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This paper investigates the multipeakon dissipative behavior of the modified coupled two-component Camassa-Holm system arisen
from shallow water waves moving. To tackle this problem, we convert the original partial differential equations into a set of new
differential equations by using skillfully defined characteristic and variables. Such treatment allows for the construction of the
multipeakon solutions for the system. The peakon-antipeakon collisions as well as the dissipative behavior (energy loss) after wave
breaking are closely examined. The results obtained herein are deemed valuable for understanding the inherent dynamic behavior

of shallow water wave breaking.

1. Introduction

The study of the dynamic behavior of shallow water wave
represents an important research topic in view of its potential
application in surface and underwater vehicle systems design,
control, deployment, and monitoring. There are several
classical models describing the motion of waves at the free
surface of shallow water under the influence of gravity,
the best known of which are the Korteweg-de Vries (KdV)
equation [1, 2] and the Camassa-Holm (CH) equation [3-5].
The KdV equation admits solitary wave solutions but does
not model the phenomenon of breaking for water waves. The
CH equation, modeling the unidirectional propagation of
shallow water waves over a flat bottom [4-6] as well as water
waves moving over an underlying shear flow [7], has many
remarkable properties like solitary waves with singularities
called peakons [4, 6] and breaking waves [4, 8] which set it
apart from KdV. The peaked solitary waves mean that they
are smooth except at the crests, where they are continuous
but have a jump discontinuity in the first derivative, while the
presence of breaking waves means that the solution remains
bounded while its slope becomes unbounded in finite time
[8, 9]. After wave breaking the solutions of the CH equation,
as shown by several works [10-16], become uniquely as either
global conservative or global dissipative solutions.

Recently, the CH equation has been extended to many
multicomponent generalizations, which can better reflect
the feature of the shallow water moving. In this paper, we
consider the following modified coupled two-component
Camassa-Holm system [17]:

m, + 2mu, + myu + (mv), +nv, =0, t>0, x €R,

n,+2nv, +nv+ (nu), +mu, =0, t>0, x €R,
m=u-u,, t>0, x€R, W
n=v-v t>0, x€R,

xx>

which is a modified version of the coupled two-component
Camassa-Holm system as established by Fu and Qu in [18],
allowing for peakon solitons in the form of a superposition of
multipeakons. System (1) can be rewritten as a Hamiltonian
system,

o _,
o (m\_ (0om+md Om+no om 2)
ot\n) " \on+md On+mnd S_H:V

on

with the Hamiltonian H = (1/2) j(mG «*m+nG*n)dx, where
Gsm=u,G+n=v,and G = (1/2)e ™ Particularly, when



u = 0 (or v = 0), the degenerated equation (1) has the same
peakon solitons as the CH equation. We are interested in such
system because it exhibits the following conserved quantities,
as can be easily verified:

E,(u) = Ludx, E,(v) = Lvdx,

E;(u) = JR mdx, E,(u) = JR ndx, (3)

Es5 (u,v) = J (u2 il v+ vi)dx.
R

It has been shown that system (1) is locally well-posed
and also has global strong solutions which blow up in finite
time [17, 18]. Moreover, the existence issue for a class of local
weak solutions for such system was also addressed in [17].
It is interesting to know that whether the two remarkable
properties associated with the original CH equation persist
in this modified coupled two-component Camassa-Holm
system. In our recent work [19, 20], we studied the problem
of solution continuation beyond wave breaking of system (1),
where it was established that the system admits either global
conservative solutions or global dissipative solutions.

Just as with the CH equation, the multipeakon dissi-
pative solution represents an important aspect related to
the solutions near wave breaking, it is interesting to know
whether or not system (1) also exhibits the similar feature.
Thus far very little effort has been made on studying the
multipeakon dissipative solution associated with the modi-
fied coupled two-component Camassa-Holm system of the
form as expressed in (1) in the literature. Based on our
recent work [20] where a global continuous semigroup of
dissipative solutions of system (1) is established, in this paper
we show how to construct globally defined multipeakon
solutions in the dissipative case for the modified coupled two-
component Camassa-Holm system.

