ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 2, Number 3, Summer 1972

INTRODUCTION TO GENERAL THEORY OF
REPRODUCING KERNELS

EINAR HILLE

1. Introduction. The theory of reproducing kernels is of fairly
recent origin. The beginnings go back to the work of G. Szegd (1921)
and S. Bergman (1922). We shall give formal definitions later but at
this stage a rough description may be helpful.

Consider a class F of functions P— f(P) defined on some set S. A
function of two arguments K(P, Q) is a reproducing kernel for the
class F if for each f € F we have

(L) fB) = [ FOKP, Q) dQ

where the integral is taken over S or over some proper subset of S.

This formulation is a little too general for our purposes, but it gives
the idea. With this formulation it is easy to give examples of repro-
ducing kernels some of which are of quite an old vintage. Cauchy’s
integral is such a case. Here F is the class of all functions holomorphic
in a domain D bounded by a simple closed rectifiable oriented curve
C. We assume every f € F to be continuous in C U D and can then
write for zin D

(1.2) ﬂ@=—L— )y,

2i Je t—z
This is of the form (1.1) if we take

1 1
omi t—z

(1.3) Kz t) =

There is of course no need to assume that D is simply-connected; if
not, C will have to be the total boundary.

Various generalizations of Cauchy’s integral are known. Thus we
can let f be matrix-valued, P an n by n matrix, and f(P) be given by
a resolvent integral. This would already be a deviation from the
pattern set by (1.1).

Another formula which comes to mind is the following:
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(14) fls)= [, fie) axcs, )

Here F is the class C[0, 1] and X(s, t) is the characteristic function of
the interval [s,1],1e X(s,t) =0for0=t<sand = lfors=t=1.
This is a Riemann-Stieltjes integral and thus a little more general than
the prototype. It is mentioned here because

1
(1.5) fo f(t) dg(t)

with f € C[0, 1], g € BV[0, 1] is the general form of a linear bounded
functional on C[0,1]. As we shall see later, reproducing kernels and
linear functionals are closely related.

These formulas may be interesting but they do not suggest the
actual development. The canonical theory calls for a Hilbert space
and the kernel should belong to the space for each fixed value of one
of the variables. In a Hilbert space we have orthogonal systems and
the early work on reproducing kernels was associated with such
systems, the kernel being defined by a series of the form

(1.6) KPP, Q)= Y wu(P)w,(Q)

where {w,(P)} is a complete orthonormal system for the space. It
turns out that if one system will do, then every system works and the
kernel is independent of the system chosen.

If we use (1.6) as a tentative definition, the series must be meaning-
ful and, in particular, the series should converge for Q = P so that
K(P,P) = 0. This requirement would throw out the Cauchy kernel
right away, and not every Hilbert space will possess an orthogonal
system for which the series

(L7) S lonB)P < .

Let us have a look at some special cases. The simplest example of a
Hilbert space that we can think of is Ly(a, b). If a and b are finite
real numbers, we can reduce the discussion to Ly(—m, 7) and here the
standard orthonormal system is

(1.8) wu(t) = (2m)~V2ent,  n=0,%1,%2 ---.

We see right away that the corresponding series

M
)

(1.9) n(8)@n(t)

|
8
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diverges for all values of s and ¢, since the terms of the series do not
go to zero as |n|— «. For this space there can be no kernel function,
at least if we try to define the latter by the series (1.6).

Now it may be argued that we have given up the struggle too easily;
the speaker is supposed to be familiar with the theory of summability,
and the Abel-Poisson method applies to the divergent series (1.9).
Herefor0<r<1

- 1 1—r2

. = In|pniv = ———
(1.10) P(u; 7) _Eoo ree 97 1 — 2rcosu + r2

and when r— 1 the limit is + © foru = 0,0 for 0 < |u| = 7. In other
words, the Abel-Poisson limit of P(u;r) is the Dirac function &(u).
This does not strike me as an acceptable reproducing kernel.

On the other hand, we have

(1) flsn= 3 favew= [ fOrs -t d

with obvious notation and

(1.12) lim f(s; r) = f(s) almostall s
r—l1

and

(1.13) lim ||f( <57 = f( )2 = 0.

These formulas take the place of the missing

(1.14) fls) = j " fOKGs, 0 dr

Let us now consider a Hilbert space with kernel function. We take
Ly H(D), the space of all functions holomorphic in the domain D which
are quadratically integrable over D. Here we restrict ourselves to the
special case where D is the unit disk D : (z; |z| < 1). The integrability
condition is now

(1.15) I :) | Z" |f(rei®)|2r dr d6 < w.

The square root of this expression is taken as the norm of f in the space
and the inner product is

(1.16) (fg) = j; ji” fre')g(rer dr d6.
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Iff(z) = Y0 a,z", then

©

(1.17) Ifl = L 2 (n + 1)|an|2

The convergence of this series is necessary and sufficient for f to
belong to LoH(D). It is an easy matter to find an orthogonal system

in the space: the powers of z, 27, n =0, 1, 2, - - -, meet the require-
ment. For

! 2m ion —igm. -—__M_
(1.18) jo JO (et (e~ dr d = —Tom

This means that we can take
(1.19) wn(z) = (Um)2(n + 1)12zn

as our orthonormal system. It is evidently complete in L,yH(D) since
every element of this space can be represented in series of these func-
tions which is absolutely convergent for |z| < 1.

We now set

©

Kz, ) = 20 on(Z) wn(t) = % 2:) n+ 1)(zt)"

(1.20)
= %(1 — zt)-2,

This is simple enough but is it a reproducing kernel? There are, as
we shall see, two requirements to be met. (1) For each fixed z with
|z] < 1 we should have K(z, t) as an element of the space as a function
of t. (2) For each f € LyH(D)

(1.21) f@) = (). Kz *).

As to (1) we see that if |z] < 1 then K(z, t) is continuous and bounded
for |t| =1 and certainly quadratically integrable over D. Property
(2) requires some computation. The inner product is given by (1.16)
and, as will be shown later, if

(1.22) f(t)y= éﬁ.wn(t), g(t) = Y gawa(t)
then
(1.23) (f8) = X fan

where the series is absolutely convergent. We apply this with
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g =+ (=22 = 3 w@e),
0

Thus f, = fn, g = @,(2) and (1.23) becomes

(1.24) o= (ot a-=-2)- E:, fron(2).

Since this is f(z) we have got hold of a reproducing kernel for
LyH(D) and, as we shall see later, a Hilbert space has at most one
reproducing kernel.

This is one of the oldest examples of a reproducing kernel and it
goes back to S. Bergman. A closely related orthogonal system was
considered by G. Szegd for the space HLy(D). The “H” here refers
to G. H. Hardy and the members of the space are functions holo-
morphic in D which again we take as D:(z; |z| <1). The in-
tegrability condition is different, however. It is required that

w e = (L[ i)

be a bounded function of r. The least upper bound of M,[r;f] is
taken as the norm of f. If (z) = Y\¢ a,z" it is seen that

(1.%6) I1=(S k)"

so the convergence of this series is necessary and sufficient for

fE€ HLy(D). If g(z) = Y ; bnz" we define the inner product by

(1.27) (* g>=§ 4.

For powers of z we have (2™, z") = §,, so the powers form an
orthonormal system for this space which is evidently a complete system
since every element has a unique Fourier (power) series expansion.
Here the reproducing kernel is

(1.28) K(z, t) = (1 — zt)~!
and we have clearly

(1.29) (f(#), Kz, t>>=§ anz = f(2)

for every element of the space.
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Thus we know at least two Hilbert spaces with reproducing kernel
to make up for the one example without a bona fide kernel.

2. Hilbert space. In the first lecture there was much talk about
Hilbert space and the time has come to be more precise and to re-
fresh our memories.

An inner-product space or a pre-Hilbert space is one satisfying the
following postulates. X is a linear space over C.

DeriniTiON 2.1. X is an inner-product space if, for any ordered pair
of vectors, x, y € X, an inner product (x, y) is defined satisfying the
following conditions:

(1) (x,y)is a complex number.

(2) (x,x) = 0and (x,x) = 0iffx = 0.

(3) (y: x) = (x, y)

(4) (ax + by, z) = a(x,z) + b(y, z).

Various facts follow from these postulates. Thus
(2.1) (z,ax + by) = a(z,x) + b(z, y)
so the inner product is bilinear. Since

(x,0) = (x,0 + 0) = (x,0) + (x,0) = 2(x, 0)

we have
(2.2) (x,0) =0, Vx.

Lemma 2.1. If (x, y) = O for a fixed y and all x, then y = 0.

For, in particular, (y,y) = Osoy = 0. =

LemMMa 2.2. Forallx,y € X,
(23) I(x, y)I> = (x, %)y, y)
with equality iff y is a constant multiple of x.

Proor. We have

0=(y —ax,y — ax) = (y,y) — a(x,y) — a(y,x) + |a|*(x, x).

The desired inequality (Cauchy-Bouniakovski-Schwarz) is obtained
by choosing a = (y, x)/(x, x). This presupposes x # 0, but for x =0
there is nothing to prove. =

LeMmMa 2.3. The convention
(2.4) %]l = (x, x)2

defines a norm in X and a normed topology by
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(2.5) d(x,y) = [lx = y].
Proor. It is clear that ||x| =0 and |jx| = 0 iff x = 0. Further
lax|| = la| ||x|. To prove the triangle inequality consider

le+ylP=G+tyrty =@+ &y +Go)+ Gy
= l=l> + 206 9)l + lyll®
= (=l + 20<ll gl + lgll> = Cl=ll + flyl)>

Lemma 24. For a fixed y in X the inner product (x,y) defines a
linear bounded functional on X with norm ||y||.

