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We consider a market model that consists of financial investors and
producers of a commodity. Producers optionally store some produc-
tion for future sale and go short on forward contracts to hedge the
uncertainty of the future commodity price. Financial investors take po-
sitions in these contracts in order to diversity their portfolios. The spot
and forward equilibrium commodity prices are endogenously derived
as the outcome of the interaction between producers and investors. As-
suming that both are utility maximizers, we first prove the existence of
an equilibrium in an abstract setting. Then, in a framework where the
consumers’ demand and the exogenously priced financial market are
correlated, we provide semi-explicit expressions for the equilibrium
prices and analyze their dependence on the model parameters. The
model can explain why increased investors’ participation in forward
commodity markets and higher correlation between the commodity
and the stock market could result in higher spot prices and lower for-
ward premia.
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1. Introduction

Since the early 2000s, the futures and forward contracts written on commodities have been a
widely popular investment asset class for many financial institutions. As indicatively reported
in [17], the value of index-related futures’ holdings in commodities grew from $15 billion in
2003 to more than $200 billion in 2008.! This significant inflow of funds has coincided, up to
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2008, with a steep increase in the spot and futures prices of the majority of commodities, espe-
cially the ones included in popular commodity indices. The comovement of amounts invested in
commodity-linked securities and the prices of the associated commodities continued even during
the prices’ bust in 2008 and their recovery which started in 2009; see e.g. the empirical studies
presented in Singleton [57], Tang and Xiong [60] and Buyuksahin and Robe [10].2 Furthermore,
several statistical studies have found that the correlation between commodity prices and the stock
market has grown during the last years. As an example, [10] argues that the correlation of the
U.S. stock market (weekly) returns and the returns of the GSCI commodity indices varies from
-38% to 40% depending on the period, and stays positive and away from zero after 2009; fur-
ther statistical evidence on the increased correlation are given in [60], [57] and in Singleton and
Thorp [56]. Therefore, the investment strategies of financial institutions on stock and commodity
markets should be considered in the same optimization problem and not independently.

The booms and busts of the prices of major commodities during the last decade has naturally
captured the interest of the academic community. The main question addressed is whether the
behavior of commodities’ prices is caused by the (enhanced by the financialization) positions of
speculators or by the fluctuations of fundamental economic factors (i.e. increased demand and
weakend supply).® Even though there exist several empirical studies, the theoretical approaches
that link spot and forward prices of commodities with the rest of the investment assets are scarce.

The main goal of this paper, is to establish an equilibrium model that allows to endogenously
derive both the spot and the forward price of a commodity, and is flexible and general enough
to include not only the randomness of the commodity demand and the commodity holders’
storage option, but also risk averse agents and correlation between the stock and the commodity
market. In our model, equilibrium commodity prices are formed as the outcome of the interaction
between market participants, and simultaneously clear out the spot and the forward market.
The forces that lead to the market equilibrium are the producers’ goal to maximize their spot
revenues and optimally hedge the risk of the future commodity price, and the investors’ goal
to achieve an optimal portfolio strategy that, besides the stock market, includes also a position
in the commodity’s forward contracts. The model offers new insights on how specific model
inputs, such as the agents’ risk aversion, the correlation of the stock and commodity market and
the uncertainty of the future commodity price, influence the equilibrium prices and the related
risk premia.

1.1. Model description

We consider a model of two points in time: the initial one and a given (short-term) future horizon
T'. We assume that the main market participants are the representative agents of the commodity’s

In [57], it is shown that investors’ index positions in crude oil are highly correlated with crude oil prices, while
[10] provides statistical evidence which indicates that the excess speculation in U.S. Commodity Futures Markets
increased from 11% in 2000 to more than 40% in 2008. In theoretical terms, this correlation affects heavily the
agents’ optimization problems (see among others [11]).

3The opinion that speculative forces are the main reason for the booms and busts of commodity prices (especially in
oil and gas markets) is supported by the empirical studies in [33, 57, 60], while [10, 32, 52, 59] provide statistical
tests that are in favor of the fundamental economic reasoning (see also [39, 44]). For a more detailed literature
survey on this debate, we refer the reader to [33] and [52].



holders/suppliers and the financial investors/speculators, who shall hereafter be called produc-
ers* and investors® respectively.

