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ABSTRACT 

This paper analyzes equilibrium, dynamics, and optimal decisions on the factor bias of 
innovation in a model of induced innovation. In a model with full employment, we show that (a) 
if the elasticity of substitution is always less than or greater than unity, there is a unique steady 
state equilibrium; (b) if the elasticity of substitution is less than unity, the steady state is stable, 
but convergence is oscillatory; (c) if the elasticity of substitution is greater than unity, the steady 
state is a saddle point; and (d) if the elasticity of substitution is less than unity for both high and 
low effective capital labor ratios but greater than unity for intermediate values, then there can be 
multiple steady states. In a model where efficiency wages lead to equilibrium unemployment, we 
show that if the elasticity of substitution is less than unity, there will be a bias towards excessive 
labor augmenting innovation, resulting in too high unemployment, with convergence to the 
unique steady state being oscillatory, rather than monotonic. 

Similarly, if the elasticity of substitution between skilled and unskilled labor is less than unity, 
and there is efficiency wage unemployment for unskilled labor only, there is will be excessively 
skill-biased innovation. 

This paper provides an alternative resolution to the Harrod-Domar conundrum of the disparity 
between the natural and warranted rate of growth to that of Solow, with strong policy 
implications, for instance, concerning the effects of income distribution and monetary policy 
both in the short run and the long. 
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Introduction 

There has long been a presumption that innovations represent a societal Pareto improvement. 
Historically, there have often been instances in which significant groups within societies have 
resisted innovation, most notably the Luddites in the beginning of the nineteenth century, who 
saw modern machines as leading to unemployment and impoverishment. While increases in 
productivity could in principle make everyone better off—the production possibilities curve 
moves out—in practice there are always winners and losers. Innovations that reduce the demand 
for unskilled workers decrease their wages, even if they increase the wages of skilled workers. 
The statement that such skill-biased innovation could be welfare enhancing is usually taken to 
mean that the gains of the skilled workers are more than sufficient to compensate the losses of 
the unskilled workers.  But while the skilled workers could compensate the unskilled workers, 
such compensation seldom occurs. And if, as has been happening in the United States and many 
other advanced industrial countries, the losers are those at the bottom of the income distribution, 
then innovation can contribute to growing inequality.  In this situation, whether societal welfare 
is increased depends on how one weighs the benefits to the relatively rich against the losses to 
the relatively poor.1 

More recently, however, it has been shown that with market imperfections and societal rigidities, 
all (or at least most) groups in society can be worse off.  In the 1920s, productivity increases in 
agriculture were so large—especially given the inelasticity of demand for agricultural goods—
that incomes in the sector declined. With perfect mobility, the surplus agricultural workers would 
have moved into the urban sector. But there are significant costs to the mobility of labor, and 
with wages in agriculture declining and the value of rural assets (like houses) declining as well, 
many in that sector couldn’t afford to move to the city and obtain the skills that would make 
them productive there. Worse still, neither they nor the banks that provided credit anticipated 
these events. Hence, as incomes in the rural sector collapsed, those in that sector were left with a 
legacy of debt burdens and banks faced massive losses. The result was a marked decline in 
demand for urban goods—so great that incomes in the urban sector itself fell. Innovation may 
have helped precipitate the Great Depression. 

We have argued, by the same token, that improvements in productivity in manufacturing, leading 
to decreased employment and wages in that sector, have contributed to the current economic 
slowdown. Innovation requires economic restructuring, and markets often do not manage such 
restructurings well. But as firms make decisions that affect the pace and direction of innovation, 
they do not take these general equilibrium effects into account. Each small firm takes the course 
of wages and unemployment, for instance, as given; but collectively, as they make their 
innovation decisions, they affect the evolution of wages and unemployment. Unfettered and 
undirected markets may result in patterns of learning and innovation that result in more 
inequality and higher unemployment than is socially desirable. There are other patterns that 
would enhance societal well-being. 

 

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
1 Greenwald and Kahn (2009) have shown that most of the decrease in manufacturing employment, at least prior to 
2000, was a result of improvements in technology (rather than globalization.).  There is a large literature supporting 
the view that innovation in the US has been “skill-biased.” See e.g. Greiner, Rubart, and Semmler (2003); Goldin 
and Katz (2008), Autor and Dorn (2013), Autor et al 2003, 2008.  



These results should not come as a surprise, for they reflect the general proposition that there are 
marked discrepancies between private rewards and social returns, especially when it comes to 
innovation and/or when there are imperfections of information and incomplete markets—that is, 
always (Greenwald and Stiglitz  1986). In this paper, I construct a simple model examining the 
factor bias of technological change (i.e. the extent to which it is labor- or capital-augmenting, or 
skilled- or unskilled-biased), to show that the market solution is not Pareto efficient.  In the 
particular model examined here, we establish that there is excessive labor-saving technological 
change, and that the equilibrium unemployment rate that emerges is too high.2  We also 
demonstrate a fundamental instability in the equilibrium dynamics when the elasticity of 
substitution is greater than unity:  while there is a steady state equilibrium, it is a saddle-point, 
and slight deviations from the convergence path can lead to extreme outcomes.   

