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1. Introduction

Economists have recently begun to explore the effects of prospective regime changes on
forward-looking variables. In an example inspired by Britain’s return to the gold standard
in 1925, Flood and Garber (1983) study the case in which an asset price (specifically,
the exchange rate) floats freely until it reaches a pre-announced level, at which time the
government intervenes to keep it fixed thereafter. They show how a first-stopping time
methodology can be applied to their problem, but are unable to derive a closed-form
solution using that mathematically cumbersome technique.

In this paper we apply techniques of regulated Brownian motion to derive easy solu-
tions for a large class of regime-switching problems, including the one posed by Flood and
Garber (1983).1 The technical approach we use has several advantages over the alterna-
tives. First, and most important, the method is both simple and helpful for understanding
the intuition behind the mathematics. Second, it clarifies the economic similarities between
Flood-Garber process switches and other types of stochastic regime change. Finally, the
approach allows us to be precise about potential indeterminacies in asset prices that can
crop up when policy makers do not fully specify how they intend to achieve their economic

1:arge1:s.2

1 Smith (1988) has shown how to derive an explicit solution to the Flood-Garber problem using the methods they suggested.
Naturally, our solution agrees with that found by Smith.

3 Froot and Obstfeld (1989) present a detailed discussion of the relationship between the process-switching examples in this
paper and some others, including systems of exchange-rate "target zones.” Under a target zone, the policy maker keeps an asset
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The rest of the paper is structured as follows. In section 2 below, we lay out a
very general exchange-rate model. Section 3 contains solutions to several specific process-
switching examples, and it also discusses how some formulations of future policy intentions

may leave asset prices under-determined. Section 4 concludes.

2. The Model

To keep the analysis simple, we use the standard flexible-price monetary model of the
exchange rate.3 In this framework, the (log) spot exchange rate at time ¢, z(t), is the sum
of a set of macroeconomic fundamentals, k(t), plus a speculative term proportional to the

expected percentage change in the exchange rate:

2(t) = k(t) + aE (dz(t) | B()) /dt. (1)

Above, the parameter o can be interpreted as the semi-elasticity of money demand with
respect to the interest rate; E is the expectations operator; and #(t) is the time-t informa-
tion set, which includes the current value of fundamentals, k(t), as well as any explicit or
implicit restrictions the authorities have placed on the future evolution of fundamentals.
For example, if the authorities have announced that they will fix the exchange rate once it
reaches a certain level, this information would be incorporated into ¢(t). Included among
the fundamental factors that affect k(t) is a variable measuring relative national money
supplies, which are assumed to be controlled directly by monetary authorities. Included
as well are other, exogenous determinants of exchange rates that the authorities cannot
influence.

The monetary authorities may intervene to influence exchange rates by altering the
stochastic process governing (relative) money-supply growth. This in turn will alter the
process driving the fundamentals, k(t). A regime of freely floating exchange rates is said to

be in effect when the authorities refrain from intervening to offset shocks to fundamentals.

price from moving out of some predetermined range, but he does not intervene when the price is within the range. The original
target-zone solution is due to Krugman (1988); see Miller and Weller (1988), Flood and Garber (1989), and Klein (1989) for
other studies of exchange-rate zones.

3The single-equation formulation d below is derived from underlying behavioral relationships by Flood and Garber
(1983). B a tinuous-ti approach often allows a neater characterization of solutions than comparable discrete-time
methods, we assume continuous trading. No essentials of the resuits, however, depend on this a pti
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Under a free float, we assume that the fundamentals evolve according to the process:
dk(t) = ndt + odz(t), (2)

where 7 is the (constant) predictable change in k, dz is a standard Wiener process, and
0 is a constant. Equation (2) is just the continuous-time version of a random walk with
trend. As noted above, the authorities can control k through intervention, so k need not
follow (2) under regimes other than a free float.

In a rational-expectations equilibrium with no speculative bubbles, there is a unique

exchange-rate path that satisfies (1). This path has the integral representation:

o

z(t) = o~ /t g (k(s) | p(t)) s (3)

a representation valid under any policy regime or sequence of policy regimes. In words,

(3) equates the current exchange rate to the present discounted value of expected future

fundamentals (the discount rate is 1/a). We refer to the equilibrium exchange rate, given
by the present-value formula (8), as the saddlepath exchange rate.’

