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VARIOUS INEQUALITIES IN REPRODUCING KERNEL HILBERT SPACES
Nguyen Du Vi Nhan and Dinh Thanh Duc

Abstract. In this paper, we examine various reproducing kernel Hilbert spaces
‘Hg, and Hp, such that the inequality

m m

det [<F5Gi, FJ‘GJ‘>HK1 K2] S Cm det [<FL‘, FJ>HK1 <Gi, Gj>71;(2]

i.j=1 i.j=1

holds for all F; € Hk,,G; € Hk,, where m is a positive integer, C' is a constant

which is independent on F; and G; for all j = 1,2,...,m, and Hg, k, is the
Hilbert space admitting the reproducing kernel K7 Ko.

1. INTRODUCTION

Let K1(z,y) and Ks(x,y) be two positive definite quadratic form functions on
E'xE and let Hg, and H, be two Hilbert spaces admitting the reproducing kernels K
and K, respectively. By the Schur’s theorem we see that the usual product K (x,y) =
K (z,y)Ka(x,y) is again a positive definite quadratic form function on E x E. Then,
the reproducing kernel Hilbert space Hx admitting the reproducing kernel K (z,y) is
the restriction of the tensor product Hy, ® Hg, to the diagonal set; that is given by
(see [2, 7] or [20] for more details)

Proposition 1.1. ([7]). Let {g;}; and {h;}; be some complete orthonormal systems
in Hy, and Hg,, respectively. Then, the reproducing kernel Hilbert space Hy is
comprised of all functions on E which are represented as, in the sense of absolutely
convergence on E,

(1.1 f(x) = aijgi@)hi(z) on E, Y lai* <oo
ivj ivj
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and its norm in Hy is given by

113y = min § > el

1,J

where {«; j} are considered satisfying (1.1).
In particular, we obtain the inequality

(1.2) 1f1f2llrte, ey (2) < 1 f1ll3ge, (21 2l () -

From (1.2), various norm inequalities (see [7, 14, 15, 16, 17, 18, 19]) in reproducing
kernel Hilbert spaces were obtained, which were generalized and reproved using various
technics and were expanded for various directions with applications to inverse problems
and partial differential equations (see [1, 4, 5, 6, 8, 10, 11, 9, 12, 13]).

In this paper, by investigating various reproducing kernel Hilbert spaces Hi, Ho,
and H and using the Cauchy-Schwarz inequality, we establish the inequality in the
following form
(1.3) det [(FiGi, FiGj)nli—y < C™ det [(Fy, Fy)r, (Gis Gidnsliimy s
where m is a positive integer, I; € Hi,G; € Hz and C is a constant which is
independent on F; and G for all j = 1,2, ..., m. Note that, the left-hand side of (1.3)
is the Gram determinant of the vectors Gy, ..., F,G,, on H, while the right-hand side
of (1.3) is the determinant of Hadamard product of two Gram matrices associated with
the vectors F1, ..., F,,, on Hy and G1, ..., G, on Ha.

We will see that all the inequalities in this paper of the form (1.3) are best possible,
because, for example, for F; € ‘H; and G; € Hy such that

(1.4) IF;GjlI = ClIE |3, Gl 5=1,2,.im,
the equality holds in (1.3). Taking profit of the reproducing kernels theory, we can find
out the cases holding in the equalities (1.4). See the deep theory of A. Yamada [22].

However, we think for the complicated structures in (1.3) the equality problem is very
difficult and it is new challenge.

2. SPACES OF SQUARE SUMMABLE SERIES

Let U be a weight on A, = {z € C : |z| < r}, that means,

U(z) = Zw(n)z", Y >0, n>0,
n=0
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be holomorphic in A, and having A, as its disk of convergence. Let Ky (w, z) be a
reproducing kernel on A, defined by the expansion

= Z Y(n)w"z"
n=0

Then, the reproducing kernel Hilbert space f¢ = H g, is composed of all holomorphic
functions F'(z) defined by

z) = if(n)z" on A,
n=0

with finite norms

[e.9]
|f(n)]?
1717, =
“= 250
For two weights ¥ and @ on A, with the power series U(z) = > > 1 (n)z" and
D(z) =D 7 ¢(n)z", we have

U(2)P(z) = Y _(¥*p)(n)z", z €A,
n=0
where
(¥ * p)( Z bk >0, n>0,
and so

Ky(w, z)Ke(w, 2) = Kye(w, z) forw,z € A,.

