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VARIOUS INEQUALITIES IN REPRODUCING KERNEL HILBERT SPACES

Nguyen Du Vi Nhan and Dinh Thanh Duc

Abstract. In this paper, we examine various reproducing kernel Hilbert spaces
HK1 and HK2 such that the inequality

det
[〈FiGi, FjGj〉HK1K2

]m
i,j=1

≤ Cm det
[〈Fi, Fj〉HK1

〈Gi, Gj〉HK2

]m
i,j=1

holds for all Fj ∈ HK1 , Gj ∈ HK2 , wherem is a positive integer, C is a constant
which is independent on Fj and Gj for all j = 1, 2, ..., m, and HK1K2 is the
Hilbert space admitting the reproducing kernel K1K2.

1. INTRODUCTION

Let K1(x, y) and K2(x, y) be two positive definite quadratic form functions on
E×E and letHK1 andHK2 be two Hilbert spaces admitting the reproducing kernelsK1

and K2, respectively. By the Schur’s theorem we see that the usual product K(x, y) =
K1(x, y)K2(x, y) is again a positive definite quadratic form function on E×E . Then,
the reproducing kernel Hilbert space HK admitting the reproducing kernel K(x, y) is
the restriction of the tensor product HK1 ⊗HK2 to the diagonal set; that is given by
(see [2, 7] or [20] for more details)

Proposition 1.1. ([7]). Let {gj}j and {hj}j be some complete orthonormal systems
in HK1 and HK2 , respectively. Then, the reproducing kernel Hilbert space HK is
comprised of all functions on E which are represented as, in the sense of absolutely
convergence on E,

(1.1) f(x) =
∑
i,j

αi,jgi(x)hj(x) on E,
∑
i,j

|αi,j|2 <∞
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and its norm in HK is given by

‖f‖2
HK

= min

⎧⎨
⎩
∑
i,j

|αi,j|2
⎫⎬
⎭ ,

where {αi,j} are considered satisfying (1.1).
In particular, we obtain the inequality

(1.2) ‖f1f2‖HK1K2
(E) ≤ ‖f1‖HK1

(E)‖f2‖HK2
(E).

From (1.2), various norm inequalities (see [7, 14, 15, 16, 17, 18, 19]) in reproducing
kernel Hilbert spaces were obtained, which were generalized and reproved using various
technics and were expanded for various directions with applications to inverse problems
and partial differential equations (see [1, 4, 5, 6, 8, 10, 11, 9, 12, 13]).
In this paper, by investigating various reproducing kernel Hilbert spaces H1, H2,

and H and using the Cauchy-Schwarz inequality, we establish the inequality in the
following form

(1.3) det [〈FiGi, FjGj〉H]mi,j=1 ≤ Cm det [〈Fi, Fj〉H1〈Gi, Gj〉H2]
m
i,j=1 ,

where m is a positive integer, Fj ∈ H1, Gj ∈ H2 and C is a constant which is
independent on Fj and Gj for all j = 1, 2, ..., m. Note that, the left-hand side of (1.3)
is the Gram determinant of the vectors F1G1, ..., FnGn on H, while the right-hand side
of (1.3) is the determinant of Hadamard product of two Gram matrices associated with
the vectors F1, ..., Fm on H1 and G1, ..., Gm on H2.
We will see that all the inequalities in this paper of the form (1.3) are best possible,

because, for example, for Fj ∈ H1 and Gj ∈ H2 such that

(1.4) ‖FjGj‖2
H = C‖Fj‖2

H1
‖Gj‖2

H2
, j = 1, 2, ..., m,

the equality holds in (1.3). Taking profit of the reproducing kernels theory, we can find
out the cases holding in the equalities (1.4). See the deep theory of A. Yamada [22].
However, we think for the complicated structures in (1.3) the equality problem is very
difficult and it is new challenge.

2. SPACES OF SQUARE SUMMABLE SERIES

Let Ψ be a weight on Δr = {z ∈ C : |z| < r}, that means,

Ψ(z) =
∞∑

n=0

ψ(n)zn, ψn > 0, n ≥ 0,
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be holomorphic in Δr and having Δr as its disk of convergence. Let KΨ(w, z) be a
reproducing kernel on Δr defined by the expansion

KΨ(w, z) =
∞∑

n=0

ψ(n)wnz̄n.