Given (2) and the types of regime change we will consider, it is reasonable to suppose

that the saddlepath exchange rate can be written as a twice continuously differentiable

function of a single variz;ble, the current fundamental:
z(t) = S(k(2)). (4)

Naturally, the precise form of the function S(k) depends (as is demonstrated below) on
the nature of the regime shifts that the market thinks are possible.

A well-known special case is the one in which the authorities are committed to a
permanent exchange-rate float, so that fundamentals are expected to follow process (2)
forever. In this case, the conditional expectations in (3) are easy to evaluate, since they
depend exclusively on current fundamentals, and not on possible future regime shifts. The

saddlepath exchange rate S(k(t)) is given by:

a_l/me(t—’)/"E(k(s) | k(t))ds:a'l/me(t_’)/"(k(t)+(s—t)n)ds = k(t) + an. (5)
t t

4 The propositions below can also be rederived using more complex forcing processes. See Sectionn 3.3 below. )

*This terminology is meant to differentiate the present-value exchange rate from other solutions to (1), which include
extraneous bubble components driven by self-fulfilling expectations. We assume that such bubble solutions are ruled out by
market forces.




If, however, the market expects the authorities to alter (2) in the future, the exchange
rate need not satisfy (5), even while allowed to float. In such cases, direct computation
of the sequence of conditional expectations in the present-value formula (3) is likely to
be burdensome. We therefore follow an alternative, two-step approach to determine S (k)
when a regime switch from (2) to some other process is possible. First, we characterize the
family of functions of form z = G(k) that satisfy the equilibrium condition (1) so long as
fundamentals evolve according to (2). Second, we find the member of this family that sat-
isfies boundary conditions appropriate to the stochastic regime switch under consideration.
This last function is the saddlepath solution, S (k).

To implement step one of the procedure outlined above — finding the general solution
z = G(k) - use It6’s lemma and equation (1) to express expected depreciation during the
float as:®

E(dz | ¢) /dt :E(dG(k) | ¢) Jdt = nG'(k) + %%G”(k), (6)

where we have assumed G(k) is twice continuously differentiable. Combining (1) and (6)
yields a second-order differential equation that the exchange rate in (1) and (3) must
satisfy:

G(k) = k + anG'(k) + i"izc"(k). (M

The general solution to (7) is:
G(k) = k + an + A1k + Age?E, (8)
where A1 > 0 and A; < 0 are the roots of the quadratic equation in A,
A2a0?/2 + dan —1=0, (9)

and Aj, Az are constants of integration. Equation (8) forms the basis of our analysis below.

As just discussed, a lone member of the family defined by (8) will turn out to be equivalent

8 Where it doea not create confusion, we drop the time-dependence notation. It is worth noting that while we refer to G(k)
as a “general” solution, it is general only if attention is restricted to solutions that depend on current fundamentals alone. In
fact, (1) has even more general solutions, for example, solutions that are functions not only of current fundamentals, but also
of wariables extraneous to the model. Such solutions are not considered in this paper. This exclusion is not restrictive given
the economic problem we are considering.



to the present-value formula for z in (3), and this function is just the saddlepath function,
S(k).

Notice that the general solution (8) consists of two components: one is linear, and the
other is nonlinear, in k. The linear part, k + an, would be the standard linear saddlepath
solution if no change in the fundamentals process (2) were possible, so that a free float were
permanently in effect (see equation (5)). When there is a possibility of regime switching,
however, fundamentals may not remain permanently a random walk with trend, and the
present-value formula (3) therefore need not equal (5). Under prospective regime switches,
the exchange rate’s saddlepath value will generally depend on the nonlinear terms in (8).
Just which tnitial conditions A; and A; are appfopriate depends on the boundary condi-
tions associated with the regime switch, conditions to be determined in step two of the

two-step solution procedure outlined above.

3. Stochastic Process Switching

This section carries out the second step of the solution method outlined in the last
section. As an example of the simplicity of the technique, we solve the problem posed
by Flood and Garber (1983). In terms of the mathematics, all that is involved is the

appropriate choice of the two arbitrary constants in (8), A; and Aj.

3.1. Deriving a Closed-Form Solution

Suppose that the authorities wish to let the exchange rate float until it reaches a lower
or an upper level, z or Z, at which time they plan to fix £ permanently. How; does the rate
behave prior to pegging? This class of problems is a generalization of that posed by Flood
and Garber (1983), who are concerned with the behavior of a floating exchange rate when
the authorities plan to switch to a fixed-rate regime at a single, predetermined level of the
exchange rate, T. We return to a more detailed discussion of their formulation at the end
of this subsection. Qur rationale for looking at a more general problem first is that its
solution will clarify the economics of more specialized (and realistic) cases.

