Pg))P, + Paye(P,) + (g — 1) ; Alx,% oa
and by (6.16) with » = 2 that
(621 (1-1Y At 2l = pyerp) - 7 e,
i=1 ' aq.’Ei

Substituting (6.18) and (6.19) into (6.20) and then applying (6.21) yields (6.17).

6.3. Now we turn to the proof of Theorem 4.4. We shall prove a stronger assertion: For
any partitions A and p of length < m, we have

A b(\)—b()
6.22 = $5()=b(k) A £
( ) (u>m hiz un(1)s

which is, in view of (6.8) and (6.10), equivalent to

—~—

1—g*i~1gm—i+1 b, (Ry,,) . —_ @)
(6.23) <A> = { T ba(Bx/u)’ = A,
u m 0, if /J/ ¢ )\.

Here note that R), is the i-th row of A. We shall denote the i-row (resp. j-th column) of
A by Ry, (resp. C) ;) and write by(R;) (resp. bx(C;)) for ba(Rx ;) (resp. bx(Ch;)). Note
that by (R, ;) = bx(R;) provided £ D A. (6.23) is rewritten as

P 1-gdi~1gm—itl b (R,) . \G
(6.24) (’\) { S awyy Ee=20,
K/ m Oa if 12 ¢ A
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We prove (6.24) by induction on the dimension m. The case m = 1 is easy to check: Put
A= (r),u= (r—1). Then clearly(z) = (1—¢")/(1—q) holds. On the other hand we see

ba(f) = ((Z—Z))j,bu(&) = %

and therefore (6.24) follows at once. We assume that (6.24) holds in the dimensions
< m — 1. This implies that (6.24) holds in the case £(\) < m — 1. In fact by Lemma 6.1

we see that (;\L = 0 unless u C A\ Moreover if u = A®) and £(\) < m — 1, then
by means of (6.8")l we have

<,\) _ - ™ b, (Ry) N 1—tbu(R;)
m 1-gq ba(R;) 11— qbx(Ry)
1 — q)\,'—ltm—i-f-l b“(R,)

1-gq bA(R:)

If £(\) = m, then 4 = A and )\,, = 1. Hence (6.24) is immediate from Lemma 6.1
also in this case.

Next suppose £{y) = m and £(\) = m and that (6.24) holds for A, and j... Then Lemma
6.2 implies that (2) =0 unless u C A If u = A, then by (6.9) we have

m

(6.25)

<’\) — ql — in—Ztm—i+1 bm(Ri) bu(R_u/A*) ‘
m 1-gq ba. (Ri)  ba.(Ruy»,)

Observe that

) 3 1-— in—ltm—i
b, (Ri) = bu(Ri)bu((3,1)) ™ = Wbu(Ri)

1 _ q)\itm—i
1-— q)\i-—ltm—i+1

ba. (Ri) = ba(R:)ba((4,1)) 7" = br(R:)

and

bu(Ryuyx.) = bu(Ri), ba.(Rux.) = ba. (Ry).

Substituting these into (6.25) gives (6.24). Iterating this argument, we see that the case
£(X) = £(pn) = m reduces to the case £(u) < m — 1 (which we have just proved) or the
case £(u) = m and 4(A\) < m — 1.

o~

It now remains to show that (2) =0 when 4(A\) < m — 1 and 4(p) = m. We prove
this by induction on #()) and for fixed £(X) on Ay, the case A = (1) being obvious.
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— ——

Note first that (;\L) =0 for A of £{(A) < p—1,p < m — 1 implies (2) = 0 for A

of {(A) < p and A\, = 1. This follows from (6.15) by setting r = 1,v = A®) (so that
£(v) = p — 1) and equating the coefficients of P, of both sides. So we have reduced the

proof to showing (’\;f)) = 0 for any partition A of |A| = |u| and £(A) =p <m -1

provided that (:) =0 when (k) < p—1or (k) =pand k, < \p.

