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EXISTENCE AND LIPSCHITZ STABILITY FOR o-DISSIPATIVE
SOLUTIONS OF THE TWO-COMPONENT HUNTER-SAXTON
SYSTEM

KATRIN GRUNERT AND ANDERS NORDLI

ABSTRACT. We establish the concept of a-dissipative solutions for the two-
component Hunter—Saxton system under the assumption that either a(z) =1
or 0 < a(z) < 1 for all z € R. Furthermore, we investigate the Lipschitz sta-
bility of solutions with respect to time by introducing a suitable parametrized
family of metrics in Lagrangian coordinates. This is necessary due to the fact
that the solution space is not invariant with respect to time.

1. INTRODUCTION

In this paper we investigate the existence and Lipschitz stability of solutions of
the initial value problem of the two-component Hunter—Saxton (2HS) system on
the line, which is given by

ug(x, t) + wug(z,t) = i</f’3 (ug(2,8)% + p(z,1)2) dz

(1.1a) —/Oo(ux(z,t)2+p(z,t)2)dz),
(1) pulant) + (up)aest) = 0.

It has been derived by Pavlov as a model of non-dissipative dark matter [17], but
can also be viewed as a high frequency limit of the two-component Camassa—Holm
system describing water waves [8] [I8]. Moreover, it is a generalization of the well
known Hunter—Saxton equation

xT o0
(1.2) ug(x,t) + uug(x,t) = 1 (/ ug(z,t)% dz — / Uy (2,t)? dz),
4 — 00 x
which has been introduced by Hunter and Saxton as a model of the director field
of a nematic liquid crystal [14].

Solutions of the 2HS system develop singularities in finite time, even for smooth
initial data [LI6l [I8]. The appearance of singularities, known as wave breaking,
means that u, tends pointwise to —oco while u remains bounded and continuous.
The phenomenon is illustrated in the following example.
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FIGURE 1. A plot of v in Example [Tl for t =0,1,1.5,1.9,2.

Example 1.1. Let t € [0,2) and let the functions u and p be defined by

—it+1, < —(1- 312
1

1.\2
RO R eae s —(1-3t)* <z <0,
u(@,t) = ¢ 0<z<i#2y1
%t2+2:175 _'I_Z ’
1 1,2
Et’ Zt +1§.’II,
0, z <0,
1 1
p(.’II,t): %t2—+1’ 0<$§Zt2+1,
0, %t2+1<x.

Then (u, p) is a weak solution of (L) for t € [0,2). Note that u;(0,t) = —oo as
t — 27, which in particular means that wave breaking occurs. We can define the
energy of the system at time t to be given by

(1.3) A@@aw+f@ﬁym=z

which is constant in time, even up to the point t = 2. The energy contained in the
interval —%tz—l—t—l < x <0, given by ffét2+t71(ui+p2)dx =1, is also conserved.

Thus a finite amount of energy is being concentrated in a single point ast — 27.

As seen in Example [[LT] part of the energy fR(ui + p?) dz is concentrated at a
single point at wave breaking. This illustrates that the energy density in general
is not absolutely continuous, but a positive, finite Radon measure. Nevertheless,
the total energy remains constant in time as ¢ — 27. Hence u, and p remain in
L?(R) even if u, tends to minus infinity and the energy can be described by the
cumulative distribution function of a positive, finite Radon measure.

To continue solutions past wave breaking is a delicate issue since weak solutions
are not unique afterwards. A property that the 2HS system shares with the Hunter—
Saxton equation [1 4 [5, T4} [15] 19], the Camassa—Holm equation [2] [3| [6] [13],
and the two-component Camassa—Holm system [9]. To be more precise, there are
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infinitely many ways to extend a local solution to a global one past wave breaking
by manipulating the concentrated energy at breaking time. In particular, there
has been shown much interest in two classes of weak solutions, namely dissipative
solutions and conservative solutions. On the one hand one could ignore the part of
the energy that concentrates on a set of measure zero in the continuation, which
yields dissipative solutions. On the other hand one could continue by letting the
concentrated energy back into the system, which would give conservative solutions.
In practice that would amount to defining v and p by the formulas in Example [[.T]
even for t > 2. Thus it is essential to include the energy in our sets of variables,
when constructing global conservative solutions. Existence of dissipative solutions
has been proven in [I8], while existence and stability of conservative solutions has
been shown in [16]. Here we generalize and provide a unified approach to the
notions of dissipative and conservative weak solutions.

We will work within the novel concept of a-dissipative solutions, which has been
introduced in [I2] in the context of the two-component Camassa—Holm system for
the case a being constant. Here we consider a more general case. Given a Lipschitz
continuous function of space, a: R — [0, 1], an a-dissipative solution will dissipate
an a-fraction of the energy concentrated on a set of measure zero at wave breaking.
Dissipative and conservative solutions are recovered as special cases with a = 1
and o = 0, respectively. Here we will construct a-dissipative solutions and prove
Lipschitz stability of the constructed solutions.

We will solve the 2HS system by a generalized method of characteristics. The
method will be similar to the one for conservative solutions [16] and dissipative so-
lutions [18]. As long as solutions (u, p) stay smooth we can define the corresponding
Lagrangian variables (y, U, r, V) by

(14) yt(f,t) = U(y(é,t),t),
and
(1.5) U, 1) = uly(&,1), 1),
y(&:t)
(1.6) Ve = [ et + plet)? do =0,
(1.7) r(&t) = p(y(&, 1), )ye (&, 1),
where £ is a parameter that determines the initial value of the characteristics. Then
(19) U6 0) = 3V(E.1) — 7 Jim V(E D)
(19) Vi(Et) =0,
(1.10) r(&,t) =0,

Wave breaking happens precisely where different characteristic curves y(&,t), y(&', t)
meet, and one can choose which solution to obtain by manipulating the energy
density Ve (€,t) at wave breaking. The time of wave breaking 7(£) can be determined
initially and is given by

(1.11) 7€) = —2 Yo.e(§)

Uoe(€)

To obtain dissipative solutions one sets V¢(§,t) = 0 after wave breaking, which
implies that the characteristics stick together after they meet. One can solve the
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resulting system explicitly as shown by Wunsch [I8]. If one on the other hand
keeps Ve (€, t) constant across wave breaking one gets conservative solutions [16].
For dissipative solutions one can always choose y(&,0) = £, while for conservative
solutions this choice is not possible since energy can then be concentrated on a set of
measure zero initially. The main difficulty with a-dissipative solutions compared to
conservative or dissipative solutions is that it is not known a priori how the energy
density is manipulated at wave breaking. After wave breaking we have V¢(¢,t) =
(1—a(y(&,7(€))))Vo,e(€). Since the time evolution of y(&,t) depends heavily on the
total amount of energy in the system, the points y(&, 7(£)) where wave breaking
happens will depend heavily on all other points where wave breaking has previously
happened and cannot be computed explicitly. In Section [2] we reformulate the 2HS
system in Lagrangian coordinates and prove the existence of a-dissipative solutions
in Lagrangian coordinates.

Similar to the case of conservative solutions, for a-dissipative solutions parts
of the energy can concentrate on a set of measure zero and later be given back
into the system, hence one has to be careful when going from the Eulerian to
the Lagrangian description of the system. Since we cannot choose y(&,0) = £ we
need a systematic way of going from Eulerian coordinates (u, p, ut) to Lagrangian
variables (y,U,r, V), and vice versa. We will use the mappings developed for the
Camassa—Holm equation in [9] 12, [13], and modify them to the solution spaces for
the 2HS system [4] [I6]. Even though we cannot use y(&,0) = &, there is no unique
way to define y(£,0) = yo(£). Thus there is some redundancy in the Lagrangian
variables, and we can identify a group of homeomorphisms £ — f(£) that acts on
the Lagrangian variables and identifies equivalence classes which are in one-to-one
correspondence to the Eulerian coordinates. We will develop the mappings between
Eulerian and Lagrangian coordinates, and use those mappings to prove existence
of a-dissipative solutions in Eulerian coordinates in Section [3l

In Section[d] we turn to the Lipschitz stability of solutions. Here the redundancy
will cause some problems since two solutions may differ in Lagrangian coordinates,
but coincide in Eulerian coordinates. To overcome this obstacle we must create a
metric in Lagrangian coordinates that gives zero distance between solutions that
map to the same Eulerian solution. Such a metric was created in [4] for conserva-
tive solutions of ([2]). Moreover, for metrics in Lagrangian coordinates to induce
metrics in Eulerian coordinates we need that there is a bijection from Lagrangian
coordinates to Eulerian coordinates. For this to be the case we must restrict a to
either @ = 1, that is dissipative solutions, or a: R — [0, 1).

Since the size of the discontinuity in the energy at wave breaking is unknown
initially, it is more difficult to establish stability of solutions in this case than in
the conservative one. To do so we will need to keep track of the amount of energy
initially. Thus in addition to the energy variable p we will need an energy variable
v such that p < v, and g = 1p. In Lagrangian coordinates this corresponds to a
variable H such that Ve < He¢ and Vo ¢ = Ho ¢ and H,(§,t) = 0. Hence the solution
space will not be invariant with respect to time and therefore we will introduce a
parametrized family of metrics dDg,M (t,-,-) on sets with the total energy bounded

by M. The main result of Section [dlis that the a-dissipative solutions constructed
in Section Bl are Lipschitz continuous in time with respect to the initial data.
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2. EXISTENCE OF SOLUTIONS IN LAGRANGIAN COORDINATES

In [16] the conservative solutions to (I.1]) have been constructed by rewriting the
2HS system as a system of differential equations in a suitable Banach space. Here
we are aiming at constructing so-called a-dissipative solutions where one takes out
an a-fraction of the concentrated energy every time wave breaking occurs. The de-
scription of these solutions is also based on a reformulation of (1)) in Lagrangian
coordinates via a generalized method of characteristics. In contrast to [12], where
the concept of a-dissipative solutions has been introduced for a being a constant
in [0,1] in the context of the two-component Camassa—Holm system, we are con-
sidering functions

(2.1a) a(z) € WhH(R)
such that
(2.1b) either 0<a(z)<1l or a(z)=1 forallzeR.

In this section we will first introduce the concept of a-dissipative solutions in La-
grangian coordinates and then establish their existence in this setting.

Let (uo, po) be some smooth initial data for (), such that ug(xz) € L®(R)
and ug . (z), po(x) € L?*(R). In addition, in this case the initial characteristic
y(&,0) can be chosen to be equal to the identity or more general to any strictly
increasing function yo(£) belonging to the set of relabeling functions G, which will
be introduced in Definition [34 Applying the method of characteristics, we obtain
a local in time solution, by solving the initial value problem

(22&) yt(évﬂ = U(évt)a
1 1
(22b) Ut(gvt) = 5 (gvt) - Z E&H;H(f,t),
(2.2¢) Hy(€,t) =0,
(2.2d) r(&€,6) =0

with initial data
(232)  y(6,0) = 50(©).
(2.3b)  U(&,0) = uo(y(£,0)) = uo(yo(§)),
y(£,0) yo(&)
(23c)  H(,0) = / (u2.4(2) + 3(2)) dz = / (u2.0(2) + 3(2)) dz,

234)  1(6,0) = po((€ 0))ye(,0) = polyo(E))yoe (©).

This system coincides with the one for conservative solutions and is valid until wave
breaking occurs for the first time and energy concentrates on sets of measure zero.
This happens when y¢(&,t) = 0 for some £. To study this phenomenon in detail we
differentiate the above system with respect to £ and get for each £ € R the following
closed system of linear ordinary differential equations

(2.4a) Yer(§:t) = Ue(&, 1)

(2.40) Uealé,t) = 3He(E,)
(2.4¢) He . (€,t) =0,
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which can be solved explicitly. In particular, one has

(25) e(6.1) = 0,(€) + Ung(©)1 + 7 Ho(6)r™

Since yo(€) is strictly increasing and both y¢(£) and Hp () are positive for all
¢ € R, wave breaking can only occur when Up ¢(€) < 0. A closer look reveals that,
if wave breaking occurs the breaking time 7(&) is given by

2_U0,£(§) + /Uoe(€)? — yo,f(f)Ho,s(f)_

2.6 T(€) =

20 ) Ho (@)

and since wave breaking can occur only once, we must have
(2.7) Y0,6(§) Hog(€) = Ung(€)*.

Comparing (271) with [23) yields, in addition, that wave breaking will occur at
all points ¢ € R such that Uy ¢(€) < 0 and r9(§) = 0. The corresponding wave
breaking time 7(£) is given by

Unel®) _ _,0s(8)

2.8 =-2 = .

28) "= P H© T he©
Furthermore, it should be noted that

(2.9) Ue(€:1) 10 and  ye(€,1) L0 ast —7(§) —.

We can now turn to the continuation of the solution past the first time wave
breaking occurs. If wave breaking occurs at a point (£,¢) in Lagrangian coordinates
then it occurs in Eulerian coordinates at the point (y(,t),t), Moreover, the energy
density at any point (£, t) in the conservative case is given by H¢(€,t). Thus taking
out an a-fraction of the energy concentrated at a point (£, 7(£)) corresponds to
replacing He(€,t) by

Hog(8), if t < 7(¢),
(1 —a(y(&m(€))Hoe(§),  ift=7(§),

on the right hand side of (2:2al)

Before defining a-dissipative solutions in Lagrangian coordinates rigorously, it
is important to note that our introduction of the solution concept is heuristic, in
that sense that we assumed that the initial data is smooth and no wave breaking
occurs at time t = 0. This limitations will be overcome in the next section, where
we focus on the interplay between Eulerian and Lagrangian coordinates.

(2.10) Ve(&,t) = {

Let E; be the Banach space defined by
(2.11) By ={f € L=(R) | f € L*(R) and lim _f(z) = 0},

equipped with the norm || f[|g, = || f[lec + [|f'[|2, and E> the Banach space given by
(2.12) By ={fe L*R)| f' € L*(R)},
equipped with the norm || f||z, = [ flleo + [[/'l]2-

In addition, let B be the Banach space B = Fy x Ey x E; x L*(R) x E; with
the norm

(2.13)  [I(f1, f2, f3s fa, [5)ll B = [ full o + 1 f2ll o + 1 f3ll 0 + ([ fall2 + [ f5]| 25 -

Then the set of Lagrangian coordinates F¢ is given as follows.
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Definition 2.1 (Lagrangian coordinates). The set F consists of all

X =(y,U,H,r V), such that (y —id,U, H,r,V) € B, and
(i) y—id, U, H,V € Wh(R),r € L°(R),

) 0<ye,0< He0<c<He+y: almost everwhere,

(131) yeVe = UEQ +7?  almost everywhere,

) 0<Ve<H: almost everywhere,

) If0<a(z) <1 foralzeR,
then there exists k: R — (0, 1] such that Ve(§) = k(y(§))He(§) almost
everywhere, and k(y(§)) =1 whenever Ug(§) < 0 or r(§) # 0,

(i) Ifa(z) =1 for allx € R, then ye(&) = 0 implies Ve(§) =0,
and ye (&) > 0 implies that Ve(§) = He(€) almost everywhere.