One way for the authorities to enforce their policy is to place lower and upper limits,

k and k, on the fundamentals, and to freeze fundamentals when one of these bounds is
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reached. This policy implies that k and k must be absorbing barriers on the fundamentals.
Thus, if S(k) is monotonically increasing in & (as turns out to be the case in equilibrium),
then as long as k moves between the absorbing barriers k and k, the exchange rate will
float between the lower and upper values z = S(k) and Z = S(k) until it reaches one of
them.

Expectations about the way future regime shifts will be implemented are actually
quite important in determining the exchange rate’s saddlepath. For now we stay with the
formulation of the previous paragraph, which is the same as the one used by Flood and
Garber in their calculations. In particular, the assumption that the absorbing barriers
are set as just described implies that the fundamentals will not jump at the moment of
transition. As the next subsection shows, this restriction may be relaxed, but doing so will
change the equilibrium exchange-rate path.

To determine exchange-rate behavior during the initial float, we solve for the exchange-
rate path that satisfies (1), given that (2) holds for k € (k, k) and that k and k are absorbing

barriers. The saddlepath solution is a special case of (3):

2(t) = S(k(®)) = 2~ /t T el VaB (k(s) | k(t),k(s) € korFal)ds,  (10)

where the e subscript denotes that the barriers on fundamentals are absorbing. As noted
in section 2, direct evaluation of the conditional expectation in (10) is much more difficult
than for the permanent free float (equation (5)): the bounds on fundamentals imply that
the saddlepath exchange rate S(k) generally is no longer a purely linear function of k.
We have already taken the first step toward solving the problem by deriving the general
nonlinear solution z = G(k) given by (8). Some member of this family of solutions must
characterize exchange-rate behavior when k is in the interior of [k, k|, where (1) and (2)
simultaneously hold. A nontrivial logical gap must be bridged, however, before concluding
that equation (8) is also relevant at the boundary of this interval, that is, at the barriers
k = k and k = k. The needed bridge is supplied by the fact that the saddlepath solution
S(k) is continuous on the entire interval [k,k]. Continuity of S(k) ensures that if that

function coincides with a continuous function of form G(k) on the interior of that interval,
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it coincides with the same function at the edges.’

All that remains, then, is to determine the boundary conditions on G(kJ, which deliver
unique values for the undetermined coefficients A; and Ay in (8), and therefore tie down
uniquely the member of the class G(k) that coincides with S(k). But the boundary values

of integral (10) are easily found; by our choice of the barriers, they are:

Combining (8) with (11) and (12) leads to the desired equations for A; and Aj:

ALk

an + AjeME + Agerk =0, (13)

an + Ale’\lk + Aze’\zlc =0. (14)

These two expressions lead to the following proposition:s

Proposition 1. When fundamentals follow (2) within the absorbing barriers k and

k, the saddlepath solution (10) is:

Ak Mk _ AaktArk | AktAak _ (Ak+Aak
x:S(k)=k+aﬂ(1+ = = ) (15)
e/\z&-f-/\lk —_ e/\zk-f-/\l&
If we let the lower bound, k, go to minus infinity, (15) simplifies to:
z= k+an(1 —e’\l(k_k)>. (16)

If, in addition the upper bound, k, goes to infinity, we get the familiar linear solution (5):

z=k+ an. (17)

i K =lim,_ - S(k)

7 Formally, taking limits as (say) k approaches k from below, continuity implies that S(;) = S{lim
=lim, _;G(k) = G(lim, __; ¥ = G(k).

u'I'he boundary conditions used above generalize easily to other types of regime change. For example, suppose that the
authorities announce that at k = k, the stochuhc process driving fundamentals will switch permanently to dk = n'dt + o'dz.
Then condition (12) becomes S(k) = k+ an’ = . Note that only the expected growth of future fundamentals, not their

variability, matters for the boundary condition and therefore also for the exchange-rate process under the initial regime.

7



Only when both boundaries are infinitely distant is the exchange rate linear in fundamen-

tals.

The saddlepath solution given in the proposition is of the form hypothesized earlier:
it is a function of the current state k and the two barriers. It is also straightforward to
verify that S(k) is monotonically increasing over its domain, as claimed earlier.

To understand the economics of our result, consider first the simple case in which
fundamentals have no trend, = 0. The exchange rate then is simply equal to current
fundamentals: £ = k. To understand why, notice that when = 0, the expected growth
of fundamentals always is zero — even at the absorbing barriers. Thus, the best forecast of
all future fundamentals is just today’s value of k; and the conditional expectations in (3),
as well as the exchange rate, all equal current k.