Then, the reproducing kernel Hilbert space �Ψ = HKΨ
is composed of all holomorphic

functions F (z) defined by

F (z) =
∞∑

n=0

f(n)zn on Δr

with finite norms
‖F‖2

�Ψ
=

∞∑
n=0

|f(n)|2
ψ(n)

.

For two weights Ψ and Φ on Δr with the power series Ψ(z) =
∑∞

n=0 ψ(n)zn and
Φ(z) =

∑∞
n=0 ϕ(n)zn, we have

Ψ(z)Φ(z) =
∞∑

n=0

(ψ ∗ ϕ)(n)zn, z ∈ Δr,

where
(ψ ∗ ϕ)(n) =

n∑
k=0

ψ(k)ϕ(n− k) > 0, n ≥ 0,

and so
KΨ(w, z)KΦ(w, z) = KΨΦ(w, z) for w, z ∈ Δr.

Let F (z) =
∑∞

n=0 f(n)zn ∈ �Ψ and G(z) =
∑∞

n=0 g(n)zn ∈ �Φ. Then, the
following inequality (see [21, pp. 121-122] or [11])

∞∑
n=0

|(f ∗ g)(n)|2
(ψ ∗ ϕ)(n)

≤
∞∑

n=0

|f(n)|2
ψ(n)

∞∑
n=0

|g(n)|2
ϕ(n)

shows that FG ∈ �ΨΦ and

(2.1) ‖FG‖�ΨΦ
≤ ‖F‖�Ψ‖G‖�Φ

.

Moreover, we have the following theorem.

Theorem 2.1. Let Ψ and Φ be two weights on Δr and Fj ∈ �Ψ, Gj ∈ �Φ for
j = 1, 2, ..., m. Then, we have the following inequality

(2.2) det [〈FiGi, FjGj〉�ΨΦ
]mi,j=1 ≤ det [〈Fi, Fj〉�Ψ〈Gi, Gj〉�Φ

]mi,j=1 .
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Proof. Suppose that Fj(z) =
∑∞

n=0 fj(n)zn ∈ �Ψ andGj(z) =
∑∞

n=0 gj(n)zn ∈
�Φ for j = 1, 2, ..., m. Then, by the expressions

Fj(z)Gj(z) =
∞∑

n=0

(fj ∗ gj)(n)zn, j = 1, 2, ...,m,

and by properties of determinants and limiting arguments, we have

det [〈FiGi, FjGj〉�ΨΦ
]mi,j=1 =

1
m!

∞∑
n1=0

· · ·
∞∑

nm=0

∣∣∣det [(fi ∗ gi)(nj)]
m
i,j=1

∣∣∣2∏m
j=1(ψ ∗ ϕ)(nj)

.

Note that

det [(fi ∗ gi)(nj)]
m
i,j=1 =

n1∑
k1=0

· · ·
nm∑

km=0

det [fi(kj)gi(nj − kj)]
m
i,j=1 .

Hence, in view of the Cauchy-Schwarz inequality, we have

(2.3)

∣∣∣det [(fi ∗ gi)(nj)]
m
i,j=1

∣∣∣2∏m
j=1(ψ ∗ ϕ)(nj)

≤
n1∑

k1=0

· · ·
nm∑

km=0

∣∣∣det [fi(kj)gi(nj − kj)]
m
i,j=1

∣∣∣2∏m
j=1 ψ(kj)ϕ(nj − kj)

.

Denote by Sm, the set of all permutations of the set {1, 2, ..., m}. The Laplace formula
shows that∣∣∣det [fi(kj)gi(nj − kj)]

m
i,j=1

∣∣∣2∏m
j=1 ψ(kj)ϕ(nj − kj)

=
det [fi(kj)gi(nj − kj)]

m
i,j=1 det [fi(kj)gi(nj − kj)]

m
i,j=1∏m

j=1 ψ(kj)ϕ(nj − kj)

=
∑

σ∈Sm

∑
γ∈Sm

sgnσsgnγ

m∏
i=1

fi(kσ(i))fi(kγ(i))gi(nσ(i) − kσ(i))gi(nγ(i) − kγ(i))
ψ(kσ(i))ϕ(nσ(i) − kσ(i))

which is, by letting λ = γ−1 ◦ σ,

=
∑

σ∈Sm

∑
λ∈Sm

sgnλ

m∏
i=1

fi(kσ(i))fλ(i)(kσ(i))
ψ(kσ(i))

gi(nσ(i) − kσ(i))gλ(i)(nσ(i) − kσ(i))
ϕ(nσ(i) − kσ(i))