The a-dissipative solution X () € F* with initial data X (0) = X, € F* to (L)
in Lagrangian coordinates is then given by

(214&) yt(§7 t) = U(§7 t)7
(2.14b) U0 = V(&1 — 7 Jim V(E D),
(2.14c) Hy(€,t) =0,
(2.14d) r(§,t) =0,
where
¢
(2.15) V) = [ Hoc) (1= Lasrimaltn 7)) do,
Here the blow-up time 7(§) is given by
07 if yO,E(&) = 07
(2.16) T(€) = —FE, i re(€) = 0and Upe(€) <0,
00 otherwise.

3

Note that 7(§) = 0 for some £ € R, implies that yo¢(§) = 0 for some £ € R and
hence wave breaking occurs at time t = 0.

In (ZI5) it is implicitly assumed that Vp ¢(€) = Ho¢(€) for a.e. £ € R. Thisis a
stricter condition than (iv) in Definition Il Thus we define the set of admissible
initial data, F;* as follows.

Definition 2.2. Let F{* be the set of all X € F* such that
(2.17) V() =H() foralléeR.

Here, it should be pointed out that all of Section 2l and [3] remain true for initial
data in F¢. The reason for this restriction will be clarified in Section (]

We now turn our attention to the existence and uniqueness of solutions to the
system (ZI4) with initial data in F7*.

Lemma 2.3. To any initial data Xo € F* there exists a unique solution X €

C(R4+,F*) of 214) with X(0) = Xp.
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Proof. Let Xy € F. First we prove existence and uniqueness of solutions to ([2I4)
in B. We are going to construct a sequence of approximate solutions X, (¢) that
converge to the a-dissipative solution X (¢) which satisfies X (0) = X;. To that end
define X;(t) = Xo for all ¢ > 0. For n > 2, we take advantage of the fact that
for each £ € R the breaking time 7(§) can be computed from the initial data, see
2I0). Indeed we define, for n +1 > 2,

0, 7(5) = 00,

(2.18) ﬂn+1(§a t) = a(yn(gvt))7 t< T( )
a(ya(&7(€)), (&) <t

and X,1(t) as the solution to

(2.19a) Yn+1,6(6,1) = Unt1(6,1),

(2.19b) Un+1,.(§,t) = 1 n+1(§ t) — iVn-‘:-l,OO(t)v

(2.19¢) Hyp14(6,t) =

(2.19d) Tnt1,6(E, 1) =

(2.19¢) Vari(€t) = / Ho.e(n)(1 = Lsz ey Buss (0, 0) di

where Vii41,00(t) = lime_yoo Viut1(€,t), with initial data X,,11(0) = Xo. That
X,(t) € B for all t >0 and n > 1 follows inductively by integrating the system.

To establish the existence of a limiting function X (¢) we use a fix point argument.
First, estimate the difference between y,,(t) and y,41(t) for 0 <t < T. From (2.18)
we get that

(2.20) Bri1(6:8) = Bn(&, D) < [lo'llsc sup yn(t) = yn-1(t)llsc,

t€[0,T]

which implies together with (ZI9) that

(2.21a)  |Viy1(&,1) — V(& 1) g/_ Hoe(MBrs1(n,t) = Bun(n, 1) 1esr(myy dn

< [Hollsolla'floe sup [y (t) = yn—1(t)loc,
t€[0,T]

1
(221D)  [Un+1(&:8) = Un(& )] < 7l Holloo o]l ol [9n () = yn—1(t)l|oot,
te

(221¢)  yn+1(&:8) —wn(&0)] < —||Ho||oo||04 ”°°ts[%%] 1Y (£) = yn—1(8)lloct?
€10,

Thus,

1
sup [Yn+1() = yn(®)llo < Sl Holloolla oo sUD_ [y () = yn—1(t)l|ocT?,
t€lo,T t€[0,T]

and if T is chosen such that T < ,/m, we have a contraction on the
Banach space C([0,T], L>°(R)). In particular, there exists a unique function y €

C(]0,T], L°(R)) such that y,(-,t) — y(-,t) in L>®(R) for all t € [0,T]. More-
over, (2.20), (221a), and 21H) imply that there exist unique 8, V, and U in
C([0,T], L®(R)), such that B,(-,t) — B(,t), Vu(-,t) — V(- t), and U,(-,t) —
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U(-,t) in L*°(R) for all ¢t € [0,T] as well. As far as r,(£,¢) and H,(&,t) are con-

cerned, observe that r,(£,t) = ro(€) and H,(&,t) = Ho(€) for all n > 1 and hence

rn(t, ) = ro(-) in L2(R) N L*°(R) and H,(-,t) — Ho(+) in L=(R) for all ¢ € R.
The system for the derivatives is given by

(2.22a) Ynt1.£,4(6,) = Unt1,e(:1),

1
(2.22b) Unt1,64(6,1) = 5(1 = Brs1 (€, 1)1 rzr(e)y Ho (€),
and hence

(2238)  [Unir.e(61) — Un(&0)] < 51611 (6 0) — Bl 0] e (O

N

1
_ngo,glla'lloo sup |[yn(t) = Yn—1(t)] 00>
t€[0,T]

IN

(223b) |yn+1,E(€7 t) —Ynt (5) t)| 4
Since Hoe(-) € L*(R) N L>(R) it follows that U, ¢(-,t) — Ue(-,t) and (yne —
D(-t) = (ye — 1)(+,t) in L2(R) N L*°(R) for all ¢ € [0,T]. Thus we showed that
to each Xy € F¢ there exists a local solution X (¢) to (ZI4) in B. In addition,
we obtained that both (ye — 1)(-,t), Ue(-,t), and r(-,t) belong to L>®(R) for all
te€0,T].

The uniqueness of the solution X (t) to 2I4) with X (0) = Xo € F& on the in-
terval [0, T'] follows by a standard contraction argument, based on estimates similar
to the ones established so far.

To extend X (¢) from a local to a global solution observe that the upper bound
on T only depends on ||Hplleo and [|/||cc, which are both independent of time.
Thus one can repeat the above construction, with slight modifications, with initial
data X (37°) to obtain the unique solution on [0, 377. Continuing inductively finally
yields the unique, global solution X (¢) € B to (2.14]).

The method is illustrated in Example [A.3] where the iteration (2.I9) is applied
to some multipeakon initial data.

It is left to show that X(t) satisfies properties (i¢)—(vi) in Definition 211 By
definition, see (215]), we have that

(2.24) Ve, t) = {Ho,s(é“% if ¢t < 7(€),

1
_H07§t2|‘a/|‘oo sup [|yn(t) = Yn—1(t)]lco-
te[0,T)

(1= a(y€,7(£))) Hoe(§), ift=r7(8),
and hence properties (iv)—(vi) in Definition 2] hold since wave breaking happens
when Ug(€,t) = 0 and r(¢,t) = 0. It should be pointed out that in the case a =1
we have that if y¢(£,t) = 0, then ye(&,t') = 0 for all ¢/ > ¢.
Direct calculations yield for a.e. £ € R, that

d 1 _ Ue(&: 1)
dt ye(&,t) + Hoe(€)  (ye(&,1) + Hoe(€))?
yﬁ‘/ﬁ(&t) 1

(2.25) <

1
= (e(& 1) + Hoe(9)? ~ 29e(6,t) + Hoe(§)

Applying Gronwall’s inequality, we obtain

(2.26) (v (€.0) + Hog())e™ 2" < (ye(&, 1) + Hog(€))
for a.e. £ € R, i.e. property (ii) in Definition 2] .
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Thus it is left to show that ye (€, 1)Ve(€, 1) = UZ(E, 1) +77(&,t) for a.e. £ € R and
t > 0. For a.e. £ € R we have for ¢t < 7(£),

Ue(E,1)° = THA () + Un,e(€) Hoe (€)1 + Ung(e)?
)
VeVe(E.1) = THR (O + U cHo ()1 + U3e(€) +r3(6).

where we used that Vo cyo,£(§) = Ug ¢(§) +75(§) for ae. € € R. For t > 7(€), we
have

Tt(t, f) = 0,
Uele, 1) = Ve(&, 7€)t — 7(0),

V(6 1) = TVE(E O~ 7)),

where we used that Ug(&,7(€)) = 0 = ye(§,7(€)). Thus, yeVe(€,t) = UZ(E,1) +
r2(&,t) for a.e £ € R also in this case and Definition 211 (4ii) holds. O

A natural question, that is going to play a major role when establishing the
Lipschitz stability, is if one can estimate the size of the set where wave breaking
has already taken place in Lagrangian coordinates.

Corollary 2.4. Let X € F£, and denote by X (t) the solution to 214) with initial
data Xo. Then the set of all points where wave breaking has taken place within the
time interval [0,t] satisfies

(2.27) m({{|7(§) <t}) < [ Holloo,
&)+ Hoe(§) for a.e. £ € R (¢f. Definition[2]).
€) <t, then (2I4) implies that

(228) 0= ye(6.7(6) = wo,€) + Uog(r(€) + 1 Ho(E)r(€)?

and

1
(229) 0= Ue(€.7(6)) = Une(€) + L Ho(©)7(€).
Combining these two equations finally yields 0 = yo,¢(&) — 3 Ho,¢(£)7(£)? and hence

_ Hoe()(1+17(6)%) _ Hoe(O)(1 4 37(6)?)
(2:30) t= Y0,6(§) + Hog(€) = c ’

where we used that there exists ¢ > 0 such that yo¢(§) + Hoe(§) > ¢ > 0 for ae.
& € R. Thus one obtains

m (€] 7(6) = 1)) < m ({¢ | 7€) < 1}) = / Lo erey d

(1+5%)
c

where ¢ is given by 0 < c < yoe
Proof. Given £ € R such that 7

o~~~

1+ 32
(2.31) <Lra /RHo,s(Q g =

c

1+ 3t2
Cc

([ Hol|oo-
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Note, that if yoe(€) + Hoe(€) =1 for all £ € R, the above estimate reads

(2.32) w((e ] <th < (1+32) IHollw

3. EXISTENCE OF SOLUTIONS IN EULERIAN COORDINATES

In Section 2] a-dissipative solutions of the reformulation of the 2HS system in
Lagrangian coordinates, (2.14)), have been constructed. The goal of this section is to
establish the connection between Eulerian and Lagrangian coordinates, which will
enable us to define a-dissipative solutions in Eulerian coordinates. The strategy is
to map the initial data in Eulerian coordinates to the space F¢, then solve (2.14]),
and map the solution back to Eulerian coordinates. In order to do so the space
D=, of solutions in Eulerian coordinates, will be defined, and mappings between
F* and D will be established. A definition of a-dissipative solutions of (L)) will
be given and the proposed solutions will be shown to satisfy this definition.

The solution space in Eulerian coordinates is given in the next definition.

Definition 3.1 (Eulerian coordinates). Let D% be the set of all (u,p,v,u) such

that
(i) ue L®(R),u, € L*(R),
(i) pe L*(R),
(iii) p<ve M (R),
)
)

() prac = (ul + p) da,

d

if 0 <afx) <1 forallz € R, then d_u > 0,
v

(v

d
and ﬁ(m) =1 whenever uy(x) < 0 or p(z) # 0,
(vi) f a(xz) =1 for all x € R, then p = vy,
where M™T(R) denotes the set of positive, finite Radon measures on R.

Next, the mappings between the elements in D and the elements of F* are
introduced. When the mapping L : D* — F“ is to be defined, the critical part
is how to define the characteristics y in nice way, since all the other variables will
follow naturally.

Definition 3.2. Let the mapping L : D* — F< be defined by L((u,p,v, 1)) =

(y,U,H,r, V) where
(3.12) (€) = sup{i | n(—o0,2)) + o < £}
(3.10) H(E) = €~ y(©),
(3.10) U(E) = wou(e),
(3.14) €) = (0o (E))we(©),
3
(3.1¢) Ve = [ o yinHe dn

When going from F< to D™ one has to be careful, since the presence of wave
breaking implies that there can be & such that y¢(§) = 0. However, y¢(§{) = 0
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implies that Ug(§) = 0 and r(§) = 0 by property (4i¢) in Definition 1] and hence
one can define the mapping M : F* — D as follows.

Definition 3.3. Let the mapping M : F* — D be defined by M ((y,U, H,r,V)) =

(u, p,v, u) where

(3.2a) u(z) =U(E), for any & such that x = y(§),
(3.2b) pdx = yu(r df),

(3.2¢) v = yu(He df),

(3.2d) =y (Ve d§).

That L and M are well-defined follows from combining the proofs of [16, Propo-
sition 2.6 and 2.9], [I2, Definitions 3.9 and 3.10, Theorem 3.11], and [I3] Theorem
3.8 and 3.11], where slightly different mappings have been considered. We therefore
leave the details to the interested reader.

There are five variables in Lagrangian coordinates, while in Eulerian coordinates
there are only four. Hence there cannot be a one-to-one correspondence. Indeed,
there is an equivalence relation ~ on F* such that X ~ X implies that M (X) =
M (X). This equivalence relation is induced by a group action e by a group G given
in the next definition.

Definition 3.4. Let the group G and the group action e of G on F< be defined as
follows.

(i) Define G as the group of homeomorphisms f : R — R such that
f—ide Wh(R), f~1 —id € WH(R), and fe — 1 € L*(R).
(ii) Define a group action e : F* x G — F* by
(X, f) = (yof,Uof,Hof (rof) fe,Vof)=Xef
We will call the action of f € G on X € F* the relabeling of X by f.

That the group action e is well-defined follows the same lines as [13], Proposition
3.4] and is left to the interested reader.
As indicated above M respects equivalence classes identified via relabeling.

Proposition 3.5. We have for any X € F* and f € G that
(3.3) M(X e f)=M(X).

Proof. The proof is a combination of the ones of [13, Theorem 3.11], [16], Proposition
2.12], and [I2], Definition 3.19]. O

Let us look if the time evolution respects relabeling. To that end define S; the
solution operators that maps any initial data Xy € F;* to its unique a-dissipative
solution X (¢) at time ¢.

Definition 3.6. For any t > 0 and Xy € F? define Si(Xo) to be the unique
a-dissipative solution X (t) at time t that satisfies X (0) = Xj.

For our solution concept to be well-defined we have to prove that S; commutes
with relabeling.

Proposition 3.7. For any Xo € F2, f € G it holds that Si(Xoe ) = Si(Xo) e f.
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Proof. Let f € G and Xy € F¥ be given and denote by X (¢) the corresponding a-
dissipative solution, i.e. X(t) = S;(Xy). According to Definition34, X, = Xoe f €
F& and the corresponding solution is given by X (t) = S,(Xo) = S;(Xo  f). Thus
we have to show that X (¢) = X () e f for all ¢ > 0. At initial time ¢ = 0 we have
X(0) = Xoe f=X(0)e f. Fort > 0 recall that both X () and X () can be seen
as the limit of sequences X,,(t) and Xn(t), respectively, as defined in the proof of
Lemma In particular one has that

(3.4) X(t) = lim. X,(t) and X(t)ef= lim (X (t) e f).

Thus it suffices to show by induction that X, (t) = X, (t) e f for all n € N and all
t > 0. First of all note that

(3-5) (&) =7(f(§)) forall ¢

and by definition X, (t) = X(0) = Xoe f = X (t) e f for all t > 0. For n = 2 direct
calculations yield that X5(t) = X5(t) @ f. To conclude the argument, assume that
(3.6) X, (t) = X, (t) e f forallt > 0.

