ON THE SAMPLING DISTRIBUTION OF THE
MULTIPLE CORRELATION COEFFICIENT

RBv S. S. WiLks*

The problem of finding the distribution of the multiple cor-
relation coefficient in samples from a normal population with a
non-zero multiple correlation coefficient was solved in 1928 by
Fisher! by the application of geometrical methods. In his
derivation he used the facts that the population value p of the
multiple correlation coefficient is invariant under linear trans-
formations .of the independent variates, and that the distribution
of the multiple correlation coefficient is independent of all popu-
lation parameters except O .

In this paper it will be shown that the distribution of the
multiple correlation coefficient can be derived directly from
Wishart’s? generalized product moment distribution without
making use of geometrical notions and the property bf the in-
variance of p under linear transformations of the independent
variates. Furthermore, it will not be necessary to show that the
distribution will be independent of all population parameters
except O

The population value of the multiple correlation coefficient
between a variate x, and a set of variates x,, x;,---x, is
the ordinary correlation coefficient between x, and that linear
function of the variates x, x,, .- - x,, which will make this

correlation a maximum. It can be expressed as p2=1 - %
1

where A is the determinant of the correlations among all of the
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variates x,, X,, - - . X, and A, is the determinant of correla-

tions among the independent variates %,,%;, %, Denoting the

sample valueof pzhy'Pz it is well known that P% /- DQ . where

/

D and D) are the determinants of sample correlations among the
sets Of variates‘ Z{ ) Xz L xn and XZ,XJ‘ .. .Xn respectively_
Let us suppose a sample of N items to be drawn at random

from the normal 77 -variate population whose distribution is

n
VA 6-52}2 A, (x,- mXx,-m,)

M T

4, : .
where A, = —*— , 4 = I P l the determinant of correlations
¢ 0; q/,A 7)

among the » variates, A " is the cofactor of O, y inA, g; is the
-standard deviation of x, and A = IA

In the sample, let

tjl

N
Z x,
o =

/

21'\

and

2
~
~
x
1
X

1 N
4, = /{/g Y "
where x,_is the value of x; for the « -th individual of the
sample. Wishart® has proved that the simultaneous distribution
function of the set (a‘-j}, (i, /=4 --- -n)is

( 1) /Vl
N Z Az/d¢1

(2) ta)- // 1) /N/,./ /7//\/—/7

"

a‘j

*J. Wishart, loc. cit.
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where la[/- l is the determinant of the a’s.
We shall define a moment-generating function @(=%,4)as

® k- fe o, | M)z,

where the integration is to be taken over the field of all possible
values of the @'s and la/’?l is the cofactor of @, in la[/ I

e o o”
From this definition of @/« &)it is clear that 7 Qi< k),* -0

hek
is the product moment £ [a, ,* /I-szk]lt will be shown that this

cxpectation exists for /7=-4 which will yield the A-7/ moment
of (1-®%) , from which the distribution of & can be found.

To find P/« 4) we observe that since: (2) is a probability
function, its value over the field of all possible values of the a's
is unity. Hence, we must have

N N-n-2
-3 Z Ajja;; =
(4) ‘/e 2 =1 ¢l “ey la‘./.l d5=6,

. 2L (0 l)  (%F) o ()
whnere = &d/ﬂg_'_/) A%.l

holds for all positive values of N>7 and for all values of A//

This relation

which will make the matrix " A Ji " positive definite,

If f(a) be integrated with respect to @,, , @,,, " " 2,, ,
the resulting form will clearly be the distribution of the set of
a's contained in Ia pqland will be
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(r-1)N-1) LVz_-_/ .
K N A
) /é-vj B e’qu;zBﬂqapq &gl
! D )
r{=tn-2 /_/_vz__/}"/./Nzﬂﬂj

where B is the element in the p-f/row and g-£/ . col-
umn of the reciprocal form* of the determinant which is the
co factor of the term in the first row and first column of the

reciprocal form of |A,;/' | The value of B, in terms of correla-
w

tion coefficients and standard deviations is W where

o,a, 4
7 @ a4
A=4,,and 4 g i the cofactor of Cog in 4,, . Further-

more, lequ l . Hence

4 :
--Z A \ s
ﬁ R las/| da,da-a,

(6)
Nd N

4 dF B._a -
¥y @) Tr(e Fe e (Y,

where da,=da,da, - - -da,, and da-a,} is the product
of the differentials of all 2’s in laMI (p.g=23 --n).
Now. it is clear that (6) is an identity for all values of
N and the population parameters & and Py (i,j<1,8 - m;
i #/) , for which both sides of (6) exist. Thus, we can per-
form the following operations on (6):
(2). Replace N by N+2k .