The producers’ source of income are the revenues from spot and future sales. While the com-
modity spot price could be determined by the spot commodity demand function, the future price
is subject to demand shocks. Assuming that producers are risk averse, their goal is not only to
maximize their spot revenues, but also to reduce their risk exposure to the future commodity
price by maximizing their expected utility.® If the production schedule at the initial and future
time is a predetermined pair of units, producers have two decisions to make: what amount of the
production to supply in the spot market (inventory management) and what position to take in the
forward contract (hedging strategy). Provided they know the demand function of the commod-
ity’s consumers at the initial time, they can determine the commodity spot price by choosing the
amount of the inventory they will hold up to the terminal time. However, random demand shocks
at time 7" will shift the whole demand function to lower or higher levels (for instance, in Section
4 we suppose that the random shift of the demand function is driven by a vector of stochastic
market factors). Producers hedge the risk which stems from the future time demand function by
taking a short position in forward contracts written on the same commodity and with maturity
equal to 7T'. The fact that the inventory will also be sold at time 7" makes the forward hedging
position even more important for the producers.’

The producers’ hedging demand is covered by financial investors, who take the opposite po-
sition in the forward commodity contracts and thus share some of the future price uncertainty
risk, possibly against a premium. They invest optimally in an exogenously priced stock market®
and are willing to take the future commodity price risk in order to better diversify their portfolio.
Indeed, as mentioned above, the correlation between commodity and stock market indices has
been shown to be away from zero. This correlation could be incorporated in a model where the
stock market price is driven by the same stochastic factors that drive the evolution of the com-
modity demand function. Given this correlation, the optimal investment strategy in the stock and
the commodity market should be considered in the same optimization problem. As in the pro-
ducers’ side, we assume that the investors are represented by an agent who is a utility maximizer

*We refer to the commodity sellers as producers by following the related literature (see e.g. [1, 6, 52]). Some authors
impose that the representative agent of the supply side is the commodity refiners or storage managers who hold
the production and in some cases control its supply in the market (see for instance [24, 49]). In our model, the
production schedule is a given input and the spot revenues of the producers come only from the commodity sales,
thus our findings apply directly in case the refiners are the ones that distribute the commodity in the market.

> As highlighted in [45], it is rather difficult to identify whether the long position in the commodity forward contracts
is taken by investors who just want to diversify or by speculators who invest based on specific predictions about
the move of commodity prices. As a matter of fact, the holders of a long position in the forward contract can also
be called insurers, since they undertake some of the producers’ risk. Without attempting to enter in this debate,
we will call the producers’ counterparties in the forward contract investors.

The massive use of derivatives by natural gas and crude oil producers presented in Table 1 of [1] is a clear evidence
that commodity producers are indeed risk averse regarding their future revenues.

"The significance of the inventory policy in the spot and forward price fluctuations has been highlighted by many
authors, see e.g. [31, 44, 51, 57] for detailed discussions and statistical evidence, especially in the popular example
of crude oil prices.

8Here, exogenously means that investors in the commodity forward contract are price takers in the stock market.
This implies that the volume in the commodity forward contracts is not so large to influence the price of the stock
market, an assumption that is supported by the corresponding market volumes.



and whose investment choices are the (possibly dynamic) trading strategy in the stock market
and the position in the forward commodity contract.

The optimization choices of both producers and investors clearly depend on the forward com-
modity price. We define as equilibrium forward price the price that clears the forward market
and at which both participants’ expected utilities are maximized. Given the forward price, the
producers optimally choose the inventory policy, which in turn gives the initial commodity sup-
ply and thus determines the spot price through the initial demand function of the consumers.
Therefore, by deriving the equilibrium forward commodity price, the equilibrium spot price as
well as the producers’ optimal inventory policy are also endogenously derived in our model.