Combining ([2I8), (3.3) and B.6) yields

(3.7) Brs1(€:t) = Bry1 (£(€),1)  forall t >0,

and subsequently

~ 5 A A
(3.8)  Van(§t) = / (1 = Brr1(n, )1 g5y ) Ho.e (n)dn

e
(3.9) :L (1 = Bas1(f (), )L iz (romy) Hoe (f () fe(n)dn

1G]
(3.10) = L (1 = Bat1(0, )L >r(myy) Hoe(M)dn = Vi a (£(§), 1)
Thus (ZI9) implies that X,,(£) = X, (t) e f for all n € N and all ¢ > 0. O

To show that there is a one-to-one correspondence between D and equivalence
classes in F, we need to identify a subset of F containing one representative of
each equivalence class. To that end define F§ by

(3.11) Fo={XeF*|y+H=id}.

The following proposition states that the mappings M and L are inverses of each
other when M is restricted to F§.

Proposition 3.8. The mappings M and L satisfy

(3.12) Mol =idpe,
(3.13) LoM =idss.
Proof. See [12, Theorem 3.11] and [I3 Theorem 3.12]. O

Observe that L maps D to F§. In addition, any initial data (uo, po, po, po) is
mapped to an element in 7y = F¢* N F{, which is advantageous because, among
other things, (Z32) applies in this setting.

If e is to induce the desired equivalence relation, then to each X € F¢ there

must exist f € G such that X e f € F§'.
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Definition 3.9. Define the map II : F* — F§ by

(3.14) X =Xe(y+H) ' XeF~

To ease the notation we write 11X, despite the fact that 11 is not a linear operator.
For the map II to be well-defined we need that (y + H)™! € G.

Proposition 3.10. Let X € F*, theny+ H € G and (y + H)™! € G. Moreover
if Xo € F{y, and X (t) = S(Xo), then for all t > 0 we have that et < ye(€,t) +
He(&,t) < 22+t + 1 for almost every & € R.

Proof. Let y+H = f, we show that both f and f~! belong to G. From the definition
of F* we have that f —id € Wh°(R) with fe — 1 € L*(R), with ¢ < f¢ < C for
some positive numbers ¢ and C. Thus there exists a Lipschitz continuous inverse
! such that f~!' —id € WH(R) and (f~')¢ — 1 € L?*(R). Hence f, f~! € G.
The lower bound on y¢ (€, t) + He (€, t) is given by (2.26]), while the upper bound
is a result of (ZI4]) combined with |yo.¢(§)|, |Ho,e(§)], and |Up.¢(€)] all being less
than or equal to 1. O

The set of admissible initial data in Lagrangian coordinates F{* corresponds to

a set of admissible initial data D§ = M (F}) in Eulerian coordinates as already
hinted before. We want to characterize the set D in terms of conditions on the

measures p and v.

Proposition 3.11. Let D§ = M(F®). Then (u, p,v, p) € DY if and only if
(3.15) V=

Proof. Assume that X € F& and let (u, p,v, u) = M(X). Then combining Defini-

K2

tion and Definition B.3] yields

(3.16) v =yy(He d€) = yyu (Ve d) = p.
Let (u,p, u,v) € D* such that p = v. Denoting X = L((u,p,v,u)), then we
have Cdl—fj = 1 and subsequently
€
(3.17) VE© = [ Hewdn=H(e).
That is X € F and since M o L = idp« we have that (u, p,v, u) € D§. O

The set up is complete, but before defining a-dissipative solutions in Eulerian
coordinates with the help of the mappings L and M, a remark on the properties
imposed on a.

Remark 3.12. We assume, see (Z1)), that either « : R — [0,1) or a : R = 1
instead of oo : R — [0,1]. The reason for this restriction is that in the latter case
there exist solutions in Lagrangian coordinates for which Proposition 1S5 not
satisfies at all times. This is the case if there exist t* € [0,00) and &1, &2, & € R
with & < & < &3 such that

o ye(&, 1) =0 for all § € (&1,€2),

o Ve(&,t%) =0 for all § € (&1,83),

¢ V‘é(gvt*) 7£ 0 fOT all§ € (53)52))
as illustrated in Example [A]).

We give the definition of a-dissipative solutions of (L.
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Definition 3.13. We say that (u,p,v, ) is a weak solution of ([[Il) with initial
data (uo, po, Y0, fto) € DF if

(3.18a) uwe % (Rx[0,T],R), for any finite T > 0,
(3.18b) pdz € Cyeaks ([0,00), M(R)),

(3.18¢) v € Cyeaks ([0,00), MT(R)) ,

(3.18d)  (u(t), p(t), v(t), u(t)) € D*  for all t >0,

(3.18e) (u, p,v, 1) |,y = (w0, po, v0, o),

(3.18f) v(t)(R) = vo(R)  for allt > 0,

for each compactly supported test function ¢ € C§°(R x [0, 00)),

(3.19a) /OOO/R(ugbt + %u%m + i(/; dp — /:o dp) @) dedt = —/Ru0¢>|t:0 dz,

(3.19b) /OOO/RP@ + (pu)dy drdt = —/Rl70¢|t:0 dz,
and for each non-negative compactly supported test function ¢ € C§°(R x [0,00)),
(3.190) | [t o dutvie = - [ ol dio

If in addition for each t > 0 we have

(3.20a) dpu(t) = dp(t)z, + (1 — a(2)) du(z, )7,

(3.20b) p(s) = p(t) as s L t,

(3.20c¢) p(s) = p(t)” asstt,

we call t — (u(t), p(t), v(t), u(t)) an a-dissipative weak solution.

Now, a-dissipative solutions can be constructed. The solution operator T; :
D§ x [0,00) — D is then given by T; = M 0 Sy o L.
Theorem 3.14. To any initial data (uo, po, Vo, po) € D§ there exists a globally
defined a-dissipative solution, (u(t), p(t),v(t), u(t)), in the sense of Definition[313
such that (u(0), p(0),v(0), u(0)) = (uo, po, Vo, fo)-
Proof. First we show that the operator T; = M o S; o L is indeed a solution
operator on D. Let (u(t),p(t),v(t), u(t)) = Ti((uo, po, Vo, o). Then we have

(u(t), p(t), v(t), u(t)) € D*, and (BI8d)-(BI8I) are satisfied.

To show (BI9), we apply a change of variables in the integrals by letting x
y(&,t) for each t. Strictly speaking we have to integrate over the set {{ € R
ye(€,t) > 0}, but since ye(§,¢) = 0 implies that both r(&,t) = 0 and Ug(€,t) =
the integrands vanish on the complement of this set. We have that

[ [ s bou e 2 [ e [ o) o
—AWAU<¢tOy+§U¢zoy>yg(é> déd

1 [ y(&) 00
+ 1/ / (/ du—/ du)¢oyy5 dédt
0 JR J-oo y(&)
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e d 1
0 R
1, [¢ 1 [
+ 5(/700‘/5(77,15) dn -5 /700 Ve(n,t) dn) ¢ o y]ye ddt
:/O /R[E(Uaﬁoy)—§U2¢>zoy]yg dedt
> d 1
= / / [a(Ufb oYye) — §U2¢m oyye — U o yyre| dédt
0 R
> d 1
= [ [ G wsome - GUo o deas
(3.21) = —/Ru0¢|t:0 dzx.

The equation for p is treated in the same way,

/OOO/Rp¢t+(pu)¢m dxdt_/ooo/R(ﬁbt‘Fud)m)pdxdt
—/Ooo/R(sbtoerUsbmoy)rdgdt

:/Ooo/]R%qs(y(f,f),t)r(g,t) dedt
:/OO/ %(My(é“,t),t)r(g,t)) dedt
0 R
= —/R¢>(y(§,0),0)r(§,o) de
2 = /R po(z)p(x,0) dz.

The inequality for u is proved following the same lines

/OOO/R(@ + ugy) du(t)dt = /OOO /R(@ +udy) o yVe dedt

= [ [ vegtoon acar
[ ([ theg o a
+ [ alur) Hog G0 o) ) de
— [ () Hogs o ylier — Hol6 o u)lima) de
R
> —/RHO@((bOy)h:o dg
(3.23) = —/R¢|t:0 do-

We are going to show that (B.I8al)—-(BI8d) hold. First we show that u is Holder
continuous. To that end let (z1,t1), (z2,t2) € R x [0,00). Then there exist & and
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& € R such that y(&1,t1) = x1 and y(&2,t2) = 2. Thus
[u(x1,t1) — u(w2, t2)| = |u(y(&1, 1), t1) — w(y(§2, t2), t2)]

U(ﬁzﬂfl
< / (2, 11) dal + [u(y(Ea t1), 1) — uly(€a, ), £2)]

(&15t1)

to
< o t) 2V Ty (o, tr) =y )l +| | Uslée,t) dtf

t1

< VoR)y|ze — x| + |y(&a, t2) — y(&2, 1))

1
+ B[t — 4]

1
<V VO(R)\/|332 — 21| + |luoll o[tz — t1] + gVo(RWz —t1]?

1
(3.24) + 0(R)[Ez — ],

and thus w is Holder continuous. Moreover, if ¢1,t2 < T for some finite 7', then
(325) |u(:v1,t1) — u(acg, tg)l S C(l + \/T)\/|£L'2 — £L'1| + |t2 - tll,

where C' depends on |Jug||s and vo(R) only. Hence u is locally Holder continuous
both with respect to time and space with Holder exponent one half.

Let ¢ > 0 be given, and choose a sequence t,, in [0,00) that converges to ¢. In
order to show the continuity of the measure v let ¢ € C°(R) be given. Then

(3.26) / o) du(t / O(y(E. 1)) Ho e (€) dE.

Since ¢ is bounded and of compact support, and y(&, t,,) tends to y(&,t) for almost
every £ as t,, tends to ¢, we have that ¢(y(&,t,))Hoe(€) < ||¢]lcoHo,e(§). Thus by
the Lebesgue dominated convergence theorem v(t,,) converges star weakly to v(t)
in the sense of measures.

The weak star continuity of p dz is proved in the same manner as for v.

Next, we show that (8:20) holds. The proof is similar to the one of [I2, Theorem
4.3]. Let ¢t > 0 be given. Then we have that

s = {0 ST

(3.28) lm V(€ ) = V(1)

We want to prove that

(3.29a) lim pu(s) = y(£)4 (Lm V(€ 5) d6),

(3.29D) lim u(s) = y(£)4 (Ve(& ) dE) = n(0),

where the limit is in the weak star sense in M (R). Let ¢ € C°(R) be given, then
(3.30) [ o) duts) = [ olutes)Vete.s) ae.

Since ¢ is bounded and of compact support, and y(, s) tends to y(&,t) for almost
every ¢ as s tends to ¢, we have that ¢(y(&,$))Ve(§,3) < ||@|locHo,e(§). Thus by
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the Lebesgue dominated convergence theorem ([3:29) hold. Let us prove that

(3:31) au(t) = du(t)z, + (1 — a(@))dp(D);
where p(t)” = limgp (s). We have that

p(t)™ — plt) = y(t)#(lsigl‘é(ﬁ, s) dS) —y(t)# (Ve(€,t) df)
= y(t)#((lsig‘/a(& s) — Ve (&, 1)) d¢)

(3.32) = y(t) 4 ((y(&,1)) Ho & (€)1 1elye ¢.0)=03 dE).
Define for each t the sets

(3.33) B(t) = {{ | ye(&t) > 0},

(3.34) A(t) = y(B, ).

Let us show that A(t) is of full measure. Since y(-,t) is surjective A(¢)¢ C y(B(¢), t),
and thus

(3.35) w0 < [ ae= [ pends=o

y(B(t)°,t) B(t)*
We prove that ye(&,¢) > 0 almost everywhere in y(t)~!'(A(t)). Assume that there
exists £ € y(t)"'(A(t)) such that ye(£,t) = 0. Then & € B(t), and there must
be & in B(t) such that y(¢,t) = y(&,t). But then [¢,¢&] C y(t)"1(A(t)), and
y(n,t) = y(&',t) for n € (£,£'). Thus either ye(&',t) = 0 or ye(&',t) is undefined,
which contradicts &' € B(t).

Equation ([3:32]) implies that on any measurable set C' C A(t) the measure u(t)” —
u(t) is zero. Hence pu(t)~ — pu(t) is supported on a set of measure zero, and is thus
singular with respect to the Lebesgue measure. By the general ehange of Variable
formula for any C' C A(t)° we have that (u(t)” — u(t = [oof , and
hence (p(t)™ — p(t)) = ad( 1) | aeye ). To complete the proof we need to prove
that

(3.36) 1(ae = 1| 40 »

which would imply that pu(t); = p(t)~ |4 First we note that m(A(t)¢) = 0.
Thus for any measurable C

(1) e (C) < p(t)oe(CNAR)) + (1) 4. (C N A())
(3.37) < u(t)” (CNA(®R)),

and hence p(t),. < p(t)"|a). We must show that pu(t) |4 is absolutely continu-

ous. Let E be a set of measure zero and define Kpy = {€ € R | VE gg < M}. Then

1k,, tends pointwise to one in y(t)~1(A(t)), and thus

/ Ve(6,t) 15y, dé < M / ye(&,1) de
y=1(A(NE) L(A()NE)

— Mm(A(t) N E)
(3.38) —0.

Hence by the monotone convergence theorem fi(t)~[ 4, (E) = 0 for all sets E of
measure zero, and (t)~[ 4, is absolutely continuous. O
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See Example [A ] for an example of an a-dissipative solution in Eulerian coordi-
nates.

We end this section by a corollary that connects the notion of «-dissipative
solutions to the construction of dissipative solutions by Bressan and Constantin [I],
Dafermos [7], Zhang and Zheng [19], and Wunsch [18].

Corollary 3.15. In the special case ax) being constant, vo = g = fo,ac, and po =
0 there exists a formula for the solution similar to the formula in [T, Theorem 2.1]
for a = 1. More precisely, choosing as initial characteristic the identity function,
i.e. y(&,0) =& (which is always possible in this case), one obtains

1 t gm,t
u(z,t) = U()(gz,t) + 5/0 (/; (1 — al{Z\OS uom2(2)§5}> U()@(Z)Q dz

oo

1 o0
(339) - 5/ (1 - al{ZIOS u():(z)gs}> uoyx(z>2 dZ) dS,

1 t S ‘Ez,t
T =&+ uo(&e)t + 5/0 /0 (/Oo (1 - al{zlosﬁz}z)gaﬂ g,z (2)? dz

1 oo
(3.40) - 5/ (1 - al{z|og —2 <O’}> uO7m(Z)2 dZ) dO’dS,

0o ug o (2) =

where &+ s given implicitely through the relation x = y(&; ¢, 1).

4. THE LIPSCHITZ STABILITY

In this section we construct a parametrized family of metrics on bounded sets
of D that renders the flow Lipschitz continuous with respect to the initial data.
The construction is based on the ones in [4, 10, 11]. The idea is to first create a
parametrized family of metrics J(t, -,+) on F<, and then to use cZ(t, -, +) to construct
a parametrized family of metrics on D<.

