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Summary. The error propagation law is investigated in the case of a nonlinear function
of measured data with non-negligible uncertainty.
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1. INTRODUCTION

One of the frequently occuring problems in experimental sciences is the following.
A value f(u1,..., 1) of a function f(.): R™ (n-dimensional Euclidean space) — R!
must be determined. However, the values y,,...,u, are unknown and only their
estimates are at our disposal. What is the bias and the variance of the random
variable f(f1), where i = (fi1,...,{1,)" (' denotes the transposition) is an estimator
of p=(p1,...,1n)"?

The exact solution is well known when e.g. the joint density function h(.): R™ —
R?! of the random vector f is given and the following procedure is justified (in more
detail cf. e.g. [5], p. 51):

Let f = (f, f2,---,fa)'": R* =5 R™, where f(.) is the considered function and
f2,--., fn are auxiliary functions such that

[J(y)| = |1/ det[of(z)/0z"]| yER"

y=f(z) I’
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is nonzero and continuous. Then the density function h;(.) of the random variable

f(@) is

hi(y1) = /Rﬂ_1 hz1(y),-- -z (W)]J(Y)dyz - . . dyn,

y= (yl,"'1yn)’ € R™

and the bias b and the variance V are
b= [ i) dnn = o)

2
V= /Rl [yl _-/Rl y1h1(y1)dy1] ha(y1) dy;.

If the structure of the function f(.) is not simple and/or the number n is great,
then the outlined procedure cannot be used in practice. The procedure is complicated
even in the case of the known jacobian |J(y)|, since the integration must be performed
in numerical way; this is tedious and sometimes not sufficiently reliable.

The best way how to solve the problem seems to be simulation. However, the
results should be checked in another way to ensure their numerical reliability.

In many cases, the value V is substituted by

V =0f(z) /82", _, Var(i)df (z)/0z|,_,

and the value b is neglected.

The last relation is called the error propagation law; cf. [1], [2], [3], [7] (18.5-6.(c)).

Results obtained in this way may serve as a check of the simulation. However, in
the case of nonlinearity of the function f(.), results obtained by the error propagation
law are approximate. It need not be clear whether differences between the result
obtained by the simulations and the result obtained from the error propagation law
can be explained by the approximate character of the error propagation law or not.

To give some comments on this problem is the aim of the paper. Formulae given
in the paper enable us sometimes to solve the problem without simulations. Even if
some of them seem to be huge, they enable us to develop an algorithm for numerical
evaluation of them or, at least, to use several of the first terms of the series in order
to check the reliability of the simulations.
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2. NOTATION AND PRELIMINARY STATEMENTS

Let f(.): R® — R! be either a function which can be expressed by an infinite
Taylor series on some domain R, or a polynomial of an arbitrary (finite) degree.
Let the notation A®f(u),s = 1,2,... have the following meaning:

A =3 (65(@)/0wil,_,) Dus,

=1

Azf(ﬂ)=2n:(32f(x)/3fvflr:,,) (D) +Z(62 2)/02:0z;],_, ) Auilus,

i=1

A%f () = 3,2(33 @/033]..,.) B + 52 3 (S @) 0s%0),,)

i#j

3 (as f(2)/02:9z ;02 |==#) ApiAp; A
i) ik, itk

3!
x(Api)?Bu; + T

..etc.

Let ® denote the Kronecker multiplication [6] while a’® means a®a ® ... ®a
(j-times).
Let (8/0z)*® f(u),s = 1,2, ... have the following meaning:

(0/02)'® f(u) = 0f (x)/0z]|,_, = g,

(8/02)%° (1) = (0% £(2)/00100", 8% (2) /02208, ..., 8 [ (2) /0| _, ]
= vec(H),...,etc.
The symbol g denotes df(z) /Bz] - and H means a—z{,g,l

la:—‘/,t'

Lemma 2.1. Let pu,pu+ e € R. Then
* 1 i® .
k) =100+ 3 (=) f(u)] .
Proof. With respect to the assumption we can write

flu) = )+Z =9 f(u).

i= 1
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Let a,b € R™. Since (a'b)? = (a’)7®b®, we have

o T axn

. P o \®
=810 = (5 o) SOy

Jj
[iel +...+ _a-en] f(l‘)lI:”

a
The symbol Tr(A) means the trace of the matrix A; in the following the relation-
ship Tr(A ® B) = Tr(A) Tr(B) will be utilized.