This follows from Definition 2.1 plus (2.3). =
LemMA 2.5 (PARALLELOGRAM Law). For any two vectors x,, x; € X,
(26) s + o + [lx1 = x> = 2[[|x]|> + [|x= ]|

LEmMMA 2.6 (ExTENDED PARALLELOGRAM Law). For any n vectors

2 n
I =n 3 sl

1sj<k=n

n

Left as homework!
DeFiniTION 2.2, Vectors x and y are called orthogonal or perpen-
dicular if

(2.8) (x,y) = 0.
More homework:

Lemma 2.7. If x and y are orthogonal then the Pythagorean theorem
holds, i.e.

(2.9) I + gl = ll=I1* + llyll>.

DeriniTION 2.3. An inner-product space is called a Hilbert space if
it is complete in the normed metric.

We use H to designate a Hilbert space. Euclidean, real or complex,
spaces are Hilbert, so are I and Ly(a, b). It will be shown later that
LyH(D) and HLy(D) are Hilbert spaces. We suppose in the following
that H is infinite-dimensional. Mostly H will be separable, i.e. there
is a countable subset of elements dense in the space.

If dim H = + o then for each n there is a set of n linearly inde-
pendent vectors. If vy, vy, - - -, v, is such a set, we can find a set
uy, Uy, * * *, U, which is orthonormal by the so-called Gram-Schmidt
process. The assumption of linear independence implies and is implied
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by
(2.10) G = det ((v;, vi)) # 0.

This determinant is known as the Gramian. Its geometrical meaning
is the volume of the parallelopiped with the vectors vy, vy, = - -, v,
as edges. The new u-vectors are obtained by taking linear combina-
tions of the v’s. Thus wu; is a combination of vy, vy, * - *, vx with co-
efficients which are quotients of k — 1 by k — 1 minors of G. Here
u, has to be a unit vector, furthermore it has to be orthogonal to
uy, ug, * * +, ux_; which will be the case iff

(2.11) (ug, o) = 0, m=12 -+, k—1.

These conditions determine the u’s uniquely but we shall not write
down the resulting expressions.
Now suppose that x € H and form the numbers

(2.12) B = (x, ux),

where S = {u} is an infinite orthonormal system for H. These are
the Fourier coefficients with respect to S and lead to the Fourier series
for x

(213) X~ 2 a‘ckuk.

In what sense is this series convergent and does it converge to x?P
If both queries are answered in the affirmative for all x in H, we say
that S is complete in H.

At any rate the partial sums of the series have certain extremal
properties which are basic.

Lemma 2.8. The partial sums of (2.13) form a sequence of best ap-
proximation to x in H by the system S in the sense that for any n and
any choice of numbers cy, cs, * * *, ¢y

2 n
2o~ 3 P

(2.14)

n
X — 2 CrUj
k=1

with equality iff ¢ = & for all k.

The proof follows from the observation that the left member of
(2.14) equals

n n

(2.15) €12 = ¥ B2+ Y ek — %&/% =

k=1 k=1
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CoroLLARY (BEsseL’s INEQuUALITY). We have

(2.16) 3 el = o2
k=1

LemMma 2.9. The partial sums of (2.13) form a Cauchy sequence.

For we have

n 2 n
|12 s |[ = S e
k=m m

and as m— o the right member goes to zero by virtue of (2.14). =

Since H is a complete metric space, the Cauchy sequence con-
verges to an element of H say X. What is now the relation between
% and x? We have the following result.

LemMma 2.10. The following assertions are equivalent:

(1) The set of all finite linear combinations of the ;s is dense in H.
(2) X7 [&l? = ||x|| holds for all x.

(3) (x,y) = Y k-1 Xy holds for all x and y.

(4) % = Oforall kiffx = 0.

(5) x = x forall x.

Proor. We give brief indications of the argument. If (1) holds,
then for a given x € H we can make the left member of (2.14) as small
as we please by choosing n large and suitable ¢’s. This makes the
right member small for large n so that (2) holds. If (2) holds then we
apply the identity to

3

Y #x + ify|> = 4(x.y)

and obtain (3). If (3) holds and all £ are 0, then (x,y) = 0 for all y
and, by Lemma 2.1, x = 0. If (4) holds, we observe that the Fourier
coefficients of x and of % are identical and this requires that ¥ = x.
If (5) holds then the partial sums of (2.13) approximate x arbitrarily
closely and thus (1) holds. =

It is perhaps in order to remark that every separable Hilbert space
possesses complete orthonormal systems. This we can see by a com-
bination of the sieve method and the Gram-Schmidt method. Since
there exists a countable dense set of elements, we can arrange them in
a sequence {w;}. Suppose w, 74 0; we then take w;, = v; =u;. A
particular wj is omitted if it is a linear combination of the preceding
wy, Wy, * **, wj—;. If the space is infinite dimensional this weeding-
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out process leaves an infinite sequence of linearly independent vectors
{vx} the linear combinations of which are dense in H. These we
orthogonalize and obtain an infinite sequence {ux} which forms an
orthonormal system § the linear combinations of which again are
dense in H so that condition (1) of Lemma 2.10 is satisfied and S is
complete in H.

DeFiniTiON 2.4. M C H is a closed linear subspace of H if (1) M
is a linear, (2) every Cauchy sequence of elements of M converges to
an element of M.

Lemma 2.11. Let M be a linear closed subspace of H. Let x € H.
Then there exist two uniquely defined elements y E M and z € H
such that (1)

(2.17) x=y+z
(2) zis orthogonal to every element of M.
(3) For all elements u of M we have ||x — ul| is @ minimum foru = y.

Proor. We restrict ourselves to a separable Hilbert space H. In
this case we have a complete orthonormal system S = {u;} and

x = (X, ur)ux.

Here we split S into two subsystems S; and S,. A vector u; belongs
to S, if it € M, otherwise to S;. We now set

(2.18) y=> (x, ux)u, 2= (X, Unm)lim

where in the first series we sum over S; and in the second series over
S,. We have then clearly x = y + z and z is orthogonal to all of M.
Suppose now that

u=y aqu € M.
Then
Ix = w2 =D l(x, ux) = al> + X |(x, um)|?

where again the first sum extends over S; and the second over S,.
This will be a minimum iff ax = (x, uk) for all k, i.e. for u =y. The
minimum distance then is ||z]|. =

The set of all elements of the form

(2.19) 2= bplim, Um €S,

also forms a Hilbert space. It is known as the orthogonal complement
of M and is often denoted by M*. We have



GENERAL THEORY OF REPRODUCING KERNELS 331

(2.20) H=M®&M', M‘=HO M.

We come next to linear functionals. They have already figured in
Lemma 2.4 where it was stated that for fixed y € H the inner product
(x,y) defines a linear bounded functional. We have to prove the
converse proposition that every linear bounded functional is of this
form.

DeFiniTION 2.5. A mapping from H into C is called a functional.
It is linear if (1) D[f], the domain of definition of f, is a linear sub-
space of H, (2) for x, y € D[ f] and any constants a, b

(2.21) flax + by) = af(x) + bf(y).
It is bounded if there is a constant B > 0 such that
(2.22) [fx)|= Bllx|, x€DI[f].

LemMa 2.12. If f is a linear bounded functional with D[f] = H
then there exists a unique y € H such that f(x) = (x, y).

Proor. Consider first the null space of f, i.e. the set
N = {z; f(z) = 0}.

This is a linear subspace of H and it is clearly closed. There is
an orthogonal complement N*. If N+ should reduce to the zero ele-
ment, then N= H and f(x) = (x,0) is the trivial representation of
the zero functional as an inner product. Suppose next that N' con-
tains an element y # 0. We shall show that there is a constant c
such that f(x) = (x, cy). To this end consider the decomposition

x= (x — by) + by
where b is a number that will depend upon x. We choose b so that
x — by €N. This requires b = f(x)[f(y)] =' where we note that
fly) # 0 since y € N'. We have then (x — by, cy) =0 for all c.

Now choose ¢ so that

flby) = (by, cy) = bely|>
This gives

(2.23) cllyll* = f(y)

which determines ¢ uniquely. Hence
f(x) = f(x — by) + bfly) = (x — by, cy) + b(x, cy) = (x, cy).

The uniqueness of the representation of the functional by an inner
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product follows from the fact that (x, cy) = (x,u) for all x requires
u=cy m

A set S is convex if x;, ¥ €S and 0 < ¢t <1 implies that tx; +
(1 — t)xs € S. In other words, if the two points are in §, so is the line
segment joining them.

LeEmMa 2.13. A nonempty closed convex set S in H contains a point
whose distance from the origin is less than that of any other point in S.

Proor. If the origin is in S, there is nothing to prove. Ifnot, then

d(0,8) = inf [« = 8> 0.

By the definition of the infimum, there exists a sequence {x,} C S
such that lim ||x,| = 8. It is claimed that this is a Cauchy sequence.
The assertion follows from the identity

224) (13 = )2 = F > + 3 ol = 3 + 2]

Here § (x, + x,,) € S by the convexity of S. Hence its norm is at
leasts. f m < nand m— «

lim sup [[4(x, — xn)[2 =382 +162 - 82=0

whence it follows that {x,} is a Cauchy sequence and has a limit
denoted by xp. We have then xo € S since S is closed and x| = 8.
Suppose there is another point yo € S with |lyo|| = 8. We have then
from (2.23) with appropriate replacements

30 = yo)l12 = 3 lxoll> + L lyoll> — 14z + yo)|®
=382+182—-82=0

so that yo = x¢ and there is one and only one point at the minimum
distance. Here we have again used convexity to conclude that
(%0 + yo) € Sand hence of norm = 8. =

3. The spaces LoH(D) and HLy(D). We shall now consider the
spaces LyH(D) and HLy(D) of the Introduction but in a more general
setting. We allow D to be any bounded domain of finite connectivity
and consider the class of all functions z— f(z) which are (1) defined
and holomorphic in D and (2) quadratically integrable over D. We
set

12

(31) 1= {] | e+ igppaay } .