=
∑

σ∈Sm

det

[
fi(kσ(i))fj(kσ(i))

ψ(kσ(i))
gi(nσ(i) − kσ(i))gj(nσ(i) − kσ(i))

ϕ(nσ(i) − kσ(i))

]m

i,j=1

,

and so
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n1∑
k1=0

· · ·
nm∑

km=0

∣∣∣det [fi(kj)gi(nj−kj)]
m
i,j=1

∣∣∣2∏m
j=1 ψ(kj)ϕ(nj − kj)

=
∑

σ∈Sm

det
[(

fifj

ψ
∗ gigj

ϕ

)
(nσ(i))

]m

i,j=1

.

Therefore,

det [〈FiGi, FjGj〉�ΨΦ
]mi,j=1 =

1
m!

∞∑
n1=0

· · ·
∞∑

nm=0

∣∣∣det [(fi ∗ gi)(nj)]
m
i,j=1

∣∣∣2∏m
j=1(ψ ∗ ϕ)(nj)

≤ 1
m!

∑
σ∈Sm

∞∑
n1=0

· · ·
∞∑

nm=0

det
[(

fifj

ψ
∗ gigj

ϕ

)
(nσ(i))

]m

i,j=1

=det [〈Fi, Fj〉�Ψ〈Gi, Gj〉�Φ
]mi,j=1 .

This concludes the proof.

Remark 2.2. The inequality (2.2) is best possible. Indeed, equality in (2.2) implies
that equality holds in (2.3). This happens only if equality holds in Hölder’s inequality,
i.e, only if for nj ≥ 0, j = 1, 2, ...,m, there exists a number h(n1, ..., nm) ∈ C such
that

(2.4)
n1∑

k1=0

· · ·
nm∑

km=0

∣∣∣∣∣
det [fi(kj)gi(nj − kj)]

m
i,j=1∏m

j=1 ψ(kj)ϕ(nj − kj)

∣∣∣∣∣
2

= h(n1, ..., nm)

for all kj = 0, 1, ..., nj, j = 1, 2, ...,m.
It is difficult to determine, in general, under what conditions equality can hold in

(2.4). However, we see that if there exist numbers hj(n) ∈ C such that

(2.5)
fj(k)gj(n− k)
ψ(k)ϕ(n− k)

= hj(n), k = 0, 1, ..., n,

for all j = 1, 2, ..., m, then (2.4) holds. From (2.5) we derive (see [11])

fj(n) = Ajψ(n)wj
n, gj = Bjϕ(n)wj

n, n = 0, 1, 2, ...

for some wj ∈ Δr and some constants Aj and Bj for j = 1, 2, ...,m. Hence,

(2.6) Fj(z) = AjKΨ(z, wj), Gj(z) = BjKΦ(z, wj), z ∈ Δr

for some wj ∈ Δr, j = 1, 2, ..., m.
Notice that for Fj and Gj satisfying (2.6) we have the equalities

‖FjGj‖�ΨΦ
= ‖Fj‖�Ψ‖Gj‖�Φ

, j = 1, 2, ...,m.
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3. APPLICATIONS TO SPACES OF HOLOMORPHIC FUNCTIONS

First, let us consider the Fischer space FA (A > 0) comprising all entire functions
F (z) with finite norms

‖F‖2
FA

:=
A

π

∫∫
C

|F (z)|2e−A|z|2dxdy.

For F1, F2 ∈ FA, we have (see [5, pp. 350-354])

(3.1) 〈F1, F2〉FA
= 〈F1, F2〉�Ψ,

where Ψ(z) = eAz , z ∈ C.

Let A > 0, B > 0,Ψ(z) = eAz and Φ(z) = eBz for z ∈ C. Then,

Ψ(z)Φ(z) = e(A+B)z, z ∈ C.

Combining (2.1) with (3.1) gives us

(3.2) ‖FG‖FA+B
≤ ‖F‖FA

‖G‖FB
,

for F ∈ FA and G ∈ FB. A more special case of inequality (3.2) was proved by
Saitoh [16].
Then, Theorem 2.1 gives us the following theorem.