k
(b). Replaceo".by oﬂ_;v—’ /4;-1'2'. v n)

. ‘By the reciprocal form of a determinant|c;,| we mean the detere
minant formed by replacing each element iy bfr the ratio %L where
C,;. is the cofactor of ¢ i and C :TC[/T'
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(c). Replace A, by A,,-%/i
(d). Multiply both sides of the identity by 5/—
. . -k
(e). Multiply both sides by |aoq' .
Accordingly, we find that the integral of the left side of (6)
over all possible values of thea’s is the definition of P/ k),
which must he equal to the integral of the right side over the

field of all possible values of the &% in la,oqf But the value of
the integral of the right side can be deduced at once from (4).

Hence, we finally obtain,

-k N-] N-jk /—(%ﬂ-/-k)
@ dek)(3) A4, 5 B rrmmy

where A_is the determinant A with A, replaced by A, - =
and J, is the reciprocal of the cofactor of the element in the first
row and first column of the reciprocal form of A, .

That is,

-7
4.7
(8) 'Bo(, = —_.;‘."_ ’
|44 g
where ,Zl- is the cofactor of the element in the p-f/) row and
qz‘/7 co]umn of Ay, (0q=23 7). The value of

«pg I can be readily found by writing

I’Z-c,oq = |'4¢p<7/t| Auij ,
«
where A, =A,; except for 1=/=1 and Ay, =A," ﬁ
Increasing (A- « P?' to an 724 order determinant by mserting,
as first row and first column, an additional row and column which
will not change the value of the determinant, and multiplying it
|A¢( glwe find

, A-c,aql ’4 (A//
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Therefore,

A
A7 7R
Substituting this for B in (7) and using the fact that

A‘.A-%j” , we finally obtain

©) Het)-(25 ) (5-2) /"’A «) ’;ﬁ—;;)

Thus. it is evident that ;ﬂﬂt, k) exists for sufficiently small
values of o.  Let us write -/
N-/ -1 2

- -5 A
s ) )
24, 2 ()

and expand the second factor on the right into a Taylor series.
Substituting in (9), we have the convergent series

LY. Y
pan)-(55) T A
(10) N
g () A (% )
(=0 .//'/’-5-'—/)

h
For the coefficient of é,?i‘ in the expansion of the right side of

(10) in powers of « we find

(/\/A } (A = ) /‘f 7;;)/()

o ) (%) (o)

X -
=0 I!/‘/%‘()/‘{’Yzl*k*lj

(11)
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r+k
which is the definition of £ [@,”"“(2-#9*]. We observe

that (11) exists for all values of & and # for which

N. k>0 AZ/ L itrok >0 Placing A--k

and pointing out that A—;[ =1-p* , we have as the k-24
moment of I-R?

M (-7 9)-£l1-H "]

(I-pz)di'/“ z pzz/—zf-ﬁé‘-/+i)/—/ﬂ%ﬂ+k).
rE) () e A ey

(12)

By using the relation
r("52+%) 1

- +kl %-/4-41
/‘('—Vz;l +k+[) /—/lL/-/-t)/{l- }Mzn

we can write (12) in the form

K (1-09 %
E|(1-RY) |- -
ke
(13) - /ezi(Le)%U*k- ”z-’*"f 2(-—-;1)
x Z [ r(ET) 4

The series in (13) is uniformly convergent in O for O<9%1
and therefore, we can interchange the order of summation and
integration and write

) E[aw9 [ 1r0) )26
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N/ N-11_ -1
(2-P%) T (1) T 1 g -1

) (5

(15) o0 ,0"‘9"/'2/”5‘1“‘).
L A(F )

where 2(6)=

Thus, we have a distribution function of a variable & such
that the &-7//moment of & is identical with the 4-#/moment of
2 for all positive values of & . It follows from Stekloff’s®
theory of closure that & (&) must be the only continuous solution
of (14), where £[(7-®2%)*]  is defined as (12). Therefore,
the distribution of &~ is identical with that of @ and can be
written finally as

S - %Y
(%) ()

(16)

. _ -3
w (1-09 Tl py " Yor) 8B o,

22

which is the distribution found by Fisher except that he uses the
notation », £ r7-/, the number of independent variates, and
n,+n,+/= N, the sample number.
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