We start by motivating the choice of the set of initial data Df. Having a close
look at the construction of a-dissipative solutions in the last two sections, it is
natural to require that the initial data (uo, po, to,v0) € D§. To be more pre-
cise, all the important information about the solution is contained in the functions
(u, p, t) while the measure v is only added for technical reasons. Correspondingly
the important information in Lagrangian coordinates is encoded in the functions
(y,U,r, V) while H is a help function. In particular, one has that M ((y, U, H,r,V))
and M ((y,U, H,r,V)) yield the same triplet (u, p, ) in Eulerian coordinates. Thus
if we do not have initial data in Df we can get solutions which are equal for all
practical purposes but far apart in Lagrangian coordinates. In addition, this choice
is consistent with the conservative solutions constructed in [I6], that is o = 0, since
v(t) = p(t) for all ¢ > 0 for conservative solutions.

Beside of the choice of the initial data, there is one more major difficulty. As
illustrated in Example [A2] solutions do not necessarily play nicely with the B-
norm. In particular, the sudden changes in the energy can lead to jumps in the
distance. To model the drop in the energy at wave breaking in a continuous way
we introduce a function g, which separates points where wave breaking will occur
and points where there will be no wave breaking. We start by splitting R into two
regions: One consisting of all points ¢ € R where wave breaking will occur and one
where there will be no wave breaking.
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Definition 4.1. For each X € F* define the sets Q.(X), and Qq(X) by

(4.1) Qu(X) = {€ € R | Ue(€) > 0 or r(€) # 0},
(4.2) Q4(X) = {€ € R| Ue(€) < 0 and () = 0}.

For each X € F¢ the real line splits into mutually disjoint parts ,(X), ¢ = ¢, d.
Given Xy € Ff and £ € R, observe that if you start initially in Q.(Xo), ¢ for
conservative (or continuous), you will remain there for all later times. That is,
0:(Xp) C Q(X(t)) for all ¢ > 0. If you, on the other hand, start initially in
04(Xo), d for dissipative (or discontinuous), you will at the wave breaking time T,
given by (ZI0), enter Q.(X(7)). In other words, N> (X (t)) = 0.

To model continuously the drop in the energy we introduce the function g and
for technical reasons in addition g2 and gs.

Definition 4.2. For each X € F* and £ € R define

~Jye(€) + He(§) — ay(§))He (§), € € Qa(X),
8 dX©)= {yg@) Vi), £ € 0u(X).

Furthermore define g by

(4.4) 92(X(8)) = {gaIHWHOOUg@’ 2 2 gd((})(())
and gs by
(4.5) 93(X(8)) = {ga/HOOU(OUE(O’ ﬁ i gd(())g

where Hoo = lim H ().
£—o0

By construction we have that g(X) — 1, g2(X), and g3(X) € L?*(R). We want
to show that t — g(X(t)),t — g2(X(t)),t — g3(X(t)) are well-defined functions,
which are continuous in time, for any solution X (¢) = S¢(Xo).

Proposition 4.3. Let X (£,t) = Si(Xo(§)) for some Xo € F2 and & € R. Then,

the mappings t — g(X(&,t)) — 1, t = g2(X (&, 1)), t — g3(X(€,¢)) are continuous
with respect to the L?(R)-norm.

Proof. For t # 7(£) the functions are pointwise continuous since for £ given U, Uk,
ye, He, Ve, y and « are continuous functions when ¢ # 7(¢). What remains is to
prove that they are pointwise continuous at ¢ = 7(£). We look at g first. By (2.9)

and (Z.19),

Jim g(X(€0) = lim (ue(€.1) + (1 - a(u(E.0) Hoe €))

=ye(&7(8) + (1 — a(y(&,7(€)))) Hoe(€)
= y5(§7 T(f)) + ‘/5(577—(5))
t\lL%rI(r%) [yﬁ (57 t) + ‘/5(57 t)] :

(4.6)

From (2.9) we have that Us(€,t) — 0 as t — 7(¢), and hence ¢t — g2(X (&, 1)) and
t — g3(X(&,t)) are continuous at ¢t = 7(§).
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Since g(X (&,t")) — g(X (&, t)) pointwise as t’ tends to ¢, we have by the domi-
nated convergence theorem

(4.7)
im [ (o (&0 — o(X(6.0))° de = / lim (9(X (&.1')) ~ g(X(E.0))* dg =0,

if we can find a function k(¢) € L'(R) such that |g(X (£,t)) — g(X(&,1))]? < k(§)
for a.e £&. Therefore recall (2I4)), which implies that

1

(4.8) Ue (€, )] < |Uo,g(€)] + 5tHoe(€)
and

1
(4.9) [ve (€, 1) = 1 < lyo,e(€) — 1 + tU0,e(€)] + 71* Hoe (€).
Thus one possible choice for k() is

1

(4.10) k(€)= (lyo.e(©)] + 2T Uoe() + (2 + 5T%) Hoe (€))?
where T' = 2t. The same argumentation holds for g, and g3. ([

To simplify the notation we make the following definition.
Definition 4.4. Giwen X = (y,U,H,r,V) € F*, define Z = (ye, U, He, ).

We start by introducing a natural, preliminary metric on F< which will form
the basis for establishing the Lipschitz stability later on.

Definition 4.5. Let d : F* x F* — [0,00) be defined by
d(X,X) = ly = §lloo +IU = Ulloc + l|o||oo||U He — U He||2
+He = Helh + 12 = Zj2 + [9(X) = g(X)|2
(4.11) + l92(X) = g2(X) 2 + [lgs(X) — g3(X) ]2

Note that d defines a metric on F® since g, g2, and g3 are well defined. The
metric d will turn out to be a Lipschitz continuous with respect to time for carefully
selected initial data in F*. The Lipschitz constant will depend on the total energy
of the initial data and hence we will have to restrict our attention to subsets of F¢
whose elements have bounded total energy.

Definition 4.6. Let F&M gnd fg"M be the following closed subsets of F<
(4.12) FoM —IX ¢ F*| |Hl|loo < M},
(4.13) FoM = Fg nFeM,
Correspondingly, denote by DM the subset of D given by,
(4.14) DM = {(u,p,v, i) € D* | v(R) < M} .
Note that the mappings M and L respect the energy bound,
L(*M) = FgM,
M(F*My = DM,

The construction d might seem arbitrary, but it is connected to Eulerian coor-
dinates as shown in the following remark.
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Remark 4.7. The terms in the definition of d are natural in the sense that for
smooth (u, p,v, 1) the various terms can be translated to Eulerian coordinates. In
particular for x = y(§) we have

1
ve(€) = 7 @) T @)
ug(2)* + p(z)*
He($) = 1+ ug(2)? + p(x)?’
B Ug ()
Ue(§) = 5 @) 1 @)
e =

and thus

1+ u,
a(y(§))He = of )1 ixéxzx;i(zzx)w
1"l oo HooUe (6) = lle lloor (R) 1= uz?;)(fi p(z)?’

/ /
/U (€)UE(E) = o lct(e) s s

We will now construct a metric on F§ that renders the flow Lipschitz continuous
with respect to the initial data. The metric d will unfortunately give a positive
distance between X and X e f, even though they will map to the same element in
Eulerian coordinates via the mapping M. Following [10], we minimize the distance
over all possible relabelings and define J : F* x F* — R by

(4.15) J(X,X) = finfG (d(X o f,X)+d(X,X eg)).
7.9€
Now, J will not separate X and X e f. However J is not a metric, as the triangle

inequality fails. One can obtain a metric by summing over finite sequences in Fg' M
as follows.

Definition 4.8. Let X, X € Fg", then define day : [0,00) x Fig" x Fog™' = R
by
N
(4.16) dy(t, X, X) = inf Y JIIS)(Xp-1), 115, (X,)),
n=1

where the infimum is taken over all finite sequences {X,}N_o in fgéM such that
the endpoints Xog and Xy satisfy

(4.17) X = X,
(4.18) X = Xu.
It is not at all clear that dys(¢, X, X) only vanishes when X = X. The purpose

of the next lemma is to assert that we have a positive lower bound on djs(t, X, X)
when X differs from X.
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Lemma 4.9 ([I0, Lemma 3.2]). Given X, X € ]-'Z%M and t > 0, let X;(t) =

I1S:(X) and X, (t) = I1S;(X), then

(4.19) lly2(t) = G2 (Ol + 1UL(1) = Ur(t)lloe + 1 H1(t) = Hi(t)lloo < 2dar(t, X, X).
Lemma states that if the distance between X (t) = I1Sy(X) and X;(t) =

I1S;(X) equals zero, then (y1,Ur, Hy) and (g1,Uy, Hy) coincide. Still, r; and 77,

and V7, and Vi could, in principle, differ. The following lemmas shows that this

cannot be the case, and consequently dys is a metric on ILS; (fféM).

Lemma 4.10 ([II, A weaker form of Lemma 6.4]). Given X,X in ffg)M and
t >0, let X1(t) = I1S:(X) and X1 (t) = IS, (X), then dp(t, X, X) = 0 implies that
Tl(t) = 771(15).
Lemma 4.11. Let Xo,Xo € F§, and X:(t) = I1S(Xo), X1(t) = 1Sy (Xo). If
dM(t,XQ,Xo) =0 then Vl(t) = Vi(f)
Proof. From Lemma and we have that
(4'20) (yl (t)7 Ui (t)v H, (t)v L} (t)) = (gl (t)v Ul (t)7 ﬁl (t)7 1 (t))7
and thus for almost all £ € R

yl,f(évt)‘/lﬁf(gvt) = ULE(gvt)2 + Tl(f, t)2

- Ul,f(gv t)2 + 71 (67 t)2

(421) = gqu(gvt)f/lﬁf(gat)'

Thus we have that V3 ¢(t) = V4 ¢(t) almost everywhere in the set {€ € R | y1 ¢(&,¢) >
0}. We turn our attention to the set {£ | y1.¢(&,t) = 0}. Assume that o = 1.
Then y1 ¢(&,t) = 0 implies that V3 ¢(£,¢) = 0 and thus Vi ¢(t) = Vi ¢(t) almost
everywhere. Assume that 0 < o < 1. Then if y;¢(¢,t) = 0 we have that
t = 71(§). There are two cases to consider. If ¢ = 0 we have by definition that
Vie(&t) = Hie(&,t) = Hie(&,t) = Vie(é,t). If t > 0, then we have from the time
evolution operator S; that Vi ¢(€,t) = (1 — a(y1(&,71(£)))Hie(€,t) = Vie(&,t).
Thus Vi ¢(€,t) = Vie(€,t) for almost all € € R, and since 5Em Vi(g,t) =0 =

glim Vi (€,t) we have that Vi (&, 1) = V3 (&,1). O
£——00

In order to estimate the time evolution of das (¢, Xo, Xo), the following lemma is
essential.

Lemma 4.12 ([16, Lemma 4.8]). If Xo, Xo € fﬁéM, then
(4.22) J (T18;(X0), T1S; (X)) < €2t (S:(Xo), S:(Xo)).

Thus we estimate the time evolution of d(S;(Xo), S¢(Xo) e f) for Xo, X, € fﬁéM
and f € G. First let us see how we can use the function g to bound the time
evolution of | Z(t) — Z(t)]|2.

Lemma 4.13. Let X (t) and X(t) be the solutions with initial data Xo, X € F£,
then

t
(4.23a)  lye(t) — ge®)ll2 < [lvo,c — Yocll2 +/0 [Ue(s) — Ue(s)l|2 ds,

_ _ 1 _
[Ue(t) = Ue(t)ll2 < [[Uo,e — Uoell2 + §t||Ho,£ — Hogll2
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(4.23b) +s / (lg(x()) = g(X(5)ll2 + llye(s) = Te(s)]1) ds.
(4.230) ||He(t) = He(t)ll2 = | Ho.c — Hoellz
(4.234) () = 7(0)]l2 = lro = 7ol

Proof. To write more concisely we omit & from the notation in this proof. We have
that for any £ € R,

(4.24a) |r(t) — 7(t)| = |ro — 7ol
(4.24b) |He(t) — He(t)| = [Ho,e — Hoel,
(4.24c) e (t) — Te()] < yo,e — Yo,el +/O |Ue(s) — Ug(s)| ds.

There are three cases to consider for the estimate of |Ug(t) — Ug(t)|.
If¢e QC(XQ) N QC(XQ), then

(4.25) Ue(t) = Ue(t)] < |Un,e — Upe| + % /Ot |Ho,e — Ho.g| ds.
Assume that & € Qq(Xo) N Q:(Xo). Then we have for t < 7 that
(4.26) Ue(t) — Ue(t)] < |Un,e — Upe| + % /Ot |Ho,e — Ho.g| ds.
If t > 7 we have
Ue() ~ Oe(0)] < 0~ Ooel + 3 [ Ve(s) ~ Fulds 3 [ 1o~ ol ds

_ 1 _
<|Uo,¢e — Upel + §t|H0,5 — Ho ¢

1

(4.27) +§/ (lg(X(s)) = g(X ()| + lye(s) — ge(s)]) ds.
0

Let £ € Q4(Xo) N Qq(Xo). If 7 <t < 7, then Ve(s) < Hog, Ue(t) > 0 > Ue(t), and
both Ug(t), Ue(t) are non-decreasing. Hence

) ) 1 )
0 < Ue(t) = Ug(t) < [V — Uoel + 5t|Hoe — Hogl-

If - <7 <t we have

Ue(t) = Uet)] < |Ue(r) = Te(l + 5 [ IVe(o) = Vel ds

< V() = Oe(n)l+ 5 [ (19(X(9) = oK)+ lues) = ()] ds

_ 1 _
< |Uo¢ = Vol + 5tlHoe — Hogl

(4:28) 45 [ (90X(©) = gXE) + [ues) - (o)) ds.
0

Thus we have for any £ € R that,

_ _ 1 _
|Ue(t) — Ue(t)| < |Upe — Unel + §t|H0,5 — Ho |
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3 | (90X = a6 + lnels) = )] s

Applying the L?(R)-norm on both sides to the above inequality and (@24), we

obtain ([@.23). O

To simplify the remaining proofs we split for each time ¢ the real line into three
parts: a continuous part where no wave breaking occured so far, a part where one
solution already experienced wave breaking, and a part where both solutions have
experienced wave breaking.

Definition 4.14. Define the disjoint sets

(4'293) Reont(t) = {5 eER | < 7(5)777—(5)}7
(4.29b) Rmiz(t) ={€ e R | 7(&) <t <7(€) or7(§) <t <7(&)},
(4.29¢) Raisc(t) = {§ e R| 7(£),7(§) < t},

where the convention 7(£) = oo for £ € Q.(Xo) is used.

Before the remaining terms in d(S;(Xo), S;(Xo)e f) with X, Xo € ]-'Z%M and f €
G will be handled, an estimate for the integral fg |Ve(s) — Ve (s) |1 ds is established.