Theorem 3.1. Let A and B be two positive real numbers. Then, the following
inequality

(3.3) det
[〈FiGi, FjGj〉FA+B

]m
i,j=1

≤ det [〈Fi, Fj〉FA
〈Gi, Gj〉FB

]mi,j=1 .

holds for Fj ∈ FA and Gj ∈ FB for j = 1, 2, ...,m.
If Fj ∈ FA and Gj ∈ FB such that

(3.4) Fj(z) = Aje
Awjz, Gj(z) = Bje

Bwjz, z ∈ C

for some wj ∈ C and some constants Aj and Bj, j = 1, 2, ...,m, then the equality
holds in (3.3).

Now, for α ≥ 1, we consider the Bergman-Selberg kernels Kα(w, z) on the open
unit disk

Kα(w, z) =
1

(1−wz)α
for w, z ∈ Δ1.

Then (see [4, p. 280]), the Hilbert space HKα coincides with the space of holomorphic
functions F (z) =

∑∞
n=0 f(n)zn on Δ1 such that

∞∑
n=0

Γ(α)Γ(n + 1)
Γ(α + n)

|f(n)|2 <∞,
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equipped with the inner product

〈F,G〉HKα
=

∞∑
n=0

Γ(α)Γ(n+ 1)
Γ(α+ n)

f(n)g(n),

for F (z) =
∑∞

n=0 f(n)zn and G(z) =
∑∞

n=0 g(n)zn.
When α > 1, Aα = HKα is also a Bergman weighted space on the open unit disk

Δ1 with weight α−1
π (1−|z|2)α−2, that is, Aα coincides with the space of holomorphic

functions F (z) on Δ1 such that

‖F‖2
Aα

:=
∫

Δ1

|F (z)|2dμα(z) <∞,

where μα is the measure on Δ1 given by

dμα(z) =
α− 1
π

(1 − |z|2)α−2dxdy, z = x+ iy.

For F1, F2 ∈ Aα we obtain

〈F1, F2〉Aα = 〈F1, F2〉�Ψ,
where

Ψ(z) =
1

(1 − z)α
, z ∈ Δ1.

Hence, for α > 1 and β > 1, the following inequality

(3.5) ‖FG‖Aα+β
≤ ‖F‖Aα‖G‖Aβ

,

holds for all F ∈ Aα and G ∈ Aβ . Furthermore, by applying Theorem 2.1, we have

Theorem 3.2. Let α > 1 and β > 1. Then, the following inequality

(3.6) det
[〈FiGi, FjGj〉Aα+β

]m
i,j=1

≤ det
[〈Fi, Fj〉Aα〈Gi, Gj〉Aβ

]m
i,j=1

.

holds for Fj ∈ Aα and Gj ∈ Aβ for j = 1, 2, ..., m.
If Fj ∈ Aα and Gj ∈ Aβ such that

(3.7) Fj(z) =
Aj

(1 −wjz)α
, Gj(z) =

Bj

(1 −wjz)β
, z ∈ Δ1

for some wj ∈ Δ1 and some constants Aj and Bj, j = 1, 2, ...,m, then the equality
holds in (3.6).

It remains the case when α = 1. The function

K1(w, z) =
1

1 −wz
, w, z ∈ Δ1,
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is the Szegö reproducing kernel for the Hilbert space H = HK1 comprising all holo-
morphic functions F (z) on Δ1 with finite norms

‖F‖2
H =

1
2π

∫
∂Δ1

|f(z)|2|dz|.

Then, for F,G ∈ H we have FG ∈ A2, and moreover,

(3.8) ‖FG‖A2 ≤ ‖F‖H‖G‖H.
The above inequality was also proved by Saitoh [15]. However, he proved the in-
equality on a very general domain and furthermore, solved the equality problem for the
inequality.

Theorem 3.3. For Fj, Gj ∈ H, j = 1, 2, ...,m, we have the following inequality

(3.9) det [〈FiGi, FjGj〉A2 ]
m
i,j=1 ≤ det [〈Fi, Fj〉H〈Gi, Gj〉H]mi,j=1 .

If Fj ∈ H and Gj ∈ H such that

(3.10) Fj(z) =
Aj

1− wjz
, Gj(z) =

Bj

1− wjz
, z ∈ Δ1

for some wj ∈ Δ1 and some constants Aj and Bj, j = 1, 2, ...,m, then the equality
holds in (3.9).

