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We characterize the weighted weak local Hardy spaces Whé’(a)) related to the critical radius function p and weights w € A%°(R")
which locally behave as Muckenhoupt’s weights and actually include them, by the atomic decomposition. As an application, we
show that localized Riesz transforms are bounded on the weighted weak local Hardy spaces.

1. Introduction

The theory of classical local Hardy spaces, originally intro-
duced by Goldberg [1], plays an important role in various
fields of analysis and partial differential equations; see [2-7]
and their references. Huy Qui [2] studied the weighted ver-
sion h? of the local Hardy spaces h? considered by Goldberg,
where the weighted w belongs to the Muckenhoupt class. In
[8], Rychkov introduced and studied some properties of the
weighted Besov-Lipschitz spaces and Triebel-Lizorkin spaces
with weights that are locally in A p([R{") (Muckenhoupt’s
weights, see [4, 9-11]) but may grow or decrease exponen-
tially. In [12], Tang established the weighted atomic decom-
position characterization of the weighted local Hardy space
hf)(lR”) with local weights. Recently, in [13], the authors estab-
lished weighted atomic decomposition characterizations for

weighted local Hardy spaces h}f(w) with w € A’;,’B(IR").

On the other hand, the weak H' space theory was first
introduced by Fefferman and Soria in [14]. Then the weak H?
(0 < p < 1) space theory was studied by Liu in [15]. Recently,
Tang [16] established the weighted weak local Hardy space
Wh? (R") with local weights.

The purpose of this paper is twofold. The first goal is
to characterize weighted weak local Hardy spaces by atomic
decomposition. The second goal is to show that localized
Riesz transforms are bounded on weighted weak local Hardy
spaces.

The paper is organized as follows. In Section 2, we intro-
duce some notation and properties concerning weights and
grand maximal functions. In Section 3, we establish weighted
atomic decomposition of weighted weak local Hardy spaces

with w € Aije(lR"). Finally, in Section 4, we show that local-
ized Riesz transforms are bounded on weighted weak local
Hardy spaces.

Throughout this paper, we let C denote constants that
are independent of the main parameters involved but whose
value may differ from line to line. By A ~ B, we mean that
there exists a constant C > 1 such that 1/C < A/B < C.
The symbol A < B means that A < CB. The symbol [s] for
s € R denotes the maximal integer no more than s. We also
set N ={1,2,...} and Z, = NU {0}. The multiindex notation
is usual: for & = (..., a0,) and 0% = (a/axl)"‘l ---(a/axn)“n.

2. Preliminaries

In this section, we review some notions and notations
concerning the weight classes A’;,’G(R”) introduced in [17-19].
Given B = B(x,r) and A > 0, we will write AB for the A-dilate
ball, which is the ball with the same center x and with radius
Ar. Similarly, Q(x, ) denotes the cube centered at x with side
length » (here and below only cubes with sides parallel to the
axes are considered), and AQ(x,r) = Q(x, Ar). Particulalry,
we will denote 2B by B* and 2Q by Q.



Let & = —A + V be a Schrédinger operator on R”, n > 3,
where V' # 0 is a fixed nonnegative potential. We assume
that V belongs to the reverse Holder class RH (R") for some
s > n/2; that is, there exists C = C(s, V) > 0 such that

<|113|JV(x) dx>1/s<C<| |JV(x)dx)’ )

for every ball B ¢ R”. Trivially, RHq([R{") C RHP(IR")
provided that 1 < p < g < oo. It is well known that if
V € RH,_(R") for some g > 1, then there exists ¢ > 0, which
depends only on d and the constant C in above inequality
such that V € RHqH([R") (see [20]). Moreover, the measure

V(x)dx satisfies the doubling condition:
J V(x)dx<C J V (x)dx. (2)
B(y.2r) B(yr)

With regard to the Schrédinger operator &, we know that
the operators derived from & behave “locally” quite similar
to those corresponding to the Laplacian (see [21, 22]). The
notion of locality is given by the critical radius function.
Consider

p(x) =

: =) }
=supqr: — \% dy<ly. (3
my, (x) r>(l)) { rn—2 B(x,r) (y) 4 ( )

Throughout the paper we assume that V' # 0, so that 0 <
p(x) < oo (see [22]). In particular, my,(x) = 1 with V' = 1 and
my(x) ~ (1 + |x]) with V = |x]%.