The restrictions made on D are really unnecessarily restrictive but
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have the advantage that there can be no doubt about the existence of
members of the class. We also define an inner product. If fand g € X
then

(3.2) (fo)= [ [ f@eg) dxdy.
D

This definition makes sense and the inner product has the properties
postulated in Definition 2.1.

Since f € LyH(D) is holomorphic in D, f is bounded in any sub-
domain Dg such that Dy C D. In fact it is possible to get local bounds
on f from the metric of the space.

LemMma 3.1. If f € LyH(D) and if zg € D is at the distance R from
9D, then

(3.3) [f(zo)] = [=R?~2||f].

Proor. The following argument is due to B. Epstein. Let C denote
the circle |z — zo| = r where 7 is so small that the closed disk bounded
by C lies in D. We apply Cauchy’s theorem to the holomorphic func-
tion [ f(z)] 2 (in the mean value form) to obtain

(3.4) F3(zo) = ~21ﬂ~ | z F2(zo + rei®) do.

We multiply both sides of (3.4) by rdr and integrate from 0 to R.
This gives

SRf) = L [T [0 oz + retyrdrde

- 2r Jo Jo

= 1 2
o ”lz_zo'(ﬂ f2(z) dx dy.
Hence

7RYf(z0) 2 = ”|— If|2 dx dy

%| <R
= [ I dedy = £l

as asserted. m
With the aid of this inequality we can prove that LyH(D) is com-
plete.

Lemma 3.2. LoH(D) is a Hilbert space.
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Proor. Consider a Cauchy sequence {f,} and let Dy be a sub-
domain of D at the distance § > 0 from dD. We have then by the
preceding lemma for z € D, that

Vrd(z, 0D)|fm(z) = ful2)| = [fo = fll-
Here d(z, dD) = § so that
(3.5) fm(2) = ful2)| = UVTS)||fo = fil-

This shows that {f,(n)} is a Cauchy sequence in the space H(Dj)
of functions holomorphic in Dy and continuous in D,. Its limit f(z)
is then an element of the same space, moreover

| [P dxdy < sup £l

This holds for every D, so we infer that f(z) exists in D, is holomorphic
there and |f|| is finite. Moreover, if m, n = N, we have |fm — fu
< € and passing to the limit with m we get ||f — fu|| = €. Since € is
arbitrary we have proved that every Cauchy sequence in LyH(D) has
a limit in the space. Thus the inner-product space is complete and
hence a Hilbert space. m

The space LoH(D) is separable. This is fairly easy to see if D is
simply-connected as well as bounded. For then the family of poly-
nomials is dense in the space. But a direct argument for the general
case is difficult. The fact will come out later from properties of the
kernel function.

At this stage we shall assume the existence of a complete orthonor-
mal system in LyH(D). We know that we can find any number of
orthonormal systems which are countably infinite since H is infinite
dimensional. The only assumption then is that the system is complete.
Let {w,(z)} be such a system and use Lemma 2.10. This says that to
each fin LyH(D) there is a unique Fourier series

(3.6) Ejl (f, @n)@n(z

which converges to f in the sense of the metric. But here we have a
much stronger assertion.

Lemma 3.3. The Fourier series (3.86) converges to the sum f(z)
pointwise in D, uniformly in any domain D.

Proor. This follows from Lemma 3.1. For if z € D, and the dis-
tance of Dy from the boundary of D is § then
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|10~ 3 (oo |= @ [|5 = S (7 on

and here the right member goes to zero as n— ®. So does the left
and we have uniform convergence in Dy. =

Actually we have also absolute convergence in Dy but this requires
more inequalities. The assertion would follow from the convergence
of the series

M

|on(2)[?
1

(3.7

n

for each z in Dy. This would follow from the boundedness of the
partial sums which is implied by

LemMma 34. If t € D and the distance of t from the boundary of D
is R, then

8) S fou(0f S (rR2)

Proor. This is an application and sharpening of Lemma 2.13. The
latter says that every nonempty closed convex subset S of H has a
point nearest to the origin. We now define a subset S of H as follows.
S consists of all elements of the form

(3.9 f(z) = c1w1(2) + cawa(z) + * * * + chwn(2)

with the condition that f(¢) = 1, where ¢ is a fixed point in D of
distance R from the boundary. This set S is obviously nonempty and
convex. Any Cauchy sequence with elements in S has a limit which
is also in S so S is also closed. There is then a unique point of S nearest
to the origin. Note that the zero element cannot belong to S since

f(t) = 1forall fin S. From (3.9) we get
(3.10) 172 = é lexl?, kzl cron(t) = 1.

By Cauchy’s inequality

1= |3 aw] = Sk 3 jaor
k=1 k=1 k=1

with equality iff T is a constant multiple of w,(t). It is seen that the
multiplier is
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(3.11) An = [él lok(8)[2 ]

The point nearest the origin is then at the distance (\4)"2 = ||f|lmin-
From Lemma 3.1 we then get

1 § (7TR2) - 1/2()\") 1/2

and (3.8) follows as well as the absolute convergence of the Fourier
series. m

LemMa 3.5. The set of elements of LoH(D) coincides with the set
of series

0

(3.12) E wWn(z) with 2 a2 < .

Proor. We know that every f has such a series expansion and the
converse follows from the Riesz-Fischer theorem. =
We can now define the kernel function as

(3.13) K(z, t) f‘, @n(2

Note that the sign of conjugation is often put over the second factor
instead. In that case formula (3.16) below figures without a conjuga-
tion sign. It is the definition of the inner product which introduces
the conjugate.

LemMma 3.6. The series (3.13) is absolutely convergent and
(3.14) |K(z, t)|> = K(z, z)K(t, t),
(3.15) |[K( -, 8|2 = K¢, ¢).
Further, for all f € LyH(D),

(3.16) fa)=| [foKG 1 at
Proor. The convergence of 7
(3.17) S Jon(d) = K(t 1

has already been established whence it follows that (3.13) is absolutely
convergent. Cauchy’s inequality gives (3.14). From the Riesz-Fischer
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theorem plus (3.17) we see that K(z,t) for fixed z is an element of
LyH(D) as a function of ¢ while for'fixed ¢ the conjugate of K(z, t) is
an element of LyH(D) as a function of z. We can then evaluate the
right member of (3.16) using Lemma 2.10(3). This gives

2 (f, on)on(z) = f(z)
since the orthonormal system is complete. =

CoroLLARY. We have
(3.18) f(z) = (f( ), K(z, -)).

This we shall later adopt as the definition of the reproducing kernel.
It does not involve orthonormal systems and adherent complications.

LemMa 3.7. The function
(3.19) z— K(z, t)/K(t, t) = f(z, t)

has the least norm of all elements of LyH(D) which at z = t take the
value 1.

Proor. We know by Lemma 2.13 that the minimum exists and is
unique. Further

L= [f(t)|2= |(f( - ), K(t, -))?
= |IFIPIKE N> = (IflI2K o)

by (3.14). Here we have equality iff f(u) = wK(t, u) for almost all u
and where u is independent of u. This requires that w = [K(¢, ¢)] ~!
and the lemma is proved. =

The function f(z, t) is closely related to the problem of conformal
mapping of D, supposed to be simply-connected, onto a circular disk:
this will be taken up in §6 and in more detail in the lectures by
Professor George Springer.

We shall return to this important space in later lectures using slight-
ly different methods.

We have to give a second installment of the theory of the Hardy-
Lebesgue spaces HLy(D) as developed by Gabor Szegd in 1921. In
§1 the case of D = {z; ||z]| < 1} was developed. Strictly speaking, the
unit disk or more generally, a circular disk is the only case which is
associated with Hardy’s name. Other cases can be reduced to this
case by conformal mapping provided D is simply-connected and has
a sufficiently smooth boundary.

Suppose that D is a bounded domain with a boundary consisting of
p simple closed analytic curves (analytic in the sense of having local
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representations by analytic functions of a real parameter). Consider
the class H(D) of functions holomorphic (single-valued!) in D. In
this class we can find a system S of functions ,(z) satisfying the fol-
lowing conditions. (1) Each w,(z) € H(D) and is also holomorphic
on 4D, the boundary of D. (2) S is an orthonormal system on 9D
so that

(3.20) f (@) wn(z) ds = S

where s is arclength. (3) S is complete with respect to the correspond-
ing class LyH(D).

The existence of such a system is not obvious. Again it follows from
classical theorems on approximation of holomorphic functions by
rational ones (polynomials if p = 1) due to Runge, Hilbert, Walsh and
others. This means that linear combinations of powers and rational
functions (with poles outside of D!) are dense in HLy(D). Since the
poles may be placed at points with rational coordinates we have a
countable set which we may orthonormalize with respect to dD by
the Gram-Schmidt process.

Once we have such a system S we can define HLy(D) as the class
of all functions f which are representable by orthogonal series of the
form

(3.21) flz) ~ g(f, Wn) 0n(Z)
where

(3.22) (fon = [ f2) wnla) ds = cy
and

(3.23) z loal? < .

This class is obviously not vacuous. Whether or not it is a Hilbert
space under suitable definition of the inner product remains to be seen.

Our first task is to derive analogues of the lemmas which were
useful in the LyH(D) case.