It should be stressed that the system considered in this
work is a heavily coupled one; it is the mutual effect between
the two components that makes the analysis and computation
much more involved than the system with single component
as studied in [16]. The key to circumvent the difficulty is
to utilize a skillfully defined characteristic and several new
variables to obtain a new set of ordinary differential equa-
tions, from which the dissipative multipeakons are globally
determined. Such feature discovered is deemed useful in
further understanding the dynamic behavior of the wave
breaking associated with the system. Examples are presented
to illustrate the feature of the multipeakons with peakon-
antipeakon collisions.

The rest of this paper is organized as follows. Section 2
represents the construction of the global dissipative solutions
of the modified coupled Camassa-Holm system. Section 3 is
devoted to the establishment of the dissipative multipeakon
solutions of system (1). The method is illustrated by explicit
calculations in the case # = 1 and by numerical computations
when n = 2 with peakon-antipeak on collisions in Section 4.
The paper is concluded in Section 5.
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2. Global Dissipative Solutions of the Modified
Coupled Camassa-Holm System

We represent the construction of the global dissipative
solutions of system (1) obtained in [20] in this section. System
(1) can be rewritten as

u+w+vVu,+P+P, =0, t>0, x€R,
(4)
v+t(u+v)v,+P;+P, =0, t>0, x€R,
where P;, P,, P;, P, are given by
1 et
P (tx)=Gox (uv,) = 5 J e (ur,) (1,x") d',
R
2 > 2
u v
P(t,x)=Gx* |1+ = +uv, +—— =
2( ) ( 2 x"x 2 2)
2 > 2
1 —|x x'l 2 ux Vx
=—-]e W+ = +uv o+ — - =
2 JR o 2
x(t,x')dx,
. (5)
P00 =G () = - | ! () (1)
2 2 2
v u u
Pt,x)=G# [V + Z4uv +—— =
4( ) ( 2 x"x 2 2
2 2 2
1 x—x' v u
:—-J e v2+—x+uxvx+u———x
2 Jr 2 2 2
x(t,x')dx',

with G = e™/2 the Green’s function such as G = flx) =
1/2 - _[R e"'x_xllf(x')dx' for all f € L*(R) and * the spatial
convolution.

By using a skillfully defined characteristic y,(t,&) = (u +
v)(t, ¥(t,§)), which can be decomposed as y(t, &) = ¢(t,&) +&,
and a new set of Lagrangian variables; namely,

h(t,§) = (u2 U+ v+ vi) ° e,
Uté) =ul(tyt¥),
V(s =v(ty(t.8), (6)
M (t,8) =u, (ty (7)),
Nt = v, (ty(t.5),
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where h corresponds to the Lagrangian energy density and U,
V the Lagrangian velocity, we derive an equivalent system of
the modified coupled Camassa-Holm system,

G=U+V, U, =-P-P,,
‘/t__P3 P4x’
M> N2, V?
Mt:<—7—7+U +7_P1x PZ s
™)
N2 MZ U2
Nt=<___7+vz+7_P3,X P4 ,

2
h = (3U” - 2P,) U; - 2UP,  y;
+(3V? - 2P,) Vi - 2VP,  ys.

It is shown in [20] that the existence, uniqueness, and
stability of solutions of system (7) are obtained in a Banach
space, which is transformed into the conservative solution of
the original system (4), while dissipative solutions differ from
conservative solutions when particles collide, that is, when
y(t, &) = 0for & inan interval of positive length. To obtain the
dissipative solution, we impose that when particles collide,
they lose their energy; that is, if y;(7,§) = 0 for some 7, then

we set h(t, &) = 0. Thus we define 7(&) as the first time when
Ve(t, &) vanishes; namely,

T(E)zsup{teR+|y5(t',E) >0Vv0o<t <t}, (8)

and the expressions for P, and P, (i = 1,2,3,4) become

P, (1) = % . LT({) S YOE)
x [(UN) ye] (8) €',
P (8= - % . LT@) sgn (£ &) O
x [(UN) ye] (8) a€',
P, (1) = }1 . LT(E) YO
x [h+ (U + 2MN - N?) y]
x (&) dg’,
P, (tE) = - }1 . LT(E) sgn (£ - &) O
x [h+(U* +2MN = N?) y;]

x (&) at,

Py(t,8) =~ L . o PO-E]
T

< [(va) e (8) '

N | —

1 _ _o(E
P3,x(ta£)= ——'J sgn(g_g’)e |y(&)-y (&N
2 Jir

x [(vm) ye] (¢) de',

1 o) o(E!
RS L K ©-y(&]
x [h+(V? +2MN - M?) y]
x (&) de,
1 _ _ !
Poet,8)= -2 L o (E-&)e O

x [h+(V?+2MN - M?) y¢]

x (&) dt,
€

and the modified system to be solved here reads

¢ =U+V, Uy =-P - P,
t:_P3_P4,x’

M* N? V2
M=(-—-"—+U*+—-P_-p), (10
2 2 2 b

N M, U?
Nt:(—7—7+v +7—P3’x—P4

_ U§+V£ lft<T(£),
o5 = 0 otherwise,

( 2
]1+<U7 + MN - N?