To see these results more clearly, we focus on a simple model where there are a large number of 
identical firms, each of which faces a decision about the direction of innovation—whether to 
focus on, say, making labor or capital more productive, or skilled or unskilled labor more 
productive. This can come about as a result of either devoting efforts at learning or investing 
resources to R & D. 

The paper is divided into four sections, besides this introduction and the conclusion.  In section I, 
we present the basic model, where we focus on the decision to increase the productivity of labor 
or capital.  Section II extends the analysis to a dynamic context in a standard neoclassical model 
with full employment, while Section III extends the model to one where there is unemployment 
because of real wage rigidities arising from efficiency wage concerns.  Section IV  shows how 
the same framework can be used to analyze the choice of whether technological change should 
improve the productivity of skilled or unskilled workers.   

 

  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
2 This paper  builds builds off a large literature on factor biased induced innovation, going back to Ahmad (1966), 
Drandakis and Phelps (1966), Fellner (1961), Kennedy (1964), and Samuelson (1966), with antecedents in the 
literature in economic history (e.g. Salter, 1962, Habakkuk, 1962).  More recent work includes that of Acemoglu 
(e.g. Acemoglu 2010). 



I. The Basic Model 
 

First, we assume a simple aggregate production function with constant returns to scale of the 
form 

(1.1) Q = F (μt+1 K, λt+1 L),  

where Q is output, K is the capital stock, and L is the labor supply. μK and λL are the effective 
capital and labor supply. If we set μt and λt = 1, then μt+1 and λt +1 measure the level of capital and 
labor-augmenting technological progress respectively between period t and t + 1. In the 
following discussion, without ambiguity, we drop the superscript on λ and μ.  

Because of constant returns to scale, we can write 

Q/ λL = f(μk/λ) = f(κ) 

where  k= K/L, the capital-labor ratio, assumed for the moment as given,  f  is  output per unit of 
effective labor, and κ  ≡ μ k / λ, the effective capital-labor ratio. 

We make use of the well-established concept of the innovation possibilities curve, postulating 
that there is a trade-off between μ and λ, as depicted in figure 1: one can only have more capital 
augmenting technological progress by giving up on labor augmenting technological progress.  
We represent by A and B the points where the slope of Z is respectively 0 and infinity, and 
assume that at A, μ > 1 and at B,   λ > 1 and μ < 1.   

 (1.2) μ = Z (λ) , Z’ ≤ 0, Z” ≤  0. 

If the rate of labor augmenting technological progress is to increase, capital augmenting progress 
must decrease; and as λ increases, the sacrifice in μ becomes greater. 

Each firm takes next period’s wages W and cost of capital R as given (for later reference, we 
refer to the wage per efficiency unit as w and the cost of capital per efficiency unit as r), and 
maximizes the next period's profits3 

(1.3) max Q - WL – RK, 

where W is the wage per worker and R is the cost of a unit of capital,  

yielding4 

(1.4) WL = - RK d(lnZ)/d(lnλ) 

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
3 Similar results obtain in a more dynamic, multi-period model. 
4 Each firm takes factor prices as given.  We use the first order conditions for K, L, and λ: 
                            FL λ = W, or FL = w 
                            FK μ = R, or FK = r 
                            FKZ’K + FLL = 0, 
or 

Z’ = wL/rK, 
where w ≡ W/λ, r ≡ R/μ	
  



or 

(1.5) z (λ)≡ -d(lnZ)/d(lnλ) = sL/sK, 

where sL and sK are the share of labor and capital in national income, respectively. Optimization 
entails setting the (absolute value of the) elasticity of the innovation possibilities curve equal to 
the relative shares. But the relative shares themselves are a function of λ: 

(1.6) sK = 1 – sL = f’(Z (λ)K/ λL)  μ K/Q = f’((Z (λ) k / λ) Z (λ) k / λ)/ f((Z (λ) k / λ) ≡sK (λ;k). 

The equilibrium “direction” (or bias) of innovation is given by the solution to5 

(1.7) z(λ*) = sL (λ*, k)/[1 - sL (λ*, k)], 

where for the moment k, the capital-labor ratio, is assumed fixed.   Thus, (1.7) can be solved for 
the equilibrium factor bias {Z(λ*), λ*}. 

Figure 2   graphically depicts the solution to (1.7).  Straightforward calculations show that z is an 
increasing function of λ (under our assumptions concerning Z).  An increase in λ lowers the 
effective capital-labor ratio. When the elasticity of substitution is less than unity, this means that 
the share of labor decreases, so there is a unique value of λ for which the elasticity of the 
innovation curve equals the relative shares, illustrated in Panel A.  When the elasticity of 
substitution is greater than unity, the share of labor increases as λ increases, so there may be 
multiple values of λ for which the elasticity of the innovation curve equals relative shares.6 

 

II.   Long-Run Dynamics and Factor-Biased Technological Progress 

In the previous section, we assumed that the capital stock was fixed. Over time, however, it 
increases. In this section, we describe the long-run dynamics of the economy. This section is 
divided into three parts.  In the first, we present the model; in the second, we describe the steady 
state, and in the third, we analyze the dynamics.   