Corollary 2.2. The expressions A°f(u), s = 1,2,3,4, can be written also in the
form

_ 9f(x)
Alf(p) = -
A2f(u) = Tr [62 (z) /axax"z=uee']

210 =1 ([ 0 (25 )] /@.cy o lee)

A4f(u)=ﬁ<[<%%>®(aiaa )]f( .. {[ee@ee]})

Let s € R™, s's =1,
i®
(2.1) ws(t) = fpu) + Z [(%) f(u)] 7%t e R,

and let p(s) be the radius of convergence of the function ¢(.).

Example 23. (i) Let f(z) = \/z, z € [0,00) and p € [0,00) be fixed. The
domain R for the function

ole) = u+e)—\/m-\/—2( 1/2)w

(ii) Let fi(z1,22) = 2, 21 € RY, 22 € R! — {0} and p; € RY, p2 € R? — {0} be
fixed. The domain R for the series

2
2 €3

e1,e2) = +e, 2 +e (l+ (1——+——...)
<P(1 2) f(#l 1, M2 2) 11 ul) L2 M%

is R = (=00, +00) X (—pg, p2) for uz > 0 and (—o00, +00) X (uz, —pg) for ps < 0. An
exception occurs for s = (cosa, sin @), where tan a = po/p1; here p(s) = (—o0, +00).
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If eg is a point where the series
converges, then the series

converges uniformly on the domain
{u: u € R", IuiI < |eo‘,",i =1,.. .,n}.

(in detail cf. [4], Chpt. 12).

Assumption: Let either (i) or (ii) be satisfied:

(i) A function f(.): R® = R! can be expressed by an infinite Taylor series on a
domain

R ={u:ueR"|jull <e(u/llul)}

and S; is the support of a probability measure, given by a distribution function Fj(.):
R! — R! of the jth component of the random vector € = ji — u. Let S; C [aj, bj],
where —0o < a; <bj <o00,j=1,...nand S = X7_,S5; CR.
(i) A function f(.): R™ — R! is a polynomial of an arbitrary (finite) degree and
all statistical moments of the random vector f exist (in this case S can be even R™).
As a consequence of Assumption the random variable f(ji) possesses all statistical

moments and the series
> ('@) fw|e®

=7

converges uniformly on S, converges absolutely for any e € S, can be integrated and
differentiated (with respect to e) term by term, put to the second power and the
resulting series converges on S as well. This follows from the consideration in [4],
Chpt. 12.

In the following the symbol E denotes the mean value under the probability mea-
sure considered. Let (in more detail cf. [9])

E(e) =0, E(ec') =%, E[e ® (e€')] = ¢, E[(ec') ® (ec")] = ¢

and
E(€j®)=6j, i=1,....
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The notation vec(An, ) means the (mn)-dimensional column vector given by the
columns of the m x n matrix A ordered one under another.
Under the given notation we have

d2 = vec(X), I3 = vec(p) = vec(¢'), d4 = vec(v).
If e ~ N,(0,%), i.e., the random vector ¢ is normally distributed with the mean
value E(e) = 0 and with the covariance matrix E(ee’) = I, then {Z};; = 0,
i,7=1,...,n. Then

02 = vec(X), 03 =0, {0a}ijky = 0i,jOk1 + 0i k01 + 0510 k.

Here {04}i k1 = E(eiej{e€}k,), i,4,k,0 =1,...,n (in more detail cf. [8], p. 75).

3. DETERMINATION OF THE BIAS AND THE VARIANCE OF f(ji)

Taking into account Lemma 2.1 and Assumption we can write
oo
(3.) F@) = flu+e) =356,
—

where a}; = L (£ )j® f(x)lzzﬂ, ap = f(u), €°® =1 (if (ii) from Assumption holds,

71 \ 827
then obviously a = 0 for j greater than an integer N).

Lemma 3.1. Let ¢ be the random vector considered and let C; ; = cov(e'®,e7®).
Then vec(C,-,j) = (5,'.,.]' -65Q® 5j.