-
a
[
A
[\

-P, —Pl,x>y5 ift <7(§),

0 otherwise,
(h [ V2 (1
—+| —+MN-M*

2 2

-P, —P3,x>y£ ift <7(&)),

Q otherwise,

(3U” - 2P,) Uy — 2UP, , y;
hy=1 +(3V2-2P)Ve-2VP,,y ift<t(f),
0 otherwise.



Note that, in this definition, we do not reset the energy density
h to zero for t > 7(&) but keep the value it reached just before
the collision, which has the advantage of rendering the right
hand of (11) continuous across the value t = 7(£) and the
behavior of the system remains unchanged.

The local existence of solutions is proved in the Banach
space E where

E=L°NnWnWnWnWnWnWnwnlL,
(12)
W=1*nL%.

The global solutions of (10) may not exist for all initial
data in E; however, they exist when the initial data X, =
(S9»Uy» Vg, My, Ny, hy) € T, where I is defined as follows.
Definition 1. The set T is composed of all (¢,U,V, M, N, h)
such that

X =(¢.U,V,M,N, ¢, Us, Vi, h) € E, (13)
h > 0 almost everywhere, (14)

yEZO’

ygh = J’,?Uz + U? + ysz + VEZ , almost everywhere, (15)

1
——— €L¥(R), (16)
(e +h)
g ()/) UV, Ve Ug; VE’ ]’l) -leW, 17)
where g(x) is given by
xs| + x| +2(1+ 22 +x3)x,, ifxeQ,
g(x): {l 5| | 6| ( 2 3) 4 . 18)
X4+ X7, otherwise,
for x = (x},%y X3, %, X5, X, X;) € R’, where Q is the
following subset of R’
Q={x e R | |xs| +|xg| +2(1+ 5 + x3)
(19)

X Xy < X4 +X7, X5, Xg < 0}.

The main result in [20] is stated in the following theorem.

Theorem 2. Let z, = (ugv,) € H' x H' be given.
If one denotes t — z(t) = T,(z,) the corresponding
trajectory, then z = (u,v) is a weak dissipative solution of
the modified coupled two-component Camassa-Holm system,
which constructs a continuous semigroup with respect of the
metric dgp on bounded sets of H'; that is, for any M > 0 and
any sequence z,, € H' such that ||z, < M, one has that
lim, | di(z,,2) = 0 implies lim,, _, . dip(T,(z,), T,(2)) =
0.
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3. Multipeakon Dissipative Solutions of
the Original System

In this section, we derive a new system of ordinary dif-
ferential equations for the multipeakon solutions which is
well-posed even when collisions occur, and the variables
(»,U,V,M, N, H) are used to characterize multipeakons in
a way that avoids the problems related to blowing up.

Solutions of the modified coupled two-component
Camassa-Holm system may experience wave breaking in
the sense that the solution develops singularities in finite
time, while keeping the H' norm finite. Continuation of the
solution beyond wave breaking imposes significant challenge
as can be illustrated in the case of multipeakons, which are
special solutions of the modified coupled two-component
Camassa-Holm system of the form

(u,v) (£, x) = <ipl 0 e*lx*%(t)l’ iri ) eIX%’(t)l) . (20)
i=1 i=1

where (p; (), ;(t), q;(t)) satisfy the explicit system of ordinary
differential equations

n

pi= z (Pin + ”i’"j) sgn (GIj - qi) e 14,

JELi# ]