Lemma 3.8. If f is holomorphic in D U dD and if zo € D and is
at the distance R from 9D, then
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(3.24) [, =P ds = mRIftzo)R

Proor. Again we have

1 J’ [f(z)] 2dz

[fzo)]* = ri z— 2

and this gives

felP= oz [ f=Pds

which is (3.24). =
Let us now consider the nth partial sum of the prospective kernel

series:
n

(3.25) Ka(z, ) = 3 wx(z)ax(t).

k=1

If one of the variables is held fixed in D this sum as a function of the
other variable is a member of HLy(D) so that (3.24) applies.

LemMma 3.9. Fort € D and at the distance R from 4D
(3.26) Y low(®)= (27R)~".

k=1
Proor. For we have

RIK(t, 0] = [ [Ka(s )2 ds

whence

onR [gl lox(®)[2 ]2 =

n n

= 3 3 ) [, e ds

1

= 2?, |wr(t) %

Cancellation of a common factor gives (3.26). =
We now set

®©

(3.27) Kz, t) = Y o) wy(t)

1
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Using (3.26) and Cauchy’s inequality we see that the series is absolute-
ly convergent for z and ¢ in D and this holds uniformly for z and ¢
in a domain D, of positive distance from dD.

Again K(z, t) is an element of HLy(D) as a function of ¢ for fixed
z in D and the conjugate of K(z, t) as a function of z for fixed ¢ is also
an element.

We now return to a closer examination of formula (3.21) which was
taken as the temporary definition of the class HLy(D). Consider a
partial sum of the series

(3.28) @)= ).
k=1

This function is holomorphic in D U 9D so Lemma 3.8 applies and
gives the inequalities

(3.29) LD Iful2)[2 ds = 2 Rf(z0) %

(3.30) LD [fa(z) — fm(2)|2 ds = 27 R|fu(20) — fm(20)|*

Here z, lies in D at the distance R from the boundary and 1 = m < n.
On the other hand, the left members in these inequalities are

n

(3.31) Y fexl2 and Y Jexl%
k=1 k=m
respectively.
Let Ly(dD) be the class of functions f(z) defined almost every-
where on 9D and such that

(3.32) If(z)]2ds < .

aD
This becomes an inner-product space if

(3:33) (f2= | f2er ds.

an
It is clearly a Hilbert space.

Now (3.31) shows that {f,(z)} which belongs to Ly(dD) is a
Cauchy sequence in this space and hence has a limit function which
we denote by f*(z), z on dD.

Before going further in this direction, let us note that (3.29) shows
that the series (3.21) converges in D, uniformly in any D,. Further,
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o

© © 1/2
> = > 2 E 2
< lcnwn(z)l { - Ickl : Iwk(z)l }

1/2
= [2 |ck|2] [27d(z, aD)] - 12

so we have absolute convergence in D, uniformly in D.

Our assumption is that f is defined by the series (3.21). Since the
series converges in D its sum then is f{z). Moreover, any such f has
boundary values on 4D denoted above by f* where

lim [ 1f*a) = fu(a)l? ds = 0.

The series (3.21) is still meaningful on D where it is the Fourier
series of f as a function in Ly(dD). This serves as motivation for con-
sidering f* as the definition of f on D. If f should turn out to be
continuous in the closure of D, a fortiori holomorphic in the closure,
then of course f* = fon 9D without further ado.

We see that HLy(D) is a Hilbert space with norm and inner product
defined by (3.32) and (3.33) where it is understood that the values of
fon aD are given by those of f*.

The case where D is a bounded simply-connected domain leads to
simple formulas. Suppose D is bounded by a simple closed analytic
curve. Then the Riemann mapping theorem says that there exists a
function w(z), holomorphic in the unit disk |z| < 1, which maps the
disk conformally onto D in such a manner that the origin goes into
a preassigned point wy of D and arg w’(0) has a given value. Let
2(w) be the inverse mapping function. We now consider the ortho-
normal basis for the unit disk as given by the discussion at the end of
§1. With our present definition of the inner product, the orthonormal
system for the unit circle is

(3.34) (2m)—V2zm, n=0,1,2 -

Under the conformal mapping, this system goes over into a correspond-
ing orthonormal system for d D, namely

(3.35) (2m) =12 [z(w)] "[2" (w)] V2

where w describes dD. For we have

@)1 [, [a(w)] [z (w)] 2 [2()] ™[ @) [duw|
= (2m)-! j oy TE(0)] = S
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Hence (3.24) is an orthonormal system for HLy(D) and it is complete
since (3.23) is complete for the unit circle.

The expression for the reproducing kernel is rather interesting in
this case. Observing that under conformal mapping of a domain D,
onto a domain D, the reproducing kernel for HLy(D;) goes into the
reproducing kernel of HLy(D) we can use (1.27) to find the reproducing
kernel for HLy(D). Introducing a factor (2r)~! for the modified defini-
tion of the inner product we see that

oo S [aw)] "[a(w)] (2 ()2 (w)] 12

K(w, w*)
(3.36)

= 21_77 [1 - z( )Z(w*)] —l[m)zl(w*)] 2

which is the natural generalization of (1.27).
It was assumed that in the mapping z = 0 corresponds to w = wy.
If we set w* = wy in (3.36), it reduces to

(3:37) K(w, wo) = = (= (wo) ¥*[z (w)] 2

s
It follows that for a simply-connected domain the square of the con-
jugate kernel function yields the derivative of the function which maps
the domain on the interior of a circle.

4. The functional approach. We have repeatedly encountered re-
lations between our theory and that of linear bounded functionals
on a Hilbert space. This suggests making a fresh attack on the prob-
lem via the theory of such functionals. This line of attack was opened
up by N. Aronszajn.

Suppose that H is a Hilbert space of complex-valued functions f
defined on some set S. Each linear bounded functional on H is of the
form

(4.1) (£ 2)

for some fixed g € H. Let P be a fixed point in S and consider the
mapping from H to C defined by

(4.2) f—=f(P).

This is a linear mapping but not necessarily bounded. Such a situa-
tion arose in §l in the case of the space Ly(a, b) where the mapping
f—> f(s) is not defined for all s and not bounded when it is meaning-
ful. In fact, this fact caused our lack of success in trying to find a
reproducing kernel for the space.
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On the other hand, our success with the space LyH(D) is due to
the fact that for any z in D the mapping is bounded and this also lies
behind our success in the HLy(D) case.

DeriniTION 4.1. H is a kernel space if the mapping (4.2) is bounded
for each Pin S.

If H is a kernel space, then for a fixed P we can find an element
gp of H such that

(4.3) f(P) = (f, ge).
As the notation indicates, gp depends upon P. Now the mapping
(4.4) P—gp

is from S to H and we write
(4.5) gr(Q) = K(P, Q)

and this is for each fixed P an element of H.
DeriNITION 4.2. K(P, Q) is the kernel function of H.
This is justified by the relation

(4.6) f(P) = (f(Q), K(P, Q)), VPES.
LemMma 4.1. A Hilbert space has at most one kernel function.

Proor. If H is a kernel space in the sense of Definition 4.1 then
there exists a kernel function. And by Lemma 2.12, gp is uniquely
defined, i.e. there is only one function K(P, Q) which satisfies (4.6). =

LemMMma 4.2. The reproducing kernel has the following properties:
(4.7) K(P,P)=0, K(P,Q)=K(Q,P),
(48) IK(P, Q)|* = K(P, P)K(Q, Q).

Proor. The first inequality follows from applying (4.6) to the kernel
function. We have

(4.9) KU, P) = (K(U, Q), K(P, Q))
forall U € S. In particular for U = P we get
(4.10) K(P,P) = |K(P, -)|>>0.
For the skew symmetry note that we can write (4.9)
K(U, P) = (K(U, V), K(P,V))

whence
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K(Q, P) = (K(Q, V), K(P,V))
which is the conjugate of
(4.11) (K(P, V), K(Q, V)) = K(P, Q).

Cauchy’s inequality applied to (4.11) and using (4.10) gives (4.8). =

LemMma 4.3. For any set of complex numbers {\;} and any countable
set of points P; € S we have for each n

(4.12) H,= Y 2 AMMK(P;, Py) 2 0.

i=1

Proor. We have

(4.13) (2 MK, P), S MK(P, Py) ) .

Here H, is an Hermitian form in the A’s. It is positive by (4.12).
We shall return to such positive matrices (aj) = (K(Pj, Px)) in the next
section.

We shall now generalize some of the results derived in earlier
sections for the special space L,H(D). We shall vary the notation
somewhat.

Lemma 4.4. The Hilbert space H with elements f(s), s € S, has
a reproducing kernel iff f(s) is a linear bounded functional on H
for each fixed s € S.

Proor. We know that the condition is sufficient. To prove that it
is necessary, suppose there exists a K(s,t) with the properties (i)
K(s, t) € H as a function of ¢ for each s € S, (ii) 0 = K(s, s) < ® for
all s € S, and (iii)

(4.14) fis)=(f(-),K(s, -))

for all f&€ H, s €S. This is clearly a linear functional on H and by
Cauchy’s inequality

(4.15) IfI= If 1KGs, )l = [K(s, )] [ f]

since (4.10) is a consequence of (4.14). This shows that the functional
is bounded as well as linear. Thus the condition is necessary as well
as sufficient. =

We note that [K(s, s)] /2 is the norm of the functional for equality
is reached in (4.15) for a fixed s iff f(¢) is proportional to K(s, t) for
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all ¢t in S with the factor of proportionality a function of s. Since
[K(s, s)] 2 = K(s, s)I[|K(s, )|

we get

(4.16) FVIf = Ks, s)||K(s, - )|

or, equivalently,

(4.17) |K(s, +)|IIK(s, 8) = |If|1f(s)l.

Again these inequalities are sharp and equality is reached iff
(4.18) u— f(u) = K(u, s)IK(s, s).

This leads to the following generalization of Lemma 3.7.