Matters are more complicated when n > 0, so we use Figure 1 to illustrate. The
line labelled FF indicates the linear solution given by (5), which corresponds to the case
A1 = A = 0. (FF is also the saddlepath under a permanent free-float regime.) The figure
shows two exchange rate paths with the same upper bound, but different lower bounds.
Path 1 depicts the behavior of z when the absorbing barriers are the points k and k. Path
2 is drawn to correspond to the extreme case in (16), where the lower bound is at minus
infinity. It is clear from (11) and (12) that the exchange rate must lie on the 45-degree line
through the origin at both absorbing barriers. The free-float saddlepath, relevant when
both boundaries are infinitely distant, is shown as FF.

The intuition behind the bent curves in Figure 1 is as follows. On the saddlepath,
the exchange rate is the present discounted value of fundamentals, and the evolution of
fundamentals is governed in part by their deterministic trend growth rate, which depends
on 7. Suppose that 7 > O (the case shown in the figure). As k approaches either k or
k, the probability that the exchange rate will still be floating on any given future date
declines; and since 7 is set permanently to zero at the moment of pegging, the expected
rate of monetary growth on any future date also declines as either absorbing barrier is

approached. As a result, there is a progressive currency appreciation relative to FF as



k moves towards a barrier. For 5 < 0, FF would lie below the 45-degree line and the
saddlepath solution would be the mirror image of the one in Figure 1. As we have seen,
when n = 0 the bending effects are absent because absorption of k¥ has no effect on the
expected change in fundamentals. Think of the saddlepath as being trapped between FF
and the 45-degree line, which collapse into a single line when n shrinks to zero.

The path given by (16), whose derivation implies setting Ay = 0 in (8), is the unique
path for the stochastic-process-switching problem of Flood and Garber (1983). They
attempt to solve directly the integral representation for the exchange rate when pegging

occurs at £ = T with no jump in fundamentals at-the moment of pegging:
o —
z(t) = a—l/ e(t"’)/"E(k(s) | k(t), k(s) < ka :E)d.s. (18)
t

Equation (16) is the unique solution to this integral.?

3.2. Policy Announcements and Exchange-Rate Indeterminacy

In the foregoing discussion, we assumed that the authorities announced bounds on the
fundamentals, and that their policy was a passive one until one of the bounds was reached.
In practice, policy makers are unlikely to make future policy contingent on the level of a
policy instrument such as the money supply. They are more likely to announce bounds
on the exchange rate itself. Indeed, in their verbal description of the process-switching
problem, Flood and Garber (1983) assumed that the authorities committed themselves
simply to peg the exchange rate once it reached a target level Z. Only in their calculations
did they add the supplementary — but crucial — assumption that fundamentals cannot
jump at the instant of pegging. In the last section, we solved the Flood-Garber problem
assuming explicitly that this additional information had been conveyed to the market.

If policy makefs are less explicit in their announcements than we have assumed so far,
however, the market may have too little information to calculate an equilibrium exchange
rate. We now show that a unique equilibrium will exist if the authorities announce both
a future exchange-rate peg and the size of the intervention they will undertake at the

moment of transition. But prospective interventions of different size give rise to different

?See also Smith (1988).



exchange-rate paths. It follows that exchange-rate information alone does not generally
suffice to determine an equilibrium. Owur basic point is a familiar one: a determinate
market outcome tequires that different expectations not be validated by accommodating
official behavior.10

We can see how a prospective transitional intervention affects the equilibrium by
imagining that the authorities make the following announcement: “When the exchange
rate reaches Z, we will peg it by means of an intervention that instantaneously raises the
fundamental k by the amount I. From then on, we will do whatever is necessary to hold
the exchange rate at Z.” To solve, it is best to work backwards from the moment after
the intervention, when the exchange rate has alréady been fixed. At this time, and forever
after, it must be the case that £ = k = Z. The intervention that brings & to k occurs
at the moment z reaches Z, so at that moment, fundamentals move discontinuously from
%k — T to k. Note that investors fully anticipate this large change in fundamentals when
z reaches its boundary level; but, if there are to be no riskless profit opportunities, the
exchange rate must remain steady at Z as the anticipated intervention is carried out. This
condition is another application of asset-price continuity. In terms of our earlier notation,

it can be written as:

Sk-T)=k=%. (19)