The following observations play an essential role therein. If Xy € ]_-g (’JM, then
Ugg < y0,eVo,e < Hp¢ since 0 < yp ¢ < 1. Hence

(4.30) 1Woellz < /[ Hoellr < VM,

Moreover, from (ZI4) we have that Uy(&,t) = $Ve (&, t) — $Vao(t), and thus

1 1
4.31 o < Ve < =M,
(4.31) Vhlle < 51V o <
since Ve (t,£) < Hp () for all € € R.
Lemma 4.15. Given any two solutions X (t) and X (t) with initial data Xo € FM
and Xy € fz-o)‘(’)M, respectively, one has

t
_ 3 _
| [ 1Vetes) = Vete. ol deds < 8-+ 30+ 26+ 36) | Hog ~ Finel
0 JR

1 1 -
+2 (1/1 + gt 1+ Zt2)> VM| Uoe — Upell2

1
+ (4 ittt Zt?’) VMlyo.e = pocll

[ 1 1
+< 1+Zt2+1+1t2> VM

(4.32) x /O lg(X(s)) — g(X(s))ll2 + llye(s) — Ge(s)ll2 ds

Proof. We omit £ from the notation in this proof. Let Reont(t), Rmiz(t), and
Ryisc(t) as in Definition FET4l We want to estimate fot JeIVe(&,s) — Ve(&, s)| déds
by the terms of d(Xo, Xo) and d(X (), X (t)). Since Reont(t), Rmix(t), and Rge(t)
are disjoint, we can look at each region separately and add the results.
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If§ € Rcont (t), then

t
(4.33) / Vi€, s) — Vel&, )| ds = t}Hoc — Hoel.

Let € € Rpix(t), then there are two possibilities: either 7 < ¢, or 7 < t. The
two possibilities must be treated differently. To that end we split R, (t) into two
disjoint sets,

(4.34) A(t) = {& € Ruia(t) | 7(§) <t}
(4.35) A(t) = {€ € Ruia(t) | 7(€) <t}
Assume first that £ € A(t), then

/O|vg<s>—vz<s>|ds=/o |vz<s>—vg<s>|ds+/% Ve(s) - Ve(s)| ds
)

t
(4.36 = 7_'|H07§ — H01£| + [ |H01£ — VE(S)| ds.

If Ve(s) > Ho, then |Ve(s) — Ho¢| < |Hoe — Ho,l, and we can bound the integral
by

t
(4.37) / Vi (s) — Ve(s)| ds = t|Hoe — Ho.
0

If Hoe > Ve(s), then there are two cases to consider, namely & € Q.(Xo) and
€ € Qq(Xo). If € € Q.(Xo) we have for s > T,
(4.38) [Hoe — Ve(s)| < |9(X(5)) — g(X ()] + lye(s) — 7e(s)
If, on the other hand, £ € Q4(X() we have for s > 7

Ho ¢ — Ve(s) = Hoe — Hoe + a(5(7)) Ho e
(4.39) = (1 —a(g(7))) (Hog — Hoe) + a(y(7))Hoe
and hence by ([24) and (23],

/ \Hoe — Ve(s)| ds < (t — 7)Ho — Hoe| +o(§(7) / Hoy ds
(t — ?)|H0,5 — E[o,5| + 2U5(t) - 2U5(?)
(t —7)|Hoe — Hoel 42 (Ue(7) — Ue(7))

<
<

_ _ 1 _
(4.40) < (t — 7_')|H015 — H015| +2 <|U07§ — U015| + 57_'|H015 — H01£|> .
Thus for £ € A(t) we have
t
| Vels) = Vo)l ds < 21|Ho.c ~ o] + 2lUne - Uo
0

(4.41) + / 19(X()) = 9(X())] + [ye(s) — ()] ds.

Since (232) implies that the measure of A(t) is bounded by (1 + $¢*)M, we obtain
L?(R)-estimates on the right hand side of (Z.41]) when integrating over A(t).
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Assume now that £ € A(t). Then

t

t
@2 [ Vels) = Velo)lds = rlHo — Huel + [ IVels) — Hoel ds.
0

T

If Ve(s) > Ho, then |Ve(s) — Ho¢| < |Hoe — Hol, and we can bound the integral
by

t
(4.43) [ Vets) = Vo)l ds < g — Hogl.
0

Assume that Ho¢ > Ve(s) and s > 7. Since the measure of A(t) is not bounded
in terms of M and t only, see Corollary 2.4] we cannot use the same argument as
for £ € A(t) to get L?(R)-estimates. For X € F*™ there exists X € Fio M such

that Xo e f = X, where f =y + Ho € G. Then (230) gives
11
1+3i720f 14172

(4.44) Hogof =
and in particular for ¢t > 7,
1 N

(4.45) 1<(1+ th’)HQ5 o f.
We want to estimate Ho ¢ — Ve(s). Assume that £ € Q4(Xp), then

Ho,e = Ve(s) = Hoe — Hoe + a(y(r)) Hog
(4.46) = (1= a(y())) (Hog — Hog) + ay(r)) Ho.,
and hence by [24) and (23],

t t
t—7 |H075—H0,5|+/ Ho¢ ds

<(t—7)

= (t —7)|[Ho.e — Hoel + 2 (Ue(t) — Ue(r))

(t —7)|[Ho.e — Hoel + 2 (Ue(r) — Ue(7))

(t —7)|Ho.e — Hol +2|Uoe — Uoel + 7|Hoe — Hogl
(4.47) t|Ho ¢ — Ho¢| +2|Uo ¢ — Up¢l-

Since t > s > 7 we have that
Uoe = Uoel < <1+it2) 0.6 © flUoe — Uogl
) ‘Uogofngogof UogHogof‘
#) |fogo f(fnco 1~ o)

+ ong o fH())g — [70)5]?015 o f‘

7 N\ /;\/‘\
+
NG ,.J> [

1+ t2) (|U0£Of||H0£Off§—H0£|

(4.48) + |Uog o fHog — UpgHog o f|) :
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By definition ﬁo,g o ffe=Hoye and |ﬁ01£ o f| <1, and thus

_ 1 . _ . _
(4.49) [Upe — Uoe| < (1 + th) (|00 0 fHoe — ToeHoe o f|+ | Hog — Hoel).

To estimate the first term on the right hand side of (£49) we note that 1 =
1 — fe + fe, and hence

U o fHoe—UneHog o f‘ = ‘Uo,g o fHoe — UpeHoe o f‘ (L= fe) + fe)
< (|Uo,5 o fHoe| + |Up,e Hoe 0 f|) (1—fe)

+ ‘Uo,g o fngO,f — 00)5]%0_’5 @) ffﬁ‘
< (|Uo,el + Ho)(1 — fe) + |Uo.elHoe — Ho gl

(4.50) + Ho¢|Uoe — Upel-
Since X, € fﬁ(’)M, and f = yo + Hg we have that
(4.51) 1— fe="Hoe+ Hoe —yo,e — Hog,
and thus
[Uo,e = Upel < <1 + iﬁ) (4/Ho,e — Hoe| + (|Uo.el + Ho.e)lyo.e — Yol
(4.52) + Ho|Uoe — Uogl).

Inserting (4.52) into ([@47) and subsequently into ([£.42), we end up with

t
/ |Ve(s) — Hogl ds < (8+ 2t +2t°) [Ho e — Hog|
0

1 _ _
+2 <1 + th) ((|U0,5| + Ho.¢)[yo,e — Yol

(4.53) + H015|U0)§ — UO,E|) .

Assume that ¢ € Q.(Xp). Then, by a similar argument as for ([@49),
_ _ 1 .
Hoe = Ve(s) < (Hog — Ve(s)) (1 + Zt2> Hogof
1, A ~ -
= (14 7¢) (Hoefogo f = Veo f(s)Hoe o/ fe)

= (14 37) (Hoelfog o 1 = Veo F(9) + Ve o S(5)Fug ~ Ho)

1 _ . .
@ < (1438 (e - Hod + Hoglfineo f = Veo f(s))
Since X, € ffbM, and f = yo + Hy we have that
(4.55) 1 — fe =Yoe+ Hoe — yoe — Hog,
and thus,

(ffo,ﬁ of—Veo f(S)) Hog = (Hogo f —Veo f(s)Hoe(1— fe)
+ (Ho.e — Ve(s))Ho e
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< Ho ¢l = fe| + |Hoe — Hog| + Hoe(Hoe — Ve(s))
< (Hoglye(s) — ge(s)| + Hoelg(X (s)) — g(X(s))])
(4.56) +2|Ho,e — Hoe| + Holyo.e — To.el-

Hence,
t - 1 B
/ [Ve(s) — Hoel ds < 3t (1 + ZfQ) |Ho,e — Ho¢|
0
1,\ - B
+t {1+ 517 | Hoelyoe — Yol

1.\ [° .
(157 # (14 42) o [ 100X ~ 9O + ) - 7e(s)] .
From (£43), (£53), and (@E1) we get that for £ € A(t) the estimate

3 _
/ Ve(s) (s)lds < <8+3t+2t2+1t3> |Hoe — Ho¢|
1,5\ 5 _
+2{1+ Zt Ho¢|Uo,e — Up gl
1 - _
+ (1 + Zt2> (2|Uo.e| + (2 + t)|Hogl) lyo,e — Fo.el
1,)\ 5 t _
+ (1 + ﬁ) Ho,s/ l9(X(s)) — g(X(s))| ds
0

(4.58) + (1 + it2> ﬁo,g/O ye(s) — Fe(s)| ds,

holds.

Assume finally that £ € Rgis.(t). Recall that according to (2.32]) the measure of
Raisc(t) is less than or equal to (1 + $¢%) M. Since [40) and [47) give the same
estimate we can assume without loss of generality that = < 7 < ¢t. By [@Z1) we
have

/|V£ — Ve(s |d8—/ |H05—H05|d8+/ |Ve(s) — Hoe| ds

/ [Ve(s) — Ve(s)| ds

= (T +7)|Ho,e — Hoe| +2|Uoe — Upgl

(459) / [Ve(s) - Ve(s)] ds.

For s > 7 we have

(4.60) [Ve(s) = Ve(s)] < |g(X(s)) = g(X ()] + lye(s) — Fe(s)]-
Thus

t
| Vels) = Vis)l ds < 24|Hoe ~ ol + 2[Une ~ Do
0

(4.61) +/0 19(X(s)) = g(X ()] + lye(s) — ge(s)] ds.
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If we collect the estimates (£33), (£41), (£58)), and (EET) we get
3 _
/ /|V,E D) ,8)|d¢ ds < <8+3t+2t2+1t3) |Ho e — Ho ¢l

+2/ [Uo.e — Uoe| d€
A(t)URuise(t)

/ / lg(X X(s))| dsde
t)URdwct)

/, / e (s) — ie(s)] dsdé
At)URdwct)

<1 + tz) |U0,£ — Uoe|Hoe dé

()

/A( (Do.el + (1 + t)|H0 el)lyo.e — Yo.el d§
+ <1 + iﬂ) Ho
/A@ / X (5))| dsdg
(4.62) <1+4t2> HOE/ t)/ lye(s) — G (s)| dsdé

From (Z32) we have that m(A(t) U Rgisc(t)) < (1+ $t*)M, while (Z30) ensures
that ||Up¢ll2 < VM. Thus

//|V£ 1) £, 5)| déds < (8 + 3t + 2t + t3)||H05—H05||1

[ 1
+2< 1+1t2 (1+ t2)>\/ 1Uo.c — Uogll2

1 ~
+ (4 +t+t2+ Zt3) VM|lyoe — Yoell2

1 [ 1
+ <1+Zt2+ 1+Zt2> VM

(4.63) x /0 lg(X(s)) — g(X(s))ll2 + llye(s) — Fe(s)ll2 ds
O

The system ([2.14]) and Lemma LT85 can now be used to estimate the time evolu-
tion of ||y (t) — 4(t)||oo, |U#) = U(t)||eo, and ||U(t)Ho ¢ — U(t)Ho¢||2- Note that it is
not necessary to derive an estimate for ||Hg(t) — He(t)||1, since He(€,t) = Ho¢(€)
and H5(§7 t) = HO,E(&)'
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Lemma 4.16. Let X (t), X(t) be solutions with initial data Xo € ]:io"M and Xo €
o, M .
Fio » respectively. Then

@64 U0 =00l < Vo= Ol + 7 [ [ Vel6s) = Veleo)l de s
@65) (0 =50 < J(0) = 50+ [ 1) = U5 s

o o 1 _
|U(t)He — U(t)Hell2 < [[UoHo,e — UoHogll2 + ZMfHHo,g — Hogll2

1 ¢ _
(4.66) VAT [ [ Wales) = Vit o) de s

Proof. We omit ¢ from the notation in this proof. It suffices to show the inequalities
for |U(t) — U(t)||oc and ||U(¢t)Ho e — U(t)Ho¢ll2, since (A65) follows immediately
from [2I4). We have

HUW =00 < |3 (V0 - V) + § (Va0 = Visl0)
(4.67) <3 [ oVl

and from (@3T]) there is

d o _ _ _
U@ Hoe —Ut)Hoel < |U(t) = Ue(t)| Ho + [U(t)l[ Ho — Hogel

1 [ _ _ 1 _
(4.65) <7 [ IVel) = Velo)l o + 1Mo~ Ho
Since ||Ho¢ll2 < v/ |Hogll1 < VM the lemma follows by applying the L?(R)-norm
to both sides of ([@67) and ([LGF]). O

It remains to estimate the norms ||g(X (t)) — g(X () ||2, [|g2(X (t)) — g2(X (£))]|2,

and [|g3(X (t)) — g3(X (£))]|2-

Lemma 4.17. Let X (t), X(t) be the solutions with initial data Xo € F*™ and
Xo € FgéM, respectively. Then

lg2(X (£)) = g2 (X () ]2 < [l92(X0) = 92(X0) |2 + VM |0/ || oo || Hoe — Ho.ell1
(4.69) oM (1o, — Tnell + 570 Hoe — Hogll),
ll95(X () — gs(X(®)l2 < [lgs(Xo) — g3(Xo)ll2 + it||92(X0) — 92(Xo)ll2
+ gt oo U Ho ¢ — Do el
+ 11 loo M| U g — Dgll
+ 510D Hoe — ol

1 _
+ gtla’loc VM| Ho,e = Hoglh

1, , ¢ _
(4.70) I VAT [ [ Veles) = Vie. o] decs
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lg(X () = g(X®)l2 < lg(Xo) — 9(Xo)ll2 + llyo.e — Fo.ell

1 _
+ §f||0/||ooM||Uo,5 —Uoell2

1 _
+ (14 1||Oé'||ooMt2)||Ho,5 — Hogll2
+ 1o/ loo VM lyo — olloo
+ t]|e[|oo[[UoHo,e — UoHogll2
+2|g3(Xo) — g3(Xo) |2

1 _
+ Ztng(Xo) — g2(Xo)ll2

1 _
+ —f||0/||ooVM||H0 ¢ — Hogll

/ 1Ue(s) — Oe(s)]1» ds
(4.71) + o’ lloo VAT / 1U(s) = U(s)l|oo ds.

Proof. We omit £ from the notation in this proof. Recall the splitting of R into
Reont(t), Rmiz(t), and Rg;sc(t) given in Definition ET4

Let us prove the estimate for g;. Assume that & € Reont(t), then if £ € Q.(Xp) N
Q.(Xo) we have

(4.72) g2(X (1) = g2(X (1)) =00 = 0.