Lemma 1 (see [22]). There exist Cy > 1 and k, >
allx,y e R"

—ky
Calp(x)(Hl;(xfl) <p(y)

ko/(ko+1)
[ - yl) '
p(x)

In particular, p(x) ~ p(y) when y € B(x,r) and r < Cp(x),
where C is a positive constant.

1 so that for

< C(,p(x)(1+

A ball of the form B(x, p(x)) is called critical, and in what
follows we will call any positive continuous function p that
satisfies (3) critical radius function, not necessarily coming
from a potential V. Clearly, if p is such a function, so it is
Bp for any 5 > 0. As a consequence of the above lemma we
acquire the following result.

Lemma 2 (see [23]). There exists a sequence of points x; € R",
j = 1, such that the family B; = B(x;, p(x))), j = 1, satisfies
the fact that
—_ n.
(2) forevery o > 1 there exist constants C and N, such that
ZanBj < Co™.

In this paper, we write ¥y(B) = (1 + r/p(xo))e, where 0 >
0; x, and r denote the center and radius of B, respectively.
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A weight always refers to a positive function which is
locally integrable. As in [17], we say that a weight w belongs to

the class A" ’Q(IR") for 1 < p < oo if there is a constant C such
that for all balls B. One has

(W Lw(y)dy>

p-1
J w VP () dy) <C.

1
'(% (B)|B| J

(5)

We also say that a nonnegative function w satisfies the
A’i’e(lR") condition if there exists a constant C such that

Myg (w) (x) < Cw(x), ae xeR", 6)

where

M X)=sup————
of () = S

J |f ()| dy. @)

When V' = 0, we denote M, f(x) by Mf(x) (the standard
Hardy-Littlewood maximal function). It is easy to see that
| f(x)] < Mygf(x) < Mf(x) fora.e. x € R"and any 6 > 0.

Clearly, the classes A’;,’e are increasing with 6, and we
denote Aijoo
Aijlg C A‘;,’Zg, if 1 < p; < p, < 0o, and we also denote A?° =
Ups1 A‘;’oo. In addition, for 1 < p < oo, denote by p’ the
adjoint number of p; thatis, 1/p + 1/p’ = 1.

Since Wy(B) > 1 with 6 > 0, then A, C A‘;,’e forl1<p<
00, where A » denotes the classical Muckenhoupt weights; see
[10, 24]. Moreover, the inclusions are proper. In fact, as the
example given in [18],let @ > 0O and 0 < y < 0; it is easy
to check that w(x) = (1 + [x))™ ™" ¢ A, = ,., A, and
w(x)dx is not a doubling measure, but w(x) = (1+ lx|)"") €
Ap1’9 provided that V' = 1 and Wy(B(x,, 7)) = (1 + r)e.

In what follows, given a Lebesgue measurable set E and
a weight w, |E| will denote the Lebesgue measure of E and
w(E) := JE w(x)dx. For any w € APS°, the space Lf (R") with
p € (0,00) denotes the set of all measurable functions f such
that

= Upso A’;,’e. By Hoélder’s inequality, we see that

1/p
e = ([ F@F 0@dx) " <o @

and LY (R") = L*(R"). The symbol L?*°(R") denotes the set
of all measurable functions f such that

1/p
AP eR":|f (x)|>A}) )
———

A>0

1 ez =

< 00.

We define the local Hardy-Littlewood maximal operator by

loc

M (x)= su —J

f@= s |f ()l dy. (10)
r<p(xo)
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We remark that balls can be replaced by cubes in defi-
nition of A%” and My, since ¥(B) < ¥(2B) < 2°¥(B). In
fact, for the cube Q = Q(x,,7), we can also define ¥y3(Q) =

(1+7/p(x,))°.