LemMa 4.5. If H is a Hilbert kernel space and H, is the subset of
elements of H which take the value 1 at s = t, then H, has a unique
point nearest to the zero element and this is

(4.19) s— f(s) = K(s, t)/K(t, ¢).

On the other hand, all elements of H of norm 1 assume values at
s = t which are in absolute value at most equal to

(4.20) K, )| K@ )|

Proor. Use (4.16)-(4.18). =
We can also extend Lemma 3.6 in the following manner.

LemMma 4.6. If H is a Hilbert kernel space and {f,} is a Cauchy
sequence in H then {f.(s)} is a Cauchy sequence in C for each
s €S. Moreover, the convergence of {fu(s)} to its limit f(s) is
uniform on any subset of S where K(s, s) is bounded.

Proor. Suppose that f,— f in H so that s— f(s) is an element of
H. We have then

[f(s) = fa@I = 1fC ) = ful - ), K(s, “NI= |f = full [K(s, 9)] 2

which proves the assertion. m

It should be noted that ordinary pointwise convergence can be
concluded already if {f,} converges weakly rather than strongly to
£, for this implies (f,, g) — (f, g) for all g € H, in particular, for the
kernel.

Lemma 4.7. If H is a Hilbert kernel space and if there is a complete
orthonormal system {wy} in H then for each f € H
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(4.21) fls) = i (f, @n)@a(s)
n=1

where the series converges for all s € S and uniformly on any subset
So of S where K(s, s) is uniformly bounded.

Proor. The series in (4.21) is the Fourier series of f with respect
to the system {w,} and its partial sums converge to f so that Lemma
4.6 applies. =

We come now to the question of the existence of a complete ortho-
normal system in a Hilbert kernel space. This question has caused us
plenty of trouble in the special cases studied so far so it is time to get
rid of this bug-bear.

Lemma 4.8. Suppose that H is a Hilbert kernel space. Then there
exists a complete orthonormal system {w,} in terms of which the
reproducing kernel K(s, t) is represented by the series

(4.22) K(s,t) = > @n(s)wn(?)

n=1
iff H is separable.

Proor. Suppose that H is separable. H is of course infinite dimen-
sional. There exists then a countable set of elements f, in H which
are dense there. Out of this set we can select by the sieve process
an infinite subset of linearly independent elements whose linear
combinations are still dense in H. Applying the Gram-Schmidt process
to this set we get an orthonormal system. The linear combinations of
finite subsets of this system are still dense in H so the system is com-
plete.

By assumption we have a reproducing kernel K(s,t) which for
fixed s is a function of ¢t belonging to H. Hence it has a Fourier ex-
pansion

(423) Kis, )~ 3, cal(s)anlt).

Here

ca(s) = (K(s, u), wn(u)) = (wn(u), K(s, u)) = wn(s)

which gives (4.22).
Conversely, if (4.22) holds then, for any f EH,s€ES,

0= (f. T o) ) =3 (f o)

n=1
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where the series is absolutely convergent. Since every f&€ H is
representable in this manner, the finite linear combinations of the
wy’s are dense in H and H is separable. =

Under slight restrictions on the set S we can show that a non-
separable Hilbert space cannot have a kernel function.

Lemma 4.9. Let H be a nonseparable Hilbert space the elements
of which are continuous functions of s defined on a separable topologi-
cal space E. Then H cannot have a reproducing kernel.

Proor. Suppose contrariwise that K(s, t) is a kernel function of this
space. Then K(s, ¢) for fixed s in E is an element of H and a continuous
function of t. Now E is separable so we can find a countable set {s;}
dense in E. Form the set {K(s;, £)}. This is a countable set of elements
of H. If their finite linear combinations are not dense in H, there
exists a linear bounded functional on H which is annihilated by every
K(s;, t). Hence there exists an element g of H such that

(K(sj’ : )’ g( : )) = 07 V]

But then we have also
0= (g( ' )’ K(Sj’ : )) = g(sj)'

But g is continuous and the set {s;} is dense in E. Hence g is the zero
functional and we conclude that the finite linear combinations of the
elements K(s;, - ) are dense in H. This makes H separable against the
assumption. Hence such a space H can have no kernel function. =

We conclude from this that if a nonseparable Hilbert space of
functions f defined on a separable topological space E has a kernel
function then H must have discontinuous functions among its elements
and these must have discontinuities of the second kind. We also get
the following condition of separability:

Lemma 4.10. If H is a Hilbert space of continuous functions defined
on a separable topological space E and if for each f € H and each
s € E there is a finite number M(s) such that

(4.24) If(s)] = M| f]
then H is separable and has a kernel function.

Proor. The assumption (4.24) says that, for each fixed s, f(s) is a
linear bounded functional on H, i.e. there exists a function K(s, t)
which for each fixed s in E is an element of H and such that f(s) =
(f(+),K(s, *)). Here K(s, t) is a continuous function of ¢ for each fixed s.
By (4.15) we see that we can take M(s) = [K(s, s)] V2 and no smaller
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number is an admissible bound. We can repeat the above argument
for the set K(s;, t) of elements in H and see that their finite linear
combinations are dense in H so that H is separable. =

Our last remarks in this section are concerned with linear operators
on a Hilbert kernel space. Let T be a linear bounded operator on H
and let T* be the adjoint operator, i.e.

(4.25) (TEH = (£ T*), Vf

Since H has a reproducing kernel K(s, t) which for fixed s belongs to
H as a function of ¢, we can operate with T* on K(s, ¢) as a function
of t. We set

(4.26) L(s, t) = T*[K(s, 0)]

where the subscript ¢ indicates that we operate on the second argu-
ment. This gives us the following representation of Tf.

LemmMma 4.11. Let H be a Hilbert kernel space, T a linear bounded
operator on H and L(s, t) the kernel defined above. Then

(4.27) T[f](s)= (f( -), Lis, - ))
For
(f( ) L(s, +)) = (f(u), TL*K(s, u)) = (Tf(u), K(s,u)) = T[f](s)

as asserted.
We can regard L(s, t) as the kernel of the operation T.

LemMma 4.12. The kernel of the adjoint operator T* is under the
same assumptions given by

(4.28) L*(s, t) = L(t, s).
Proor. We observe that (T*)* = T and use (4.27). Then
(T.K(s, u), K(t, u)) = (T,**K(s, u), K(t, u))
= (L*(s, u), K(t,u)) = L¥s, t).

On the other hand,

(TuK(s, u), K(t, u)) = (K(t, u), T,K(s, u))

= (T.*K(s, u), K(t, u))

= (L(s, u), K(t,u)) = L(s, ¢).



GENERAL THEORY OF REPRODUCING KERNELS 349

And this is the required relation.
The representation is particularly simple if T= U is a unitary
operator, i.e.

(4.29) U*=U-L.
LemMma 4.13. If L is the kernel of a unitary operator U, then
(4.30) (L(s, u), L(t,u)) = K(s, ?).
Proor. By (4.27) the left member of this relation is
UL(s, t) = UU*K(s, t) = K(s, t).

LemMma 4.14. If L(s, t) is the kernel of a unitary transformation on a
Hilbert kernel space then there exist two complete orthonormal
systems {¢,} and {w, } in terms of which

(4.31) L(s, t) = i @n(s)wn(t).

Proor. Since L(s, t) for fixed s as a function of ¢ is an element of
H, it admits a representation of type (4.31) for any complete ortho-
normal system {w,(t)}. We have to show that the coefficients them-
selves form a complete orthonormal system. From (4.30) and (4.31)
we obtain

K(s, t) = (L(s,u), L(t, u))

(432) (S onontw), S eubonu) ),

K(s, t) = 2» @n(S)pn(t)
n=1

the series being absolutely convergent for all s, ¢t in S. Hence for

eachf€ H

1) =0, Kis, 0) = £, S, walohenlt) )
(4.33)

- 2: (£, @a)enls).

We still do not know whether or not this is an orthogonal series. To
clinch the argument note that

ULf1(s) = (f(t), L(s, 1))
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and in particular

Ul wa] (5) = (wn(t), Lis, 1))
(4.34) .
= (vt S enlS)an() )= ou(s).

Since U is unitary,
(‘pm’ ¢n) = (me, an) = (wm> U*an> = (wm, wn) = 8mn

and {g,} is indeed an orthonormal system. That it is complete follows
from (4.33) which holds forall fE H. =

This discussion shows that to every unitary operator U acting in a
Hilbert kernel space there are two reciprocal orthonormal systems
{w,} and {p,} where

(4.35) Ulwn] (s) = @uls),  Ulea] (s) = wals)
such that for any f € H, g = U[f],

(4.36) gs)= (FOLs )= 3 (f pnwnls)
(4.37) f9= @OLEN= 3 (& wnenls)
and

(4.38) L(s, t) = i;:(?)w,,(t).

Such reciprocal transformations play an important role in analysis.
See Bochner-Chandrasekharan, Fourier transforms.

5. Miscellaneous questions. In this section we shall discuss ques-
tions like extremal and minimal problems, and positive matrices, all
connected with reproducing kernels.

Our point of departure is formed by Lemmas 2.13 and 4.5. They
assert that of all the functions f € H, a Hilbert kernel space of ele-
ments defined in a set S, such that f(¢) = 1 for a fixed ¢, the mapping

K(s, t)
K(t, t)

has the least norm, namely [K(¢, t)] ~'/2 We generalize this problem
as follows. Let ty, ta, - - -, t, be n distinct points in S and let a;, ay, - - -,

(5.1)
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a, be n complex numbers distinct or not. It is now required to find
the element of least norm for which

(5.2) fity=a, j=1,2-""n

The subset of H where the elements satisfy these conditions is evi-
dently closed, nonvoid and convex. Thus Lemma 2.13 applies and
shows the existence of a unique element of minimum norm. To deter-
mine this element and its norm we argue as follows.