1.2. Findings and contributions

The main mathematical result of this work is to prove, under CARA preferences and upon some
minor technical assumptions, that equilibrium spot and forward commodity prices exist. In this
proof, we use standard duality arguments to show that both producers’ and investors’ optimiza-
tion problems are well-defined and admit finite solutions. The existence of the forward commod-
ity equilibrium price is first proved for every fixed producers’ storage choice. Then, we show that
this equilibrium is stable with respect to the storage choice, which in turn guarantees the exis-
tence of the commodity market equilibrium. In fact, this stability result is interesting in its own
right, since it shows that the market clearing is stable with respect to any control variable which
belongs to a closed set of real numbers.

The constructive nature of the aforementioned proof allows us to derive implicit formulas
for spot and forward prices, which can be used to investigate how the main model parameters
influence the commodity market. We illustrate this using two examples with factors driven by
Lévy processes; first a Brownian motion and then a jump-diffusion process. The main results are
given below.

Focusing first on the equilibrium spot price, our results imply it is monotonic with respect to
the agents’ risk aversion coefficient; it is increasing for producers and decreasing for investors
(see Figures 5.1 and 5.2). When producers are more concerned about the commodity future
price uncertainty, they increase their position in the forward contract and hence lock the selling
price at the terminal time. As long as the hedging position is counterpartied by the investors,
high risk averse producers can increase their certain revenues today and at the same time hedge
their future price risk. What is very important in this monotonicity is the correlation between the
stock market and the demand random shocks. As it is illustrated in Section 5, when correlation
is away from zero, the equilibrium spot price is pushed upwards. This is mainly because higher
correlation means that investors are able to better hedge their risk exposure in the commodity
market by adjusting their investments in the stock market. Hence, they are willing to receive a
lower forward premium, thus making hedging cheaper for the producers. In particular, when the
investors are more risk averse, they reduce their share in the future commodity price risk; thus,
producers cannot hedge their future price risk which forces them to increase their supply in the
spot market. Therefore, the spot price is a decreasing function of investors’ risk aversion (all else
equal). Also, it follows that the producers’ ability to hedge their risk tends to increase the spot
equilibrium prices. Moreover, our model yields that the existence of a forward contract in the
commodity market stabilizes spot prices when there is scarcity of the commodity at the terminal



time; in particular, the presence of forward contracts increases the current spot and decreases the
expected future spot price of the commodity.

The monotonicity of the spot price with respect to risk aversions could also be used to explain
how the participation of investors in the commodity forward markets could result in an increase
of spot commodity prices. Indeed, under CARA preferences the more investors participate in the
market, the higher the aggregate risk tolerance becomes or, equivalently, the lower the represen-
tative risk aversion’ coefficient becomes (see, among others, Wilson [61]). As discussed above,
this implies higher spot commodity price, a result that is consistent with the observed market
data (see e.g. [10] and Henderson et al. [33]). Similarly, we verify that more producers (of the
same total production) implies lower spot price.

Besides equilibrium commodity spot prices, our model allows to endogenously derive quanti-
ties that characterize the two major, and not mutually exclusive, theories of forward commodity
markets: the theory of storage and the theory of normal backwardation. Based on the ideas intro-
duced in Kaldor [40], Working [62] and Brennan [9], the theory of storage states that the holders
of the commodity inventories get an implicit benefit, called convenience yield, which implies the
value of the spot commodity consumption. This yield can be approximated by the difference be-
tween the spot and the forward price minus the cost of storage. Our equilibrium model verifies
that the convenience yield is increasing with respect to the producers’ risk aversion, meaning
that the more sensitive about the risk the producers are, the more commodity forward units they
hedge depressing the forward price (see Figure 5.6 for the Brownian motion example). A similar
increasing relation holds for the investors (these relations, in particular, generalize the results
of Proposition 1 in Acharya et al. [1]). However, the convenience yield is not always mono-
tonic with respect to the correlation coefficient. As discussed in Section 4, there are two effects
of opposing direction on the convenience yield, one coming from the decrease of the effective
investors’ risk aversion and other from the corresponding increase on the spot price. The total
effect mainly depends on the level of the agents’ risk aversions and the (uneven) production
levels at initial and terminal time (see Figures 5.6 and 5.7).