We divide the proof into several parts treating different cases. First we assume p < m—2
and derive necessary equalities from Lemma 6.3 and Lemma 6.4. We have

A®)
(6.26) (@;m) —0

provided i < p — 1. This follows immediately from (6.15) if we set 7 = 1,v = A{?) and
compare the coefficients of P, using induction hypothesis. Setting 7 = 1 (resp. 7 = 2)
and v = A or /\g )+1) (resp. v = A®)) in (6.15) and comparing coefficients of P, using
induction hypothesis and (6.26), we find that

A A A(p+1 A
(6.27) f)\((f;( (p)> +f N )( (p+1)) Zf)\()(n (}\(z))

\ N A@
6.28 (p+1) ( (P+1)) + <:+1P+2)< (p+1,p+2)
(6.28) d AL\ fAEan(D Iz m
A\ ) N2
(p+1 p+1) +1,p+1 = © (p+1)
o < — )>m ;f”"ii)“)(w”)(”“) m

e e
Ap+1) >‘(p+1) p+1 p+2) AL _+_17 +2
(629) f)\(P)(lz) ( M + f)\(p)(lz) (» ,Ll,p ) .

Lo o
= ( 1_ +gexw — e,,) fm:)(l) + Z f,\<p 0(12) ()\(p,i) )m

Similarly, setting v = A®) in (6.17) gives

o (M) Aoty (Aot Do (A
(6.30) f <(P>)(2)< (p)) +f,\<(p>+(2))( (p+1)> +f,\((,,)+(§)+ )( (p+:[p+1)

7 W

m

1 m
= ‘1__?{(1 - q2)(teu —exm +(14+q)(1—t )}f;(m(l)

A®)
+ E : oo (,\(m’) )
i m
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Here note that, because of induction hypothesis, the generalized binomial coefficients
appearing in the right-hand sides of (6.27)-(6.30) are given by (6.24). So we regard

.. . (»)
these equalities as equations of unknowns (/\m) s (’\<P+1)) , (’\<p+1.p+1)) , and
o~ L m w m M m
(p)
(A(p+1v P+2) ) .
H m

Remark. — If A\, =1 (resp. A, = 2), we understand ( (p+;‘p+1>) , and (’\Ezirzwz))

(resp. ( (pirL p+1>) ) to be zero and the following argument should be modified
accordingly. We leave this task to the reader and assume henceforth that Ap 2> 3.

Case l.-p<m-—2and pu ¢ AP Observe that the right-hand sides of (6.27)-

(p+1 p+2)°

(6.30) are all vanishing. Hence, for the proof of (A(”) = 0, it suffices to show that

the determinant of coefficient matrix of equations is not 1denucally zero. For this purpose,
set t = 1, then we have in general

1-— qa(s)
bA(s) = 1 — qa(s)+1 :

Hence by (6.8) and (6.9) we find that the coefficients appearing in the equations (6.27)-(6.29)
are all equal to one. Also by (6.7) we have

A P P
(1)f (<:))(2)|t 1o b(l)f)\((P)-;l +1)| =1

and

bxp1y (Cripinyt U Camr )

b,\(p)(c)\(p+1) 1 U C,\(p) /\P)
a1 1— q/\ -1

(b(l)b(2))|t 11— q 1— >\ )

=(1-q)1 - ™)1~ *—2>)‘1<1—q2><1—q*v—1)2,

which we denote by C(q). Therefore the determinant of the coefficient matrix (we multiply
the equation (6.30) by b(_ﬁ yatt =11is

A —
by et = (b)) ™

DY A
(») (p+1)
) ) 0 0
A A AP
0 ((p)+1) f ((p)+1 ,p+1) f ((P)+1 ,p+2)
P P P
Aoty (D) Moty () )‘((P‘;'l)(l)
P
A(p+1) (p+1,p+2)
0 Iy A(P)(12) 0 f,\(p)(12)
A(p+1) (p+1 p+1)
(1)f,\(p)(2) (1)f A(P)(2) (1 f)\(P)(2) 0 t=1
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- O = O
O = = O

1
1
1
C(q)

as desired.

Case2.—-p=m—2and p C /\(p ) 1pt+2)- 1t necessarily follows that = /\gﬁ,p 4o for

some r < p, and therefore the rlght-hand side of (6.27) is clearly zero. We see also
A7) A®)
RHS of (6.29) = é:ti(’{if’ ( (o) )

Hence it suffices to show that

£\ N A®)
(p+1,p+2 +1,p+2 _ p+1,p42)
(6.31) fM,,>+(;2;’<AE£,r>” )> fM‘pii(Jf </\(P,r))
(p+1,p+2) "