We can assume without loss of generality that £ € Q.(Xo) N €Q2q(Xo) in the mixed
case since the argument does not use the property 4o + Ho = id. We have

(4.73) 192(X (1) — 92(X ()] = [lo [l oo Hoo | Ue (1)1
and from (Z9) we know that |Ug(t)| < |Up¢|, and hence

(4.74) lg2(X (£)) = g2(X ()] < |g2(Xo) — g2(Xo)!.
If £ € Q4(Xo) N Q4(Xp), then ZT) implies that
192(X (£)) = g2(X ()] < (|0 loo|Hoo — Hoo| [Ue(#)] + || [| oo Hoo|Ue (t) — U (t)]
< ||0/||oo|U0,£||Hoo — H|
(4.75) + lla’ e M (|Uo,e — Uo el + %ﬂHo,& — Hogl).

Assume that € € Ry (t). Then if € € Q.(X) N Qa(Xo) or € € Qa(Xo) NQ(Xo)
we have that

(4.76) g2(X (1)) — g2(X (1)) =0 -0 = 0.

If € € Q4(X0) NN (Xo), and if we assume without loss of generality that 7 < t < 7,
then we have

(4.77) |92(X (1)) — g2 (X (1))] = || [|oo Hoo |Ue (t)]
and from (Z9) we know that |Ug(t)| < |Ug(7)|, and hence
(4.78) |92(X (1)) — g2(X(1))| < || oo Hoo|Ug (7) = Ue (7).
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Thus following the same line as in (75), we end up with
_ _ 1 _
479 192(X()) = 92(X ()] < [|@'lloe M (|Uo,g = Uoe| + 5t Hoe — Hoyel)-

Assume that £ € Ryjsc(t). Then
(4.80) 02(X(1)) — g2(X (1) =0~ 0 = 0.
From @.72), (@.74), @T5), (@.16), @.19), and (@.80) we get

lg2(X (t)) — g2(X ()] < |g2(Xo) — g2(Xo)|
+ 1o/ loo| U, [ Hoo — Hool
+ [lo/loe M |Uo,e = Uo |

1 _
(4.81) + 5 la"loc M| Ho g — Hogl-

The estimate ([63) is obtained after some direct computations by taking the L?(R)-
norm on both sides.

Next we show the inequality for gs. Assume that £ € Reont(t), then if £ €
Q:(Xo) N Q(Xo) we have

(4.82) g5(X (1)) — gs(X (1)) =0 -0 =0,

For the mixed case assume without loss of generality § € .(Xo) N Q4(Xo) since
the argument does not depend on the property yo + Ho = id. We have

(4.83) |95(X (1)) — g3(X (1)) = llo[|oo|T (1) Ug (1)1
and from (Z9) we know that |Ug(t)| < |Up¢|, and hence by (Z31) we have

|93(X (1)) — g3(X ()] = [l [l oo [T O)|T (1)]
< [l lloo|U®)]|T0.¢ |

- 1 _
< llo'lloo|Uol|Uo,¢] + J 0| Hoo |Uose]

(4.84) < 1g5(Xo) — g(X0)] + 1l92(X0) — 92(Ko)].

If¢e Qd(Xo) n Qd(XQ), then
93(X (1)) = g3(X () = [|o' [ U ($)Ue(t) — [l [T (1)U (t)

K 1
=&/ [l (Uo +/0 Uy(s) ds) (Uo,g + 5tH0,£>
_ t_ _ 1 -
— [la' oo (Uo +/0 Uy(s) ds) (Uo,g + gtHQE)

_ 1 o
= 93(Xo) — g3(Xo) + §t||0/||oo (UoHo,e — UgHo )
_ 1 - t _
+ (UO,E + EtHO’£> ||Oé/||oo/ (Ut(S) — Ut(S)) ds
0

t
1 — 1 -
(4.85) + ||a’||oo/ Ut(s) ds (ong + §fH075 —Upe — §tH07g> .
0
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Since () implies that |Ue(t)| = |Uoe + 3tHo¢| is decreasing in time and due to
#31) we have that

_ _ 1 _
195(X () = g3 (X (0))] < 193(Xo) = g3(Xo)| + 5tlla[c|UoHoe — UoHo.e]
1 _ 1 _
+ Zllo"llooMtUoe = Uo,e| + §||O/||ooMt2|Ho,5 — Ho|
| - 1 - ¢ _
(4.86) + ZHO& lloo|Uo,¢ + 5tH0,£| e Ve (&, s) — Ve(&, s)| déds
_ 1 _
< 1g3(Xo) — g3(Xo)| + §t||0/||oo|U0H0,£ — UoHo,¢|
1 _ 1 _
+ 7lla’llooMUo,e — Uoe| + glla’llooMt2|Ho,£ — Hol
1 _ t _
(487 el [ [ Vi) = Vele, )l deds
Note that we can rewrite (£85) in the following way,
_ _ 1 _
93(X (1)) = g3(X(2)) = 93(Xo0) = g3(Xo) + Ftllo"llo (UoHo,e — UoHo¢)
1 t _
+ ||O/||oo (U(LE + §tH0)§> /0 (Ut(S) — Ut(S)) ds
) - 1 - 1 -
(488) + ||a ||oo/ Ut(S) ds Up,e + gtHo)g —Upe — §tH0)§ R
0
and hence
_ _ 1 _
195(X(#)) = g3(X(D))] < |93(Xo) = g3(Xo)| + St llos|UoHo,e — UoHose]

1 _ 1 _
+ 7l llocMtUo.e = To.el + gl lloo Mt?| Hoe = Hoge|

1 1 ! _
4.89 SN ||| Uo ¢ + =tH, Ve(€,s) — Ve(€,s)| deds.
(1.89) + gl elting + el [ [ Vite.) = Ve(e. o) s
Assume that &€ € Ry, (2). If € € Q.(Xo) NQa(Xo) or € € Qa(Xo) NQ(Xp), then
(4.90) 05(X (1)) — 5(X(1) =00 =0

Let & € Qq(Xo) N Q4(Xo) and assume without loss of generality that 7 < ¢ < 7.
Then from (29) we know that |Ug(t)| < |Ue(7)|, and hence by (@3T])

|93(X (1)) — gs(X(1))| = [|&/ 0| U ()] Ue (1)
< |l e [T O[T (7))

< o/l |U(7)[Te ()] + i(t = 7)o | Hoo |Ue(7)]
(4.91) < lg3(X (7)) = gs(X (7)) + i(t = 7)g2(X (7)) — g2(X(7))].
Combining (73] and ([@&T) then yields
l93(X (1)) — g3(X(1))] < |g3(Xo) — g3(Xo)| + %7'||a/||00|U0H0,§ — UoHo¢|

1 _ 1 _
+ lea’llooMﬂUo,& —Upel + glla/llooMT2|Ho,5 — Ho ¢l
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1 _ T _
4310 lclOne] [ [ Veeos) = Vee, o) deds
0 R
1 _ _
+ 1o’ lloo|Uo,gl (¢ = 7) | Hoo — Hoo
1 _ 1 _
(192 + 1ol M (¢ = 7)(Uo g — Diogl + 2 71Hog — o),
and thus
_ _ 1 o
195(X () = g3(X ()] < 195(Xo) = g3(Xo)[ + tlllloc|Uo Hoe — UoHoye]
1 _ 1 _
+ 7l llocMt|Uo.e = To el + gll’lloo M| Ho e — Hosel

1 _ _
+ 7l lloo|Uo.glt| Hoo — Hec

1 - k _
(4.9) gl ellng] [ [ Vetes) = Vet o) deds
Assume that £ € Rg;sc(t). Then
(4.94) 05(X(1)) ~ gs(X (1)) =0 -0 =0

From [@X2), (34), @87, (@I0), (E93), and @) we get
92X (8)) = 9a(EO)] < 98(X) — 92 (Xo)| + 7tl52(X0) ~ 2(Ko)
+ §t||a’||oo|UoHo,g — UoHo|
n £||a'||ooMt|Uo,g — Ul
* élla’IIOOMFIHo& — Hogl

1 . _
+ o loo|Uo,¢lt Hoo — Hol

L0 7 K .
(4.95) gl lelTael [ [ Vete.s) = Vet o) deds

The estimate ([E70) is obtained after some direct computations by taking the L?(R)-
norm on both sides.

We prove the estimate for g. Assume that & € Reont(t), and let £ € Q.(Xo) N
QC(X()). Then

9(X(8)) - g(X ()] = |Hog — Ho +ye(t) - 5e(0)
(4.96) < 19(Xo) — g(Xo)| + / Ue(s) — Oe(s)| ds.

For the mixed case assume without loss of generality & € Q4(Xo) N Q.(Xo), then
(4.97)

X(0) =9(X (1) = o(X0)=a(Fo)+ [ (Uels) = Ue(s)) ds— [ Lolus)Hocds.
We have
[ et ds < [ ol ds
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< /t le ||oo|Uo + /S Ui(o) do|Hop ¢ ds
0 0

< ol (100l + )

< 2o’ Vol (Ue(t) — Vo)
+ 110t Hao (V1) ~ Ui)

1
< ~2f|elloo|Uo|Uo,¢ = Ftla" oo HocUose

(195) < 215(X0) ~ 95(X0)] + 71192(X0) — 92( o),
hence

9(X ()~ g(X(O)] < lg(Xo) - Xm+/n& (o) ds
(4.99) + 2|93(Xo) — g3(Xo)| + Zﬂgz(Xo) — 92(Xo)|-

Here we used that Uy ¢ < Ug(t) < 0.
If € € Qa(Xo) N Qu(Xo) we have

90X (1)) — (X ()] = lye(t) — 7e(t) + (1 — aly(H) Hoe — (1 — al((t) ol
sww—%ﬂ+éﬁaﬁ—%@ws
+ [Hoe — Hoe| + l|la'[loo Hoe llyo — ol o
(4.100) +AWMumdmﬁ—wwmw

Assume that & € R, (t), and let € € Q.(Xo) N Qq(Xo). Then
9(X () — g(X ()] = lye(t) — Fe(t) + Ho,e — Ve(t)]
< 90X ~ oKD+ [ Vo) ~ Uit s
< |9(Xo) — 9(Xo)| +2[gs(Xo) — g3(Xo)|
(4.101) + iﬂgz(Xo) - 92(Xo)| + /Ot |Ue(s) — Ue(s)| ds,
where we used ([@.99) in the last step. Both the argument and the result are the

same in the case & € Q4(Xo) N Q(Xo).
If € € Q4(Xo) NQa(Xp), then if 7 <t < T,

9(X (1)) — g(X (1)) = ye(t) — ge(t) + Hoe — Hoe + a(y(7))Ho e — a(y(t))Hoe

:mXGD—mXGD+1(%@%J%®)%

(4.102) / ) Ho.¢ ds.

Then we can proceed as in (£9]), and apply ([@75), (£36), and (£I00), to obtain
9(X () — g(X(1)] < 9(X (7)) — g(X ()| + 2|g3(X (7)) — g3(X (7))
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1 _ t _
+ 1 (= 7)lg2(X(7)) = g2(X(7))] +/ Ue(s) — Ue(s)| ds

<l — o] + / Ue(s) — Ue(s)|ds + | Hoe — Hol
+ lle/ oo Ho ¢ 190 — Folloo
1o/l Hlog / 1U(s) — U(5)loeds
+ 2|g5(Xo) — 93(X0)| + ?||a'||oo|UoHo,5 — Uof_fo,ﬂ
1 _ 1 _
+ §||a'||ooMf|Uo,5 — Ul + lea/llooMf2|Ho,£ — Ho ¢l
1 1 u )
+ gl lelOne+ 57ael [ [ 1Veteos) = Veleo ] deas
1 _ ) )
4 210 ol Dol ¢ 7)] o — Fl|
1 N _ 1 _
+ lea’llooM(t —7)(|Uo,e — Uoe| + §T|Ho,5 — Hogl)
t
+ [ 1Ue(s) = Ol s
_ 1 / 7
< |yo,e — Jo,e| + §||0< oo Mt|Up,e — Up gl
1 _
+ (1 J10 b ) Hog - i

+ 2|g3(Xo) — g3(Xo)| + tl|a'[|oo|UoHo,e — UoHo,¢]
+ |1/ [l oo Ho.¢[|y0 — Follso

1 _ _
+ lea’llooon,gltIHoo — Hoo|

t
+ 10 oo Hog / 1U(s) — T (s)l]oo ds

t
(4.103) —I—/ |Ue(s) — Ue(s)] ds.
0
The term
L, o, = 1__ k _
(4.104) o loclOne + 57ugl | [ Vel s) - Vet )] dds,
0

vanishes since Up ¢ + $7Ho,¢ = 0 by the definition of 7.
The case 7 < t < 7 is similar. Combining [@89) and Up¢ + 27Ho ¢ = 0, we get
that

_ _ 1 o
193(X (7)) = ga(X(M))] < 193(X0) = g5(Xo)| + 5 7llel|oc [UoHo.e = UoHoe|
1 _ 1 _
(4.105) + Z”O‘I”OOMT (|U07g — U0)5| + §T|H0)5 — H07g|) .
Thus, following the same lines as in ([@I03) yields,

_ i 1 -
l9(X () = 9(XD)] < lyo.e = Foel + S lla"loc Mt|Un,e = Uo.g]
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1 _
# (14 00 ) g — Fioe

+ 2|g3(Xo) — g3(Xo)| + tl|a'[|oo|UoHo,e — UoHo,]
+ |1/ [l oo Ho.¢llyo — Folloo

1 _ _
b ol Do el o — F
w; ||ooHog/ 1U(5) — ()] oo ds

(4.106) / Ue(s) — Ue(s)] ds.

Assume that £ € Ry;s.(t), and assume without loss of generality that 7 < 7,
then

(4107)  |g(X (1)) - g(X(0)] < lg(X (7)) — g(X ()] + / Ue(s) — Te(s)] ds.
Thus, from (£I03) and (EI06), we get that
9(X(®) = g(X(®)] < lyo.c — Jo.el + %||a'||th|U0,5 — Vol
+ (1 J10 N} Hog - i

+ 2|g3(Xo) — g3(Xo)| + tlla'[|oo|UoHo,e — UoHo,¢]
+ |||l oo Ho.ellyo0 — Follo

1 _ _
+ 710 oDl o =
t
+l o / U(5) = U(s) o i

(4.108) / Ue(s) — Ue(s)| ds.
Combining (I06), (99), @I00), (LI0L), (I03), EI06), and @I0F) yields
9(X(1) ~ 9(X(O)] < o e
+ 31 oo M| Up, — T
+ (14 0 oo M) Ho g — Fog

+ [1e|loc Ho.ellyo — Follo
+ tl|o’ lsolUo Ho e — UoHo |
+ |9(Xo) — 9(Xo)| + 2|gs(Xo) — g3(Xo)|

+ iﬂgz(Xo) — 92(Xo)|
+/0 Ue(s) — Ue(s)] ds

1 _ _
+ 71l lloo|Uo.gltl| Ho.e = Hogll
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t
(4.109) + ||o/||ooHo,g/O [U(s) = U(s)l|oc ds.