On the other hand, the theory of normal backwardation (see the seminal works by Keynes [43]
and Hicks [34]), states that there is a positive premium required by the investors in order to sat-
isfy the producers’ hedging demand in forward contracts. This premium, usually called forward
or insurance premium, is given as the percentage difference between the expected commodity
price at maturity and its forward price. As expected, this premium is increasing (decreasing)
with respect to investors’ (producers’) risk aversion.

In contrast to the existing literature, our model includes as an input the correlation between the
stock market and the commodity demand shock. Several empirical studies have shown that this
correlation is indeed non-zero and, as our results demonstrate, it does influence the equilibrium
prices heavily. In particular, as it is shown in Section 5, the effective investors’ risk aversion
coefficient is decreasing in the presence of non-zero correlation. This simply reflects the fact
that higher correlation means better hedging of the forward contract position by trading in the
stock market (provided there are no short-selling constraints on the investors’ trading strategies).
Hence, non-zero correlation has in principle the same effect on the equilibrium as a decrease in
the investors’ risk aversion (see Figures 5.1, 5.2 and 5.5). For instance, higher correlation (in
absolute values) means higher spot commodity price, a result that is also consistent with the
observed market data (see e.g. [60]). A similar effect is caused by an increased variance of the



demand shock, which can be due to the presence of jumps (see Figure 5.5).

1.3. Relation with the existing literature

Equilibrium pricing models in markets that consist of utility maximizing agents have been re-
cently addressed by a number of authors in mathematical finance; see, among others, Anthro-
pelos and Zitkovi¢ [4], Barrieu and El Karoui [7], Cheridito et al. [15], Filipovi¢ and Kupper
[25], Horst and Miiller [37] and Karatzas et al. [42]. The results in this literature however do not
cover the case of commodity forward contracts, not only because a commodity has a consump-
tion value which is reflected by the consumers’ demand function, but also due to the producers’
specific storage choice. To the best of our knowledge, this paper is the first to apply a utility max-
imization criterion for spot and forward equilibrium prices of commodities, while considering
also the existence of a correlated stock market.

Theoretical studies of the equilibrium relationship between spot and forward commodity
prices go back to Anderson and Danthine [3], Stoll [58] and Hirshleifer [35, 36]. The results
of these seminal works are limited regarding the agents’ risk preferences, which are assumed
to be mean-variance, while recent extensions of this setting have followed different approaches
than ours. For instance in Baker [6], mean-variance optimization problems are imposed in a
discrete time dynamic model, where investors are the ones that have the storage option and the
consumers (the households) get utility from consumption and the wealth (numéraire units). In
Routledge et al. [S1] and Pirrong [49], investors are assumed to be risk neutral and without ac-
cess to other financial markets, while forward prices are simply the expectations of future spot
prices. The interaction between the optimal storage and the investors’ optimal position in the
forward contract and its effect to spot and forward equilibrium prices are also studied in Ekeland
et al. [24]. However, in contrast to our model the investors trade only in forward contracts, while
the preferences are mean-variance, which means that they are not monotonic with respect to
futures revenues. More recently, endogenous commodity supply under asymmetric information
and limited participation has been developed in Leclercq and Praz [48]. Static mean-variance
models have been also studied and statistically tested in Acharya et al. [1] and Gorton et al.
[30], however neither the investors nor the producers trade in any other market outside of the
commodity market®. Hence, their theoretical results cover only a very special case of our model,
namely, when the stock and the commodity market are uncorrelated and the demand random
shift is normally distributed. '’

The main novelties of our approach compared to the related literature are the consideration of
an exogenous stock market available in the investors’ trading set, the risk aversion of the agents’
preferences and the much richer family of processes that model the market factors.!! Indeed, as

°In [1] investors are assumed risk neutral, but the imposed capital constraints eventually lead to a mean-variance
optimization criterion, while in [30] there is a random supply shock at the terminal time, which however does not
change the general idea of the equilibrium setting.

0Continuous time dynamic models with random demand shocks and exogenously given spot prices have been
developed in [8] and [13].