Let F(2) = Y 2, f(n)z" € ly and G(z) = > 2 g(n)z" € {p. Then, the
following inequality (see [21, pp. 121-122] or [11])

Z\f*g )(n)|? Z\f Z lg(n)]?

(Y x @) (n) o(n)

shows that F'G € fge and
2.1) 1EGllegs < I1F ey |Glles-

Moreover, we have the following theorem.

Theorem 2.1. Let ¥ and @ be two weights on A, and F; € ly,G; € lg for
73 =1,2,...,m. Then, we have the following inequality

(2.2) det [<FZGZ,F]G >gq@]mj 1 < det [<FZ,F >qu <GZ,G >g¢]1] 1
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Proof.  Suppose that Fj(z) = > "> fj(n)z" € by and Gj(z) = > 77, gj(n)z" €
Ly for j =1,2,...,m. Then, by the expressions

Fi(2)Gj(2) =Y (fj*gj)(n)2", j=1,2,...m,
n=0

and by properties of determinants and limiting arguments, we have

o [0 =) )
T e) ()

det [(F;G;, F;G >€q@]” 1= m! Z Z

n1=0 Ny =0
Note that
Nm
det [(f; *gz><nj>]” 1= Z Z det [fi(k;)gi(nj — )]:n] 1°
k'l k'mfo

Hence, in view of the Cauchy-Schwarz inequality, we have

2 2
det [(fi+ g0 (n)[ses | 2z |det [fiky)gatng — k)]

MW = 2 2 T oietn — k)

(2.3)

Denote by S,,, the set of all permutations of the set {1, 2, ..., m}. The Laplace formula
shows that

det [fi(k;)gi(n; — kj)]?fj:lr
7% ¥ (k) e(n; —kj)
_ det [f;(k;)gi(n; — k;)]i7—y det [fi(k;)gi(n; — k)1
[T ¥ (ke (n‘ - kj)
Z Z Sgngsgml—[ fi(kgeiy) fi( ))gz:(no(i) _Ako(i)>gli(n7(i) — k@)

OESm YESM

which is, by letting A\ = v ! o 0,

fi(k @) (Ko(i)) 9i(Mo(s) — ko)) 9ni) (o) — Ko(iy)
ZZSQ”AH ()) @) 8:n1et) ~ Ko@) 9o (M) ~ bt

0E€ESm NESm

_ Y Filka@) Fi(kog) o(i)) 9i(No (i) = Ko(i)) 95 (Ma(i) — Ko(i))
= et — A
0€Sm ’(/} A i,5=1

and so
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n1 Tom ’det fz )gz( k ij= 1’ f f 9T m
e > d 1J] * J1d] ) .
klz:o k;() szl P (kj)e(n; U;:m ¢ [( © ) (n0(1)>] it

Therefore,

2
et [(f: ) ()17
d FG’MFG ve =
ot Jesalios m,mZO ZO @+ o )0w)

mz Z Z dthZfJ gig_j) ("ou‘))]mj 1

IN

¥

0€Sm n1=0 1 =0 L=

=det [<FZ;F >Zq, <G17G >€¢] i,j=1"

This concludes the proof. u

Remark 2.2. The inequality (2.2) is best possible. Indeed, equality in (2.2) implies
that equality holds in (2.3). This happens only if equality holds in Holder’s inequality,
i.e, only if for n; > 0,j = 1,2, ...,m, there exists a number h(ni, ..., n,,) € C such
that

ny o | det [fi(kj)gi(ng — kj)] i

2.4 LN R e
oY klzzo kZO [T52, ¢ (k)e(n; — k) e im)

forall k; =0,1,...,n;,7=1,2,...,m
It is difficult to determine, in general, under what conditions equality can hold in
(2.4). However, we see that if there exist numbers h;j(n) € C such that

fitk)gi(n—k) _, _
(2.5) TP — hj(n), k=0,1,..

for all j =1,2,...,m, then (2.4) holds. From (2.5) we derive (see [11])
fi(n) = Apb(n)wi”,  g; = Bjp(n)wj”, n=0,1,2,..