 

II.1  Long-run dynamics with full employment  

When the elasticity of substitution is high, an increase in capital augmenting technological 
change increases the share of capital (other things being equal) leading to further increases in the 
rate of capital augmenting technological progress.   It is well known from standard growth theory 

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
5 The share of labor is simply a function of λ, if K, L, and the unemployment rate are all fixed. In the standard 
models, the unemployment rate is zero. In the discussion below, we allow the unemployment rate to be endogenous.  
6 The simple formulation of this section has elided a key issue, that of timing.  Firms choose a research strategy 
today--a choice of factor bias--based on their expectations of factor prices in the future.  But those choices 
(collectively) affect factor prices.  The results above imply that if the elasticity of substitution is greater than unity, 
then if firms expect the share of labor to be high, then embark on research strategies that will, in fact, ensure that the 
share of labor is high; while if they expect the share of labor to be low, they embark on research strategies which 
ensure that the share of labor is small.  There are multiple momentary rational expectations equilibria.	
  	
  	
  



that a steady state requires that technological change be pure labor augmenting.  This suggests 
that if the elasticity of substitution is greater than unity, the steady state equilibrium may be 
unstable.  The analysis below shows that that is in fact the case, and that if the elasticity of 
substitution is less than unity, the equilibrium is stable, but that convergence to the equilibrium 
may not be monotonic. 

We simplify by assuming a fixed savings rate (this assumption can be generalized, at the cost of 
some complexity). 

(2.1) I = sQ = dK/dt 

where s is the savings rate, I is investment, and K is (as before) the capital stock, so that 

(2.2) d(lnK)/dt = SQ/K =Sμf(κ ) f(κ )/ κ. 

We again postulate a trade-off between labor-augmenting and capital-augmenting technological 
progress, reflected in an innovation possibilities frontier as before, this time expressed though in 
terms of trade-offs in the rates of labor and capital augmenting progress, with 

(2.3 )    dln μ/dt ≡ m = Z(Λ), 

where  

(2.4)  Λ≡ dln λ/dt. 

From the discussion of section I, it should be clear that7  

(2.5) z (Λ )≡ - d(lnZ)/d(ln Λ) =  sL/ (1- sL) ≡Φ (κ), 

where  

(2.6)  Φ’ (κ) > or < 0 as σ <  or > 1. 

Given our assumptions concerning the innovation possibilities curve, we can solve (2.5) for the 
rate of labor and capital augmenting technological change as a function of κ: 

(2.7)  Λ = z-1 (Φ (κ)) ≡ θ(κ). 

and 

(2.8) dln μ/dt= m = Z(Λ) = Z (θ(κ)). 

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
7  The rate of reduction of unit output costs is λ sL + μ sK.  Thus (2.5) can be seen as maximizing the rate of reduction 
of the unit costs of production.  A fully dynamic specification would take into account not only current market 
shares but also future market shares, i.e. reductions in costs of production not only today, but at future dates.  Since 
in steady state, shares are constant, this distinction makes no difference in that context.  However, as we noted in the 
earlier section, what firms care about today in choosing their research strategy is factor prices (shares) in the future, 
which themselves are endogenous, there can again exist multiple momentary equilibria if the elasticity of 
substitution is greater than unity.  The dynamics described below assume myopic expectations; the dynamics in the 
more general case are even more complicated.   



For any given κ, there is a unique value of Λ--a well-specified bias of technical change.  But 
unless the elasticity of substitution is unambiguously greater or less than unity, Λ may not be 
monotonic in κ.  If the elasticity of substitution is greater than unity, an increase in κ leads to an 
increased share of profits and therefore a decrease in Λ and conversely if the elasticity of 
substitution is less than unity:   

 (2.9)  θ ’(κ)  > or < 0 as σ <  or > 1. 

We assume that there is a maximum and minimum value of m and Λ; mmax is achieved when sL = 
0; Λmax is achieved when sL = 1;conversely for Λ. 

Letting the rate of growth of the labor force be n, we can describe the dynamics of the economy 
by the pair of equations (2.8) and  

 (2.10) dln κ /dt = S μ (f(κ )/ κ) + Z (θ(κ)) - θ(κ)– n = S μ (f(κ )/ κ) - ζ (κ), 

where 

ζ (κ) ≡ n + θ(κ) - Z (θ(κ)). 

 

II.2  Steady states 

The steady state is given by the solution to  

(2.11a)  Z (θ(κ*)) = 0 

(2.11b)  μ* = [n + θ(κ*) - Z (θ(κ*))] κ*/S f(κ* ) = ζ (κ*) κ*/S f(κ* ) 

(2.11a) can be solved for κ*.8  (If the elasticity of substitution is everywhere either below or 
above unity, then there is a unique solution to 2.11a.  Otherwise, there may be multiple 
solutions.) 

Given κ*, (2.11b) can be solved uniquely for μ*. 

Figure 3 provides a diagrammatic solution.  The  dln μ/dt =0 locus is a vertical line at κ = κ*.   