fi= X (epy+rr)sen(a-a)e ™™ @

j=Li#j
n
S —lg;—q;l
g== (pj+r;)e ™.
j=1

Let us consider initial data z, = (u,, v,) given by

(uo’ VO) (X) — (ipielxm) irielx‘m) ) (22)
i=1 i=1

Peakons interact in a way similar to that of solitons of the
CH equation, and wave breaking may appear when at least
two of the g; coincide. In the case that p;(0) and r;(0) have
the same sign for all i = 1,2,...n and ¢g;(¢) remain distinct,
(21) allows for a unique global solution, where the peakons
are traveling in the same direction. By inserting that solution
into (20), it is not hard to know that z = (u,v) is a global
weak solution of system (4). However, when two peakons
have opposite signs, collisions may occur, and if so, the
system (21) blows up. Without loss of generality, we assume
that the p;, and r; are all nonzero, and that the §; are all
distinct. The aim is to characterize the unique and global
weak solution from Theorem 2 with initial data (22) explicitly.
Since the variables p; and r; blow up at collisions, they are
not appropriate to define a multipeakon in the form of (20).
We consider the following characterization of multipeakons
given as continuous solutions z = (u, v), which are defined on
intervals [y;, ¥;,,] as the solutions of the Dirichlet problem

z-2z, =0, (23)
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with boundary conditions z(t, y;(t)) = z;(t), z(t, y;,,(t)) =
Z;,1(t). The variables y; denote the position of the peaks, and
the variables z; denote the values of z at the peaks. In the
following part we will show that this property persists for
dissipative solutions.

of z = (u,v) in Lagrangian equivalent system; that is, X =
L(z), which is given by

7@ =¢ (24)
v =u, VE=7®,
o B (25)
M@ =u, &), N =v.0),
hE) =0 +u + 7V + V.. (26)
LetI = U?:o I, where I; denote the open interval (¢, §;,,)
with the conventions that £, = —co and &,,,, = co. For each

interval I, we define 7; = inf{z(&) | & € (§;,&;,,)} such that
7; > 0foralli = 1,...,n By the linearity of the governing
equations (10), and the bounds which hold on the solution X
and P, P, (i = 1,2,3,4), it is not hard to check that y,U,V €
C([0, 7;,], C*(I,)), while h € C([0, 7;], C'(I,)).

Thus the existence of multipeakon solutions is given by
the next theorem.

Theorem 3. For any given multipeakon initial data

Z(x) = @) = Q8 pe Y e ), et
(»,U,V, M, N, h) be the solution of system (10), (11) with
initial data (y, U,V,M,N,H) given by (24), (25), and (26).
Between adjacent peaks, if x; = y(t,&)#x;,; = y(t &)
the solution z(t,x) = (u,v)(t,x) is twice differentiable with

respect to the space variable, and one has
(z-2z4) (,X) =0 for x € (x;,x;,,) - (27)

Proof. For a given time t, we consider two adjacent peaks x; =
y(t, &) and x;,, = y(t,&,). If x; = x;,,, then the two peaks
have collided and, since y; is positive, we must have y;(t, &) =
Oforall§ € I,. Hence, t > 7;, which conversely implies that t <
7; when x;(t) < x;,,(¢). Thereexists & € I; such thatx = y(t,&)
for any x € (x;(t), x;,,(f)). Since & € I, and t < T;, we have
Ye(t, &) # 0. Tt follows from the implicit function theorem that
y(t,-) is invertible in a neighborhood of & and its inverse is C?,
and therefore (u, v)(t, x') = (U, V)(t, yil(t, x')) are C? with
respect to the spatial variable and the quantity (z - z,.)(t, x)
is defined in the classical sense.

We now prove that (z — z,,.)(t,x) = 0 for x € (x;, x;,,)-
Let us first prove that u — u,, = 0. Assuming that yg(t,§) #0,
we have that

Uy oy = M’
M (Ugeye — yeels) (28)
Uy Y = —— =35 >
Ve Ve

and therefore
3
(Uyf — Ugeye + yeU)

. (29)
e

(—up)oy=

We set

For a given & € I and t < 7;, differentiating (30) with respect
to t, it then follows from (10) and (11) that

dR
i 3Uye v + Usys = UgerVe — Ugg e

+ YeeeUe + YeeUse

(31)
= 2U (Ug + Vi) ¢ - 2N (Mg - Ne) ¥
h h
e e
2 2
Differentiating (15) with respect to &, we get
32