Finally, note that
1 + wz

1 − wz
and 1 + wz

(1− wz)2

are the reproducing kernels for the Hilbert spaces P and Q comprising all holomorphic
functions F (z) on Δ1 with finite norms

‖F‖2
P =

1
4

∫
∂Δ1

|f(z)|2|dz|+ π

2
|f(0)|2,

and
‖F‖2

Q =
1
2π

∫∫
Δ1

|f(z)|2
|z| dz,

respectively (see [20, pp. 66, 69]). Since
1 + wz

(1− wz)2
=

1 + wz

1− wz
.

1
1− wz

, z, w ∈ Δ1,

it follows from (2.1) that for F ∈ P and G ∈ H we have FG ∈ Q and,

(3.11) ‖FG‖Q ≤ ‖F‖P‖G‖H.
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Theorem 3.4. For Fj ∈ P , Gj ∈ H, j = 1, 2, ...,m, we have the following in-
equality

(3.12) det [〈FiGi, FjGj〉Q]mi,j=1 ≤ det [〈Fi, Fj〉P〈Gi, Gj〉H]mi,j=1 .

If Fj ∈ P and Gj ∈ H such that

(3.13) Fj(z) = Aj
1 +wjz

1 −wjz
, Gj(z) =

Bj

1 −wjz
, z ∈ Δ1

for some wj ∈ Δ1 and some constants Aj and Bj, j = 1, 2, ...,m, then the equality
holds in (3.12).

4. SPACES OF SQUARE INTEGRABLE FUNCTIONS

The Hardy space (see [3, pp. 113-114]) Dq = Dq(C+), q > 0, is the space of all
functions F (z), holomorphic in the right half plane C

+ = {z ∈ C : Rez > 0}, of the
form

F (z) =
∫ ∞

0
e−ztf(t)dt,

for functions f satisfying∫ ∞

0
|f(t)|2t1−2qdt <∞, q > 0.

Dq is the reproducing kernel Hilbert space, admitting the Hardy reproducing kernel

Kq(w, z) =
∫ ∞

0
e−t(w−z)t2q−1dt =

Γ(2q)
(w+ z)2q

on C
+ × C

+,

with the norm
‖F‖2

Dq
=
∫ ∞

0

|f(t)|2t1−2qdt.

In particular (see [20, p. 74]), for q > 1
2 , Kq(w, z) is the Bergman-Selberg reproducing

kernel on the half plane C
+ comprising all holomorphic functions F (z) on C

+ with
finite norms

‖F‖2
Dq

=
1

πΓ(2q − 1)

∫∫
C+

|F (z)|2[2Rez]2q−2dxdy, z = x+ iy,

and for q = 1
2 , K1/2(w, z) is the Szegö reproducing kernel on the half plane C

+

comprising all holomorphic functions F (z) on C+ with finite norms

‖F‖2
D1/2

=
1
2π

sup
x>0

∫
R

|F (x+ iy)|2dy.

For F ∈ Dq, G ∈ Dp such that



230 Nguyen Du Vi Nhan and Dinh Thanh Duc

F (z) =
∫ ∞

0
e−ztf(t)dt and G(z) =

∫ ∞

0
e−ztg(t)dt,

we have the expression

F (z)G(z) =
∫ ∞

0
e−zt(f ∗ g)(t)dt,

where
(f ∗ g)(t) =

∫ t

0
f(s)g(t− s)ds, t > 0.

It is easy to see that

Kq(w, z)Kp(w, z) =
Γ(2q)Γ(2p)
Γ(2p+ 2q)

Kq+p(w, z) for w, z ∈ C
+.

So, by using [1, Corollary 1] (see also [6, 8], or [10]), we have the following inequality

‖FG‖2
Dq+p

≤ Γ(2q)Γ(2p)
Γ(2p+ 2q)

‖F‖2
Dq

‖G‖2
Dp

for F ∈ Dq, G ∈ Dp. Furthermore, we have Theorem 4.1 whose proof can be done
similarly to that of Theorem 2.1.

Theorem 4.1. Let p > 0, q > 0 and Fj ∈ Dq, Gj ∈ Dp for all j = 1, 2, ...,m.
Then, we have the following inequality

(4.1)

det
[〈FiGi, FjGj〉Dq+p

]m
i,j=1

≤
(

Γ(2q)Γ(2p)
Γ(2p+ 2q)

)m

det
[〈Fi, Fj〉Dq〈Gi, Gj〉Dp

]m
i,j=1

.