H has a kernel function K(s, t) such that K(s, t) for fixed s and
regarded as a function of ¢ belongs to H. Now consider all elements
of H of the form

(5.3) i c;iK(t;, t).

This is a linear finite-dimensional subspace M, of H and has an
orthogonal complement M, . Hence for any f € H we have a unique
decomposition

(5.4) f=g+h, gEM,hEM,.
Since (g, h) = 0 the Pythagorean Theorem gives
112 = llgl> + IIn]1>
Further
h(t;) = (h( - ), K(#, - )) =0
since h(t) € M, , K(t;, t) € M,,. Hence
i) = g(t) = a;.

It follows that in finding the minimum we can restrict ourselves to
elements of M, since adding an h to a g only increases the norm.
Thus the minimum function is of the form »}_, ¢;K(t, t) for some
particular choice of the ¢;j’s. There are n such numbers and we have
n linear conditions at our disposal

(55) 2 CjK(tj, tk) = ak, k= 1, 2, tten,
j=1

with determinant
(56) det [K(t, )] = An,

Since K(t, t;) = K(t, tx) the value of A, is real. But we can say more.
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According to Lemma 4.3 the values taken on by the Hermitian form

(5.7) g

v M:

)t,)\kK &, t)

for 3'7_1 \j|2 =1 are real and nonnegative. It follows that A, = 0.
The value zero can be excluded since this would mean that there
would be some set {a;} for which the equations (5.5) could not be
solved and hence the extremal problem has no solution.

Once the ¢’s have been found, say by Cramer’s rule, we can find
the minimum value of the norm

(5.8) Z cionK(t, t),

K M:

i.e. the value of the Hermitian form (5.7) for \;=¢;, j= 1,2, - -, n.
Equations (5.5) allow us to write this as

(5.9) 172 = é i

Another important minimum problem is the following.

Lemma 5.1. Let H be a Hilbert kernel space of functions holo-
morphic in a domain D. Foreachn=20,1,2, - - - let F, be the subset
of elements of H which at a given point t of D satisfy the conditions

(5.10)  fRO(H) =0, k=0,1,2 - - n—Lfm(t)=L

Then F, contains a unique element g,(z) = gu(z, t) of minimum norm
and the functions g,(z, t) form a complete orthogonal system.

Proor. It should be noted that F, is nonvoid. This is trivial if D
is bounded for then any function of the form

(5.11) —rEOt E am(z — )™
. m=n+1

belongs to F,, if the radius of convergence of the power series exceeds
the Lu.b. of the distances of ¢ from points of the boundary of D. Here
we are assuming that f =1 belongs to H. This is not necessarily
true for an arbitrary definition of the inner product. So to avoid
further ado, let us assume that F, is nonvoid for any n. Since F, is
closed and convex, there is a unique element of minimum norm for
each n and it cannot be the zero element of H.

Thus the existence of gu(z, t) is assured and in some neighborhood
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of z =t we have an expansion of type (5.11). To prove the orthog-
onality we note that for any n and any f we have a unique decom-
position

f=gu+h (gn, h) = 0.

If p > n, then g, satisfies (g,, g2,) = 0. Thus we are dealing with an
orthogonal system. To prove uniqueness we argue as follows. We
form an orthonormal system

(5.12) wn(2) = ||gn-1ll~'gn-1(2), n=123,-"-".

Let f € H be arbitrary and form the series

(5.13) g(z) ki (f, k) w(2) Eki arwi(z).
-1 -1

The series converges absolutely in D, uniformly on compact subsets,
and is an element of H. We aim to prove that f(z) = g(z).
To this end consider a sequence of functions {f,(z)} such that

(5.14) @)= boz),
k=1

(5.15) £.0(8) = fo(8), k=01, n—L

These conditions may be satisfied, uniquely at that. For the system

2 bknwk(j)(t) =f(j)(t)’ j= 0,1, ---,n—1,
k=1

has a triangular matrix and the elements along the main diagonal are
different from zero so the by,’s may be determined successively. Since
the function f(z) — f,(z) vanishes for z =t together with its first
n — 1 derivatives we see that

(f— for o) =0, k=12, -, n
Thus

(f, wy) = (_fm i) or by, = ax

and
D)= 3 aon)
k=1

is the nth partial sum of the series (5.13). We now return to (5.15).
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We note that f,Y)(z) converges uniformly to g(z) as n— . It
follows that fW)(t) = gU)t) for all j and by the identity theorem
for holomorphic functions this gives g(z) = f(z). Thus the system is
complete.

We turn now to the theory of positive matrices. Given a function
K(s, t) of two variables defined for s and ¢ in some set E. The question
arises if K(s, t) can be the kernel function of some Hilbert space H
of elements f defined for s in E. We know a necessary condition:
K(s, s) must be a positive matrix in the sense defined above, i.e. for
any choice of distinct points s; in E and of complex numbers A; we
must have for all n

(5.16) i i K(s;, sx) Z 0, K(s, t) = K(t, s).

According to H. Meschkowski this condition is also sufficient. We
shall prove this imposing somewhat restrictive conditions on E and

K(s, t).

LemMa 5.2. Suppose that E is a domain (open connected set) in a
complete metric space X and that K(s, t) is a continuous function of
(s, t) from E X E to C. Suppose that K satisfies (5.16) for any choice
of {s;} C E and {A;} C C. Then there exists a Hilbert space H of ele-
ments f defined in E such that K is the kernel function of H.

Proor. Take a fixed sequence {s;} C E but dense in E in the
sense of the metric. We are going to build H from the set {K(s;, t)}
forming linear combinations and passing to the limit. This has to be
governed by an appropriate use of (5.16). First let R be a closed con-
nected subset of E and suppose that M(R) is the maximum of K(s, ¢)
for (s,t) € R X R. Let us now consider any sequence of complex
numbers {g;} such that if

(5.17) 0= Y ¥ auK(s, sx) = An
i=1 k=1

then

(5.18) lim A, = A

exists and is finite. Set

(5.19) falt) = i a;K(s;, t)
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and define
"fn”z = Am n= ]-) 2, 3, o .,
and note that

lim £ = A

We shall try to attach a meaning to lim f,(¢), to start with for any
t= Sj.
Consider the sequence {f,(sx); n = 1,2,3, - - *}. If now

(5.20) | ga(t) = i b;K(s;, t)

and B, is what we obtain by replacing a; by b; for all j in (5.17), we
assume that lim B, = B is finite. For two such functions we define
an inner product by

(5.21) Fogn) =3 3 aBK(s, ).

i=1 k=1

A couple of special cases of this formula are basic for the following.
If n = max (j, k) we get

(5.22) (K(sj» ), K(sk, *)) = K(sj, sx)-
We also get
(5.23) fa(s)) = (fal + ), K(s;, )

so that K is beginning to act as a kernel function, at least for finite
linear combinations of the basis elements and values of s in the dense
set {s;}.

We now start with the limiting processes in a cautious manner. We
have

fa(s) = falsk)| = |(fal = ), K(s;, *) — K(sx, *))]
= Al IKGs, +) — Kise, )|

(5.24)
= A,V2[K(s;, s;) — K(sj, sx) — K(s, 5;) + K(sx> s)] .

Here A,Y2 is less than some finite M since lim A, = A exists and is
finite. We now have to use that K(s, t) is uniformly continuous for
(s,t) € R X R. This implies that given an € >0 we can find a
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8 > 0 which goes to zero with € such that
(5.25) |K(s', t') — K(s", ") =€

ifd(s’,s") =8, d(t',t") = §. Hence for any choice of 5; € R and any
choice of sy € R such that d(s;, sx) = 8 we have

(5.26) lfuls) = fulso)] = 2Me,

and this holds uniformly in j, k, n. If now s;— s’, sx— s” where still
d(s’,s") = 8, then we have

(5.27) fuls") = fuls")| = 2Me

uniformly in n. This asserts that the sequence {f.(s)} is equicontinu-
ous for s € R. Further we have by (5.23)

(5.28) [fa(s) = || fall [K(s; )] 2 = MM(R).

This is uniformly bounded with respect to n for all 5; in R and hence
for all sin R. Again by (5.23) for1 =m < n,

) = Fuls)] = 10 = fo K5y DI fi = Foll K5, 51 2
= |4, = Anl[K(s; 5)) >

This expression goes to zero as m — «, uniformly for s; € R.

Thus we have a sequence of functions {f,(s)}, equicontinuous and
equibounded in R, which moreover converges at all points {s;}, a
dense set in E. By the Ascoli-Arzela theorem, there is a subsequence
that converges uniformly to a limit f(s) in R and since the whole
sequence converges in a dense set, it will have to converge every-
where. The limit function f{s) is continuous in E. The family of all
such functions f is the first extension of the basic set K(s;, t). Note
the reproducing property. From (5.23) we get for n—

fls) = (f(-), K, )

and then by continuity
(5.29) fis)=(f(-),Kis, -)), Vs

We have a family of continuous functions obeying the reproducing
property, but where is the Hilbert space or even an inner product?
An inner product is defined for the finite linear combinations of the
basis elements K(s;, ¢). If now

lim f, = f, lim g, = g,

it is seen that
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(5.30) lim (fn, gm) = (f. g)

independent of how m and n go to infinity. This follows from the
inequality

I(for gm) = (for 8 = [Ioll llgm — gxll + ligmll lf — £l
= Ap|Bn — Bi| + Bn|A, — A,

Thus an inner product is defined for all £, g in our set. Moreover, this
is a bona fide inner product and has all the required properties. Thus
the functions f form an inner-product space. If this should not be
complete, we can embed it in the set of all Cauchy sequences in the
usual manner. This is now the desired space H. =

Positive matrices have certain composition properties which we
shall state without proof.