+ 29 YV + 295V Vi + 2V Vi,

We have, after inserting the value of y;h; given by (32) into
(31) and multiplying the equation by y;, that

dR ;
Yegp = UUede ~ Ul
# (=30t =V V) e Y

3
+UVeye = UnVeye + UgVeye.
Since yg, = (Ug + V), it follows from (15) that

dR

For any & € I, as u is a multipeakon initial data, we have
R(0,8) = (u—-1u,,)- yg = 0. It thus follows from Gronwall’s
lemma that R(t,&) = 0 and therefore (u — u,,)(¢,&) = 0 for
t € [0, 7;]. Similarly, we can obtain that (v—v,)(t,§) = 0. O

Thus, the system of ordinary differential equations that
the dissipative multipeakon solutions satisfy can be derived
based on the fact that the multipeakon structure is preserved
by the semigroup of dissipative solutions.

Let us define

Ei+1
H= | h@ds (35)
For eachi = 1,2...,n, by using (11), we obtain the following
system of O.D.E.; namely,
dy, du

ai Ut d_t1 =-P;-P,

dv; P.._p
. T 1 T P
dt X (36)

aHi _ (p 2u,, P > 2y P
dar Uiy = 2Ui B T Vi = 2V Fain

3 3
- (ui = 2u;Py; +v; - 2v,»P4’,-),



where (y,,u;,v;) = (LU VIELE), P, = P(t.E), By =
P . (t,&)), (k = 1,2,3,4), respectively. We have

1 Y
P, =t J 3l
4 i<y

(37)
x [h+ (U +2MN - N?) y¢| (&) d€'.
We denote B={&' € R| ye(t, &') > 0}. Thus, we get
' 2 v2
P,=-- J e i@l (u2 = Uy, — - —x>
B 2
! ! !
oy (&) ye(&)dE
() .
2 2
== J e i u2+ﬁ+uxvx+v——v—x
2 Jym 2 2 2
X (x)dx,

where we have used the fact that b = (u” +u2 +v* +v2)0 Yyg on
Band t < 7(£') if and only ifyg(t,f') > 0. Since y¢(§) = 0 on
B°, that means (y(B°)) = _[y(BC) dx = IBC Ye(€)dE = 0, which

implies that the domain of integration in (37) can be extended
to the whole axis,

Similarly, we can get that

1 “lyi—
P = —-J e 7 (wy,) dx,
> 2 R

1 —ly—
Pl,xi = _5 ' JR sgn (yl - x)e |)’, . (Lle) dx’
1 Ly
Pr==3+ | sen (-

2 > 2
2, Uy v Yx
x(u" + = +uyv, +——-—= |dx
2 2 2
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1 “lyi—
Py, =~ J e 7 (yu,) dx,
> 2 2

1 Ly
P3,xi = _5 ' J sgn (yl - x)e ==l (Vux) dx’
R

1 “lyi—
P4,i=5'JRe Iyi==
2 2 2
v woou
(V4 X vuv, +— - == |dx,
2 2 2
Pr= 1+ [ san(y- e

(40)

Between two adjacent peaks located at y; and y;,,, we
know that z = (u,v) satisfies (z — z,,,) = 0 and therefore
z = (u, v) can be written as

z(x)=(u,v)(x) = (A" +Bie ",Cie* + Die™)  (41)

for x € [y;, i), i = 1,2,...,n — 1, where the constants A,

B;,C;,and D; depend on u;, u;,1, v;, v;,y» ¥;» and y;,, and read

e u; Su;
Ai = + — >
2 |cosh(8y;) sinh(dy;)
e u; Su;
Bi =4 - . >
2 [ cosh(8y;) sinh(dy;)
B (42)
e i v; dv;
C.=2 i i ,
o2 [ cosh (8y;) ¥ Sinh (8y;)
D. = i v; ~ ov;
"7 2 | cosh(8y,) sinh(dy,) ]’
where
_ 1 1
Vi= 5 it yim)s =50y,
_ 1 1
W= (u; + i), Ou; = 3 (1 = i), (43)
_ 1 1
Vi = E'(Vi+vi+1)’ ov; = E‘(Vz‘_vm)-

Thus, the constants A;, B;, C;, and D; uniquely determine z =
(u, v) on the interval [y;, y;,,], and we compute