If Fj ∈ Dq and Gj ∈ Dp such that

(4.2) Fj(z) = Aj
Γ(2q)

(wj + z)2q
, Gj(z) = Bj

Γ(2p)
(wj + z)2p

, z ∈ C
+

for some wj ∈ C
+ and some constants Aj and Bj , j = 1, 2, ...,m, then the equality

holds in (4.1).

Next, for a positive continuous function ρ on R, let us consider the kernel

Kρ(x, y) =
1
2π

∫
R

eiξ(y−x)ρ(ξ)dξ.

Then, the images F (x) of the transform

F (x) =
1
2π

∫
R

f(ξ)e−iξxdξ
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for functions f satisfying
1
2π

∫
R

|f(x)|2
ρ(x)

dx <∞,

belong to the reproducing kernel Hilbert space Lρ = HKρ admitting the reproducing
kernel Kρ(x, y) and we have the isometrical identity

‖F‖2
Lρ

=
1
2π

∫
R

|f(x)|2
ρ(x)

dx.

See [20, pp. 89-90].
Let ρj, j = 1, 2, be two positive continuous functions on R such that there exists

ρ(x) = (ρ1 ∗ ρ2)(x) :=
∫

R

ρ1(ξ)ρ2(x− ξ)dξ, x ∈ R,

and let F ∈ Lρ1 and G ∈ Lρ2 with

F (x) =
1
2π

∫
R

f(ξ)e−iξxdξ and G(x) =
1
2π

∫
R

g(ξ)e−iξxdξ, x ∈ R

for functions f and g satisfying

1
2π

∫
R

|f(x)|2
ρ1(x)

dx <∞ and
1
2π

∫
R

|g(x)|2
ρ2(x)

dx <∞.

Then,
F (x)G(x) =

1
2π

∫
R

1
2π

(f ∗ g)(ξ)e−iξxdξ,

and moreover, by using the following inequality (see [21, p. 121] or [1, Theorem 2])∫
R

|(f ∗ g)(x)|2
ρ(x)

dx ≤
∫

R

|f(x)|2
ρ1(x)

dx

∫
R

|g(x)|2
ρ2(x)

dx,

we have

(4.3) ‖FG‖2
Lρ

≤ 1
2π

‖F‖2
Lρ1

‖G‖2
Lρ2

.

Moreover, we have the following theorem.

Theorem 4.2. Let ρj, j = 1, 2, be two positive continuous functions on R such
that there exists

ρ(x) = (ρ1 ∗ ρ2)(x) :=
∫

R

ρ1(ξ)ρ2(x− ξ)dξ, x ∈ R,

and let Fj ∈ Lρ1 , Gj ∈ Lρ2 for all j = 1, 2, ...,m. Then, we have the following
inequality

(4.4) det
[〈FiGi, FjGj〉Lρ

]m
i,j=1

≤
(

1
2π

)m

det
[〈Fi, Fj〉Lρ1

〈Gi, Gj〉Lρ2

]m
i,j=1

.
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If Fj ∈ Lρ1 and Gj ∈ Lρ2 such that
(4.5)

Fj(x) =
Aj

2π

∫
R

eiξ(yj−x)ρ1(ξ)dξ, Gj(x) =
Bj

2π

∫
R

eiξ(yj−x)ρ2(ξ)dξ, x ∈ C

for some yj ∈ C and some constants Aj and Bj , j = 1, 2, ..., m, then the equality
holds in (4.4).

5. SOBOLEV HILBERT SPACES

First, for a > 0, b > 0 we examine the simplest Sobolev space S(a, b) on R

consisting of all complex-valued and absolutely continuous functions F (x) with finite
norms

‖F‖2
S(a,b) =

∫
R

{a2|F ′(x)|2 + b2|F (x)|2}dx <∞.

Note that (see [19])

Ka,b(x, y) =
1

2ab
e−

b
a
|x−y| =

1
2π

∫
R

eiξ(x−y)

a2ξ2 + b2
dξ

is the reproducing kernel for the Sobolev Hilbert space S(a, b). Hence, any member
F ∈ S(a, b) is expressible in the form

F (x) =
1
2π

∫
R

f(ξ)eiξxdξ

for a complex-valued function f satisfying∫
R

|f(x)|2
a2x2 + b2

dx <∞,

and we have the isometrical identity

‖F‖2
S(a,b) =

1
2π

∫
R

|f(x)|2
a2x2 + b2

dx.