Lemma 5.3. If Hy and H; are two Hilbert kernel spaces with kernels
K, and K, and norms |||, and | | respectively, then K(s,t) =
K, + K, is the kernel of a Hilbert space H formed by all elements of
the form f = f| + f, where f, € H,, i = 1, 2, and the norm is defined by

(5.31) I£12 = min[[|A[ + [ £]3]

where the minimum is to be taken with respect to all decompositions
f= fl + f2 tU‘ithf; e H,'.

If the decomposition f= f; + f, is unique, then
(5.32) 1712 = TIAIE + 1f030.

The lemma can be extended to finite sums of kernel functions. There
are also corresponding results for a difference, provided K,(s,t) —
Ky(s, t) is also a kernel function.

For a product of kernel functions K, and K, with Hilbert spaces
H, and H, the direct product of two spaces H; ® H, comes into play.
We form

(5.33) fonx) = 3 fl)fale), £ € He

With a suitable definition of inner product and norm, the set of all
such elements forms the germ of an inner-product space which can be
completed to a Hilbert space H= H, ® H,. The kernel of this
space is

(534) K(Sb Sg, t1, t2) = Kl(sl’ tI)K2(S2, t2)‘
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For details we refer to H. Meschkowski, Hilbertsche Rdiume mit
Kernfunktion, Chapter 5.

6. Conformal mapping, invariantive metrics, curvature. I shall do
comparatively little with these interesting topics since they will be
treated in detail by Professor George Springer. In conformal mapping
I shall restrict myself to simply-connected bounded domains, leaving
the multiply-connected ones entirely to Springer.

We have already had an inkling of the situation in connection with
the discussion of the Bergman and Szeg6 kernels. We start the dis-
cussion of the Bergman case by recalling the notion of complex deriv-
atives and giving a suitable form of the Theorem of Stokes.

Suppose that f(x,y) is a mapping of a domain D in the complex
plane into C. Restrictions will later be imposed on the boundary of
C. The function f is supposed to have partial derivatives fi(x, y) and

fulx, y) in D.
DEerFintTION 6.1. The complex derivatives f, and f; are
(6.1) f=3— i), f=3ftif)

These objects obey the ordinary rules for differentiation of sums,
products, differences, and quotients. If f is holomorphic in a neighbor-
hood of a point z =z, then by the Cauchy-Riemann equations,
f(20) = f'(z0) and fi(zo) = 0. If f(x, y) is holomorphic in a neighbor-
hood of z, then the situation is reversed, f;(z¢) = 0 while f;(zo) =
g'(z0) with g(z) = f(x,y). We also note the expression for the La-
placian

6.2) Af= df..

Next we come to the Theorem of Stokes, first in the classical setting.

Suppose that two functions u(z) and v(z) are defined in a region
R (= D U 4D) where they are continuous together with their partials
of sufficiently high order. D is supposed to be bounded and dD =T
consists of a finite number of “sufficiently” smooth simple closed
curves. Then

LemMma 6.1. We have
(6.3) J;J [ur + v,] dxdy = L_ [udy — vdx]

where the integration over I' is performed in the positive sense with
respect to D.

If here v = iu and we take into account (6.1) the formula becomes
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6.4) jfuzdx dy=—§ijrudz.
D

Suppose that f and h are two functions holomorphic in D and con-
tinuous on the boundary. We take u(z) = f(z)h(z) and apply (6.1)
to obtain

65) | [feh @ drdy = ~4i [ S d=

After this spade work we can return to the Bergman kernel and its
bearing on the problem of conformal mapping. We recall that Rie-
mann’s Conformal Mapping Theorem states the following,.

A given simply-connected domain D in the extended complex plane
with at least two boundary points may be mapped conformally and
one-to-one onto the unit disk. Further a given point z = ¢ in D may
be made to map into the origin of the image plane and the argument
of f'(t) may be prescribed.

An equivalent formulation is the following.

There exists a unique element f of H(D) such that

(1) |f(z)| < 1 everywhere in D.

(2) For each w, [w| < 1, the equation f(z) = w possesses a unique
solution in D.

(3) f(t) = Oforagivent € D.

(4) arg f'(t) = 6, a prescribed real number.

The mapping function is known to have several extremal properties.
Thus of all the functions in H(D) which satisfy (1)-(3) it is the one for
which |f'(t)| is a maximum. It will now be seen that the mapping
function is expressible in terms of the Bergman kernel function for
LyH(D). This gives another extremal property for the mapping.

Let f(z) be the mapping function of the bounded domain D and
let D, be that part of D which is mapped by w = f(z) onto the open
disk jw|<r,0<r<1. LetT, be the boundary of D,. It is a simple
closed analytic curve since it is given by an analytic correspondence
between the z- and the w-planes. It is clear that f € LyH(D) since
both f and D are bounded. Let g be any other element of L,H(D)
and apply (6.5) with h replaced by f and f by g. Then

(6.6) f f g(2)f () dxdy = —3i f 2(2)f(z) d.

D, r

This simplifies since f(z)m= r2 for z on I,. Hence the right
member becomes
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6.7) - 12j %j

This contour integral can be worked out by the calculus of residues.
The integrand has a single pole (at z = ¢ which is a simple zero of
f(z)). The value of the right-hand side of (6.6) is then wr2g(¢)/f'(t).
As r— 1 the left side of (6.6) approaches a limit and so does the right.
Thus

(6.8) (g.f') = mgt)lf'(t)
or
(6.9) g(t) = (glu), (Um)f' () (u)).

This shows that the function (1/7) f t)f (s) has the reproducing
property with respect to arbitrary elements of LoH(D). But the re-
producing kernel, if it exists and it does for Ly H(D), is unique. Hence

(6.10) K(z, 1) = (Um)f'()f"(z).

This gives

(6.11) If' (0] = (@K(¢, )"

for the positive square root. Since arg f'(t) = 6 we get
(6.12) f'(t) = e’[nK(t, t)] 12,

and

(6.13) f'(z) = e 12[K(t, t)] ~V2K(z, t).

Integration gives

f(z) = eifyr ”2[K(t, t)] -1/2 J: K(u, t) du
as the expression for the mapping function in terms of the kernel for
the class LoH(D).

Some geometrical comments are in order. Suppose that g(z) is
holomorphic and univalent in D and that g’ € LyH(D). Then

(6.14) j j lg'(z)|2 dx dy = Area of g(D).
D

If g is not univalent in D, then the map of D is a portion of a Riemann
surface and the integral represents the area of this portion of the
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surface. Take, in particular, g(z) = f(z), the mapping function of
D onto the unit disk. Here by (6.11) we get

[K(t, £)] ! j j K(z, 8)[2 dx dy = m,
D

the area of the unit disk, so that

(6.15) j j K(z, £)[2 dx dy = K(t, ¢).
D
The next observation deals with arc length under conformal map-
ping. Suppose that C is a smooth arc in D, say with piecewise con-
tinuously turning curve tangent. The Euclidean length of C is simply

(6.16) jc \dz| = I(C).

The Euclidean length of its image f(C) under the conformal mapping
of D into the unit disk is

61 [ @Izl =n [ (K ) )

Thus the Euclidean lengths of C and of its image f(C) are normally
distinct. This raises the question of the existence of a linear measure
invariant under conformal mapping. The kernel functions provide
such a possibility. In order to explore this let us consider the relation-
ship between two classes LoH(Dy) and LoyH(D) if there exists a holo-
morphic function w = f(z) which maps D conformally and 1-1 into
D,. If both domains are simply-connected such a function exists, if
not the mapping problem imposes restrictions on Dy (or on D, which-
ever is the primary object). Suppose now that g(w) € LyH(D). Then

(6.18) glw)— g[ f(z)] f'(2)

are corresponding functions. Inner products are preserved under the

mapping for
[[ awg@ dudo=" [ [ g A glF@ If () dx dy.
D, D

Note that |f'(z)|2 is the Jacobian of the transformation. In order to
see how the kernel function transforms, suppose that the functions
{bs(w)} constitute an orthonormal basis for LyH(D,). Then the func-
tions {h.(z) = b,[f(z)] f'(z)} form an orthonormal basis for LyH(D).
We have then
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Koz f)= S F(@hat)

n=1

I
M

b f(R)] bal (0] ' (R)f'(2)

3
Il
—

o

S, buwhbi@f R)f (1), q = f(0).

n=1

This shows that

(6.19) Ko(z ) = Kp, (w0, q)F @f'(0)

In particular,

(6.20) Kp(z, z) = Kp,(w, w)|dwldz|?

or

(6.21) [Kp(z, 2)] "?|dz| = [Kp,(w, w)] "?|dw].

This is the desired relation.
For if C is an arc in D and C, its image in Dy then

622) [ (K@o)ldel = [ [Kp,(w,w)]?ldw]

DeFiniTioN 6.2. The conformally invariant length for mappings
from D to Dy is

(6.23) [  [K(z, 2)] 12z,

This definition of length introduces a metric in D which is con-
formally invariant. The study of the Gaussian curvature of this “space”
leads to simple and surprising results which is our next order of
business.