On the other hand, from (2.11b)  

   dln μ/d κ = (ζ ‘(κ) κ/ ζ)   + 1 –sK, 

where 

    ζ ‘(κ) > or < 0 as σ <  or > 1, 

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
8 There always exists a solution to (2.11a) provided that there exists some κ for which Φ (κ) = z (Λ* ), where Λ* is 
the value of Λ for which dln μ/dt = 0, i.e. Z(Λ*) = 0.  This will always be the case if the elasticity of substitution is 
bounded above or below unity.   



i.e. if the elasticity of substitution is less (greater) than unity, as κ increases, the share of labor 
increases (decreases), so θ – Z, the difference between the rate of labor and capital augmenting 
progress, increases (decreases).   

If the elasticity of substitution is less than unity, there are then two cases:  for n small, at κ = 0, 
ζ(κ) < 0.  Define κ** as the solution to  

(2.12)  ζ (κ**)= 0 

Then the dln μ/dt = 0 locus hits the horizontal axis at κ**; and it is clear that κ** < κ*. 

On the other hand, if n is large, it is possible that even when sL = 0, ζ (κ) > 0, in which case 
(2.11b) is an upward sloping curve which hits the vertical axis at μ = 0 under standard 
assumptions on the production function.9   Figure 3A illustrates this case.  .   

On the other hand, if the elasticity of substitution is greater than unity, then ζ  is a negatively 
sloped function of κ, and  the dln μ/dt = 0 locus hits the horizontal axis at κ = 0 and  at  κ = κ** 
where  κ** is again given by  (2.12) and where now  κ** > κ*.  Figure 3B shows the inverted U 
shaped curve.10  

Figure 3C shows the case where the elasticity of substitution is less than unity for large and small 
values of κ, but in between it is greater than unity.  In the case exhibited, there are three values of 
κ for which dln μ/dt = 0. 

 

II.3  Dynamics 

Above the dln κ/dt = 0 curve, κ is increasing, while if the elasticity of substitution is less than 
unity, to the right of the m= 0 locus, μ is decreasing.  The phase diagram shows an oscillatory 
convergence to equilibrium (Illustrated in Figure 3A). 

The case where the elasticity of substitution is greater than unity is more complicated.   The 
steady state is an unstable saddlepoint, with the economy normally converging either to a 
situation where κ = 0 or infinity (the asymptotic share of labor either is zero or one).  If the 
economy gets into a situation where the effective capital labor ratio is too high (above the 
equilibrium trajectories going into (κ*, μ*), the share of capital is "too high," technology 
becomes capital augmenting, leading the effective capital labor ratio to increase still further.  On 
the other hand, if the economy is initially at any value of {κ, μ} below the equilibrium 
trajectories, μ and κ both approach zero.  (Figure 3B).   

Figure 3C illustrates the case with multiple steady states as a result of the fact that the elasticity 
of substitution for low and high values of κ is less than unity, but for intermediate values of κ is 
greater than unity.  Then for initial conditions below the trajectory AE2 or BE2 the economy 
converges to E1, while for any set of initial conditions above AE2B the economy converges to E3.  
(In both cases, the convergence is oscillatory.)   

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
9 Where limit of f/κ  as κ → 0 is infinity 
10 The m = 0 curve may actually have multiple peaks and exhibit more complicated dynamics that illustrated.	
  	
  	
  



Proposition 2.  The economy with endogenous factor bias is stable if the elasticity of substitution 
is less than unity but convergence may not be monotonic; but the economy is dynamically 
unstable if the elasticity of substitution is greater than unity. 

These instability results are a consequence of the strong assumption that the innovation frontier 
itself is invariant to the value of labor and capital augmentation previously achieved. If, for 
instance, the economy has increasingly focused on labor-augmenting technical progress because 
of the increasing share of labor, further labor augmentation might become more difficult.  Thus, 
even at the high share of labor, there would be a shift towards capital-augmenting technological 
progress.  By contrast, with the possibility of "learning to learn," the process of factor biased 
technological change may feed upon itself, i.e. as the economy engages in say labor augmenting 
technological progress, it becomes more skilled at learning how to save labor (relative to saving 
capital).   

In the case of an elasticity of substitution greater than unity. it is worth observing the limiting 
values of some of the relevant variables.  When κ goes to zero (sL goes to 1), even as the 
effective capital labor ratio is shrinking, per capital income, λf  is increasing at an asymptotic 
rate of Λmax, which is considerably higher than the rate of increase in the steady state, where it is 
just Λ*, given by (2.7a), 

       Λ* = z-1 (Φ (κ)*) ≡ θ(κ*), 

where κ* is given by (2.11a). 

When   κ goes to infinity (sk goes to 1), it can be shown that dln κ /dt may grow without bound.  
The limiting case of an infinite elasticity of substitution production function, f = α + βκ, 
illustrates what can happen.  dln κ /dt approaches S μ β +  Zmax - Λmin – n  , where Zmax  and Λmin 
are, respectively, the maximum rate of capital augmenting technological progress and the 
minimum  rate of labor augmentation, achieved when the share of capital is unity, so that, in the 
limit, μ is increasing at the rate of  Zmax.  Hence κ is increasing superexponentially.  The rate of 
growth of output per worker is approximately 

        Λmin  + S μβ, 

which increases without bound.  Workers’ income, on the other hand, is λ α, which decreases at 
the rate of   Λ min; while income per capita is increasing without bound, not only does the share of 
wages go to zero, but the income of workers’ does too, if  Λ min < 0, which it well may be.  If  

Λ min = 0, worker incomes stagnate.  