Proof is obvious. O

Lemma 3.2. Let A and B be any r x (ni) and s x (nj), respectively, matrices.
Then
vec[cov(Ae*®, Be’®)] = (B ® A)(di+; — 6; ® §;).

Proof. Since vec(UVX) = (X'®U) vec(V) for any matrices U, V, X of proper
dimensions, we can write

vec[cov(Ae'®, Bei®)] = vec[Acov(e*®,e/®)B’]

= (B® A)(8it; — 6: ® ;)
in view of Lemma 3.1. O
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Theorem 3.3. Under the given Assumption
) .
b= ajd;,
j=2
(i) - o
V=Y (a ®a})(bj+r — 6; ®6,).

r=1 j=1

Proof. (i) By virtue of (3.1) we can write

b=E[f(2)] - f(1) = ap +aib1 + Y _aj8; — f(w).

j=2

Since aj = f(u) and §; =0, (i) is proved.

(ii)
Var[f(i)] = cov Z aje’®, Z a)e®
i=1 k=1
(e <lNNe o)
=) (ak ®a})(G54k — 85 ® ).
i=1k=1
Here Lemma 3.2 and (3.1) are taken into account. O

Remark 3.4. The terms a5z, a3d3 and ayds can be rewritten as

sy = %n(Hz)

ahdy = £ x ({ [;,f— ® (;;) f(x)] =#}“°> ,
b = 4 T ({ (%) (ma) /@] z:#} w) .

In the case of normality ((ii) from Assumption must be satisfied) a3d3 = 0 and
1 o' f(z)
!4 = — g7
@404 24 ijzkl <6xi6:vj6xk6z, T=p

Corollary 3.5. Let f(.) be a polynomial of the fourth order and i ~ N,(u,X).
Then the exact formula for b is

1 9*f(z)
b= TI‘(H):) + -2_4.- (axiazjazkax,

) (03,j0k,1 + O3 k01 + 04105,k)-

) (03,j0k,L + O3,k0j1 + Ti105,k)-

T=p
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Corollary 3.6. If the function f(.) is a polynomial of the second order, then the
exact formula for V is

(i) in the general case

V=g¢'%g+ [( 0 )f( )] ’ _usoaf(w)

or lz=p
H(Z o) @], tw-ve@beon|(m o ) 1)

(ii) in the case of normality

>
T=p

1
V=g'%g+ 1 ) HijHia(0:k05, + 05105 k).
ik

4. DETERMINATION OF THE BIAS AND THE VARIANCE OF 174

Let £ = Q%L:llm:ﬁ and n = € — E(€). Then V = ¢'%¢ is an estimator of Var[f(i2))].
The bias b(V) of the estimator & ¢ is

b(V) = E(€'S€) — Var[f(i1))-

Let
J_]' 8.’17 6.’17 T=p ’ JEHLE
Obviously
A{):a—g(;x—)tzﬂzg,A'l =H,£=ZA;-sj® and 77=2A;-(6j®—6j).

j=0 i=1

Lemma 4.1. E(('S€) = E(¢')ZE(€) + Tx[Z Var(€)].

Proof is obvious. (]

Lemma 4.%5

() E©) = & 45,

() vec[Var(§)] = 2 3 (4, © 45)(Es4r ~ 5 © 7).
r= =

Proof is obvious. 0
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Theorem 4.3. The bias b(V) = E(£'S€) — Var[f(4)] is

(o o) [o o]
b(V) =D 8A;TA46
j=0 k=0
+) D [55(A; ® A) — af ® af)(854r — 85 ® 6.

r=1 j=1

Proof. It follows from Lemma 4.1, Lemma, 4.2, the relationship

Tr[E Var()] = [vec(S)] vee[Var()] = & Y 3 (AL ® 45)(Bj4r — 8 ® 6,)

r=1 j=1
and Theorem 3.3 (ii). O

Corollary 4.4. If the function f(.) is a polynomial of the second order, then the
exact formula for the bias b(V') is
(i) in the general case

b(V) = Te(HEZHZ) — % {9’ ® [vec(H)]'} b3
~5 {lvec(H)}' © '} bs — 7 {{vec(H)) ® [vec(H)]'} (6 ~ 62 @ 62),
(ii) in the case of normality

- 1
b(V) = Te(HTHS) = ;1 3 HijHyi(0:k050 + 014054).