Yit1
6H,=H,,—-H, = J (u2 +ui+v2 +vi)dx
Vi
= 2u; tanh (8y;) + 28u coth (dy;) (44)
+ 27 tanh (8y;) + 28v; coth (8y;)
=0H,; + 6H,,,
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with 8H,; = 2u’ tanh(8y;) + 208u; cosh(8y;) and 6H,; =
277 tanh(8y;) + 28v cosh(8y;). We now turn to the compu-
tation of P; (k = 1,2,3,4) given by (39) and (40). Let us
write z = (u, v) as

z (t, X) = (u7 V) (t) X)

= (Z (A" +Bie™) Xy )

=0 (45)

2 (Cie" +Die™) xiyn (x)> :

j=0

Set yp = —00, Yy = 00, Uy = Uy = 0,99 = vy = 0,
Ay = ue”,By=0,A, =0,B, = u,e”, Cy = vie,
D, =0,C, =0,and D, = v,e”. We have

= Zno(Ajcjez" - A;D; +B,C;

2 2 2
2 ux v Vx
u+=+uv +—-=
2 ] 2
23
=Z<(—-A2.+AC>62"
o \\2 i~
=

+ (Aij -AD;-BC;+ zchj)

3 2 —2x
+<5 .BJ' +Bij>e >X(}’j»}’j+1)’

+ (chj ~CiB;~DjA; + 2Aij)

3 2 —2x
* (5 “Dj+ Dij> e ) X7

(46)

By inserting (46) into (39) and (40), we get

2 -2
x(A;Ce™™ — A;D; +B,C; - B;Dje ) dx,

1 Yij+1 k(v
Pz,i - 5 J‘ kxj(yz x)
Vi

j=0
X §A2+AC e
ST A
+ (A]-Bj ~A;D;-B,C;+ 2C]-Dj)

35 Zox
+ <5Bj +Bij)e )dx,

2x —2x
x (AjCje ~C;B;+D;A;-B;Dje )dx,

1 Y+ e (v
Pyi=3 J o)
Vi

j=0
X ((%cﬁ + A]-Cj) e
+(C;D; - C;B; - D;A; +2AB;)
+ <§D§ + Dij>e_2X> dx,

(47)

where k;; = —1if i < j, k; = 1ifi > j. It then follows from
(42) and (44) that

A = m [w}sinh” (8, ) + 21,0u; sinh (8y,)
x cosh (8y;) + duicosh® (8; )]
_ % . [5H1j + 4ﬁj8uj] ,
AB, - m - [47 tanh (8y,) - 8H, ],
AjCi=3 slnl:2(y2]6y,) (17, tanh (3y;) + 8u;; + dv;a,

+u;6v; coth (Syj)] ,



8
D, = - (25y]) [u v, tanh (5)’]') +0u;v; — v
—8u;8v; coth (8y;)],
C. h(8y;) + 8vjit; - ou;v;
B,C, - - (26)/]) [u v;tan (5)’1) + 0Vl — Ou;v;
—8u;dv; coth (8y;)],
BD, - [5,7; tanh (8y;) — 6u,¥; — 6v;u;

7" 2sinh (26}/])
+6uj8vj coth (8yj)] ,

B?:L-[6H~—4ﬁ<6u<].
! 4sinh(28yj) Y Y

(48)

Thus, from (48), we can obtain that

yj+1 (v
J e ki x)Ai.ezxdx
Vi

e_kij}’i . ekijyj

2 (2 + kij) sinh (26yj)

x sinh ((2 + kij) Syj) [5H1j + 4ﬁj8uj] ,
Vi1
J ' eik"f(y"fx)AjCjezxdx
Vi
e_kijyi . ekijyj

B (2+ k,.j) sinh (28yj)

x sinh ((2 + kij) 8yj)
. [Eﬁj tanh (Syj) +0uv; +0vu;
+0u;6v; coth (Syj)] ,

yj+l _ _
J e kil x)Aijdx
Vi

e_kij}’i . ekiﬁj

=& " Gnh(sy.
2 sinh (28yj) o ( yj)

X [4ﬁ§ tanh (Syj) - 8H1j] ,
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yj+l e (v
J e ki x)Aijdx
Vi

e kidi . ki

& 7 T inh(sy.
sinh (28yj) o ( ,’V])

. [EjT/j tanh (5)’1‘) +0u;v; - 6v;u;
_5uj6vj coth (5)/]')] ’

yj+1 e (1
J e K x)Bjdex
Vi

e_kijyi . ekijyj'

=— sinh(dy.
sinh (26yj) o ( y])