III.  Unemployment equilibrium 

III.1  Short-run equilibrium 

Now assume, as in Shapiro and Stiglitz (1984), that as the level of unemployment decreases, the 
wage that firms must pay increases (in that model, to avoid shirking; in other models, similar 
results obtain as a result of a bargaining process). Then an increase in productivity of labor (that 
is, a labor augmenting technological  change) and a corresponding decrease in the productivity of 
capital (along the innovation frontier) may shift the demand curve for labor up or down, 
depending on the elasticity of substitution. The marginal return to an effective labor unit is  

(3.1) W/ λ = f(κ ) - κ  f'(κ ) ≡ g(κ ) 

Hence 

(3.2) Ld = ZK/ λg-1(W/ λ)  

An increase in λ shifts the demand curve for labor.  Figure 4 shows how a shift in the demand 
curve for laborers affects the equilibrium unemployment.  

Proposition 3.  If the demand for laborers decreases as a result of a change in technology 
(innovation is labor saving, in the sense that at any wage, the demand for workers decreases11) 
then unemployment increases.  

It is easy to show that if the elasticity of substitution is less (greater) than unity, then (at the 
equilibrium wage), an increase in productivity of each worker (a labor augmenting technological 
change) leads to a reduced (increased) demand for workers.  

 

III.2 Social welfare maximization 

Assuming that costless redistributions are possible, social welfare is maximized by maximizing 
national output with respect to λ, taking into account the effect of λ on the unemployment rate:  

(3.3) max F(μK, λ(1 – U)L) 

where U is the unemployment rate, i.e., 

(3.4) d(lnQ)/d(lnλ) = {F1 λ Z'K +F2[(1 - U) λL] -  wλL dU/d(lnλ)}/Q 

                           = [rμK d(lnμ)/d(lnλ) + (1 – U)Lλ w - wλL dU/d(lnλ)]/Q  

                    =    sk d(lnμ)/d(lnλ) + (1 – sk){1 + d[ln (1 -U)]/d(lnλ)} 

At the private sector optimization, this is < or > 0 as dU/dln λ > or < 0:  

Proposition 4.  There is excessive (insufficient) labor-augmenting innovation if the effect of 
innovation is to increase (decrease) the unemployment rate, i.e. if σ < (>)  1. 

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
11 See J. Hicks (1932), for a discussion of a typology of innovation. 



Empirical estimates suggest that the elasticity of substitution is less than unity.12 There is thus a 
presumption that (in the short run, with fixed K and L), innovation focuses excessively on 
increasing the productivity of labor. The market does not take into account the effects of labor-
saving innovation in increasing unemployment.  

By the same token, if social welfare is concerned with the distribution of income (inequality) the 
market will also lead to excessively labor augmenting innovation, if the elasticity of substitution 
is less than unity.13  If redistributions were costless, lump sum transfers could undo the 
distributive effects. But redistributions are not costless, so there is a social cost of such 
innovations. 

 

III.3  Dynamics with unemployment 

We focus on the special case of a fixed coefficients technology (in the short run--in the long run, 
the capital-labor ratio can change because of induced innovation) and continue with the 
assumption of a fixed savings rate. Both of these assumptions can be generalized.  The 
assumption of fixed savings rate implies that  

(3.5)  dK/dt = Sb, 

where 1/b is the capital output ratio, and 

(3.6) Q = Kb. 

We let 

(3.7) aL = Q. 

It follows that the rate of growth of employment is 

(3.8) d(lnL)/dt =Sb + d(lnb)/dt – d(lna)/dt.  

In steady state, the rate of growth of employment equals the rate of growth of the labor force, n:  

(3.9) ) n =Sb + d(lnb)/dt – d(lna)/dt. 

Labor and capital augmenting technological progress take on a simple form in this fixed-
coefficients model:   

(3.10) m = d(lnb)/dt 

and  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
12 See, among others, Antràs (2004), Kalt (1978), and David Andvan de Klundert (1965). Piketty (2014) criticizes 
the finding that the elasticity of substitution is always less than zero. He argues that the data used to draw this 
conclusion focuses on too narrow a time period. On the other hand, much of his analysis does not make an adequate 
distinction between wealth and capital (e.g. much of the increase in the value of wealth is related to an increase in 
the relative price of land; see Stiglitz, 2014).   
13 Assuming, as is the case, that the income of workers is less than that of "capitalists".	
  



(3.11) Λ  = d(lna)/dt. 

 

III.4  Steady-state equilibrium 

In steady-state equilibrium, it can be shown that d(lnb)/dt = 0, which in turn means that 
equilibrium Λ* is given by the solution to 

(3.12) 0= Z (Λ*). 