. . . p,0
Next, we give some properties of weights class A’;" for

p=1.
Lemma 3. Let w € A‘;’OO = Ugso A‘;’eforp > 1. Then
N 6 0
(i) if1 < p; < p, < 00, l‘henA‘;>1 C A’;,Z;
(i) w € A’;’e if and only if 0 /P7V) € A’;’,e, where 1/p +

1/p' = 1;
iii) ifw € 51 < p < 00, then there exists € > 0 suc
(...) . A‘[;OO P h h . h
that w € A‘;’i’;
(iv) let f € L1y (R™), 0 < & < 1, then (Mygf)° € AR
(V) let 1 < p < oo, then w € A5 if and only if w =

1- ,00
ww, ?, where w,,w, € AP

(vi) for w € A’;,’e, Q = Q(x,r) and A > 1, there exists a
positive constant C such that

©(AQ) < C (¥ AQ)) 1w (Q); (1)

(vil) if p € (1,00) and w € A‘;,’B(R"), then the local Hardy-

Littlewood maximal operator M' is bounded on

LP(R");
(viii) if w € A’i’e(R"), then M is bounded from L} (R") to
LE®R™M.
Proof. (1)-(viii) have been proved in [17, 19]. O]

For any w € A?%°(R"), define the critical index of w by
q,=inf{pe[l,00):we AP (R™)}. (12)

Obviously, g, € [1,00).If g, € (1,00), then w ¢ A‘;fo, but

w € AZ’OSS for any € > 0.

The symbols Z(R") = C;°(R"), P'(R") are the dual
space of Z(R"). For any ¢ € D(R"), let ¢,(x) = t "p(x/t)
fort > 0and ¢;(x) = Zj”go(zjx) forje Z.

Lemma 4 (see [13]). Let w € APS°(R") and q,, be as in (12)
and p € (q,, 00].

W) If1/p+1/p' = 1, then DR™ c L, (R").

(i) LP (R") c D" (R™) and the inclusion is continuous.

We now introduce some local maximal functions. For
N € Z, and R € (0, 00), let

Dnr (R") = {@ €2 (R") : supp (¢)
CBOR). 9l @ (13)

= sup sup
x€R" aeZ7 |a|<N

[0%p ()] < 1} .

Definition 5. Let N € Z_ and R € (0,00). For any f €
' (R"), the local nontangential grand maximal function

%N’R(f) of f is defined by setting, for all x € R",
Mg (£) ) =sup g f @) -zl <27

<p(x), peDyp (Rn)} >

and the local vertical grand maximal function .y z(f) of f
is defined by setting, for all x € R",

(14)

Mg (f) (x) = sup{loy = f(x)]:0<27 <p(x), @

e@N,R([R{”)}.

(15)

For convenience’s sake, when R = 1, we denote D o(R"),
My (f), and My p(f) simply by DU(R™), A3 (f), and
./%?\,(f), respectively; when R = max{R,R,,R;} > 1 (in
which R}, R,, and R, are defined as in Lemmas 4.2, 4.4, and
4.8 in [13]), we denote Dy z(R"), %N)R(f), and A g(f)
simply by D(R"), M (f), and A (f), respectively. For
any N € Z, and x € R", obviously,

MY (f) () < My () (x) < Al (f) (). (16)
Definition 6. Let

v, € Z(R")  with J Yo (x) dx # 0. (17)
R

For every x € R", there exists an integer j, € Z satisfying
27 < p(x) < 27!, and then for j > j,, A, B € [0,00) and
y e R letm; 45 (y) = (1+27|y)*2500P0),

The local vertical maximal function y () of f associated
with vy, is defined by setting, for all x € R”,

v, (f) (x) = sup ‘(WO)]‘ * f(x)' > (18)
2

the local tangential Peetre-type maximal function v, 5(f)
of f associated with v, is defined by setting, for all x € R”",

|(wo), * f (x= )|

(19)
M aBx\Y )

Voap(f)(x)= sup

J2jxy€R"

Obviously, for any x € R", we have y; (f)(x) < Vo )(X).