1,5,k

Lemma 4.5.

Var(€'S€) = [vec(E) ® vec(E))' E(£4®) — {[vec(E)] E(£2®)}°.

Proof. By the definition we have

Var(V) = E(£'SEE'S€) — [E(E'DE))?
= E[Tx(S€€') Tx(B€€')] - {E[Tx(see)])?
= E {[vec(Z))'€28(£2®)' vec(S)} — ({[vec(Z)) E(£2®)})’
= [vec(T) ® vec(Z)) E(£4®) — {[vec(T)) E(£28)}°.
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Lemma 4.6.

(i) E(&*®) = [E(9)]*® + En*®),

(ii)
E(£'®) = [E(9)]*® + E(n*®) ® [E(€)]*®

+E[n® E(§) ®n® E(§)] + E() ® E(n*®) @ E(¢)
+E[0*®) ® E(€) + E {n @ [E()]*® @ n}
+E[E(§) @n® E(§) @ 1) + E[n*® ® E(§) @ 1)
+[E(€)]*® ® E(n*®) + E[n ® E(£) @ n*®]
+E(6) @ EM*®) + E(*®).

Proof is straightforward. O
Theorem 4.7.

Var(£'5€) = 2{vec[ZE(§) E(¢')Z]} E(n*®)
+2{[E()Z] @ [E(E)ZDEMN*®)
+2{[E(&")Z] ® [vec(Z)]'}E(n*®)
+2{[vec(Z)]' ® [E(E)Z]}EM*®)
+ [vec(Z) @ vec(T))'{E(n*®) — [E(n*®)]*®}.

Proof. By virtue of Lemma 4.5 we have
Var(V) = [vec(S) ® vec(S)] E(€*®) — {[vec(D)] E(E?®)}?.

Due to Lemma 4.6 the expression [vec(X) ® vec(Z)]'E(£4®) consists of 12 terms; it
is necessary to rearrange several of them.
As an example let the expression

[vec(Z) ® vec(Z)] E[n ® E(§) @ n @ E(€)]
be taken into account. Then

[vec(X) @ vec(Z)]'E[n ® E(§) @ n® E(§)]
= E{[vec(2)]'[n ® E(¢)][vec(E)]'[n © E(€)]} =
= E{[vec(2))'[n ® E(©)]ln’ ® E(€)] vec(E)}
= [vec(2)/[E(mm’) ® E(€)E(¢')] vec(T)
=Y E(mn;)o’ ;E(€)0’ ;E(€) = {vec[SE(¢)E(¢") ]} E(n*®).

J
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The other 11 terms can be rearranged in a similar way. Then it is sufficient to take
into account the relationships

{[vec(Z))'E(£2®))? = {[vec(Z))[E(£)]*® + [vec(Z)]E(n*®)}? =
= [vec(Z) ® vec(T)]'[E(£)]*® + 2[vec(T)]'[E(£)]*®[vec(T)] E(1*®)
+[vec(E) ® vec(Z)]'[E(n*®)]*®

(Lemma 4.6.(i)) and

Var(¢'S€) = E(£'56€6'5€) — [E(E'SE)),

where Lemma 4.5 and the rewritten expressions from Lemma 4.6 (ii) are used. 0O

The expression for Var(V') from Theorem 4.7 cannot be used directly. The vector

k®
[Z A}éj] must be used instead of [E(£)]*®, k = 1,2, and
Jj=0

oo k®
E{ [z Al (79 - aj)} }

instead of E(n*®), k = 1,2, 3, 4.

Lemma 4.8.
=) (A5 ® AL) G4k — 65 ® 5k)
j=1k=1
(cf. Lemma 4.1) and

E@®) =3 3 ) (450 4 @ A)3],

i=1k=1I=1

where

=04kt —0; @0kt — (I @Ok @ I)bj41 — i1k ® O + 28 @ Ok ® 63

E@*®) - [Em*®) =3 33" 3 (4 0 4, © Al ® A'®)[4]

j=1k=1 r=1

~
-
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where
= Ojthtitr —0; ® Okqigr — (I QG @I @ I)bjp14r + 20; ® Ok @ O14r—
—-(I®I®H ®I)0j4ksr + (6j QIR QI)lkyr+ (IR0 Q@ QI)bjtr—
—40; ® 0k ® 6y — 04k 1 @0 +0; @61 @0, + (I ® 6k @ I ®6,)d541
+20; 4k @6 ®0r — i1k @ bytr.