As before, the appropriate boundary conditions, applied to (8), yield a closed-form so-
lution. Since the barrier is one-sided, one condition is A3 = 0, which forces the saddlepath
to approximate the linear solution for k far below k — I. Given that Ay = 0, continuity

condition (19) is:

E-T+an+ Ae-Df=3z (20)
This second boundary condition leads to:

Proposition 2. Assume that fundamentals are expected to rise discontinuously by the

amount ] at the moment the exchange rate is pegged at Z. While floating, the equilibrium

10 Obstfeld and Stockman (1985, section 2.3), point out this indeterminacy. Flood and Garber (1989) use a boundary condition
identical to the one invoked below to study target rones with discrete interventions at the margins.
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exchange rate is given by:

z=k+an+(I- an)eh("_;'g). (21)

Figure 2 illustrates how the prospect of a discrete intervention alters the equilibrium.
Path 1 depicts the equilibrium with T = 0 described by (16) and shown previously in Figure
1. Path 2, by contrast, graphs the relationship described by (21), where the authorities
undertake an intervention of I > 0 at z = Z. Path 2 is steeper than path 1: near the upper
bound, where a large positive intervention is imminent, the greater discounted value of
expected future fundamentals increases the exchange rate.!!

Equation (21) underscores the main point: when the authorities commit themselves
only to peg the spot rate once it reaches Z, they are implicitly committing themselves
to perform whatever intervention the market happens to conjecture will occur at that
moment. Indeed, in the extreme case, suppose that when the policy is first announced at
t = 0, with k(0) < k = Z, the market immediately pushes the exchange rate to Z. If the
authorities are to fulfill their commitment, they would be forced to adjust fundamentals
instantly by the amount k — &(0).

To rule out multiple equilibria, the authorities can announce both the size of the
intervention they are willing to undertake as well as the exchange-rate peg. Alternatively,
as was assumed in the previous subsection, they can announce that they will remain passive

while fundamentals follow (2), until absorption occurs at the fundamental k=%

3.3. More Complex Forcing Processes

The techniques above are practical only when the driving process in (2) is relatively
simple; it is usually impossible to find closed-form general solutions to the analogues of
(7) when k follows a more complicated forcing process. Nonetheless, some special cases
do have solutions. Suppose, for example, that fundamentals are mean reverting, following

the Ornstein-Uhlenbeck process:

dk(t) = (n — 0k(t))dt + odz(t), (22)

111f we think of the authorities as intervening by a sharp increase in the money supply when z reaches Z along path 2, then
equilibrium is maintained by a di tinuous fall in the nominal interest rate. The counterpart of this fall in the interest rate
is a fall to sero in the expected rate of currency depreciation, which depends the curvature of path 2.
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where 77, 8 and ¢ are known constants. Use of {1) and application of Itd’s lemma lead to

the differential equation:
. .2
G(k) = k + (n — 0k)G' (k) + —2—G”(k). (23)

The following proposition gives the general solution to (23):

Proposition 3. When fundamentals follow (22), any solution to equation (1) must

satisfy:

k+an 1 1 2(n—6k)? 1+6 3 (n—0k)%\ (n — 0k)
—Gk) = M(—,—,———— AsM 2 ,
2=Glk) =5 TAM(55 T G2 )+ 2 (20 2’ o2 ) N
(24)
where A; and A, are arbitrary constants and M(.,.,.) is the confluent hypergeometric
function.!?

Using the procedures discussed above, it is straightforward to rederive all the above
propositions when fundamentals evolve according to (22). Naturally, for values of k such
that #k =~ n the mean-reversion component of (22) is unimportant, so that the solutions
appear qualitatively very similar to those shown in the graphs. For values of k where mean
reversion is important, the mean reversion introduces a new source of bending (toward the

unconditional mean of k, 7/8) into the paths above.

4. Conclusions

This paper has shown how techniques of regulated Brownian motion can be applied to
models of exchange-rate determination under a variety of possible future regime switches.
The techniques used above are far simpler and more intuitive than the “brute-force’
method of calculating asset prices directly as the expected present discounted value of
fundamentals. In particular, our techniques yield an explicit, closed-form solution to the
Flood and Garber (1983) process-switching example. Despite the complexities of comput-

ing the relevant conditional expectations directly, the answer derived here is surprisingly

13 Gee Slater (1965) for the properties of confluent hypergeometric functions.
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transparent. With such solutions in hand, the next step is to turn the data to determine

the empirical importance of stochastic regime switches.13
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