By (6.24) we have

(D) Wy
(2) ()
p.r ,
A /\(§+1,p+2)
= by (Rr)” b/\<,, ” (Rr)b)\(?) (R,) by (R,)
(p+1,p+2)

p+1,p+2

= by ((Ta 1)) 1b)\(1’v") ((T’ 1))b)\(”) ((’I‘, 1))_1b>\(1’) ((Tv 1))
(p+1,p+2) (p+1,p+2)
On the other hand by (6.9) we see also

A®

(p+1 p+2) __ b C —lb C
f = by (Crw 1 ) (Ca 1)
AP (12) ( ) A(p+1,p+2)

Al

("+“’+2)—b 2 (Cxor LN Cho.r
f)\(p ) (12) AP, )( AP, ),1) )‘EP+; i) ( Alp, ),1)7

so that

(p+1,p+2) -t AEP'Q +2)
(fx(p)(p) ) f)\(p,r)h?)
= b (1 1)baen (1) oyom ((nD))bym  ((r,1)) 7"
(p+1,p+2) (p+1,p+2)
This completes the proof of (6.31).

Case 3. —p=m —1and u ¢ Ap41). In this case by (6.15) with r = 1 (resp. 7 = 2)
and v = A (resp. v = A(®)) and induction hypothesis we have for some s < p

Aoy Ayt
(632 509 g (o) =o
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2o /\A_/l (Z) . )\(P )T(;S
(6.33) f ((p;a)g) ( (I:_ ) > + fxép)-;izg (p+1 s Z f)\(p i)(12) /\(P,i)
m

Observe that, as p ¢ Ap41) is assumed, f,’\‘(p,i)(p) does not vanish only if u is of the form

(6.34) p=AED S T <pr#s,

and ¢ = r. If not, then one can readily conclude from Lemma 6.2 and induction hypothesis

that (Aﬁﬁ%,s)) = 0 . Hence (’\(f;‘”) = 0 follows from (6.33), so that we obtain

m m

N
We now assume (6.34). It clearly suffices to show

(*m)m = 0 from (6.32).

RO )\(IT)V AlPm) F}S
(635) f/\((:)?iz)) (/\Egt} #) ) = f,\((:t)l(l)i’) (/\(P,T‘) >
(p+1,s) m

By (6.24) we have

w36 (0 A?*“) = bron (B) Ty (Rebye  (Re) ™ oo (Br)
ROl L O e N S R P Rl B M

(p+1,9)
= bren (8)Thyom (S)byor  (8) oA (S),
(p+1,s) (p+1,s)

where S = (r,1) U (r,As + 1) if r < s and = (r,1) if 7 > s. On the other hand by
(6.9) we have also

/\(P) _ _
Faram = baw (C1 U Cx, 1) 710 b, s)(C{ UCx,+1)

AlPor)

f/\((:t)l(;)z) - bA(p,r)(C{ U C,\s.’.l)_l b(—ig b/\gzii 9 (C:Il U CAS-{-].),
where C] = C; \ (s,1). Observe that

brn (C1 UGy, +1)‘1bm)((){ U Chx,+1) = baewn (S) Toam (S)
byw (CLUCH, 1)t ,\(p ) (CLUC,41) = brwn (S) tbym (9),

(p+1,s) (p+1,s)
to get

AP -1 (p r)
(R fz5i, = RHS of (6.36).
This completes the proof of (6.35).
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Case 4. ~p=m—1and u C Ap41). So p = >‘§;)+1) for some r < p+ 1 and p,, = 1.
One can readily derive from (6.15) with 7 = 1 and v = A and induction hypothesis that

oy [ Awy Mosny (Apat By
(), + s (), = o i)
So it remains only to show
Ap +1) (p+1) A
f(1+1)< 8’) ) = fr ( r )
M\ MNP
This is concluded, as in the previous cases, from (6.9) and (6.24): It holds that

—_ -1 —
A ) (’\(I"H)) A(p+1) <p+1>
r (r) f f :
b)‘(p+1) ((’I‘, 1))_lb>\((ra 1))b/\(f) ((T’ 1))—1b)‘22>+1) ((Tv 1))

We have completed the proof of Theorem 4.4.