""The seminal works [58] and [35] also include a correlated risky asset in the investors’ set of strategies, forming an
equilibrium framework. However, our results are more general regarding not only the utility preferences and the
stochasticity of the market model, but also the set of investors’ trading strategies.



has already been discussed, both the correlation between the stock and commodity market and
the jump component do influence the equilibrium prices.

This paper is structured as follows: Section 2 sets up the general framework for our equilib-
rium model. The well-posedness of the agents’ optimization problems and the existence of an
equilibrium are proved in Section 3. Section 4 studies a model with continuous trading under
Lévy dynamics, where semi-explicit formulas for equilibrium quantities are derived and dis-
cussed. Finally, Section 5 focuses on two examples that permit the illustration and a further
economic interpretation of the results. Technical proofs of Section 5 are placed in Appendix A.

2. A general framework for commodity prices

We start by describing a general modeling framework where the interaction of market partici-
pants determines the spot and forward prices of commodities. The model consists of a pair of
representative agents'>: the producers produce the commodity, supply part of the production
at the spot market and store the rest, while they hedge their exposure to price fluctuations us-
ing forward contracts on the commodity. The investors invest in financial markets and, in order
to diversify their portfolio, they also invest in the commodities forward market. Moreover, the
model includes consumers who consume the commodity at the spot market. The goal is to de-
termine the price of the commodity that makes the forward market clear out, assuming that both
producers and investors are utility maximizers.

More specifically, the producers produce 7y units of the commodity at the initial time O and
7 units at the terminal time 7'; both 7y and 77 are assumed to be deterministic'?. They offer
o — « units at the spot market at time 0 and store the rest for time 7'. Furthermore, they hedge
their exposure by investing in the forward market. Therefore, their position at time 7T is

w(a, hP) = Py(mp — a)(1 + R) + Pr(mr + a(1 —¢)) + h?(Pr — F), (2.1)

where Py and Pr denote the spot price at times 0 and 7" respectively, R the discretely com-
pounded interest rate, ¢ € [0, 1] the cost of storage considered as percentage of the stored units'4,
F the forward price and hP the amount of forward contracts held by the producers. A positive
h? indicates a long position in the forward contract, while a negative h” amounts to a short one.
The producers’ utility is assumed to be exponential, henceforth their preferences are described
by

Up(v) = —’: logE [e_“”’”] , (2.2)
P

where 7, > 0. As in Anderson and Danthine [2, 3], their problem is to find an optimal storage
strategy o € [0, 7] and an optimal hedging strategy h” € R that maximize the utility of their

">The representation by a unique agent is widely used in this literature, see [1, 8, 24, 30, 57] among others.

3 This assumption means that the producers control the supply of their commodity only through the inventory man-
agement and not by changing their production plans, which can be prohibitively costly in the short-term (see also
the related comment in [1]).

!4The representation of the storage cost as percentage is common in the related literature, see e.g. [1] and [30]. The
constant cost rate ¢ is usually referred to as the depreciation rate.



position (2.1). Therefore, their utility maximization problem is

I .= sup U, (g(a, hp)). (2.3)
a€0,mo], hPER
The spot price of the commodity is the price at which the consumers’ demand equals the
producers’ supply. The consumers’ demand at the initial time is given by a strictly decreasing
and linear function'

Yo(x) = p— ma, (2.4)

where 1 € R and m € R, while x denotes the price. The parameter m is a measure of the
elasticity of demand for the commodity. The demand at the terminal time is random and depends
on the factors driving the commodities market, which are incorporated in a random variable X.
The demand function at the terminal time is of the form

Yr(z) = Yo(x) + X. (2.5)

In other words, we assume that the shape and the elasticity of the demand function remain the
same, however there is a random shift'® acting on it. This shift may be, for example, the result
of an increase or decrease in the prices of the competitive commodities, of fluctuations in a
dominated currency, or of an exogenous increase in the demand for every price level. Since the
demand function is linear, the inverse demand function is also linear and equals

_HY _ptX—y

m

Po(y) and  ¢r(y) (2.6)

Henceforth, if the producers store « units at the initial time, the spot price of the commodity,
determined by the equilibrium condition between demand and supply, equals

o
Py = ¢o(mo — ) =¢>0(7T0)+%, 2.7
while the commodity spot price at the terminal time is
a(l —e¢ X

The producers control the spot price by choosing the inventory policy. By storing more com-
modity units they increase the spot price, but they also increase their exposure to the variation
of the future spot price since the stored units will be supplied at the next time period.