. [EJT/]- tanh (6yj) +Oviu; — Ou;v;

—0u;6v; coth ((Syj)] ,

yj+1 (v
J e kg()ﬁ X)C]Djdx
Vi

e—kij}’i . ekijyj

= " Gnh(sv.
2sinh (28y;) sinh (7,)

X [47? tanh (Syj) - 6H2j] ,
Yj+1
J e_kij(yi_x)B?e_zxdx
Vi
e_k'iy' ek'i?j

- 2 (k,] ) 2) sinh (28)/])

x sinh ((k

)8)}1) [SHU 4u;6u; ]
Vit
JJ e_k"f(y"_x)BjD]-e_zxdx
Vj
e kivi . k¥

- (k,J ) 2)sinh (28)/])
X smh((k )8)}1)

. [EjT/j tanh ((Syj) - SujVj - 6vjﬁj

+8u;0v; coth (8y;)] .
(49)
It thus follows from (49) that
Pl,i = ZPI,,‘]" P, = sz,,'j) (50)
=0 j=0
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where
1 cug v e for j=0
e*kij)’i . ekijyj
6 cosh (Syj)
[Zklju]v]smh (6)/]-) tanh ((Syj)

Pi;i=1q  +2k;0u;0v;sinh ((Syj) cosh (8yj)
+20u;v; cosh’ ((Sy]) +20v;u; cosh? ((Syj)
+6u]v] +0viu; —3uv; tanh (Sy])
+30u;0v; coth (8)/])], for j=1,...,n-1,

__ . unvnefy'ﬁy" for ] =n,
! e+ é cuv e, for j=0
e_kij}’i . ekiﬁj
4 cosh (5)/])
X [6H .cosh? ( ]) +4kljuj5u sinh? (8yj)
+2u tanh (Sy ) + 4v tanh (8)/])
— 8
Py -] —0H,; - JUivita (8)/]) + 8u 0V;

tan
x coth ((Syj % v; cosh (8)/]) sinh (8)/])

) osh2 (8yj)
+§k,-j8uj7jsinh (8yj) + -
><k,-]-6v]-ﬁjsinh2 (8yj)] ,

1 5
Zote iy ItV
1 e wti g UnVne (AR

u
2 5u.0v. - coth
+§ u; vj-cot (

for j=1...,n-1,

for j =n.

(51)

The terms Ps;, P,;, and By ;, (k = 1,2,3,4) can be computed
in the same way and we have

n
Peix = ‘Z’%‘Pk,ij (k=1,2,3,4). (52)
=0

The result can be summarized in the following theorem.

Theorem 4. Assumey;, = &, z; = (u,v;) = (), v(&))
and H; = f;‘“(u + U+ V)dx fori o= 1,...,m
with a multipeakon initial data z = (u,v) as given by (22).
Then, there exists a global solution (y;, u;, v;, H;) of (36), (50),
and (52) with initial data (y,,u;,v;, H;). On each interval
[y:(£), ¥;1(£)], one defines z(t, x) = (u, v)(t, x) as the solution
of the Dirichlet problem z — z,.,, = 0 with boundary conditions
z(t, y;(1)) = z;(t), z(t, y;,,(t)) = z;,1(¢t) for each time t. Thus

= (u,v) is a dissipative solution of the modified coupled
two-component Camassa-Holm system, which is the dissipative
multipeakon solution.

4. Examples

In this section, we give the examples with the case n = 1
by explicit calculations and the case n = 2 by numerical
computations with peakon-antipeakon collisions.

(i) Let n = 1. From (50) and (52), we can compute
that P, = Y. o, Py = wyv/6 — uyv,/6 = 0and
Py = —kyj Zj:o,l Py = —uf/4 — v /6 + ”‘%/4 +
u;v/6 = 0, which imply that u;, = -P,, - P, =
0 and therefore u; = ¢,. Similarly, we can get that
vy = ¢. Thus from (36), we can obtain that y,, =
U, +v, = ¢ +¢ = ¢ whichyields y, = ct + a
with ¢, ¢,, ¢, asome constants. There is no collision
and we find the familiar one peakon (u,v)(t,x) =
(Cle—lx—clt—al) (,Qe—lx—czt—al).