This means in turn that technology adjusts to ensure that, in the long run,  

(3.13) n + Λ * =sb*. 

From the discussion of section I, it should be clear that14  

(3.14) z (Λ * )≡ - d(lnZ)/d(ln Λ ) =  sL*/ (1- sL*), 

where 

(3.15) sL = wL/Q =w/a. 

Given Λ*, we can easily solve for sL* (from 3.14). Without ambiguity, we write the solution of 
(3.14)  as Λ( sL).  

                Λ (sL) ≡ z-1 [sL / (1 - sL)] 

In steady state, not surprisingly, the share of labor is constant.  We assume that the relationship 
between wage and productivity is a function of the unemployment rate, i.e.15   

(3.16) w = aM(U), m' < 0. 

Given sL*, we can solve (3.15) for (w/a)*, and given that, we can easily solve (3.16) for U*, the 
equilibrium unemployment rate: 

(3.17) U* = M-1 (sL*). 

In steady state, the unemployment rate is constant:  d(lnU)/dt = 0. We can now solve for the 
equilibrium employment rate, e = L/N , where N is the total labor force (population).    From the 
definition of U,  

 (3.18) U* = 1 - L/N = 1 -  e*   

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
14 The costs of production are w/a + r/b.  As noted earlier, (3.14) can be seen as maximizing the rate of reduction of 
the unit costs of production.   
15 (3.16) can be thought of as derived from an efficiency wage model, where the efficiency wage is a function of the 
unemployment rate and the minimum wage, and the minimum wage rises with productivity, i.e. Wmin = Ψa, for 
some constant Ψ . The wage an individual then receives is W = G(U)Wmin = G(U) Ψa.	
  



In steady state, N grows at the rate n, a grows at the rate Λ*, K grows at the rate n + λ*, b (the 
capital output ratio) is constant, the employment ratio is constant, and the share of labor is 
constant.   

 

III.5 Stability 

The dynamics of the economy are straightforward. In early models of growth with fixed 
coefficients, it was observed that if Sb > n, the demand for labor grew at a rate faster than the 
labor force, and eventually the economy would face a problem of insufficient labor supply. 
Solow (1956) provided an answer.  There are not fixed coefficients, so that b, the output capital 
ratio, would fall as the capital-labor ratio increased. Here, we provide an alternative resolution. 
As the unemployment rate decreases, wages (per efficiency unit) increase, increasing the share of 
labor, and inducing labor-saving and capital-using innovation. Again, b, the output capital ratio 
falls. And it continues to fall until Sb =n.  

More formally, we can describe the dynamics by a pair of differential equations.  First note that  

(3.19)  ) L = Q/a = (b/a)K 

and 

(3.20)  e = (b/a)(K/N). 

Hence 

(3.21) d(lne)/dt = Sb + z(Λ(sL)) - Λ(sL) -n . 

The dynamics are described fully by (3.21) and  

(3.22) d(lnb)/dt = z(Λ(sL))  

where  

(3.23) Λ (sL) ≡ =  Λ(M(1-e)). 

The phase diagram is depicted in Figure 5. 

(3.24) d(lnb)/dt = 0 when e = e*. 

(3.25) d(lne)/dt = 0 when b = [n - Z(Λ(sL*)) + Λ(sL*)]/S.   

The d(lne)/dt = 0 curve is downward sloping.    

An increase in the employment rate leads to an increase in wages, which leads to more labor-
augmenting and less capital-augmenting progress, i.e. b falls, so db/dt < 0 to the right of the db/dt 
= 0 locus. Similarly, an increase in b leads to an increase in dln e/dt, i.e. de/dt > 0 above the de/dt 
= 0 locus. The economy oscillates into an equilibrium.16 

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
16 Standard techniques can be used to show that the equilibrium is, in general, stable.  



IV. Skill biased innovation 

The same kind of analysis applies if we extend the model to innovation that is “skill-biased.” 
Assume, for instance that  

(4.1)  Q = F(λs Ls, λu Lu )  

where Ls is the input of skilled labor, Lu that of unskilled labor, and λs and λu is the level of skill-
augmenting and unskilled-augmenting technological progress, with an innovation frontier  

(4.2)  λu = Z (λs) 

As before, the market allocation will pay no attention to distributive and unemployment effects 
of the choices it makes. 

For instance, if employers can distinguish who is skilled and unskilled, there will be a different 
no-shirking curve (as in the Shapiro-Stiglitz model) for each group. A change in the skill bias of 
technological change will typically shift the demand curve for one group of workers up and the 
other down, leading to a reduction of one type of unemployment and an increase in the other. If 
monitoring is, say, more difficult for unskilled workers than for skilled workers, unskilled 
worker unemployment may be more important.  (In the limit, if the performance of skilled 
workers was perfectly observable, then there would be no efficiency-wage unemployment of 
skilled workers, only of unskilled workers.)   It follows then, from the same logic as used earlier, 
that if the elasticity of substitution between skilled and unskilled workers is less than unity, that 
the market equilibrium will be associated with excessively skill-biased technological progress.   