for some w; € A, and some constants A; and B; for j = 1,2, ..., m. Hence,

7n7

(2.6) Fj (Z) = AjK\p(Z, wj), G](Z> = BjK@(Z, wj), z €A,

for some w; € A, 5 =1,2,...,m.
Notice that for F; and G satisfying (2.6) we have the equalities

1F5Gllegs = 1 Fjlleg |1Gilleg, 7 =1,2,...,m.
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3. APPLICATIONS TO SPACES OF HOLOMORPHIC FUNCTIONS

First, let us consider the Fischer space F4 (A > 0) comprising all entire functions
F(z) with finite norms

A _
1913, = 2 [[ 1P A duay,
T JJc
For Fy, F» € F4, we have (see [5, pp. 350-354])
(3.1 (F1, Fo) 7, = (F1, F)ey,

where ¥(z) = ¢4, 2z € C.
Let A > 0,B > 0,¥(z) = e?* and &(2) = eB* for 2 € C. Then,

U(2)d(z) = AP e,
Combining (2.1) with (3.1) gives us
(3-2) HFGH]'—A-Q-B < HFH]'—AHGH]'—B7

for ' € F4 and G € Fp. A more special case of inequality (3.2) was proved by
Saitoh [16].
Then, Theorem 2.1 gives us the following theorem.

Theorem 3.1. Let A and B be two positive real numbers. Then, the following
inequality
(3.3) det [<FiGi,FjGj>]:A+B]m

h,j=

| < det [(Fy, Fj) 7, (Gi, G) 1"

ij=1"
holds for F; € Fa and G; € Fp for j =1,2,....m.

If Fj € Fa and Gj € Fp such that
(3.4) Fj(z) = 4;¢"™%,  Gj(z) = B;e"™*, 2 eC

Sfor some w; € C and some constants A; and Bj,j = 1,2, ...,m, then the equality
holds in (3.3).

Now, for « > 1, we consider the Bergman-Selberg kernels K, (w, z) on the open
unit disk 1
(1—wz)e
Then (see [4, p. 280]), the Hilbert space H ., coincides with the space of holomorphic
functions F(z) =Y ° f(n)z™ on A; such that

Ky(w,z) = for w, z € A;.

o0

Ma)'(n+1) 9
nz;) W\f(n)\ < 00,
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equipped with the inner product
o
(F, G)ny, = Z
n=0
for F(z) =3 2, f(n)z" and G(z) = > ", g(n)z".
When o > 1, A, = Hg, is also a Bergman weighted space on the open unit disk
Ay with weight 21 (1 —[2]%)@~2, that is, A, coincides with the space of holomorphic
functions F'(z) on A; such that

Ma)'(n+1) —
Wf(”)ﬂ(”%

1P, = /A |F(2) Pdpa(2) < oo,
1

where i, is the measure on A; given by

—1
dpia(z) = ——(1 = |[)*Pdady, ==z +iy.

For F1, F», € A, we obtain
(F1, Fo) 4, = (F1, F2) 4y,

where

U(z) = z € Ay.

1
(1—2)
Hence, for a > 1 and 8 > 1, the following inequality

(3.5) IEG) Ars < NFNANGLas,

a4+

holds for all F' € A, and G € Ag. Furthermore, by applying Theorem 2.1, we have

Theorem 3.2. Let o > 1 and 3 > 1. Then, the following inequality

(3.6) det [<F1Gu FjGj>A 1 S det [<Fu Fj>Aa <Gl, Gj>Aﬁ]m

]m
atplij= ij=1"

holds for F; € A, and G; € Ag for j =1,2,...,m.
If Fj € Ay and G € Ag such that

A; B;
(3.7) Fi(z) = m’ Gji(z) = W, z €A

Sfor some wj € Ay and some constants Aj and Bj,j = 1,2, ...,m, then the equality
holds in (3.6).

It remains the case when o = 1. The function
1
1—wz’

Ki(w,z) = w,z € Ay,
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is the Szegd reproducing kernel for the Hilbert space H = Hg, comprising all holo-
morphic functions F(z) on A; with finite norms

1
F2:—/ f(2)|?|dz|.
11 = 5 aAl\ (2)[7[d=|

Then, for F, G € ‘H we have FFG € Ay, and moreover,
(3.8) [FGla, < | F|Gllx-

The above inequality was also proved by Saitoh [15]. However, he proved the in-
equality on a very general domain and furthermore, solved the equality problem for the
inequality.