(ii) Letn = 2. We first consider the case of an antisymmet-
ric pair of peakons where the two peakons collide. We
take the initial conditions as

¥,(0) ==y, (0) =, uy (0) = —u; (0) = 4,
v,(0) =

for some strictly positive constants y, %, v, and E the initial
total energy of the system, that is, the H ! norm of the solution;
we denote T = 7y, the time of collision. For ¢ < 7, the solution
is identical to the conservative case. After collision, for t > 7,
the solution remains antisymmetric. Let us assume this for
the moment and write

(53)

-v (0) =% 6H,(0) =

y=x2="J U=u,=-u,
V=1, = -V, h=46H,,
Py =P, =Py, Py =P, =Py, (54)
P =Py =-Pp, Py =Py =-Ps,
Py =P =P Py =Py = =Py

By using (50) and (52) and after some calculations, we can
compute P and P . (k = 1,2, 3,4) and obtain that

]ZOZP1 = ow(1-e?),

P, = j:zo,zpz’” = (}1 ot é -uv) (1+e?),
3_12021)31] “uv(1-e),

P, = j:zo,zp4’1j = (}L v é -uv) (1+e),

(55)
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Thus we are led to the following system of ordinary differen-
tial equations:

ut:l-uz(l—e_2y),

=u+v,
Yt 1

vt=}1'v2(1—e_2y), (56)

ht=(u3+v3)(1—e72y)—§~uv(u+v)(1+e72y).

Note that this system holds before collision. With the initial
condition y(r) = u(r) = v(r) = 0, the solution of (56) is
y(t) = u(t) = v(t) = 0and h(t) = h(r). It means that the
multipeakon solution remains identically equal to zero after
the collision.

If we consider a more general case with two colliding
peakons by using the Hamiltonian system before collision,
then from (50) and (52), the system (36) can be rewritten as

dy, dy,
—— =u, + v, = =u,+v,,
dt 1 1 2TV,
dul 1 2y
=yl == uel}"z
a4 ! 2
duz 1 2 —
_ Y1=)2
—= =—-uje u,
a4 ! 2
L e N R (57)
dt 4 4
dvy 1 5, 2
_ Y1=)2
—= = —-vje - — 5,
da 4 ! 2
dH, 3 3
e = (u2—2u2P2,2+v2—2v2P4,2)

- (ui —2uy Py + v? - 2v1P4’1).

Thus we have

_ )
= In ( Cle—cl(t—r) _ (ae—g(t—‘r) ) >

(t-7) o (t-7)
e — e
y, =In < ,
[STC)

(6) (@) e

T e
(6)' - (o) et 9
LT e
(€)' - (@) e e
T T 2 ged=a
@ (@

& - eld-a)-D
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25t g

0.5

FIGURE 1: Position of the peakons.

where ¢, = ¢ + ¢ and ¢, = ¢, + ¢ denote the speed of the
peaks y; and y,, respectively. At collision time, we have

»n@=y(00@)=0,
u (1) =u, (1) = cl1 + gl, (59)
n@=r@=q+q.
For the initial data given by (59), the solution of (57) is

w O =u,t)=c +¢, ) =v,E)=c+c

(60)
n=n=>@+q)t H, (t) = H, (1),
with ¢, = 611 + clz, G = 621 + c22 , and after the collision we obtain
a single peakon traveling at speed ¢, + c,.

We know that if p;(0) and r;(0) have the same sign for all
i=1,2,...,nand g;(t) remain distinct, (57) admits a unique
global solution, where the peakons are traveling in the same
direction. However, when two peakons have opposite signs,
collisions may occur, and if so, the system (57) blows up. In
Figures 1 and 2, the solution is plotted with ¢, = 15, ¢, = -5,
and7 = 1.

5. Conclusion

Considered in this paper is the dissipative property of the
modified coupled two-component Camassa-Holm system
after wave breaking. Based on the obtained global dissipative
solutions of the modified coupled two-component Camassa-
Holm system, we construct the dissipative multipeakon
solutions, a useful result for understanding the inevitable
multipeakon phenomenon near wave breaking. Some inter-
esting issues worthy of further investigation include the com-
putational complexity of the algorithms and the impact of the
multipeakon dissipative behavior on the system performance
when blended into control system design.
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15 + E

u(t, x) v(t, x)

710 1 1 1 1 1 1 1 1 1
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20
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FIGURE 2: (a) Initial configuration. (b) The two peakons collide.
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