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Abstract
To start with, signals are dealt with as functions of one variable and images are shown
by elements of two variables. The investigation of these ideas is directly related to the
transpiring area of information technology. The approximation properties of the
periodic signals in Lr (r ≥ 1)-spaces, Lipschitz classes Lipα, Lip(α, r), Lip(ξ (t), r), and a
weighted Lipschitz classW(Lr ,ξ (t)) through a Fourier series, known as the Fourier
approximation in the approximation theory, have wide applications in digital filters
and signal analysis. The goal of our paper is to concentrate on the approximation
properties of the periodic signals (functions) in the Lipschitz classes by almost Riesz
means of the Fourier series associated with the function f . We additionally take note
of the fact that our outcomes give sharper estimates than the estimates in some of
the known results.

Keywords: degree of approximation; trigonometric Fourier approximation;
W(Lr ,ξ (t))-class of functions; almost Riesz means

1 Introduction
The idea of almost convergence was presented by Lorentz in  [] and has various ap-
plications. Several authors, including Ahmad and Mursaleen [], Lorentz [], King [], Mo-
hapatra [, ], Nanda [], and other authors [–] have concentrated on almost conver-
gent sequences. As convergence motivates us to study absolute and strong convergence,
similarly it was very common to study the ideas of absolute almost and strong almost con-
vergence after the concept of almost convergence. These two concepts of absolute almost
and strongly almost convergent sequences have been examined in [] and [], respec-
tively.

Fourier series and operators can be considered as representations of a function or sig-
nal; they are of incredible significance in both hypothetical and practical areas. For real
or complex sequences working with infinite matrices the summability methods of are of
three sorts (see Maddox [], p.) - strong, absolute, and ordinary. Along a similar line,
the idea of almost convergence must give rise to three types of summability methods -
strongly almost, absolutely almost and almost. The almost summable sequences have been
examined in [, ] and some other references.

The error (degree) of approximation of signals f belonging to the Lipα, Lip(α, r),
Lip(ξ (t), r), and W (Lr , ξ (t))-classes by Nörlund (Np) and matrix summability methods has
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been addressed by different researchers, for example, Khan [, ], Mishra and Mishra
[], Mishra et al. [–], Deepmala et al. []. Be that as it may, till now, nothing ap-
pears to have been done as such far to get the error in approximation of signals belonging
to W (Lr , ξ (t)) (r ≥ ) space using an almost Riesz means of its Fourier series. In this man-
ner in this paper, other results on the degree of approximation of signal f ∈ W (Lr , ξ (t))
(r ≥ ) by almost Riesz means of its infinite Fourier series have been built up.

Let the spaces of all convergent and bounded sequences be represented by c and l∞,
respectively. Also, c ⊂ l∞. The idea of a Banach limit comes from the well-known Hahn-
Banach extension theorem in the theory of sequences spaces. The concept of almost con-
vergence was introduced by Lorentz [] as another kind of convergence by using the con-
cept of a Banach limit.

A bounded sequence x = (xk) is called almost convergent to the number � if and only if

lim
p→∞

∣
∣
∣
∣
∣


p

n+p–
∑

k=n

xk – l

∣
∣
∣
∣
∣

= , uniformly in n. ()

We shall represent by F the space of almost convergent sequences and we write � =
F-lim x.

Note that a convergent sequence is almost convergent and its limit and its generalized
limit both are identical, but an almost convergent sequence need not be convergent.

For example, the sequence z = (zn) with

zn =

{

 if n is odd,
 if n is even

is almost convergent to the finite limit / but not convergent.
If n =  in () then we get Cesàro summability of order  i.e. (C, ) convergence, and in

this case we write symbolically xk → �(C, ); where � = (C, )-lim x.
Most of the commonly used matrix methods contain the method F , for example every

almost convergent sequence is also a Cesàro means of order α i.e. (C,α) and the Euler
means of order α i.e. (E,α)-summable (α > ) to its F-limit.

Let C[a, b] denote the spaces of all continuous functions f defined on [a, b]. We know
that C[a, b] is a Banach space under the norm defined by ‖f ‖∞ := supa≤x≤b |f (x)|, f ∈
C[a, b]. Consider a sequence of linear operators Tn : C[a, b] → C[a, b]. We write Tn(f , x)
for Tn(f (t), x) and we say that its limit operator i.e. T is a non-negative operator if T(f , x) ≥
 for all f (x) ≥ .