Proof. Since
(Am,n ® Bp,r ® Cs,t)(Dn,a ® Er,b ® E,c) = (AD) ® (BE) ® (CF)

for any dimensions m, n, p, 7, s, t, a, b, ¢ of matrices A, B, C, D, E, F, we can
write
7% ® 6k ®'® = (Ljn jn ® 0k ® Linin)(67® ® 1 ® £/'®)
=  E(E® @0k ®€'®) = (Ljn,jn ® 6k ® Linin)djt1-

Now it is sufficient to use the equality

[e) k®
n*® = EA;.(aJ@—Jj)] , k=1,2,3,4

i=1

and the above given rule for proving the assertions. The procedure is elementary
though tedious and therefore it is left to the reader. ]

Theorem 4.9. Let Assumption be satisfied. Then

[o < BN < N0 ]

Var(§'5¢) =2 (65 ® 61) (Ak ® 4;)(Z @ T)(4] ® A7) (614 — 61 ®6,)

7=0k=0 I=1 r=1

+2) 002 ) (6 ®6)(4; © A) (S © T)(4] @ 4;)(0utr — 51 @ 1)
3=0 k=1 Il=1r=1

{(ZJ;A 2) ® [vec(T }ZZZ(A; x A;® AL)[3]
D (A x 4 ® A7)3]

1 r=1

M3
M8

>
'I_ll

l

(4 ® A, ® A] ® A})[4]

1

+2 {[vec @) ® (Z 8 A; 2)}
>

=1

NE
M8

+[vec(Z) @ vec(Z)]' i

j=1k=1 1

~

,,
Il

Proof. The expression can be obtained directly from Theorem 4.7 and
Lemma 4.8. O
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Corollary 4.10. Let f(.) be a polynomial of the second order. Then
(1) if i is normally distributed, then the exact formula is

var (22 z2L)

or' |z=f‘ or

) = 4g'SHYHSg + 2 TY[(HE)Y.

=/
(ii) In the general case,

var (YD) _, 520

oz’ oz |1="‘

+[vec(T)] ® [vec(S)) H*® (6, — 65 ® b2).

) =4¢'SHEHYg + 4[vec(Z)]'(H ® H)pHZg

5. SOME COMMENTS TO THE DETERMINATION OF THE STANDARD DEVIATION

The expressions 1/ Var|[f(f)] and \/£'S€, respectively, are required more frequnetly
than Var[f(4)] and €'Z¢. Thus it should be stated something on the statistical be-

haviour of /¢'X€.

Lemma 5.1. Let p,(t), t € R!, be the series from (2.1). Let for a given function
¢(.): R! > R! the radius of covergence of its Taylor series

(p(Z)=ho+h12+h222+...

be k > 0. Let |ps(0)| < k. Then
(i) the series p[ps(t)] = 3 hj[ps(t))? converges on the interval (t;(s), t2(s)), where
j=0

t1(s) = inf{t: |ps(t)| < &},
t2(s) = sup{t: |ps(t)| < K}-
(i) Let
Ry ={z:z € R",z = (1 - a)ti(z/||z|]) + at2(z/||z]]),0 < a < 1}

and S C R,.

Then ¢[f(x)], € S, can be expressed by a series which converges uniformly on
S and absolutely for any = € S.

Proof. It follows from the consideration in [4], p. 488. O
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Under the given Assumption, since (cf. Theorem 3.3)

[o <TNe o

Var[f(@)] = Y Y () ®a})(3j4r — 6; @ 6,)
1

r=1 j=

=g'Sg+ )Y (a, ®a}) (B4, — 6; ®5,),

r=2 j=2

we can write

1 =) 1/2
VG = VaSs (1 4+ 2155 (et 0 ) 6i4r - 65061

r—2j=2

k

=\/g—/292(1£2) [ e ZZ(a ® ;) (654 — 0 ®5)}
k=0 922 =2

and this series converges iff

Varlf ()] - 'Tg| _ |
g'Sg

(cf. Example 2.3 (i)).
For the first orientation the following formulae can serve. For the sake of simplicity
the quadratic function f(.) and the statistical moments up to the fourth order only

are considered in the following.
Thus

0 = VT =[50 + TH(g' © )l + HT(H © H)y) - [Te(HDP);

in the case of normality,

o=VV= \/g’Eg + %Tr(Hsz)