At the end of section 2, we observed that if the elasticity of substitution is greater than unity, then 
the long-run equilibrium may be unstable.  An increase in the share of capital leads to a bias 
toward further capital-augmenting technological progress, further increasing the share of capital.  
The same logic applies as well to innovation augmenting the productivity of skilled and unskilled 
workers. In the case of a low elasticity of substitution, if productivity of the highly skilled 
workers increases relative to unskilled, the share of skilled workers goes down, and this then 
leads to reduced incentives for such innovation. But if the elasticity of substitution is large, then 
the share of income going to skilled workers increases, and the bias increases. The implication is 
that the ratio of income (wages) of skilled and unskilled workers increases (without bound), with 
increasing incentives for more skill-biased innovation.   

There are peculiar long-run implications of such an analysis. The share of skilled labor would 
increase toward unity.  It also means that the return to converting an unskilled worker into a 
skilled worker increases (again without bound). An increasingly large fraction of the labor force 
would thus become "educated." If there are increasing costs associated with converting the 
marginal unskilled worker into a skilled worker, at each date there will be a residual of unskilled 
workers, suffering from increasing relative deprivation.  

But again, there may be an equilibrating force, as skilled-labor-augmenting technological 
progress becomes increasingly difficult, especially relative to say capital or unskilled-biased 
technological change.   



 

V. Concluding Comments 

Interpretations 

In the standard neoclassical model, factor supplies (including the [given] relative productivities 
of different factors) determine the distribution of income. In the Solow (1956) growth model, 
however, the long-run rate of growth itself does not in any way depend on the distribution of 
income.17 Moreover, there is always full employment. If there is unemployment, there is only 
one reason: wage rigidities. Conventional discourse attributes wage rigidities either to what the 
government does (minimum wages) or what it does not do (circumscribing unions). Eliminating 
such rigidities increases efficiency and eliminates unemployment. With a high elasticity of 
substitution, a relatively small change in the wage will return the economy to full employment, 
so that not even workers will suffer much. (Though firms choose the technology to employ, 
factor prices always adjust so that the technology they choose is such that factors are fully 
employed.)  

Here, the distribution of income matters a great deal: it determines the pattern of innovation. And 
wage rigidities are a consequence of market forces--given imperfections of information, it 
benefits firms to pay wages above the market-clearing level. This model provides a far better 
interpretation of the pattern of unemployment than that which attributes unemployment either to 
minimum wages or unions; for we see high levels of unemployment both in nonunionized sectors 
and at skill levels far above those for which the minimum wage is relevant. 

These high wages, however, provide firms with an incentive to reduce the demand for labor by 
innovation, leading to a still higher (equilibrium) level of unemployment. The market on its own 
is inefficient, both in the level of unemployment18 and, importantly, in the pattern of innovation. 
Moreover, if the elasticity of substitution (ex post) is low, as in the model presented in section 
III, then to achieve full or even significantly fuller employment in the short run may require a 
large reduction in wages. Indeed, it may not even be possible to achieve full employment. The 
short-run effect of lowering wages on employment may be nil.  

The efficiency wage model is the simplest within which to explore market distortions in the 
pattern of innovation, but similar results emerge in other models with (endogenous) market 
imperfections.  Economic historians, such as Salter (1962) and Habbakuk (1962) have 
emphasized the role of “labor scarcity” as an inducement to labor-saving innovation.  (Such 
explanations seem to have special relevance in particular historical periods, e.g., in the period of 
the rapid expansion of the United States in the nineteenth century.)   Standard economic theory 
has had a hard time understanding what labor scarcity might mean, other than a high price (or 
share) of labor.19  But in models with costly information and highly differentiated labor, there is a 
natural interpretation. It may take time and resources to recruit a new worker to replace a worker 
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
17 And this is even true in Kaldorian variants of that model, where the savings rate is dependent on the distribution of 
income, or on more neoclassical variants of that model, where the savings rate is determined endogenously. 
18 As demonstrated in  Shapiro and Stiglitz (1984) 
19 There are other interpretations, discussed further briefly below.   It seems, for instance, that at times wages did not 
fully adjust, and that at times, as a result, firms had difficult times hiring workers.  This will result in the shadow 
wage exceeding the market wage.  	
  



that leaves. Labor-augmenting technological progress reduces not only the direct labor costs, but 
these indirect turnover (search and recruitment) costs.  But in economies with costly search a 
decision by a firm to engage in more labor-augmenting technological progress—and thus in less 
recruitment—imposes externalities on other market participants, both on workers (who must now 
search longer to find a job) and on other firms (who now may face lower recruitment costs).  
Again, there is no presumption that the market equilibrium factor bias will be efficient; indeed, 
there is a presumption that it will not be (see Greenwald and Stiglitz 1988; Arnott and Stiglitz 
1985). 