The investors take a position h* in the forward contract and invest in an exogenously'” priced
financial market. Their position at time 1" equals

w(G,h*) =h*(Pr—F)+ G, (2.9)

'5The linearity of the demand function is imposed to facilitate the analysis. The limitation of this assumption does
not exclude from our study the main characteristics of the demand, namely its elasticity and its random nature
at terminal time. Let us also mention, that for a short time horizon a first order approximation of the demand
function should suffice (see also the related discussion in [1, 24]).

16 A similar random shift has already been used in the literature, see for instance [49].

"In other words, the investors are price-takers when they invest in the financial market.



for G € G, where G is a set of random variables that models discounted trading outcomes at-
tainable with zero initial wealth. This general formulation allows to consider different scenarios
simultaneously.

Example 2.1. The simplest scenario is G = {0}, whence the investors can only invest in the
forward contract. Another scenario is to consider an asset price process .S and denote by G(0) =
fd 0,,dS,, the gains process for a trading strategy €. In that case, the set of trading outcomes G is
given by

G ={Gr(0) : 0 € ©},

for a set © of admissible, self-financing trading strategies. Transaction costs can be easily incor-
porated as well by setting

G={Gr(9) — k() :0 € ©},
where k£ : © — R is a concave function. O

We assume that the investors’ utility is also exponential with v, > 0, that is, their preferences
are described by

Us(v) = —71 logE [e7 "], (2.10)

therefore their utility maximization problem reads as

I°:= sup Us(h*(Pr—F)+G). (2.11)
hsER,GEG

The maximization problem of both participants depends on the forward price F'. This price is
determined by the equilibrium in the forward market, which is defined below.

Definition 2.2. A triplet (&, B, 3 ) is called an equilibrium if it satisfies the following conditions:

* Market clearing: the forward market clears out in the sense that

~

h = hP(F) = —h*(F). (2.12)

* Optimality: the pair (&, fL) is optimal for the producers’ problem II? and his optimal for
the investors’ problem II°.

The price F' = F(&) is called the equilibrium commodity forward price at maturity 7. The
induced price Py := Py(&) derived by (2.7) is called the equilibrium commodity spot price at 0.

Remark 2.3. The utility maximization problems of both agents are equivalent to risk minimiza-
tion problems relative to the entropic risk measure; see e.g. Barrieu and El Karoui [7]. The risk
measure point of view is more natural for certain agents, such as a corporation managing its risk
exposure. ¢



3. Equilibrium in the general framework

The aim of this section is to show that an equilibrium exists in the general modeling framework
described above, under mild assumptions on the random variable X and the set of trading out-
comes G. Let (2, F,P) be a probability space where F = Fp. In the sequel all equalities and
inequalities between random variables are understood in the P-almost sure sense. The interior
and the boundary of a set K are denoted by K° and 0K, respectively, and the domain of a
function f by domf.

We denote the set of exponential moments of X by Ux = {u € R : E[e*X] < oo} and define
the cumulant generating function of X by

kx(u) zlogE[e“X] , u € Uyx. (3.1)
The following conditions will be used throughout this work:
(EM) 0 € U%.

(COE) If oUx = +oo then the following limit holds:

lim = +00.
2400 |z’

The next lemma summarizes some useful properties of the cumulant generating function.
Lemma 3.1. The cumulant generating function kx is convex and lower semicontinuous.

Proof. Convexity follows directly from Holder’s inequality; for p, ¢ € (0, 1) conjugate, we have
that

kx(pu+ qu) = log E[eP"~ ]
<log { (E["*])"(E["*])"} = prx(u) + grx(v).

In order to show lower semicontinuity, consider a sequence w,, — u; then e“»*

positive functions. Applying Fatou’s lemma, we get

is a sequence of

lgil_l)%f kx(up) =