For f € L} (R™), B € [0,00), and x € R", let

loc
Knf (9= o ()) J |f ()] 27 PPy, a0

and for the operator K, we have the following lemma.

Lemma 7 (see [13]). Let p € (1,00) and w € A% (R"); then
there exist constants C > 0 and B, = By(w,n) > 0 such that,
forall B> B,/p,

"KBf"L‘;(R") <C "f“Lf,(R") : (21)
forall f € LE(R").
Proposition 8. Let N > 2. Then

(i) there exists a positive constant C such that, for all f €
L}OC(IR") N 2'(R") and almost every x € R",

If (o] < 45 () (x) cCM™ (f) (x);  (22)

(ii) ifw € A’;’OO(IR”) withq € [1,00), N > [n(q,/p-1)]+
1, and p € (0,1], then

"/%?vf"mw(m ~ e S oy ~ "%Nf"mw(wy (23)

Proof. The proof of (i) is trivial. For (ii), since MO NN <
M (f)(x) < ﬂN(f)(x), it is easy to see that

“-ﬂ?\;f“mm(w) S “‘%Nf“L{L’m(R”) S “%Nf“mm(w)~ (24)

Hence, it suffices to prove that there exists a positive constant
C such that

By (3.19) of [13], for any v € 9 (R”) 0 < r < 1 satisfying
A >n/rand x € R”, we have

) @) < M ([yg (H]) (%)
+ K, ([vo (N]) ).
By (3.28) of [13], we know that
M () () <y (f) (). (27)
Therefore, by (26), (27), and v (f)(x) < % f(x), to get (25),

it suffices to prove that for 0 < r < p < 1 and g < p/r there
exists a constant B depending only on #, 7, p, w such that

(<)
|, ()

We first prove (28). For any t > 0, we set g = g, + g,, and
g1(x) = g(x) if |g(x)| < t/2, otherwise is zero. Without loss

own S ¢ ”‘%?\’f"m“(Rn)' (25)

[‘/’OAB

oo ”g"LP""(R" (28)
LB (R)

L‘Z,’OO(R") S ”g"Lﬁ;m(R") : (29)
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of generality, we can assume that g > 1. By the boundedness
of M (see (vii) of Lemma 3) and the fact that rq < p,we get

o frerrs (% () )" 51}
<w <{xe R": M (g5) (x)> <£>T}>

<ot | 900l () dx
{xeR™|g(x)|>t/2}

<t Joow({xe[R” t|g (x)| > A}) dA™ (30)
¢/2

t/2 ¢
+t7rqj w<{xeR":|g(x)|>E}>dArq
0

< J NTPAPe ({x e R" : |g (x)| > A}) AL
2

gl < 7 N1
Next we prove (29). By Lemma 7, we have

“KBrg"L'ZU([R") S ”g"L‘ZU(R") > (31)

when Br is taken to be sufficiently large. Then by (31) and the
same method of proof of (28), we obtain (29). The proof of
lemma is complete. O

3. The Decomposition Theorem

Let0 < p<1,1<g<o0o,weAP®(R"),and N > [n(q,/p-

1)] + 1 with g, as in (12). The weighted local Hardy spaces
h£ (w) can be defined by

W@ ={fed ®): My(Hel, ®)}, (32

and ||f||h£(w) = ”/%N(f)"L’;(R")- For hﬁ(w), we have following
lemma.

Lemma 9 (see [13]). Let w € A%°(R"), then what follows are
equivalent:

(i) f € hb(w);

(ii) f € D'(R™) and M (f) € L2 (R™);
(iii) f € D'(R") and A3, (f) € LF (R™);
(iv) f € D'(R™) and 4(f) € L2 (R").