Let a1, a2, b1, b2 be positive real numbers and a = a1a2, b = (a1b2 + a2b1). Then,

Ka1,b1(x, y)Ka2,b2(x, y) =
1
2

(
a1

b1
+
a2

b2

)
Ka,b(x, y) for x, y ∈ R.

Hence, for F ∈ S(a1, b1) and G ∈ S(a2, b2) we have FG ∈ S(a, b), and moreover
(see [19, Theorem 1.1]),

(5.1) ‖FG‖2
S(a,b) ≤

1
2

(
a1

b1
+
a2

b2

)
‖F‖2

S(a1,b1)‖G‖2
S(a2,b2)

.

So, in view of Theorem 4.2, we get the following theorem.
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Theorem 5.1. Let a1, a2, b1 and b2 be positive real numbers and set a = a1a2, b =
(a1b2 + a2b1). Then, the following inequality

det
[〈FiGi, FjGj〉S(a,b)

]m
i,j=1

≤
[
1
2

(
a1

b1
+
a2

b2

)]m

det
[〈Fi, Fj〉S(a1,b1)〈Gi, Gj〉S(a2,b2)

]m
i,j=1

.
(5.2)

holds for Fj ∈ S(a1, b1) and Gj ∈ S(a2, b2) for j = 1, 2, ..., m.
If Fj ∈ S(a1, b1) and Gj ∈ S(a2, b2) such that

(5.3) Fj(x) =
Aj

2a1b1
e
− b1

a1
|x−yj |, Gj(x) =

Bj

2a2b2
e
− b2

a2
|x−yj |, x ∈ R

for some yj ∈ R and some constants Aj and Bj , j = 1, 2, ..., m, then the equality
holds in (5.2).

Finally, let Ω = (a, b) (−∞ ≤ a < b ≤ ∞) be a finite or infinite interval of the
real axis R = (−∞,∞). For a positive continuous function ρ on Ω, let Wρ be the
space of all functions F which are complex-valued and absolutely continuous on Ω
such that limx→a F (x) = 0 and ∫

Ω

|F ′(x)|2
ρ(x)

dx <∞.

We note that (see [21, pp. 55-56] or [18]) Wρ is a weighted Sobolev space admitting
the reproducing kernel

K(x, s) =
∫ min(x,s)

a
ρ(t)dt

with the norm

(5.4) ‖F‖2
Wρ

=
∫

Ω

|F ′(x)|2
ρ(x)

dx.

Theorem 5.2. For two positive continuous functions ρ1 and ρ2 let us consider a
new positive continuous function

ρ(x) =
(∫ x

a
ρ1(t)dt

∫ x

a
ρ2(t)dt

)′
, x ∈ Ω.

Then, for Fj ∈ Wρ1 , Gj ∈ Wρ2 , j = 1, 2, ...,m, we have FjGj ∈ Wρ and moreover,

(5.5) det
[〈FiGi, FjGj〉Wρ

]m
i,j=1

≤ det
[〈Fi, Fj〉Wρ1

〈Gi, Gj〉Wρ2

]m
i,j=1

.

If Fj ∈ Wρ1 and Gj ∈ Wρ2 such that

(5.6) Fj(x) = Aj

∫ min(x,sj)

a
ρ1(t)dt, Gj(x) =

∫ min(x,sj)

a
ρ2(t)dt, x ∈ Ω

for some sj ∈ Ω and some constants Aj and Bj, j = 1, 2, ...,m, then the equality
holds in (5.5).
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Proof. Let Fj ∈ Wρ1 , Gj ∈ Wρ2 , j = 1, 2, ..., m.Then, from [9, Theorem 1.6] we
see that FjGj ∈ Wρ. Since Fj and Gj are absolutely continuous with limx→a Fj(x) =
0, limx→a Gj(x) = 0, then

Fj(x) =
∫ x

a
F ′

j(t)dt and Gj(x) =
∫ x

a
G′

j(t)dt, x ∈ Ω,

for all j = 1, 2, ..., m. So, we have
det
[
(FiGi)′(xj)

]m
i,j=1

= det
[
F ′

i (xj)Gi(xj) + Fi(xj)G′
i(xj)

]m
i,j=1

= det
[
F ′

i (xj)
∫ xj

a
G′

i(tj)dtj +
∫ xj

a
F ′

i (tj)dtjG
′
i(xj)

]m

i,j=1

=
∫ x1

a
· · ·
∫ xm

a

∑
{αk,βk}={xk,tk}

k=1,2,...,m

det
[
F ′

i (αj)G′
i(βj)

]m
i,j=1

dt1 · · ·dtm.