Theorem 3.3. For F;,G; € H,j = 1,2,...,m, we have the following inequality
(3.9) det [<F1Gu FjGj>A2]23:1 S det [<Fu Fj>H<Gi, Gj>7—(]m

ij=1"
If Fj € H and Gj € 'H such that
B;

“ 1 ‘€M
J

(3.10) Fj(z) = ﬁ G(2)

Sfor some wj € Ay and some constants Aj and Bj,j = 1,2, ...,m, then the equality
holds in (3.9).

Finally, note that
Y 1+wz

1 —wz

and 1+ wz

(1 —wz)?
are the reproducing kernels for the Hilbert spaces P and Q comprising all holomorphic
functions F'(z) on A; with finite norms

I1FI =5 [ 15G)Pla:)+ GO

1
L[ P
F|4 = —// dz,
H HQ o Al ‘Z‘

respectively (see [20, pp. 66, 69]). Since
1+wz 14wz 1
(1 —wz)? T 1—wzl-wz V€ A,
it follows from (2.1) that for F' € P and G € ‘H we have F'G' € Q and,

and

(3.11) I1FGlle < [[FlplGli-
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Theorem 3.4. For F; € P,G; € H,j = 1,2,...,m, we have the following in-
equality

(3.12) det [<F1Gu FjGj>Q]Z}:1 S det [<Fu F; > <Gl, G > ]1] 1-
If F; € P and Gj € 'H such that
1 +’U)_]Z Bj
] () = A -~ 9% A A
(3.13) F;(z) Ajl—w_jz’ Gj(z) = —— z€ A

Sor some wj € Ay and some constants Aj and Bj,j = 1,2, ...,m, then the equality
holds in (3.12).

4. SPACES OF SQUARE INTEGRABLE FUNCTIONS

The Hardy space (see [3, pp. 113-114]) D, = D,(C"), ¢ > 0, is the space of all
functions F(z), holomorphic in the right half plane C* = {z € C : Rez > 0}, of the

form o0
F(z) = / e F(8)dt
0
for functions f satisfying

/ FOPROdt < 00, ¢ > 0.
0

D, is the reproducing kernel Hilbert space, admitting the Hardy reproducing kernel

—t(w—7%),2q— I'(2g)
_ t(w—2)42q—1 34 __ ct xct
Kqy(w,z) = /0 e 21 dt = (w+2)% on x CT,

with the norm

|FI, = /0 F(B) 824t

In particular (see [20, p. 74]), for ¢ > %, K4(w, z) is the Bergman-Selberg reproducing
kernel on the half plane C™ comprising all holomorphic functions F(z) on C* with
finite norms

HFH%Q T2g=1) 2q //(c+ )2 [2Re2]?1 2dxdy, =z = x + iy,

and for ¢ = %, K j9(w, z) is the Szegd reproducing kernel on the half plane C*
comprising all holomorphic functions F(z) on C* with finite norms

1 .
1713, = P Sup/ |F(z +iy)|*dy.
T x>0 JR

For F' € Dy, G € D, such that
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F(z) = /O Tt pdt and G(2) = /O e tg(t)at,

we have the expression

[0.9]
FEIGE) = [ e ()t

where

(f*g)( / f(s)g(t—s) t>0.
It is easy to see that
I'(2¢)T'(2p)
I'(2p +2q)
So, by using [1, Corollary 1] (see also [6, 8], or [10]), we have the following inequality

I'(2q)I'(2p)
2 2 2
IFGp,,, < T@pt29) >H Ip,1G D,

for F' € Dy, G € D,. Furthermore, we have Theorem 4.1 whose proof can be done
similarly to that of Theorem 2.1.

Kq(w, 2)Kp(w, z) = Kgip(w,2) forw,z € CT,

Theorem 4.1. Let p > 0,q > 0 and F; € Dy, Gj € Dy, forall j = 1,2,....m
Then, we have the following inequality

det [<F1Gu FjGj>Dq+p] m

i,7=1
4.1 I m
Q)I'(2p)
< (F(2p+2q> det [(Fi, Fy)m, (Gis Gy, |7,
If F; € Dy and G € D, such that
I'(29) I'(2p)

42 Fi(2) = Aj——————, Gj(z) = Bj————— +
4.2) i(2) ](w—j+z>2q i(2) ](w—j+z>2p7 ze€C

for some w; € C™ and some constants Aj and Bj,j = 1,2,...,m, then the equality
holds in (4.1).