Moreover, for all f € hi)(«w),

“f”hg(w) ~ “%N (f)

~ | ()

~ "%?\7 (f)"L‘;(R")

LL(R™)

“L‘;(R") >

where the implicit constants are independent of f.
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Similarly, the weighted weak local Hardy spaces Whﬁ(w)
can be defined by

Whe (@) = {f € D' (R") : s (f) € L2 (R}, (34)

and ”f"whﬁ(w) = "%N(f)"Lg”"(Rn)-

In this section, we establish a decomposition theorem of
weighted weak local Hardy spaces th)’ (w).

We first recall the Calderén-Zygmund decomposition of
f of degree s and height A associated with . (f) as in [12,
13, 25].

Let w € A?*°(R") and g,, be as in (12). Throughout this
section, we consider a distribution f so that forall A > 0

w({xeR": Ml (f) (x)>A}) < oo (35)
For a given A > inf  cpn 5 (f)(x), we set
Q) ={xeR": My (f)(x)>A}. (36)

It is obvious that (), is a proper open subset of R". As in [4],
we give the usual Whitney decomposition of (. Thus we can
find closed cubes Q; with Q) = |J; Q. and their interiors are

away from QE\ and
diam (Q;) < 27" dist (Q, OF) < 4diam (Q,).  (37)

In what follows, fixa = 1+ 2" and b = 1 + 271%"_ and
if we denote Q; = aQ;, Q; = bQy, we have Q. C Q¢ Q.
Moreover, Q) = |J; Q;,and {Q; }; have the bounded interior
property; namely, every point in (), is contained in at most a
fixed number of {Qy };.

Now we take a function & € P(R”) such that 0 < & < 1,
supp(&) ¢ aQ(0,1), and & = 1 on Q(0,1). For x € R", set
& (x) = &((x — x)/1;), where, and in what follows, x; is
the center of the cube Q, and [ is its side length. Obviously,
by the construction of {Q;}, and {£},, for any x € R", we
have 1 < ), &(x) < M, where M is a fixed positive integer
independent of x. Let i = §/(};§;). Then {;}, form a
smooth partition of unity for Q, subordinate to the locally
finite covering {Q}, of Q,; namely, yo = ¥ 77, with each
e € D(R") supported in Q.

Let s € Z, be some fixed integer and 2, (R") denote the
linear space of polynomials in # variables of degrees no more
than s. For each i € Nand P € P(R"), set

B 1
7= [IW n; (y) dy

Then it is easy to see that (P (R"), -||;) is a finite dimensional
Hilbert space. Let f € 9'(R"), since f induces a linear
functional on 2 (R") via

1/2
J.. IP(x)Izri,-(x)dx] RNE

1
Pr— —— (fpy,
Jqn i (v) dy ) (9)

by the Riesz representation theorem; there exists a unique
polynomial P, € 2(R") for each i such that, for all Q €
PR,

(fram) = (B.Qn) = [ R@Q@n wdx. (0

For each i, define the distribution b, = (f — P,)y; when [; €
(0,L;p(x;)) (Where L; = 2k°C0 and x; is the center of the
cube Q;) and b, = fr; when [; € [L;p(x;), 00).

As in [13], we can show that for suitable choices of s
and N, the series Y, b; converge in @'(R"), and, in this case,
we define g = f - Y, b in @'(R"). We point out that the
representation f = g + Y, b, where g and b; are as above, is
called a Calderon-Zygmund decomposition of f of degree s
and height A associated with ./ (f).

To obtain the main theorem, we need the following
lemmas (Lemmas 10-13) about Calderén-Zygmund decom-
position which have been given in Section 4 of [13].

Lemma 10. There exists a constant C > 0 such that

MO, (x) < Clll i f (x)  for x € Q). (41)

Lemma 11. Suppose 0 < s < N. Then there exist positive
constants C, so that fori € N

ln+s+1

0 /

My (b;) (x) < Co————— Xl 1<C ()} (X)
G+ |x - x)) (42)

if x¢Q.