More generally, we note that from the perspective of the firm, what matters is not just the wage 
or interest rate, as these might show up in the system of national income accounts, but the 
effective total labor and capital costs, which can differ markedly from the recorded labor and 
capital shares, for several reasons. First, because of taxes and fringe benefits, the cost of labor to 
the firm may exceed the wage that workers receive by a considerable margin. Second, if there is 
credit rationing, the "shadow" cost of capital may well exceed the interest rate charged; and if 
firms can't instantaneously hire workers of the particular type in which they are interested (there 
is, in this sense, a labor scarcity), then the shadow cost of labor will exceed the wage. Even a 
relatively small gap in time in being able to fill a position may be costly. By the same token, if 
machines are not fully reliable and cannot be easily replaced, a breakdown of a machine can be 
costly. Thirdly, workers have to be managed. Strikes are costly. All of this requires scarce 
managerial time. 

When a firm assesses whether to save on labor or capital, all of these costs are relevant. 

 

Policy Implications 

There are several important policy implications of this analysis. First, policies that increase the 
national savings rate can be an effective way of increasing employment in the medium term. 
(This is especially true in the model presented in section 3, where there is zero ex post elasticity 
of substitution.)  

Second, wage subsidies reduce the cost of labor, and it is the high cost of labor that induces firms 
to shift the direction of technological development toward excessive labor-saving and capital-
using technologies. By the same token, when the Fed lowers the cost of capital dramatically (as it 
attempted to do after the Great Recession), it encourages labor-saving innovation.  Thus, we 
observe the curious phenomenon of firms replacing unskilled labor (with presumably a low 
"social" shadow price, given the high unemployment rate among unskilled workers), such as 
checkout clerks with automatic tellers.  While there are almost surely social benefits from the 
induced employment resulting from the increased aggregate demand from such investments, 
those benefits have to be set against the social costs of higher unemployment in the medium term 
as a result of the labor-saving innovation induced by the lowering of the cost of capital.  A full 
analysis of the intertemporal trade-offs would take us beyond the confines of this discussion. 

Third, increasing the price paid by firms for environmental impacts (e.g. as a result of carbon 
emissions) shifts innovation away from labor-saving (augmenting) innovation, again with 
positive effects on the distribution of income and employment.  



 

Toward a More General Theory  

By bringing together a plausible theory of wage determination with the theory of induced 
innovation, we have provided a general theory of growth and employment which makes sense of 
discussions of technological unemployment or job shortages—concepts that have no meaning in 
Solow's formulation. In this theory the distribution of income matters; it affects technology and 
the dynamics of the economy, and these in turn affect the distribution of income at later dates.20 

Recent discussions of persistent unemployment and growing inequality have centered around 
labor-saving innovations, and in particular on skill-biased innovation.21  Critics of such 
innovation are sometimes referred to as modern-day Luddites, and defenders of the market have 
claimed that one should not interfere with market processes. In the long run, they argue, 
everyone will be better off.  Our analysis has suggested that such views may be Panglossian.  
Not only within their life-span may workers not be better off—the benefits of the improvements 
may not trickle down—but additionally, the changes in factor demands may actually lead them 
to be worse off even in the longer run.22   

We have shown not only that innovations may fail to improve the welfare of all groups in 
society—they may not result in Pareto improvement—but also that the outcome of market 
processes may lead to patterns of innovation that are not even output maximizing—they would 
not be Pareto efficient even if redistributions could be made costlessly.23  Indeed, there is a 
presumption that unfettered markets will not be efficient in the choice of factor bias, and will 
lead to excessively high levels of unemployment.   
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Figure Labels 

Figure 1 

Innovation Possibilities Frontier.  There is a trade-off between the rate of capital augmenting 
technological progress, μ and the rate of labor augmenting technological progress,  λ.  Market 
equilibrium is at point where the elasticity of the curve  z (λ )≡ d ln Z/dln λ  equals the relative 
shares,  
wL λ/r μ K= sL/sK 

 

Figure 2 

Determination of Factor Bias of Technological Change:  Panel A.  Elasticity of substitution less 
than unity.  There is a unique value of λ for which the elasticity of the innovation curve equals 
the relative shares.  Panel B.  Elasticity of substitution greater than unity.  There may be multiple 
values of λ for which the elasticity of the innovation curve equals relative shares. 

Figure 3 

Steady states and dynamics.  The steady state is given by the intersection of the curves giving  
dμ /dt = 0 and d κ /dt = 0. In all cases, the former curve(s) is a vertical straight line.   Panel A.  
Elasticity of substitution less than unity.  The d κ /dt = 0 locus is upward sloping, the equilibrium 
is stable, and the convergence is oscillatory.  Panel B.  elasticity of substitution greater than 
unity.  The d κ /dt = 0 locus is an inverted U shaped (it can actually be more complicated than 
that.)  There is a unique interior steady state, which is a saddle point.  Above the convergent 
trajectory, μ and κ both go off to infinity; below, to zero.  Panel C.  If the elasticity of 
substitution is both above and below unity (for different values of κ), then there can exist 
multiple steady states.  Here, we illustrate a case with three, with the middle, E2, being unstable, 
and the other two (locally) stable.   

Figure 4   

Effect of labor augmenting innovation in Shapiro-Stiglitz model.  If the demand curve for labor 
shifts down, then labor augmenting technological progress leads to more unemployment.  The 
market does not take into account the social costs of this induced unemployment. 

Figure 5  

Dynamics of adjustment.  Convergence to equilibrium may be cyclical.   
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