Appendix A. Convergence of the integral

We show that the integral ¢Sy, m (a, 5,7, ; 1, . . ., Tm; §) converges under the conditions
(C1), (C3). It is immediate that, if (ag®)s/(bg°)s has no pole at any s € Z, then

(aqs)oo < Mla s 2 Oa
(b¢°) o Mla/b|™®, s <0,

where M1 = max,>0/(aq®)oo/(04°)oo|s Mz = [(a)oo/ (b)oo| maxszol(a™)s/(b7)s|. Using
this, for t; = £;q° one has

(@77t /t:)oo Cte., sj— 8 >0,
———(1—-t;/t;)| < . -
(97t /ti)oo (L= t/t)| < Cte.|g>|*7%, s;—s: <0,
(gt;)oo < Cte., s; >0,
(€%t)oe | = | Ctelg® %, s; <0,
(xzt )oo < Cte., s; >0,
<\ Ctelgmlss, s; <o,
For s € Z, we put
|1, s >0,
@s = g? e s < 0.

Case Re v > 0. — So |¢”| <1 and it follows from the inequality above that

@20/

(97t;/t:)oo

< Cte.|q27|—|31|*lsi|'
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Hence

n

|®o(£10%, . . ., €ng®)| < Cte. HIq(a+n—1—2(j—1)7)$j—2(n—1)7|5j|as' .

J
=1

The condition (C2) in the case Re v > 0 is equivalent to

oo —o0
Z‘q(a+n—1—4(n—1)7)sl + z |q(a+n—l+ﬂ—1+mu+2(n—1)7)5| < oo,

s=0 s=—1

This clearly implies the convergence of the series

(A1) /lo,gw]q Bo() = (1= a)" 3 Bo(€1a™, ., Eng™).

s; €L

Case Re v < 0. — We see

(¢'77t;/ti)oo

< Cte.,
(q’yt]'/ti)oo -

(1—t/t:)

so that

n
|®o(€19%, .. .,&nq°")| < Cte. H|q(a+"_1_2(j_1)")sfasj .
=t

The condition (C;) in the case Rey < 0 is equivalent to

oo —o0
Elq(a+n—1)s| + Z |q(a+n—1+,8—1+mu—2(n—1)7)s' < 00.

s=0 s=—1

This implies the convergence of the series (A.1).

When £ = &p, as the summation in (A.1) is only over 0 < s; < 83 < ... < s,, One
can relax the condition (C,) into

Rea +n —1 > max{2(n — 1)Rey,0}.

Finally we note that, as |Pi(z)] < Cte.(|z1| + ... + |zm|)?, the integral
f[o,goo]q P\(t;q,Q)q D(at, B,v;t)& converges provided that

Rea +n —1 > 4(n — 1)max{Re~, 0},
Rea+n—-1+Ref —1+mRep+ |A < —2(n—1)[Req|.

4° SERIE — TOME 29 — 1996 — N° 5



¢-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS 633
Appendix B. Evaluation of S, o(a, 5,7;€)

We begin by showing that

e 1-— qa+n—1—(n+j—2)7
(B.1)  ,Sno(a+1,8,7;€) = gnn"/2 H T aSnola, B,7;€).

Indeed this is a consequence of the case m = 1 of (4.17): Equating the coefficients of
xz™ of both sides gives

. —(a+n—-1)yn—1.
(_qﬂQ_l)n an,O(a + 1a18a7; é) = (?Q; é?gn (q(q_(a+ﬂ+,f2_1); é?:n an,O(a’ /87'775)’

and this leads to (B.1) immediately. We first prove (1.6) by induction on =, the case
n = 1 being nothing but the g-beta integral formula [Asl], [GR, p. 19]. We proceed as
in [Kadl]. Set

Fyla+n—-1—(n+j—2))
Dy(a+B+n—1-(n—-j)v)

n(n— l)a
(B.2) (0, B,7)=¢" 7 7H

_ an,O(aaﬁa’)’;gF)
(B3) an(OZ,,H, 7) - qPTn(a,,B, ")’) ‘

By (B.1) and the equation I'y(a + 1) = (1 — ¢*)/(1 — ¢)T'y(r), we see

(B'4) an(a+l,ﬂ,7) = an(a,ﬂ,'y).