Next, for a positive continuous function p on R, let us consider the kernel

1 )
Kyfa,) = 5= [ <0 p(e)i.

Then, the images F'(z) of the transform

Fla) = 5= [ 1€ g
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for functions f satisfying
1 [ @)
2 Jr p(z)
belong to the reproducing kernel Hilbert space £, = Hp, admitting the reproducing
kernel K,(z,y) and we have the isometrical identity

1 [ 1f(@)f
1712, = 5 [ L
T Jr p(T)
See [20, pp. 89-90].

Let pj, j = 1,2, be two positive continuous functions on R such that there exists

dx < o0,

p(2) = (pr % p2) (z) = / (ol — E)dE, € R,

and let F' € L, and G € L,, with

1 , 1 A
Fo)= 5= [ 1O and G(o)= 5= [ gle)edt, aer
2T R 2 R
for functions f and g satisfying
L[ 1f@)? 1 [ lg(@)]?
— dr <oo and — dx < o0.
21 Jr p1(z) 2m Jr p2(x)

Th
en, )

= 57 [ 5 (7= o) S0

and moreover, by using the following inequality (see [21, p. 121] or [1, Theorem 2])

=)@, _ [ U@, [ le@
/R o) S @ P L )

we have
1
(4.3) IFG|Z, < gHFH%m IGIIZ,, -

Moreover, we have the following theorem.

Theorem 4.2. Let pj,j = 1,2, be two positive continuous functions on R such
that there exists

pla) = (pr o p)(a) = [ pr(©)pale = )i, R,
and let F; € L, ,Gj € Ly, for all j = 1,2,...,m. Then, we have the following
inequality

6= = \ 27 ij=1"

44)  det [(FiGi, FjGj)e, ] <<i) det [{F}, Fy),, (Gi, Gj)e,,];
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If Fj € L, and G; € L, such that
4.5)

Fj(z) = 4

2_;/65(3/] z pl(f)df, G](HZ) — %/65(% T p2(§>d§, rzeC

for some y; € C and some constants A; and Bj,j = 1,2,...,m, then the equality
holds in (4.4).

5. SOBOLEV HILBERT SPACES

First, for a > 0,b > 0 we examine the simplest Sobolev space S(a,b) on R
consisting of all complex-valued and absolutely continuous functions F'(z) with finite
norms

1P = [ IF @ + PP @)} < o0
R
Note that (see [19])

1 1 ei€(z—y)

K o ta—yl -
a,b(xay> 2 be 27T a2§2+b2 f

is the reproducing kernel for the Sobolev Hilbert space S(a,b). Hence, any member
F € S(a,b) is expressible in the form

Fla) = 5= [ F©)cde

for a complex-valued function f satisfying
|f(@)P?
/R 2?4 b2da: < 00,
and we have the isometrical identity
1 |f (2)]?
2 [ —
1P = 37 |, zemsgade:
Let aq, ag, by, by be positive real numbers and a = ajag, b = (a1by + azby). Then,

1/a a
Koun (o) Kasiao) = 3 (54 52) Kunlov) for oy €
Hence, for F' € S(a1,b1) and G € S(ag, b2) we have F'G € S(a,b), and moreover

(see [19, Theorem 1.1]),

1 al a9
6.0 PG 0 < 5 (5 + 52) 1Pt 1B

So, in view of Theorem 4.2, we get the following theorem.
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Theorem 5.1. Let a1, as, by and by be positive real numbers and set a = aiaz,b =
(a1by + agby). Then, the following inequality

det [(F;G;, FjGj>S(a,b)]m

ij=1
(5-2) 1 al a9 m m
< [5 <E + E)] det [(F}, F})s(ay,00) (G G3) S(az b)) g1 -
holds for F; € S(a1,b1) and G; € S(ag,bs) for j =1,2,...,m.
If F; € S(a1,b1) and G; € S(ag, ba) such that

Aj ey Bj eyl
5.3 F. — _"J 7 Yj G — _J ,7a Yj R
( ) ](33) 2a1b1€ ' ’ ](33) 2a2b2€ ’ ’ rEe

or some y; € R and some constants A; and B;,j = 1,2, ....m, then the equality
j J J
holds in (5.2).