For a given π-periodic signal f ∈ Lp := Lp[, π ], p ≥ , which is Lebesgue integrable.
Then the Fourier series of f (x) at any point ‘x’ given by

f (x) ∼ a


+

∞
∑

n=

(an cos nx + bn sin nx) ≡
∞

∑

n=

An(x), ()

with the (n+)th partial sum sn(f ; x) called a trigonometric polynomial of order (or degree)
n and given by

sn(f ; x) :=
a


+

n
∑

k=

(ak cos kx + bk sin kx), n ∈N with s(f ; x) =
a


.
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A signal f ∈ Lipα, if

f (x + t) – f (x) = O
(∣
∣tα

∣
∣
)

for  < α ≤ , t > .

A signal f ∈ Lip(α, r) for a ≤ x ≤ b if

wr(t; f ) =
{∫ b

a

∣
∣f (x + t) – f (x)

∣
∣
r dx

}/r

≤ M
(|t|α)

, r ≥ ,  < α ≤ ,

where M is constant (absolute positive), not essentially the same at each occurrence [].
We have

f ∈ Lip
(

ξ (t), r
)

, if
(∫ π



∣
∣f (x + t) – f (x)

∣
∣
r dx

)/r

= O
(

ξ (t)
)

, r ≥ , t > .

A signal f ∈ W (Lr , ξ (t)) [] if

ωr(t; f ) =
(∫ π



∣
∣f (x + t) – f (x)

∣
∣
r
sinβr(x/) dx

)/r

= O
(

ξ (t)
)

, β ≥ , r ≥ , t > ,

where ξ (t) is positive increasing function of t.
If β =  then the generalized weighted Lipschitz W (Lr , ξ (t)) (r ≥ )-class reduces to the

Lip(ξ (t), r) class, if ξ (t) = tα then Lip(ξ (t), r) class coincides with the previous class Lip(α, r)
and if r → ∞ then Lip(α, r) is converted to the Lipα class.

The L∞-norm of a signal (function) f : R → R is defined by ‖f ‖∞ = supx∈R{|f (x)|}.
The Lr-norm of a signal (function) is defined by ‖f ‖r = (

∫ π

 |f (x)|r dx)/r ,  ≤ r < ∞.
The space Lr[, π ] with r = ∞ includes the space Cπ of all π-periodic continuous

functions defined on [, π ], where Cπ represents the Banach space of all π-periodic
continuous functions over [, π ].

The error (degree) of approximation of a function f : R → R by a trigonometric polyno-
mial tn of order n under sup norm ‖ ‖∞ is given by []

‖tn – f ‖∞ = sup
x∈R

{∣
∣tn(x) – f (x)

∣
∣
}

and En(f ) of a signal f ∈ Lr is defined by En(f ) = minn ‖tn – f ‖r .
This method of approximation is called a trigonometric Fourier approximation (tfa).
Let

∑
an be an infinite series with the sequence of its partial sums {sn}. Let {pn} be a

non-negative, non-decreasing, generating sequence of constants, which may be real or
complex for the (R, pn) or Rp-method such that Pn =

∑n
γ = pγ �=  ∀n ≥ , P– = p– = 

and Pn → ∞ as n → ∞.
The transformation (from sequence to sequence) tn =

∑n
k=(pk/Pn)sk defines the se-

quence {tn} of the Riesz (R, pn) transforms of the sequence {sn}, generated by the sequence
of coefficients {pn}. The infinite series

∑
an is called Riesz summable (R, pn) to the sum ‘s’

if limn→∞ tn exists and equals a finite number ‘s’.
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A bounded sequence {sk} of kth partial sums of an infinite Fourier series () is called []
almost convergent to s, if

lim
n→∞ sn,r = lim

n→∞
sr + sr+ + · · · + sr+n

n + 
= lim

n→∞


(n + )

n+r
∑

k=r

sk = s,

uniformly with respect to r.
An infinite series

∑
un with the sequence of its partial sums {sn} of Fourier series () is

called almost Riesz summable [] to a finite number ‘s’, provided

τn,r =


Pn

n
∑

k=

pksk,r → s as n → ∞,

uniformly with respect to r, where sk,r = 
k+

∑r+k
γ =r sγ .

A bounded sequence {sk} is called almost Riesz summable to ‘s’ if the Riesz-transform
of {sk} is almost convergent to a finite number ‘s’ (see King () []).