The result is obtained after some direct computations by applying the L?(R)-norm
to both sides of the above estimate and using ([€30). O

A Lipschitz theorem can now be stated for the flow in Lagrangian coordinates.
The idea is to apply the estimates in Lemmas .13 [£T5] E.T6 and E.17 together
with Gronwall’s inequality.

Theorem 4.18. For solutions X (t), X (t) of @Id) with initial data X, € FM
and X € ]:i,O the estimate

(4.110) d(X(t), X(t)) < Car.a(t)d(Xo, Xo),
holds, with Car,a(t) = Chpa(t)e!Cra®)  where

. 3.1 3 11 1
Crra(t) =34+ st + =t + =3+ VM (14—t + —t* + —13
Mall) =3+ 584580+ 57+ (+4+4 16

1 1
5 + -2 + —t3) ,

3
(4.111) +||0/||oo\/M<5+2t+t2+§t3)+||o/||ooM<3+4 5 S

(4.112)

_ 1 1 1
Crma(t) =24 || VM + VM ( + t+1—6t2)+||O/||ooM(1+1t+§t2).

Proof. Combining Lemma [£.13] .16, and .17 we end up with
d(X(t), X (t)) < d(Xo, Xo)
+ [1y0.c = Yoell2

3
T o/ oo <1+ t) 1o — Dol

1 3 3 _
+ (1 gt 1t (o 32)) e = ol
+ 110Vl — Foll
oV (14 5t Hog — ol

3 o
+ §t||0/||oo||UoHo,5 —UoHo¢l|2

1 _
+ §t||92(X0) — g2(Xo)|l2
+2lg3(X0) — g3(Xo)ll2

+2 [ 1Uels) = Ot s
+ (14 o/ |ooVAT /nU 9)llee ds
I . _
+3 [ U9(X) = a(E Dl + le(s) = (o)) ds
(1113) (3 g1 evaT) [ [ et s) - Vete e .
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Inserting the estimate from Lemma [£.13] yields

(4.114)  d(X(t), X (1)) < Car.a(t)d(Xo, Xo) + Crr.al(t )/Otd(X(s),X(s)) ds,

with

- 3.1 3 1,1 1

Cra(t) =34+ t+ 2+ 3+ VM (14 <t + >+ —13

Mall) =3+ 584580+ 67+ (+4+4 16

/ 9 3,3 , 5 1o, 1,4

(4.115) A [|ollooVM 5+ 2t 487+ 2t ) + [l oM 3+ 7t + 5t +8 :
(4.116)

_ 1 11
Crva(t) =24 |ccVM + VM ( + t+1—6t2> + ||a/ || oM <1+Zt+§t2).

The theorem follows from Gronwall’s inequality with Cas. () = Cag.a(t)efCre®),
(|

We are now ready to prove the Lipschitz continuity on ]-'ff (’)M. The ingredients
for the proof are Theorem [4.18 and Lemma [4.12]

Theorem 4.19. Let X, X € ffbM, then for all t > 0 it holds that
(4.117) dar (t, X, X) < Cara(t)dar(0, X, X),

where Ciro(t) is given by Cao = €2'Chyr o (t)e!Cra®)

« 3.1 3 1,1 1
Crat) =3+ t+ =2+ —t3+ VM <1+ —t+ t2+—t3>

2 2 16 4 4 16
’ / 2, 3,3 ' 5 1, 1,
(4.119)
_ 1 1 1
Cra(t) =24 |ccVM + VM ( + t—i— 1—6t2) + ||/ || oM (1 + Zt—i— gﬁ) )

Proof. Let 1 > & > 0 and X, X € FgéM be given and choose {X,}Y , in FgéM,
{fu}N_,, and {g,})=) in G such that Xo = X, Xny = X and dp(0, X, X) +¢ >

Zf:’:l d(X, e frn, Xn—1)+ J(Xn,Xn,l ® g,—1). Then from the definition of dj; we
have

N
dy (8, X, X) <> J(ISy(X), TSy ( X, 1))
n=1

» N
ez Z anl))a

by Lemma 4.2l From the definition of J and Theorem [A.1§ we get

(4.120)

| /\

N
dyr (6, X, X) < e2 Y T(Si(Xn), Si(Xno1))

n=1

N
< e Cura(t) Y (d(Xn @ fr, Xn1) +d(Xp, X 10 gn1))

n=1
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(4.121) < Crra(t)(dar (0, X, X) +€).
The inequality holds for each ¢ in the range (0, 1), which implies that
(4.122) dar (I1Sy (X (1)), 11, (X (1)) < Cara(t)dar(0, X, X).
O

: M. . . M . M
Since F;y"" is in one to one correspondance with Dy*™ the metric dys on F/y

. . M
induces a metric dp,, on Dy .

Definition 4.20. Let (u,p,v, pn), (4,p, v, ) € ’DS"M, then define dDg,NI : [0,00) X
DSM x DM SR by

(4123)  dposs (1, (us p. v, ). (8.7, 1)) = das (£, L((u p. v, ), (%, 9.7, 1))
fOT any (uvpv v, :U’)v (a7ﬁ7ﬂ,ﬂ) € ID(O)“M and t Z 0.

Theorem 4.21. The a-dissipative solution operator Ty is Lipschitz continuous in
the sense that for any (uo, po, Vo, o), (To, Po, o, fio) € ’DS"M the inequality

dpe.m (t, (wo, po, vo, o), (o, Po, o, fio))
(4.124) < OM,a(t)dDg*M (0, (o, po, vo, o), (T, po, Yo, fio))
holds. The Lipschitz constant Cyro(t) is given inTheorem [f-19,
Proof. The theorem follows from Theorem B.14 and Theorem O

APPENDIX A. EXAMPLES

Example A.1. In this example we construct an «-dissipative solution. Let the
ingtial data (ug, po, Vo, o) € D§ be given by

0, z< -1,
z+1 —-1<z<0
Al up(x) = ’ -
(A1) (@) —a+1, 0<z<]l,
0, 1<,
(A.2) po(z) =0,
(A.3) Vo = Ho,ac = ugyw(x) dx = uyp,
and ax) = mgﬁl. Then the initial data in Lagrangian coordinates is given by

(you UO,HQ,’I"O,‘/O) = L((u07p07 VOaMO)) where

13 £< 1,
(A.4) Y =13E-1), -1<£<3,

§—2, 3 <,

0, £<—1,
(A.5) Ho(§) = q3(E+1), -1<€<3,

2, 3<¢,
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0, £< -1,
le+1), -—-1<e<i,
(A.6) Uo(§) = ;Eg_g +)3), < i 3,
0, 3<¢,
(A7) ro(§) =0,
(A.8) Vo(§) = Ho(§).
(A.9)
Moreover the wave breaking time T as a function of € is given by
oo, & <1,
(A.10) T€) =<2, 1<£&<3,
00, 3<E&.

Then for t < 2 the solution is given by

5_ %t2a 5 < _15
1 1 1 2
-1 +5E+1t+5E-1t5, -1<£<L1,
(A-11) b(&:1) = igg—li—igg—3§t+igg—1§t2 1<¢<3
2 2 8 ’ =5 =9
§-2+ 3t 3<¢,
e+ + -1, -1<¢<1
—3 -1 +z(E-1t, 1<£<3
3t 3<¢,
(A.13) H(E,t) = Ho(8),
(A.14) r(¢,t) =
(A.15) V(£,t) = Ho(¢).
In FEulerian coordinates the solution for t < 2 is given by
g, esoeo
T g2 1 <g<iy,
(A.16) w,y =4 ALt
Q- t<e < gttt
2
1 1
5t t?+1<u,
(A.17) dv(t) = du(t) = u?(t) dx.
As t — 2 we note that y(&,t) — 2 for & € (1,3). Hence all wave breaking takes
place at the coordinates (x = 2,t = 2). We have
4
(A.18) a(2) = £
At t = 2 the solution in Lagrangian coordinates reads
5_ 17 g < _17
255 -1 S 5 S 15
A.19 ,2) =
(419) wen =1 555

5_17 3§§7
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_17 §§ _17
55 _1 S 5 S 17
(A.20) U,2) = . 1<e<3,
1, 3 <¢,
(A.21 H(¢,2) = Ho(¢),
22 r(§,2) =0,
07 5 S _17
le+1), -1<e<1,
(A.23) V(,2) =173
LE+9), 1<£<3,
S, 3<¢,

and thus the solution in Lagrangian coordinates for t > 2 is given by

~32-Ztre+ 2, £=-1
FE-D+3ErDiTiE-De,  —1<e<,
_)2 5/ T2 5 8 K
(A.24) y(§,t) = LE+3) - H(E -+ H(E+3)2, 1<e<3,
SRy 24e-12 3<§
~%t-1 €< -1,
EFHFiE-Ht,  —1<e<
_ )32 5 4 5
(A.25) U t) = —LE=T)+ £ (E+3)t, 1<E<3,
13—0t+%, 3§§a
(A.26) H(E,t) = H(8,0),
27 T‘(gut):()’
O7 é.é_la
Le+1), —-1<e<,
_ 2
g, 3<¢.

10 5) - 0 )
z+i(1-31) 342 2, 3 1,2, 3 2
(A.29) u(z,t) = S sht? — 2t — 2 <a < 5t? 4 2+ 2,
) z—5t—1 14203442 34242443
i1 10 5 5 = T 5 5
3 2 3,2, 2 3
2t+2, 2P+ it+E<u,

dv(t) = ug(z,t)*dx

4
(A.31) +5(w:2,t:2)+m1[%t2+%t+§,%t2+§t+g]dfp
2
1
(A.32) du(t) = ug(z, t)2 dx + 56(9022,15:2)'

In Figure [D curves of y(&,t) are drawn for &€ = —1,1,3. The cumulative energy
function for the measures y and v are plotted for t = 0,2,4 in Figure[3.
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Break point curves
T T T

4 T T T T T T
35 8
3 L -
25 8
t o, |
15 r :
1 L -
0.5 8
0
-5 5
X
Friorpn 9 DPlate af sl € +) in Fvamnla far € — 1 1 2
Cumulative energy functions at t = 0
o F : : : : : . . ; ;
F@3 [ ]
i R —
0.5 L 4 v
0 e U S B B
-5 -4 -3 -2 -1 0 1 2 3 4 5
X
Cumulative energy functions at t = 2
o F : : : : : : : : :
F@3 [ ]
i R —
05 r / 1 v
0 p— | 4L E
-5 -4 -3 -2 -1 0 1 2 3 4 5
X
Cumulative energy function at t = 4
o F : : : : : : : : :
F(H5 1 L
i R —
05 r ] v
0 e e W S S S S S R
-5 -4 -3 -2 -1 0 1 2 3 4 5

FIGURE 3. Plots of the
[Adlfort=0,2,4.

cumulative energy functions in Example
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Example A.2. In this example we show that the function g in the construction of
the metric is necessary. Let a € [0,1] be a given constant, choose € € (0,1), and

let (uo, po, Vo, po) and (to, po, Yo, flo) be given by

0, rz < -1,
z+1, —-1<z<0
A.33 uo(x) = ’ - =7
( ) ol) 1l—2z, 0<zx<e¢,
1—¢, e<uz,
—2¢, r<-—1,
(A.34) o) =¢ax+1-2¢, —-1<z<e,
1—c¢, e <z,
(A.35) po = po =0,
A.36) Vozﬁozug)m dx = [ig = Wo-

Then Xo = L((uo, po, vo, o)) and Xo = L((o, po, Vo, Jio)) are given by

57 gg _17
(A.37) Yo(§) =Go(§) = ¢ 5(E—1), —-1<E<1+2e,
5_1_57 1+25§€7
07 gg _17
2E+1), -1<¢<,
_ 2
(4.38) Uol) = {;(é —3), 1<&6<1+2,
1—¢g, 1+ 2e <¢,
—2¢, &< -1,
(A.39) Up(€) =< 2(E+1—4e), —1<E<1+2¢,
1—5, 1+2€§§7
07 é.S _15
(A.40) Ho(&) = Ho(§) = { 3(£+1), —1<E<1+2,
1+4¢, 142 <€,
(A.41) ro(§) = 70(§) = 0.

Let X (t) = Si(Xo) and X (t) = Si(Xo), then for 0 <t < 2 we have

— (1 +e)t?, £< -1,
(=D +3E+Dt+gE—e)?, -1<€<1,
(E=1)—5(E=3)t+gE—e)t? 1<E<1+2,
—l-e+(1—et+i(1+e)t?, 1+2 <,
£—2et — L(1+¢)t?, €< -1,
(A43)  gEt) =93¢ -1 +5(E+1—de)t+ (6 —e)t?, —1<E<1+26,
E—1—c+(1—et+i(1+e)? 142 <¢,

(A42)  y(&t) =

7 a S S =Y I [ a o8



46

(A.44)

(A.45)

Then M (X (t)), and M (X

(A.46) 2(t) = -1 — %(1 + o)
1
(A.47) xo(t) =t + §(1 —e)t?,
(A.48) z3(t)=e+(1—e)t+=(1+¢)
—i(1+5) r < x1(t),
r4+1—314e)t), z1(t) <z < ao(t),
(A.49) u(z,t) = 13 o ( j( 1), o) 2(t)
17§t (1—$+Z(3 )t) x2(t) <z < x3(t),
1—e+2(1+e)t, z3(t) < z,
(A.50) p(x,t) =0,
1 1
(A.51) dv(t) = ml[ml(t),m(m dx + mlm(t)m(tﬂ dz,
(A.52) u(t) = v(t),
(A.53) Fo(t) = —1 — 2t — %(1 +o),
(A.54) To(t) =e+ (1 —e)t+ é(l + ¢)t?
—25—1(14—5) z < Z1(t),
(A.55) a(z,t) = 1+ (e +1-2e— 3t(1 = 3e)), Zi(t) <z < Tp(t),
1—5+Z(1+a), To(t) < =z,
(A56)  plat) =0,
_ 1
(A57) di(t) = ml[il(t)@z(tﬂ dz,
(A58) f(t) = o(t),
For 2 <t the solutions in Lagrangian coordinates are given by
(A.59)
5+%—%—%<l+<l—a>)t2 £< -1,
- +L+3(¢+1—-ag)t+ (- (1—a))t?, —-1<E£<1,
y(&.t) = 1‘7“(5—1)+“—“‘+(——(£—1) -5
+5((l—a)(¢ =1 —e) + 1), 1<€<14 2,
E—l-e—%E+(1-c+%)t+30+(1—-a))t?, 1+2<E,

K. GRUNERT AND A. NORDLI

—1(1+e)t, £ <1,
sE+D)+5(€—e)t, -1<€<1,
_ 2 4
VD=1 D0 9 te o 1<e<1t2e
l—c+ (140, 1+2¢<¢,
—25—%(14‘5) gg_la
UEt) =3+ -2+ 3¢ —e)t, —1<E<1+2,
l—e+1(1+e)t, 142 <€