Lemma 12. Let w € AP°(R") and q,, be as in (12). If p €
(0,1], s = [n(q,/p—1)], and N > s then there exists a positive
constant C such that, for all f € hg(w), A > inf gl f (%),
andi €N,

[, (5 ) @) @ dx

(43)
< cj (i () () @ () d.
Moreover the series Y ; b; converges in hf)’(w) and
P
jRn (/%ON (Zb) (x)> w (x) dx
’ (44)

<C| (n () 0 dx

Lemma 13. Let w € AZ°(R") and q, be as in (12), q €
(g, ©0), and p € (0,1].

DN > s = [ng,/p-1)] and [ € hg(w), then

ﬂ%(g) € L1(R") and there exists a positive constant
C, independent of f and A, such that

J ) [%ON (9) (x)]q w (x) dx
§ (45)

<OV | [ty (1) ) w0 () dx.

n

(i) If N > 2 and f € L1 (R"), then g € L) (R") and there
exists a positive constant C, independent of f and A,
such that ||g||Lomo <CA



Theorem 14. Let 0 < p < 1,1 < g < 00, and w €
APP(R"), then, for anyf € Whh (w), there exists a sequence

of bounded function {f,,}* , w1th the following propertzes, in

whichm' € Z such that 2"’ b <inf gl f(x) < 2™, and
ifinf pndl  f(x) = 0, one writes m' = —co.

M f =25

(ii) Each f,, can be further decomposed as f,, =
where {h"}; satisfy the fact that

! [ 1 in the sense of distribution.

Zzz’

(1) each h:" is supported in a cube Q" = Q(x",1}")
with rl" < Lip(x]"), ¥, w(Q") < A27™, and
ZiXQ:n < 1, where L, = 4C0(3\/—)k°, Aisa
constant depending on f, and yqn denote the
characteristic functions;

(2) 11l < 2™ and .[R” K" (x)x"dx = 0 for a €
(2,)" with |a| > [n(q,/p - 1)] + 1, when 1" <
Lop(x") and L, = 1/C3(3n)%*,

Conversely, if a distribution f satisfies (i) and (ii), then f €
Whi ().
Moreover one has | f IIWh,, @ A.

Proof. We first suppose f € Whg(w), andset Q,, = {x e R" :
My f(x) > 2™} As above, let Q,, = |, Qm = J; Q" 7")
be the Whitney decomposition, and we write {Q;};, {#;};> {P:};,
and {b;},, respectively, as {6:"}1-, {#"};, {P"};, and {b"};; that is,

"= (=BT < Lap(X), 4" = f i7" = Lyp("),
and 77" is a smooth function supported in Q/"* = bQ}". Then
by Lemmas 10 and 11, there exists a constant C; such that for
anyi € N

Ay (6") ()
S My f (x) Xame (%)
' 46
2m ( )n+N ( )
(74 [ — )N T ICAGRINQ (%),

where N > [n(q,/p - 1)] + 2.
Then by Lemma 9 and using the similar method of proof
of Lemma 12, we have

szm o : < (Zb)(x)>  (x) dx

< JQ (M (f) ()P w (x) dx

<

w({xeR": My (f) (x)>A})dAP

m

J 0 n (47)

. j: W (xR s My (F) (x) > 2™)) dAP

D 2P, L <<

n+
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Hence, ) ; b" converges in the sense of distributions, and
we have the Calderdn-Zygmund decomposition f = g" +
Y, b". By using the similar method of proof of Lemma 13(ii),
we have IIngILZo <2" Let f,, = g™ — g™ then Y, nmb’"” =

Xo, b = /""" forall jand

g"t-g" = (f—Z%”“) - (f—Zh-’")
j i

_ Zblm _ Zb;nﬂ
i J

(48)
_z[bm meJrl m+ me+l m]

jEF! JEF
_ m
= Zhi ,
i

where F/" = {i e N: 7" > L;p(X")}, i, = {i e N : 7"
L;p(x")}, and all the series converges in D'(R").