The necessary and sufficient condition for the regularity of Riesz transform (R, pn) is
that Pn → ∞ as n → ∞ ([]; see Theorem .. of Petersen (), p.).

We write throughout the paper

ψx(t) = f (x + t) – f (x – t) – f (x),

p(y) = p[y] and P(y) = P[y], Pτ = P(/t).

The notation τ = [/t] means the greatest integer contained in ‘/t’.

2 Main result
Hardy and Littlewood [] have determined without verification that the class of func-
tions Lip(α, p) is the same as the class of functions approximable in the Lr-norm with
degree of approximation O(n–α), by trigonometric polynomials of order n. A trigonomet-
ric Fourier approximation, began from a well-known theorem of approximation theory
i.e. the Weierstrass approximation theorem, which has turned into an energizing inter-
disciplinary field of study throughout the previous  years. These approximations have
expected vital new dimensions due to their extensive variety of uses in signal theory [],
in general and digital signal processing []; in particular, in view of classical Shannon
sampling theorem []. The above mentioned examination inspired us to study further
the problem of the approximation of functions in weighted Lipschitz class i.e. W (Lr, ξ (t)).
A few more applications of sharper estimates and trigonometric Fourier approximation
can be found in [, –], and the references given therein. In this study, the summa-
bility transforms play a vital part, especially when the Fourier series of a signal (function)
is non-convergent. During the past few decades, different strategies for planning digital
filters have been suggested. It is worth to specify that the best-known techniques use as
approximation criterion the minimization of the Lp-measure  ≤ p ≤ ∞. Thus the de-
signing of digital filters has been recognized as an approximation problem. Here we are
interested in approximations of signals in L-space. In this paper, we utilize the idea of an
almost Riesz summability transform of the Fourier series with a suitable set of conditions
and prove the following theorem.
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Theorem  Assume f is a π -periodic signal (function) and integrable in the sense of
Lebesgue over [, π ]. Then the degree of approximation of f ∈ W (Lr, ξ (t)) (r ≥ )-class
with  ≤ β ≤  – /r by an almost Riesz means of its Fourier series () is given by

∥
∥τn,r

(

f (t); x
)

– f (t)
∥
∥

r = O
(

Pβ+/r
n ξ

(

P–
n

)) ∀n > , ()

provided that the positive increasing function ξ (t) has the following features:

{

ξ (t)/t
}

is non-increasing in ‘t’, ()
(∫ π/Pn



( |ψx(t)|
ξ (t)

)r

sinβr(t/) dt
)/r

= O() ()

and

(∫ π

π/Pn

(
t–δ|ψx(t)|

ξ (t)

)r

dt
)/r

= O
(

Pδ
n
)

, ()

where δ is an arbitrary number such that (β – δ)s –  > , r– + s– = ,  ≤ r ≤ ∞, and
conditions () and () hold uniformly in x.

Note  Using condition (), we get the inequality ξ ( π
Pn

) ≤ πξ ( 
Pn

), for ( π
Pn

) ≥ ( 
Pn

).

3 Proof of Theorem 1
The partial sum sk,r(f (t), x) of the Fourier series () is given by

sk,r
(

f (t), x
)

– f (t) =


π (k + )

∫ π


ψ(t)

cos rt – cos(k + r + )t
 sin t/

dt.

Representing the almost Riesz means of partial sums sk,r(f (t), x) by τn,r(f (t); x), we can
write

τn,r
(

f (t); x
)

– f (t)

=


Pn

n
∑

k=

pk
{

sk,r
(

f (t); x
)

– f (t)
}

=


πPn

∫ π


ψ(t)

n
∑

k=

pk

(k + )
[cos rt – cos(k + r + )t]

 sin t/
dt

=


πPn

[∫ π/Pn


+

∫ π

π/Pn

]

ψ(t)

( n
∑

k=

pk

(k + )
sin(k + r + ) t

 sin(k + ) t


sin t/

)

dt

= I + I (say). ()

Obviously

∣
∣ψx(x + t) – ψx(t)

∣
∣ ≤ ∣

∣f (u + x + t) – f (u + x)
∣
∣ +

∣
∣f (u – x – t) – f (u – x)

∣
∣.
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Hence, by Minkowski’s inequality, we get

{∫ π



∣
∣
(

ψx(x + t) – ψx(t)
)

sinβ (x/)
∣
∣
r dx

}/r

≤
{∫ π



∣
∣
(

f (u + x + t) – f (u + x)
)

sinβ (x/)
∣
∣
r dx

}/r

+
{∫ π



∣
∣
(

f (u – x – t) – f (u – x)
)

sinβ (x/)
∣
∣
r dx

}/r

= O
(

ξ (t)
)

.