1 2
= VSg + e THD)] - s TS +

Analogously
(5.1) 5=VV = /E5€ = /gsgV1+U
- U U?
=+19'Zg 1+E—?+...),
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where

U= 5, [ngZA' ’°®+Zef® AEg-f-ZZ(e]@)AEA' k®

Jj=1 j=1 k=1

Since U = (£'S€ — g'Sg)/g'Zg, thus Var(U) = Var(V)/[(¢'Zg)?]-
The series (5.1) converges in the case that the support S; of the distribution of
the random variable U satisfies the condition

P{U| <1} =1.

Remark 5.2. In some situations Assumption is not satisfied; e.g. 2 is normally
distributed and R C R™ and R # R™. In this case the given formulae for the
bias and variance are not valid. Nevertheless, they can be of some use in the case
P{i ¢ R} < e, for € > 0 sufficiently small.

E.g. in the case f(z) = L, € R! — {0}, let & ~ N;(u,0?), where u > 0 and

Z’

£ < 1. Then the expressions (two first terms from the expressions given in Theorem
3.3 are taken into account only)

1 1 2 1 2 20*
E<T>:—+g§+---, Var(r)=0—4+——06 +...
i B i T %

are in good agreement with results obtained by the simulations (5.000 trials) for any
2 <0.L
Analogously as in the case of y/Var[f(i1)], the quadratic function f(.) and the

statistical moments up to the fourth order only are considered in the following.
Thus

V =¢'Sg+2'HSg + ¢'H'SHe,
Var(V) = 4g'SHEHSg + 4 Tr {[(¢'SH) ® (HZH)]p}
+Tr {(HSH) © (HEH)w} — {T{(HE)?)),

1 1 1
5 =1+/9'Sg41 ——EH 'HYHe — ———¢' '
G g 9{ + g e+ g’}]ge € 2(g’2g)2€ HYgg'SHe+
1 1 , , 1 , , , .
+ ( ) @97 e'HYge' HEHe + DN HSge'HSge' HE gg' S He
1 1, ,
+ <—g) —_(g'Eg)ZE HYHee' HX He

3
+Z€'HEgg'EHEE'HEgg'EH6 - e€HYgg'SHee' HXgg'S He | ,

15
24(g'Sg)*
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1
EG) =+/9'2g |1
() 9'Zg +29,E

b5) = E@G)—o =

1 '

4\/_2_ T (XHXIH)-
32(g/2g)3/2 {Tl‘ [
gLHYHYg

9'Eyg

Tr [(HT)Y] _3g’2H2H2HZHEg (¢EHELHZg)?
29'Sg (9'Z9)? (9'2g)?

Example 5.3. (Assumption is not satisfied, cf. Remark 5.2.) Let Y ~

N.(XB,0%V), B € R¥, r(Xp i) =k <n, r(V) =n. Then

1
g SHEHTg +

~2(¢'sg)¥ EHPIY -

Var(6) =

s
2

2
=YV - VIIX(X'VIX) X'V Y (0 — k) ~ o2 X”-';c.
p—
Thus
2
Vo2=¢ 1+(X"';C—1).
Let 9
— Xn—k _
n n—k

Then E(n) = 0 and Var(n) = 2. If \/-2:2.5 = 0.5, i.e,, n — k = 50, then with
respect to the Tchebysheff inequality P{|n| < 0.5} > 0.84 (in fact P{|n| < 0.5} =
P{25 < x%, < 75} = 0.99). With respect to the approximation

- 1 1 1 5
U:U\/1+n=0(1+§n—§772+§T]3—158-T]4+...)
and the well known relationship
1 2\’ . (f
sl B () () 75+,
g 7) T2

(f =n — k), we obtain

E(5) = o x 0.9948

(the terms up to the fourth order including). The exact well known formula is

()
E(o) =a\/; I‘(Z‘-)

The agreement seems to be good for practical purposes.

=0 x 0.9950.
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