(t)), the solutions in Eulerian coordinates, are given by




LIPSCHITZ STABILITY FOR a-DISSIPATIVE HUNTER-SAXTON 47

(A.60)
£ — 2t — L(1+¢)t?, §< -1,
y(&t){é(s1)+§<£+14s)t+§(§a)t2, —1<E< 1+ 2,
E—1-c+(1—e)t+i(1+e)? 1426 <€,
(A.61)
—2 11+ (1-ae), £< -1,
U(E 1) = {§(§+1a6)+i(§(1a)8)t, -1<¢<1,
’ LoD+ -+ M1 - -1-e)+1)t, 1<E<1+2,
l—e+ 2+ 101+ 01— e, 142 <§,
(A.62)
{25 —1(1+e)t, &< -1,
UEt)=q5E+1)—2e+3(E—e)t, -1<E< 142,
l—c+ (140, 1+2e<¢,
(A.63)
0, £<-1,
V(ﬁt){é(§+1)’ -1<e<t,
’ Lagq o’ 1 <¢<1+42,
1+ (1—a)e, 1+2<¢,
(A.64)
V(& t) = Ho(¢),
(A.65)
H (& t) = Ho($),
(A.66)

E[(ﬁ,t) = ﬁO(g)

The solutions in Eulerian coordinates for 2 <t are given by

(A7) o) =1+ 5 ~ S~ %(1 + (1= a)e),

(A.68) xo(t) = % +(1- %)t + %(1 — (1 —a)e)t?,

(A.69) :vg(t)zs—%—i—(l—a—i— %)t—i—%(l—i—(l—a)s)tz,
—%—i(l—i—(l—a)s)t, x < xq1(t),

(AT0) (o= 4 GFER ~F AL mO eSO,

(
—1_;%15 (z—2—-3(1—e)t+3(1—2)t?), aaft
l—e+ 2 +1(1+01- ek, x3(
(A.71) p(x,t) =0,

1 1

() = ——— 10 i d
v(t) Tt 1 e O T Ty
(A.72) +E0(ymnt 152 1=2)

Lizy(8),25(1)) A
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(A.73)
(A.74)

(A.75)

(A.76)

(A.77)
(A.78)

(A.79)

The curves tracking the break points, x1, x2, x3, T1, and X2, is drawn in Figure
{ In Figure [A the cumulative function of the measures p and fi are plotted for

K. GRUNERT AND A. NORDLI

1
dp(t) = tzlulaxzxwldw-F( )1u2@%mﬂﬂ]d$

1+t+1 1—t+ 52
+(1- Q)E(s(m:2+17;s)t:2),

1
Ti(t) = —1 — 2et — g(1 + ¢)t?

To(t) =e+ (1 —e)t+ %(1 +e)t?

—25—1(1+s) z < 7(1),
a(z,t) = 1+ (2 +1-2e—3t(1-3¢)), T1(t) < < Za(t),
1—6+Z(1+E), Zo(t) < m,
p(z,t) =0,
9@):———i—r—hmwiﬂmd%
1+t+ 12 ’
fi(t) = v(t),

t=0,2,4. Note that they do not coincide after wave breaking.
For t < 2 the norms of X (t) — X (t) are given by

y() — y()lloo = 2¢t,
[U@E) = U)o = 2e,
e (t) — ge(t)ll2 = V2et,

[Ue(t) = Ue()]|2 = V2,
[Ve(t) = Ve(t)][2 = 0,

lg(X(6) = g(X)ll2 = V2e (t+ ).
lg2(X (1)) = ga(X ()2 =0,
l9s(X () = gs(X ()12 =0,
ol |U(t) Hoe = U () Hogllo =0,

while for 2 <t we have

(A.89)
(A.90)

(A.91)

ly(t) = 50)loo = & (26 + S (2~ 2)2)
1U®) = U(t)]loc = 22+ (¢ - 2),

lwe(®) = F(t)l2 = V2e (1 -+ St —2)?)
H%@%iMMb=%EQ+%@—m)
IVe(t) = Ve()ll2 = V23,
lg(X) = g(X)l2 = V2= (

lg2(X (8)) = g2(X ()2 = 0,
llg5(X (£)) = gs(X(#)]|2 =0,

2+t+8@—2))
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Break point curves

T T T T T T T

35

25 r

0.5

FIGURE 4. A plot of characteristic curves x;(&,t),i = 1,2,3 and
Z;(t),t = 1,2 from (A67) in Example

(A.97) oo lIU (#) Ho,e = U (t) Ho.¢ll2 = 0.

That is, at t = 2 the norm ||Ug(t) — Ue(t)||2 suddenly starts to grow, and the growth
depends on «. Moreover, there is a jump in ||[Ve(t) — Ve(t)|l2 at t = 2, so that

term cannot be a part of the metric. Note that since Hy = Hy all terms involving
differences in H or H¢ vanish.

Example A.3. In this example we demonstrate the iteration scheme from the proof
of Lemma [2.3. In particular we illustrate how the scheme reaches the limit in a
finite number of iterations for multipeakon initial data. Let Xy € Fy be given by

55 gg _1’
He—-1), -1<€<1,
— 2
(A.98) Yo(§) = %(5 —1), 1<¢< %7
5_ %7 % S 5’
1, fﬁ _17
) -3(¢-1), —1<¢<1,
~1, 7 <&,
0, fﬁ _17
e+, —1<e<1,
— 2
(A.100) Ho(6) = Leta), 1<6<T,
5, I<e,

(A.101) Vo = Ho,
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Cumulative energy functions at t =0

15 T T T T T T T T T T T
TG ]
05 1 [—F,
Y S —— S S S )
5 -4 -3 2 1 0 1 2 3 4 5
X
Cumulative energy functions at ¢t = 2
15 T T T T T T T T T T T
Ey(op | e
05 - 1 —=&
Y Y . dl==E

FIGURE 5. Plots of the cumulative energy functions in Example
[A2fort=0,2,4.

(A.102) ro =0,
which gives
00, 5 S _17
2 —-1<¢<1
(A.103) 7€) =<" s¢ o
47 1 S 5 S 2
0, % <&
Choose a(x) such that
0, xz <0,
(A.104) a(z) = ¢ 1z, 0<a<3,
%, 3<x.

Then, in the notation of the proof of LemmalZ.3, we have X1(t) = Xo. For t < 2
the next term is given by

E+1t— 517, £<—1,
Le-1-LE-t+LEe-H2, —-1<¢<,

A105 ) =12 2 0

0D DT e ) e e+ D, 1
E-3ot4 2 5 <6
1- 3¢, £< -1,
—3E-D+3€-3t -1<6<1,

A.106 Us(E,t) =4 2 R

( ) 2(6:1) —2E-1)+ L€+t 1<e<,
—1+ 3¢, 1<g,
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0, =1,
Le+1), —1<e<,

A.107 Ha(&,1) =4

( ) 2(&,t) le+4), 1<e<,
g, 3 <&

(A.108) Va(t) = Ho,

(A.109) r2(t) =0.

The amount of energy dissipated at t = 2 is given by

(A.110) a(y1(§,7(8))) =0, -1<¢<1,

and hence we have for 2 <t < 4 that

E+t— 242 €< —1,
3E=1) = 3(E-Dt+5E -5, -1<e<1,
A1l ) =12 2 S
( ) 1(&1) 2E-1) - 2(¢E-Dt+5(E+ D12, 1<e< T
§— 5 —t+ 3t 3<6
1:%t, . ) é.é_l,
—3E -1 +3zE-3)t -1<<1,
A112 Us(E,t) = ¢ 2 R
(A.112) 26D=Y g 14 Lieady, 1<e< ],
—14 3, 7<¢
07 gg_]‘?
_JAE+n, —1<e<,
(A.113) Hy(&,t) = §(§+4)7 1<e<T,
3, 1<¢,
(A.114) Va(t) = Ho,
(A.115) ro(t) = 0.
The amount dissipated at t = 4 is given by
1 7
(A.116) a(y1(&,7(8))) = 5(5 - 1), l=¢=<3.
Thus, fort >4,
E+1—3(t—4)— F(t—4)? §< -1,
sE+D)+ 38— +g(€E-Ft—4? -1<E<,
_ 2 2 8 8
A0 @0 =0 gy b (3 12t ety — 42, 1<e<T,
E-2+3t-4)+8t-42 7 <&,
1—% —1%(t —34), g S _17
2§+ 76— )t —4), -1<£<1,
A Y 1 8
A8 GO =310 (o g ey a), 1<e< T,
1y —yq), 356

51
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0, §§ _17
Le+1), —1<e<,
_ 2
(A119)  Ha(&t) = Le44), 1<e<I,
3 $<¢
O, §§ _17
LEe+1), -lsesl,
_ 2
(A.120)  Va(&,t) = L(B9+126-¢%), 1<€<l,
u 1<¢,
(A.121) r2(t) = 0.
Then
L o—1<e<u,
(A.122) ay2(§,7(6)) = {%ﬁ 1<¢<

and X3(t) can be computed as follows. For t < 2 we have X3(t) = Xa(t). For
2 <t < 4 we have,

(A.123)
E+5+1(t—-2)— 2 (t—2)% £< -1,
palet) = o 1T 1=+ g (156 = 8)(t —2)% —l=e<l,
TR+ e - D -+ He+ -2 1<
-4 — 1t —2)+ 5t —2)?, 1<¢,
(A.124)
Ly L(L5e )¢ —2), —1<¢<,
Us(€,t) =4 4 8\
OO e s e -2, 1<e<]
14 B9, 3 <6
(A.125)
Oa gg_l’
JE+D), —1<e<,
— 2
M@= 1), 1<c<1.
3, 1<¢,
(A.126)
Oa é.g_l’
BE+D, —1<g<,
— 32
BED= V1wt ceat
3, 3 <&

(A.127) r3(t) = 0.
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At t = 4 there is wave breaking for 1 < € < I

5, and one fourth of the energy is
dissipated. Thus for t > 4 we have

E+ 55— 5t —4) - Hgt—4) €< -1,
Leplp e —4)+L(156-6)(t—4)? —-1<£<1
(A.128)  y3(&,t) = §%€+1§+32( 3)"‘1728( 3 2)( )% _5_7,
I tat—4)+5(E+ )t —4)% 1<e<d,
-8l 15t —a)+ 2L(t-4)2 T<g,
—3 — gt —4), £<—1,
Ley LABE—6)(t—4), —1<£<1
(A.129) Us(€,t) = %54'364( 557 6)( ) _5_7 ;
3+ i€+ gt —4), 1<¢<d,
%—i_é_}l(t_él)v %Sfa
07 é.é_l;
1 1), -1<¢<1
(A130) Ha(e,r)={2ETL ~1sE<l,
2 I<g,
07 §§_17
15 1 —1<€<1
(A131) Va(en) = BET mIsisL
§(€+z)7 17§§§§,
16 356
(A.132)  r3(t) =0.
Then
L, —1<¢<1
A.133 _ )16’ ST
( ) a(ys (& 7(6))) {% 1<e<1,
and we have that X4(t) = X3(t) for t <4. Whent > 4, then
(A.134)

E+ 5 -3t —4) — gt —4)? £< -1,
sl B+ L+ Bt —4) + 555 (2406 - 97)(t —4)?, —-1<¢<1,
4\Sy -

Bl It —4) + 15555 (388E + 327) (¢ — 4)2, 1<e<I

E-St+mt—9)+ 5Kt -1?% I<e,

(A.135)

:5% - 1%74@ —4), £< -1,

358+ om - - —-1<¢<
Uset) = ?§§+11024(240§ 97)(t — 4), 1_5_71,

B+ (388 +327)(t —4), 1<&< T

%—’—130—3274@_4)7 %Sfa

(A.136)

07 é.g_lv

1

le+1), —1<e<,

Hy(& 1) = f(g ) 57
3(§+4)7 1§§§§7

2, I<g,
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Break point curves

FIGURE 6. A plot of characteristic curves y;(¢,t),7 = 1,2,3,4 in
Example [A3] corresponding to £ = —1, £ = 1, and £ =  from left

to right.
(A.137)
07 5_ _15
V(gt)* %(54—1)7 -1<¢£<1,
4\S» -
o35 (97€ + 503), l<¢< %
337
256 2 S 57
(A.138) r4(t) = 0.

Since X5(t) = Xa(t) for all t > 0, the a-dissipative solution with initial data Xo at
time t is given by X5(t). In Figure[d y;(&,t) has been plotted for i = 1,2,3,4 and
£=-1,1,1

s 4y g

Example A.4. In this ezample we demonstrate why it is necessary to restrict alpha

to [0,1). Select v such that (%) =1, and a(3) = &. Let (uq, po, vo, o) be given

2
by po =0, 1o = po = (V0)ac, and

1, r < —1,

- —-1<z<0
A.139 uo(x) = ’ - =
(A.139) @ =T iaes

-1, 2<x.
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Then Xo = L((uo, po, Vo, to)) s given by

(A.140)

(A.141)

(A.142)

(A.143)
(A.144)

57
3(€-1),
_J)2
Yyo(€) %(5_1)7
£-3,
17
_l(é'_ 1)5
U, — 2
0(5) _%(5_ 1)5
-1,
Oa
3(6+1),
H. — 2
3
29
Vo = Ho,
To =0.

§§_17
7
356
§§_17
7
7
§§§7
gg_lv
7
5<¢

We claim that L o M o S4(Xo) # I 0 S4(Xo). Note that S4(Xg) does not belong to
the set F¢, since we choose an invalid a. However the mappings L and M can still
be applied in this more general case. For t = 4, S4(Xo) reads

(A.145)

(A.146)

(A.147)

(A.148)

ad X =TI o S4(Xy) is given by

(A.149)

(A.150)

(A.151)

£+3, <1,
y(&,4) =1 3, -1<¢< i,
¢€-3, I<g,
U(,4) =0,
0, £< -1,
3E+1), —1<¢<,
HED =1y, 1<e<t,
3, 7<g,
0, €<,
V(g4 =45E-1), 1<£<,
i 5<¢&
{& ¢<i,
g(&) =1 3 $<E<2,
£-3, 2<¢,
U(¢) =0,
0, £< 3,
1ﬂ®{5; l<e<,
3, 2 <&,
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0, £<3,
(A.152) V) =q36-1 55622
i, 2<¢.
On the other hand let X = L o M o S4(Xy), then we get
¢, £< 3,
(A.153) 1, 3<€6<2,
£-35, 2<¢
(A.154) =0,
0, £<3,
(A.155) E—14, 3<¢<2,
3, 2 <¢,
0, €< 3,
I 2<¢.

Since V # V we have that if we allow that o(z) = 1 for some z and a(z) < 1 for
some other z, then we cannot guarantee that Lo M = idr,. By passing to Eulerian
coordinates and back some information about V is lost. In Figure[8 the cumulative
function for v is plotted at t = 0,2,4. We see that the jump at t = 4 contains two
jumps, one created at t = 2, the other at t = 4. Uniqueness is lost for t > 4 since
we are unable to separate the jumps in a systematic way. This can be seen from
Figure [A where cumulative functions for v and U have been plotted at t = 6. The
measure v is obtained by M o Sgo L, while U is obtained by M oSeoLoMoSyoL. It
should be pointed out that non-uniquenss after wave breaking for v does not affect
(u, p, 1) in any way.
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FIGURE 8. A plot of the cumulative total energy function F, in
Example[Adlat t =0, t =2, and t = 4.
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FIGURE 9. A plot of the cumulative total energy functions F;, and
F; from Example[A 4 at t = 6.
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