Then f ∈ W (Lr , ξ (t)) ⇒ ψx ∈ W (Lr , ξ (t)).
Here

I =


πPn

∫ π/Pn


ψx(t)

n
∑

k=

pk

(k + )
sin(k + r + ) t

 sin(k + ) t


sin t/
dt.

Using Hölder’s inequality, ψx(t) ∈ W (Lr , ξ (t)) over [,π ], equation (), Note ,
(sin t/)– ≤ π/t, for  < t ≤ π , | sin nt| ≤ n| sin t| ∀t ∈ R, n ∈ N , r– + s– =  such that
 ≤ r ≤ ∞, we have

|I| ≤ 
πPn

{(∫ π/Pn



( |ψx(t)| sinβ (t/)
ξ (t)

)r

dt
)/r}

·
{(

lim
ε→

∫ π/Pn

ε

(

ξ (t)
sinβ (t/)

∣
∣
∣
∣
∣

n
∑

k=

pk

(k + )
sin(k + r + ) t

 sin(k + ) t


sin t


∣
∣
∣
∣
∣

)s

dt

)}/s

= O()
{

lim
ε→

(∫ π/Pn

ε

(
ξ (t)
tβ+

)s

dt
)}/s

= O
(

ξ

(
π

Pn

)){

lim
ε→

∫ π/Pn

ε

t–(+β)s dt
}/s

= O
(

Pβ+/r
n ξ

(

P–
n

))

. ()

Now

|I| =
(


πPn

){
∫ π

π/Pn

t–δ|ψx(t)| sinβ (t/)
ξ (t)

· ξ (t)
t–δ sinβ (t/)

∣
∣
∣
∣
∣

n
∑

k=

pk

(k + )
sin(k + r + ) t

 sin(k + ) t


sin(t/)

∣
∣
∣
∣
∣

}

.

Now again by Hölder’s inequality, we find

|I| ≤ 
πPn

{∫ π

π/Pn

(
t–δ|ψx(t)| sinβ (t/)

ξ (t)

)r

dt
}/r

·
{

∫ π

π/Pn

(

ξ (t)
t–δ sinβ (t/)

∣
∣
∣
∣
∣

n
∑

k=

pk

(k + )
sin(k + r + ) t

 sin(k + ) t


sin(t/)

∣
∣
∣
∣
∣

)s

dt

}/s
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and using (sin t/)– ≤ π/t, on  < t ≤ π , | sin t/| ≤ , conditions (), (), Note , and the
second mean value theorem for integrals, we get

|I| ≤ 
πPn

{∫ π

π/Pn

(
t–δ|ψx(t)|

ξ (t)

)r

dt
}/r

·
{∫ π

π/Pn

(
ξ (t)

t–δ+β+ Pn

)s

dt
}/s

= O
(

Pδ
n
)
{∫ π

π/Pn

(
ξ (t)

t–δ+β+

)s

dt
}/s

= O
(

Pδ
n
)
{∫ Pn/π

/π

(
ξ (/y)
yδ–β–

)s dy
y

}/s

, putting t = /y

= O
{

Pδ+
n
π

ξ

(
π

Pn

)}{∫ Pn/π

ε

y(β–δ)s– dy
}/s

for some

π

< ε <
Pn

π

= O
{

Pδ+
n
π

ξ
(

P–
n

)
}{

(Pn)(β–δ)s– – (ε)(β–δ)s–

(β – δ)s – 

}/s

= O
{

Pδ+
n ξ

(

P–
n

) · Pβ–δ–/s
n

}

= O
{

Pβ+/r
n ξ

(

P–
n

)}

. ()

On collecting ()-(), we have

∣
∣τn,r

(

f (t); x
)

– f (t)
∣
∣ = O

{

Pβ+/r
n ξ

(

P–
n

)}

.

Now, using the Lr-norm of function, we obtain

∥
∥τn,r

(

f (t); x
)

– f (t)
∥
∥

r =
{∫ π



∣
∣τn,r

(

f (t); x
)

– f (t)
∣
∣
r dx

}/r

= O
{∫ π


Pβ+/r

n ξ
(

P–
n

)

dx
}/r

= O
{

Pβ+/r
n ξ

(

P–
n

)}
(∫ π


dx

)/r

= O
{

Pβ+/r
n ξ

(

P–
n

)}

.