We set supph” c QI = Q(xl ,7"). By the similar
method of Lemma 5.4 in [13], if r]" < L,p(x}"), it is easy
to see that A" satisfy all conditions in (ii); if r* > L,p(x}"),
we can decompose Q" into a finite number of disjoint

cubes {Q{, }j\jl , and the side length of each cube is between
L,p(x") and L,p(x;"), and then {thQj }.
ditions in (b). Obviously, f = Z

satisty all con-

[ 18 also in the sense

of distribution.
For the converse, take A > 0 and m,, € Z such that 2™ <
A < 2% Without loss of generality, we assume that m’ = —co
and write
my +00
f: me+ Z meF1+F2' (49)

p— m=rmy+1

Then we have .#%F,(x) < A, and we only need to prove
w({xeR": YF, (x)> A}) < AP (50)

Taking a, = L, + C(Z,Zk"(l + L,), where C, and k, are

constants given in Lemma 1, then let Qm = Q(x}",I1"), where
I = min{2(3/2)(m_m°)p/q"r;", a,p(x")} and set

- J (5D

m=my+1 i
By the properties of AP*°(R"), we have

(m-my)
) @ (52)
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then by (1) of (ii), we get

(m-my)p m
Z Z( ) w(Q")
m=my+1 i
m=my+1
<APA

Hence, to prove (50), it suffices to prove

J (M3 Fy (%)) @ (x)dx < A. (54)
(@)t
Then, we just need to estimate
me (/l?\]h;” (x))P w(x)dx. (55)
@Q)r
In fact, let x € (6;”)0; we have the following estimate:
MK ()
m m\n+N m —(VL+N) (56)
<27 ()" - Xilx—x|<a p(my} (X)) 5

where N > [n(q,/p — 1)] + 1. From this, and note that w €
AZ +e> for any € > 0, we obtain

j@w (K" () @ (x) dx

(n+N)
sj 27 ()"
(

_ (n+N)
3/2)m-modplanyn | x—x|<a p(x") |x - xzmlp

w(x)dx (57)

2 Iy (m=my)p/qn
) 0 (@),

< 2”’1’ <_
3

when ¢ is small enough such that [, = p(n+N)-n(q,+¢) > 0.
Therefore, we get

J(Qmo)C (ﬂ?\]FZ (x))P w (x)dx

&) m 2 In(m—mgy) p/qn m
< ) 2p<z<§) ©(Q; )> (58)

m=mgy+1
)ZN(WI—mo)P/‘I"

< i 2’”1’(%

m=my+1

(27" A) < A,
which infers (54), and the proof is complete. O

4. Application

In this section, we will show the boundedness of localized
Riesz transforms on Whg (w) spaces. As in [13, 26], for all j €

{1,2,...,n},and x € R", define localized Riesz transforms as

R (f) ()
_ XY (lx-yl (59)
:P~V-ann x_y|n+lr]< p(x) )f(y)d)’>

where and, in what follows, ¢, = I'((n + 1)/2)/[x"V/?]

C'(R") supported in (-1,1), and #(t) = 1if || < 1/2.
Asin [12], we can obtain the following lemma. Its proof is
similar to Lemma 8.2 in [12], and we omit the details here.

)176

Lemma 15. Let ﬁj be localized Riesz transforms, where j €
{1,2,...,n}; then

W IR (Ol @y < C
w e AB®(R™);

(ii) ”Rj(f)”L]";w(R”)

sl fllzp @ny for 1. < p < 0o and

< CwIIfIILL(Rn),forw € API’OO(RH).
Now let us state the main result of this section.

Theorem 16. Let w € AP°(R™), 0 < p < 1, and R; be
localized Riesz transforms, where j € {1,2,...,n}; then there
is a constant C,, independent of f € Whg(w) such that

1R fln o < Co I e (60)

Proof. By the definition of Whﬁ (w), to get (60), it suffices to
prove

w({xe R™: .3, (ﬁjf) (x)>/\})

, (61)
= C A “f"WhP(w
forany A > 0. Let f € Wh;’:(w); then we have the decom-

position of f as in Theorem 14. Particularly, we have

+00
f=2 fuw (62)
m=m’
without loss of generality; we always assume that m' = —co.