We extend ,Qn(a,3,7) to all o by this equation.
We assume that « is real and v > 0, Rea + (n — 1)(1 — 2v) > 0. We show that

“r Ta(B+ (= D1)Te()
B.5 n Ol,,@, — Chn q q
(B.5) 4@n(@, B,7) 1=1 )
where C,, = Z?=1(—2(j —1)v+n—1)(j — 1)y. Rewriting ;S,,0(c, 8,7;&F) as iterated
integral, we have
tn)
Sn a, 9,7, :/ ta+(’n 1)(1-2v) \Y'n/oo (qn [eS)
q ,0( ﬁ Y £F) [0,g(n=1] (q'@tn)oo
[ / Ht‘“'(’ 1)(1-27) (q5)oo
[0,(1,....,g=2)] 5 (qﬂt )oo

174 /2.
x I (g t’/t’)‘”D(t)d"tl/\‘../\d"t"‘1 dotn

1<i<j<n (@t /i) t tho1 | tn
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Set a9 = (n — 1)(2y — 1). Observe that

1- qa—ao / te—ao (qtn)oo dqt" =1
[O,q(n—l)‘v]

)
e (@Ptn)o tn

a—roa 1- q

Hence we obtain

1 — g¥—%0

(B6) lim _]Tq_—q_qsn,O(anB,’y; éF) = an—l,O(O‘O + 17/8a’7;€F)

a—ag

n—1

_ ot ] Dl 3+ DD+ = D))
LB+ (n+3— 1)7)Fq(’7)

7=1
where
! . . n(n—1)
Anr =) (a0 =20 ~Dy+n-1)(j - Dy =Cot =5 aov.
j=1
On the other hand by (B.2) and (B.3) we have
. 1 — qa—ao )
(B7) O}LIEO '—'1__—&_qsn,0(aa/87ry,€F)
. 1 _ 40— Qo
= lim l—q_q—qprn(a,ﬂ,’ﬁ g@n(@,B,7)
n—1 .
_ 2500 1 Ty((n— j)v)
T o W G - o 2o )
Equating (B.6) and (B.7) yields
n—1 .
_ntn-1) _ Le(B+(n+4—1)v)
B8 n » My = 2 @07+An 1F + - 1 ! N
( )qQ (Olo :8 ’Y) q q(;@ (’IL )’Y)JIzll Fq((n _])7)
y H Ty((n =5+ DNTa(B+ (5 = DNTe()

_ Cn - Fq(ﬁ+(j-1)7)rq(j’7)
=a11 T,(7)

=1

This establishes (B.5) when o = ag + k,k € Z. One can show that ,Q,(co,3,7) is
bounded in the strip ap + 1 < Rea < ag + 2 in the exactly same way as [Kad1]. Hence
it is bounded for all a by (B.4), and thus (B.5) follows from Liouville’s theorem that a
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bounded entire function is constant. The restriction that v is real and positive is easily
removed by analytic continuation.

Now we turn to the proof of (1.5). Set

(Bg) an,O(anB”Y;é-) = c(é) an,O(o‘nBa'Y;SF)'

By the definition of Jackson integral, we see for any j that

(B.10) Tye,c(8) = c(§).

Observe that c({) IT;-, 52<j_1)7_“ is meromorphic on (C*)" with simple poles in

{§|H1<1<]<n (q §J/§1)H 19(¢°¢)) = 0}. We assert that c(€) is vanishing on
{¢1¢ = &4~k € 7} By (B 10), it suffices to show that if & = &;,¢ < j, then
¢Sn0(a, B,7;€) = 0. Let 0;; be the transposition of ¢ and j. We have

[0,€00], 0,045 (€)o0]q
[ ou@alt)s
[0,€00]4
= —Um‘j(g)/ (I’O(t)(':)
[0,€00]q
Hence our assertion follows from (use ¥(g/z) = ¥(z))
2v—1 9(q"
Vo, ©= I (é) =1 96/ Ek)

1<kcicn Sk I(g' &/ k)
;i (k)>0;(1)

9(q") 11 (Q)h‘l ACKIIRSY (51)27‘1 UCKIND)

T 2 \ed  adee) AL I(q &)
=1.
We are now able to write
6(5) Hga 2(-1)y__*+ 1 ?9(51/61) f(f)

WG | AL 9a;/&)

where f(&) is holomorphic on (C*)™. One can derive from (B.10) that

Toe f(§) = m—(ln—m'g—f(f)
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Therefore we conclude that

£(&) = Cte. [[ 9(g*+*~("Dg)).

=1

Since c¢(ér) = 1, we arrive at

o(£) = g 2n-s 2D ﬁ ga=26-17 V(&g PO (g )
J

I(ge+P=(n=D7)9(€;4%)9(q)

1gggn Ha7&;/&)

Combining this with (B.9) and (1.6) completes the proof of (1.5).
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