This completes the proof of Theorem .

4 Corollaries
The following corollaries can be derived from our main Theorem .

Corollary  If β = , then the generalized weighted Lipschitz W (Lr , ξ (t)) (r ≥ )-class re-
duces to the class Lip(ξ (t), r) and the error in approximation of a function f , belonging to
the class Lip(ξ (t), r), is given by

∥
∥τn,r

(

f (t); x
)

– f (t)
∥
∥

r = O
(

P/r
n ξ

(

P–
n

))

. ()

Proof The result follows by putting β =  in (); we get

{∫ π



∣
∣τn,r

(

f (t); x
)

– f (t)
∣
∣
r dx

}/r

= O
(

P/r
n ξ

(

P–
n

))

, r ≥ .
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Thus, we get

∣
∣τn,r

(

f (t); x
)

– f (t)
∣
∣ ≤

{∫ π



∣
∣τn,r

(

f (t); x
)

– f (t)
∣
∣
r dx

}/r

= O
(

P/r
n ξ

(

P–
n

))

, r ≥ .

This completes the proof of Corollary . �

Corollary  If β = , ξ (t) = tα ,  < α ≤ , then the generalized weighted Lipschitz
W (Lr , ξ (t)) (r ≥ )-class reduces to the class Lip(α, r), (/r) < α <  and the degree of ap-
proximation of a function f belonging to the class Lip(α, r), is given by

∣
∣τn,r

(

f (t); x
)

– f (t)
∣
∣ = O

(

P–α+/r
n

)

.

Proof Putting β = , ξ (t) = tα ,  < α ≤  in Theorem , we have

∥
∥τn,r

(

f (t); x
)

– f (t)
∥
∥

r =
{∫ π



∣
∣τn,r

(

f (t); x
)

– f (t)
∣
∣
r dx

}/r

or

O
(

Pβ+/r
n ξ

(

P–
n

))

=
{∫ π



∣
∣τn,r

(

f (t); x
)

– f (t)
∣
∣
r dx

}/r

,

or

O() =
{∫ π



∣
∣τn,r

(

f (t); x
)

– f (t)
∣
∣
r dx

}/r

O
(


Pβ+/r

n ξ (P–
n )

)

,

since otherwise the right-hand side of the above equation will not be O().
Hence

∣
∣τn,r

(

f (t); x
)

– f (t)
∣
∣ = O

(

P/r
n P–α

n
)

= O
(

P–α+/r
n

)

which is one of the results of Mishra et al. []. �

Corollary  If β = , ξ (t) = tα for  < α <  and r → ∞ in (), then f ∈ Lipα. In this case,
the degree of approximation of a function f belonging to the class Lipα ( < α < ) is given
by

∣
∣τn,r

(

f (t); x
)

– f (t)
∣
∣ = O

(

P–α
n

)

.

Proof For r → ∞ in Corollary , we get

∥
∥τn,r

(

f (t); x
)

– f (t)
∥
∥∞ = sup

≤x≤π

∣
∣τn,r

(

f (t); x
)

– f (t)
∣
∣ = O

(

P–α
n

)

.

Thus, we have

∣
∣τn,r

(

f (t); x
)

– f (t)
∣
∣ ≤ ∥

∥τn,r
(

f (t); x
)

– f (t)
∥
∥∞

= sup
≤x≤π

∣
∣τn,r

(

f (t); x
)

– f (t)
∣
∣ = O

(

P–α
n

)

.
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This completes the proof of Corollary . �

5 Conclusion
A few interesting results with respect to the error in the approximation of periodic signals
(functions) belonging to the different Lipschitz classes by almost convergent sequences
have been audited. Further, a suitable arrangement of limitations has been examined to
the errors in this direction. Some interesting uses of the approximation of signals utilized
as a part of this manuscript have additionally been highlighted. The consequences of our
theorem and corollaries are broader as opposed to the consequences of whatever other
already demonstrated lemmas and theorems; they will be an advance of the theory of ap-
plications of summability analysis in the theory of approximations. The study of the degree
of approximation of signals in other function spaces such as the Hölder, Zygmund classes
and so on, might be of future interest for investigators in this direction. The scientists and
experts working or expecting to work in the areas of analysis and its applications will find
this exploration article to be altogether important. Henceforth, the results so settled may
be found to be helpful and fascinating under circumstances showing up in the literature
on mathematics and applications.
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