Fix A > 0, and take 1, € Z such that 2™ < A < 2; then we
write

Z fm=F +F,. (63)

m=mgy+1

my
f=Y fut
m=—00
For F,, since w € AP, for some 1 < g < 00, by Proposition 8
and Theorem 14, we have

myg
I, "LZ,(IR”) <C Z 2"w (Qm)l/q
Mm=—00

64
< C”f"P/q Z om(1-p/q) (64)

Wh (0

1-p/ plq
<CA i "f“ hp(w)
Hence, since ﬁj is bounded on L7 (R") by (i) of Lemma 15, we
get

”R i ”L‘f 1 (R™)

w({xeR" : /%?\, (ﬁjFl)(x)>/\}) T
(65)

o 1|ILq I3 ey

<CA” P "f“p hP( )



Then we just need to prove that
w ({x eR": MY, (IAQJFZ) (x) > A})
(66)
<CA 11

Whp (w) *

For each f,,, by Theorem 14, f,, has decomposition f,, =
Y hf", and each ;" is supported in a cube Q" = Q(x}",7]")
with " < L, p(x!"). Furthermore, there exists a constant
a, > 1 independent of 1" such that supp./%, (R ™(x) C
B(x!", a,p(x}")). Let Qi = Q(x", "), where I" = min{2(3/
2)m=mo)plqn ", a,p(x!")} and set

- J U (67)

m=my+1 i

. P00 n
By the properties of A . (R"), we have

—m (m—-my)p
w@)<(3) T e@) (68)
then by Theorem 14, we get
w@z 3 ¥ ()" @
m=my+1 i
( —;
m my mo 69
< 3 2 ()T ey )
m=mj+1
/\ P ”f”WhP(w)

Therefore, it suffices to prove

,[(QmO)C <‘%(I)\I (RJFZ) (x))P (x) dx = C "f"WhP . (70)

Then, we just need to estimate
0 (D 1m P
LQ:")c (% (RH") ()" 0 () dx. (71)

We will discuss the following two cases.

Case 1. If L,p(x") < "
1 and Q,, = a;Q", then since supp/%?\](ﬁj
B(x!", a,p(x}")), we have

< Lip(x"), leta; = a,/L, >
K" (x) <

J@m)ﬁ (s (R") (0)" @ (x) x

i

_ 0 /= m »
- (J‘Q;,,\Q:Vl i JR”\Q;‘m ) (ﬂN (thi )(x)) w(x)dx (72)

— 0 (D m p
- JQ*m\Q:" (0 (R;H) ()" w (x) dx.

i
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Furthermore,

J'Q*m\d" (‘%?\I (th;n) (x))p w (x)dx

< C2" J w (x) dx (73)

(3/2)tmmodplanym < | x— x| < gy
mp m
<C2"w(QM),
for 0 <m < m, + nqlog, ,a,.

Case 2. 1f " < L,p(x!"), by the vanishing moment of A", we
have

My (R;h") (x)
(rm)n+N (74)

m
<C2 o Xle-xl<aypamy} (%) 5

J
7]

where N > [n(q,/p — 1)] + 1. From this, and note that w €

AZ +e> for any € > 0, we obtain

J@)C (3 (Ri) ()" () dx

mp p(n+N)
< 2
(

x;’“|P("+N) w(x)dx (75)

3/2)0mmIP @t < | =X | <ay p(x) |x -

p {2\ MOl
<2(3) «(@,

when ¢ is small enough such that I, = p(n+N)-n(q,+¢) > 0.
Combining the above two cases with Theorem 14, we get

JA(Q"'O)C (‘%?\7 (ﬁjFZ) (x))p w (x)dx

8 (5 )

m=my+1

(76)
o o\Ilmmoplan
< > (3) (2 UKy
m=mgy+1
”f"WhP(w
Therefore, (70) holds, and the proof is complete. OJ
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