Finally, let Q = (a,b) (—oo0 < a < b < 00) be a finite or infinite interval of the
real axis R = (—o0,00). For a positive continuous function p on €2, let W, be the
space of all functions F' which are complex-valued and absolutely continuous on {2
such that lim,_,, F'(z) = 0 and

F/ 2

/ ()] dxr < oo.
a pz)

We note that (see [21, pp. 55-56] or [18]) W, is a weighted Sobolev space admitting

the reproducing kernel

min(z,s)
K(z,s) = / p(b)dt

with the norm

s [ |F(2)P
(5.4) HF\pr_/Q o

Theorem 5.2. For two positive continuous functions p1 and ps let us consider a
new positive continuous function

o(z) = (/ pl(t)dt/; pg(t)dt)/, req.

Then, for F; €¢ W,,,Gj € W,,,j = 1,2,...,m, we have F;G; € W, and moreover,
(5.5) det [<F1Gu FjGj>Wp]Z;:1 S det [<Fu Fj>Wp1 <Gl, Gj>wp2]m

ij=1"

If F; € W,, and G € W, such that

min(x,s;) min(x,s;)
6o Bw=4 [ awd G@= [ pon ceo

for some s; € Q and some constants A; and Bj,j = 1,2,...,m, then the equality
holds in (5.5).
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Proof. LetF; e W, ,G; € W,,,j=1,2,...,m.Then, from [9, Theorem 1.6] we
see that F;G; € W,. Since F; and G; are absolutely continuous with lim,_,, Fj(z) =
0, hmx_,aG (x )— 0, then

Fy(@) :/ Y(t)dt and Gy / Gi(t)dt, zeq,
for all j =1,2,...,m. So, we have

det [(F;G;)'(z; )]ij L

= det [F}(z;)Gilw)) + Fi(w))Gix))]]_,

_ [ x]/ Gl (t;)dt; +/ {(tj)dtjGQ(er

Z7]

/ / det [F{ (o) Gi(B)]}5_y dtr - -~ .

{ak 7ﬁk} {Ik 7tk}

By using the Cauchy-Schwarz inequality, we get

det [(FGy)' ()]} 1]

2
det [F (0 G481
<[] ity - diy

{ak,ﬁk} {wtn} 1721 pr(ey)p2(8;)

17 seeey TV

/ /jm Z ﬁ p1(c;)p2(B;)dty - - - dt

{akvﬁk} {l’k,tk}] 1

=1,2,....m

Note that,

S [[eslenenls) = H(m(%)m( )+t )P2(fﬂj))a

{akvﬁk} {l’k,tk}] 1 J=1
=1,2,.

and

i,7=1

[15%1 pa(e)p2(6))

’det [ (0 ) GL(B,) ™

{ak 7ﬁk} {Ik 7tk}

=1,2,....m

> Flaym)Gi(Bo)) G Boa)
- 2 > SgnffsymH ot Z(a; Z(%m) i(By)
Lok B} =t} 0€5m 7E€Sm p1(ai)p2(Bi

=1,2,....m

- Y % det[ B () T @) G370 G B |

(B I ={an.tr} 7€Sm Pl( 210! )) (Bo(z )
k

=1,2,....m

,5=1
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Fl(w6()) F}(24()) Gi(to(i)) G (to(iy)
P1(Z4(i)))P2(to (i)

Z det

UESm
Fl(to (i) Fl(to (i) G0 G (200 |
+
P1(ts(i))) P2(T (i) it
So, we have
/ - S Tl etenea(Bdts - --dt = [ olay),
“ {ak”@k} {zp,tr} =1 j=1
=1,2,....m
and
2
et [F} ()G (817 |
[ T pr(a)pa(sy) 0 m
“ {akﬁkl}g {zk,te} j=1 PILA )P
U(l)F( o(i F! to‘i Iv(i)G( to‘i G/~ to‘i s
Y det[(/ i (to(i)) F <>>dt0(i)/ i(ta(i)) G <)>dt0(i)>]
0ES pl(to(i)> a p2(t0'(i)> ij=1
Therefore,
’det FG)(a:)Z ] o) F (g ) F (o))
m =] _ 3™ de / i (o)) F( ()>dt0(i)
/19 m
a (i) G/( ()) ;‘(to(z)>
dta(z) )
a p2(to(i)) it
which yields (5.5). m
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