This requires some brief statements about concepts of differential
geometry. Take a surface S in R3 which is given by two parameters
u, v in the form

(6.24) xi = fi(u, v)

where the fs have continuous partials at least of order two. This
ensures the existence of a normal at every point P on S and the direc-
tion cosines of the normal will change continuously with P. Through
the normal at P we draw a plane. The intersection of the plane with
the surface is a curve having arclength and curvature at P. Let the
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plane turn with the normal at P as an axis. Normally the curvature
will change (continuously) with the normal section and there will be
a maximum value of the curvature and a minimum value. The product
of these two curvatures is the total or Gaussian curvature. Its
value at P is an intrinsic property of the surface and does not
depend upon the embedding of S into the space. Moreover, it is
invariant under transformations which preserve arclengths. The
total curvature is expressible in terms of the coefficients E, F, G of the
first fundamental form and the expression simplifies very much if F = 0
and the parametric curves are orthogonal. We have then

9 1 o 9 1 OVE
. == |——==— VG+ — —= —— |(EG)"12
(6.25) ¢ [au VE du VG + v VG dv ]( )
and this simplifies still further if G = E when we get
R 12 9 pue 9 o129 pie } -1
6.26) C {au [E é)uE ]+ v [E auE ] E~

We now return to the space LoH(D) and, in particular, to the
domain D where we have introduced a metric by setting

(6.27) (ds)? = K(z, z)[(dx)® + (dy)?].

We interpret D as a surface endowed with the metric defined by
(6.27). Here we have

(6.28) E = G= K(z, z), F=0.
The formulas reduce to
= —1lgp = 92
(6.29) C(z) 3K-1Alog K 2K Fre log K.

This is formally negative, actually negative and constant,

(6.30) C(z) = — 4,

provided D is simply-connected. To prove this we go back and note
that the curvature is invariant under conformal mapping. Suppose
we map D conformally on the unit disk, so that z = ¢ goes into w = 0.

This we can do since D is simply-connected. Now for the unit disk
we have

(6.31) Ko(z, 2) = 711 — 27)~2
so that

log Ko(z,2) = — logm — 2log (1 — 2%).
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We take the second derivative of this with respect to z and z obtain-
ing 2(1 — 2z)~2 which multiplied by —2K,~! gives — 4 as asserted.

For the Szegd kernel we have already observed that in the case of
a simply-connected domain the square of the kernel function yields
the derivative of the mapping function on the interior of a circle. This
means that for the invariantive metric we have to use that Bergman
kernel or the square of the Szeg6 kernel.

Let us return to the Bergman kernel for the unit disk (open) and the
corresponding metric

(6.32) ds = 7-12(1 — zz)~! |dz|

Except for the constant factor this agrees with the so-called hyper-
bolic metric introduced by H. Poincaré in his theory of automorphic
functions from 1881 onwards. It is one of the simplest and most
elegant realizations of a Lobatevskii noneuclidean geometry in
which circular arcs, orthogonal to the unit circle and restricted to the
interior, play the role of straight lines. The pencil of circular arcs
with a common endpoint on the unit circle corresponds to a family
of parallel straight lines. The geodesics in the Bergman metric are
circular arcs in the hyperbolic geometry.

If one point is at the origin and the other z, somewhere inside the
unit circle, then the conformally invariant distance of z, from 0 will
be the length of the geodesic, in this case a straight line segment
from O to zy. The result is

(6.33) 3w 12log (1 + |20(1 = [zol)-

Note that the distance becomes infinite as |z9| — 1. In order to get the
length of the geodesic joining two points z;, z; we take a conformal
map of the unit disk into itself in such a manner that z; goes into 0.
The mapping is a Mobius transformation

(6.34) w= (z = z2)I(1 — z,2)
which takes z = 2, into w = wy = (23 — 2z1)(1 — Z;22) 1. Since the
geodesic distance is unchanged we get

1 — 2122 + |22 — 2]

6.35 La-12]0 .
(6.35) 2 &N =2zl % —

Our last observation in this setting concerns the principle of hyper-
bolic measure. This asserts that if the unit disk is mapped conformally
onto a proper subset S of itself, then the hyperbolic measure is not
increased. This follows from properties of the Bergman kernel. On
the one hand we have
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(6.36) [Ko(z, 2)] 12 |da| = [Ks(w, w)] 2 |dw|

by the invariance of the geodesic length under conformal mapping.
On the other we have

[Ks(w, w)] 12 [dw| = [Ko(w, w)] 2 |dw].

For if t is a point common to the unit disk and the subset S and we
consider the minimum problem of Lemma 3.7 for U and S, then the
minima are

[Ko(t, )] 2 forU and [Ks(t t)] Y2 forS.
The éntries in the competition for U, when restricted to S, are also

entries for S, but entries for S may not be continuable analytically to
qualify them for U. From this we conclude that

(6.37) Ko(t, t) = Ks(t, t).
Combining (6.35) and (6.36) we get

(6.38) {Ko(z, 2)IKo(w, w) }12 = |dwldz|.
This gives

(6.39) |[dwldz| = (1 — |w]2)(1 = |z?)

which implies that the hyperbolic measure is not increased by the
conformal mapping. If we have equality in (6.39) for some value of
z = 2o with w = f(z9) then we have equality for all z and w = f(z)
is a Mobius transformation (6.34).

It is seen that the principle of hyperbolic measure is merely a
special case of a principle of Bergman measure. If a simply-connected
domain D is mapped conformally and 1-1 on a subset S, then the
geodesic measure is not increased, i.e.

640) [ (Koo 2 ldzlZ [ [K(w,w) 2 |duo].

7. Functions of two complex variables. The theory of reproducing
kernels is valid also for functions of several complex variables. This
is in the main the creation of Stefan Bergman. In the following we
shall restrict ourselves to functions of two variables. The extension to
n variables does not introduce any essentially new phenomena. The
novelties come in the passage from one to two variables.

There are some fundamental differences between the theories of
analytic functions of one and of two complex variables. Two of the
most striking differences are the following.
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I. Domains of regularity. In the theory of functions of one variable,
given any domain D in the plane, there exists a function f(z) which
is holomorphic in D but in no larger domain so that all points on the
boundary are singular points of f. Not so in C2. Here there exist
domains (connected open sets in C2 or equivalently in R*) which
cannot be domains of regularity in the following sense. Any function
f(z1, z2) which is holomorphic in D exists also in a larger domain.

II. Mapping theorems. In the one-dimensional case, the Riemann
Mapping Theorem asserts that any two bounded, simply-connected
domains can be mapped conformally one onto the other and the map-
ping function is unique once a pair of corresponding points has been
selected and corresponding directions have been chosen at these
points. In two dimensions one would expect to find a pair of functions

(7.1) w; = fi(z1, 22), wy = f5(zy, 22)

both holomorphic for (z;, z) in D; and such that (w,, w,) lies in
D,, the correspondence being 1-1 and onto. If such a mapping exists
it is said to be pseudo-conformal. But already the basic regions of a
dicylinder and a sphere

(7.2) lz1] <1, [22] <1 and |22 + [z2[* <1

admit of no such mapping.
A function f(z) = f(z),22) is holomorphic at the point z; = t;,
zy = ty, if it can be developed in a power series

(7.3) f(z1, z2) 2 Amn(21 — t1)™(22 — to)"

convergent in some dicylinder with center at (t,, ;). Here again there
is a difference between the one- and the two-dimensional cases. For
a function of one variable, there is a definite circle of convergence with
a radius determined by the nearest singular point. A function of two
complex variables may have isolated singular points but normally
there is a singular manifold. As a consequence, the dicylinder of con-
vergence has associated radii

(7.4) |Z1 - tll =T | Zo — tzl = To.
If we fix r, arbitrarily, r, is uniquely determined and vice versa.
Equation (7.3) is the Taylor series of f so that

am+n

1
(7.5) mn = W f(z1, 22)| 2 =ty.2 =1, -
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This raises the question of differentiability. It is clear that a locally
holomorphic function must have partial derivatives of all orders.
What sort of converse holds? Here the Fundamental Theorem of F.
Hartogs (Math. Ann. 62 (1906)) is basic.

Let f(z), z2) be defined for |z;]<a, |z2] < b as a single-valued
function. For each fixed z, with [25| < b let f(z;,z2) be a holo-
morphic function of z; for |z;| < a and let f(z,, 25) be holomorphic
in 2z for |zo] < b and each fixed z, with |z;] < a. Then f(z;, ) is
holomorphic at all points (2, 22) in the given dicylinder.

This means that the existence of continuous first order partials is
sufficient provided they satisfy the Cauchy-Riemann equations (note
two pairs of equations corresponding to the four real variables
2y = x) + iy, 29 = X9 + iys.)

The dicylinder and the sphere are special cases of the so-called
Reinhardt circular regions. Such a region is characterized by the fact
that it is invariant under all transformations

(76) Zl =t + (Zl - tl)eiol, Zz =ty + (Zz - tz)e“’Z.

Here (1), t) is fixed, the center of the region.
For a bounded Reinhardt domain R with center at (0, 0) a reproduc-
ing kernel may be constructed as follows. Consider the monomes

(7.7) 21Mz"

where m and n are arbitrary integers, positive, negative or zero. Set
(7.8) = | Pl de.

If (0,0) is in R, then the negative values of m and n are severely
restricted by convergence considerations. The functions

(7.9) (@mn) ~'21™22™ = frun(21, 22)

form a complete orthonormal system for R.
The elements of LyH(R) are now the series of the form

(7.10) fz1,22) = Y, CmnZ1™22"
with -
(7.11) S [tmnConn]2 < .

The reproducing kernel is

(7.12) K(z1, 225 t1, t2) = 3 fun(21, 22) frun(t1; o).

m,n
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It is a simple matter to verify that this is indeed a reproducing kernel.
For the dicylinder [z;| < 1, |z2]| < 1, we have

(7.13) g =m2[(m+ Dn+1)]-, m=Z0n=0,

and the reproducing kernel is simply

(7.14) 71 — Z1t1) 721 — Zaly) 2

For a sphere of radius R we obtain instead

(7.15) 2o ~2R%(R2 — Zjt) — Zaotp) 5.
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