By using the Cauchy-Schwarz inequality, we get∣∣∣det
[
(FiGi)′(xj)

]m
i,j=1

∣∣∣2

≤
∫ x1

a
· · ·
∫ xm

a

∑
{αk,βk}={xk,tk}

k=1,2,...,m

∣∣∣det [F ′
i (αj)G′

i(βj)]
m
i,j=1

∣∣∣2∏m
j=1 ρ1(αj)ρ2(βj)

dt1 · · ·dtm

×
∫ x1

a
· · ·
∫ xm

a

∑
{αk,βk}={xk,tk}

k=1,2,...,m

m∏
j=1

ρ1(αj)ρ2(βj)dt1 · · ·dtm.

Note that, ∑
{αk,βk}={xk,tk}

k=1,2,...,m

m∏
j=1

ρ1(αj)ρ2(βj) =
m∏

j=1

(
ρ1(xj)ρ2(tj) + ρ1(tj)ρ2(xj)

)
,

and

∑
{αk,βk}={xk,tk}

k=1,2,...,m

∣∣∣det [F ′
i (αj)G′

i(βj)]
m
i,j=1

∣∣∣2∏m
j=1 ρ1(αj)ρ2(βj)

=
∑

{αk,βk}={xk,tk}
k=1,2,...,m

∑
σ∈Sm

∑
γ∈Sm

sgnσsgnγ

m∏
i=1

F ′
i (ασ(i))F ′

i (αγ(i))G′
i(βσ(i))G′

i(βγ(i))
ρ1(αi)ρ2(βi)

=
∑

{αk,βk}={xk,tk}
k=1,2,...,m

∑
σ∈Sm

det

[
F ′

i (ασ(i))F ′
j(ασ(i))G′

i(βσ(i))G′
j(βσ(i))

ρ1(ασ(i)))ρ2(βσ(i))

]m

i,j=1
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=
∑

σ∈Sm

det

[
F ′

i (xσ(i))F ′
j(xσ(i))G′

i(tσ(i))G′
j(tσ(i))

ρ1(xσ(i)))ρ2(tσ(i))

+
F ′

i (tσ(i))F ′
j(tσ(i))G′

i(xσ(i))G′
j(xσ(i))

ρ1(tσ(i)))ρ2(xσ(i))

]m

i,j=1

.

So, we have∫ x1

a
· · ·
∫ xm

a

∑
{αk,βk}={xk,tk}

k=1,2,...,m

m∏
j=1

ρ1(αj)ρ2(βj)dt1 · · ·dtm =
m∏

j=1

ρ(xj),

and

∫ x1

a

· · ·
∫ xm

a

∑
{αk,βk}={xk,tk}

k=1,2,...,m

∣∣∣det [F ′
i (αj)G′

i(βj)]
m
i,j=1

∣∣∣2∏m
j=1 ρ1(αj)ρ2(βj)

dt1 · · ·dtm

=
∑

σ∈Sm

det

[(∫ xσ(i)

a

F ′
i (tσ(i))F ′

j(tσ(i))
ρ1(tσ(i))

dtσ(i)

∫ xσ(i)

a

G′
i(tσ(i))G′

j(tσ(i))
ρ2(tσ(i))

dtσ(i)

)′]m

i,j=1

.

Therefore,∣∣∣det [(FiGi)′(xj)]
m
i,j=1

∣∣∣2∏m
j=1 ρ(xj)

≤
∑

σ∈Sm

det

[(∫ xσ(i)

a

F ′
i (tσ(i))F ′

j(tσ(i))
ρ1(tσ(i))

dtσ(i)

∫ xσ(i)

a

G′
i(tσ(i))G′

j(tσ(i))
ρ2(tσ(i))

dtσ(i)

)′]m

i,j=1

,

which yields (5.5).
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