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Abstract

The functional It6 formula, firstly introduced by Bruno Dupire for continuous
semimartingales, might be extended in two directions: different dynamics for the
underlying process and/or weaker assumptions on the regularity of the functional.
In this paper, we pursue the former type by proving the functional version of the
Meyer-Tanaka Formula. Following the idea of the proof of the classical time-
dependent Meyer-Tanaka formula, we study the mollification of functionals and
its convergence properties. As an example, we study the running maximum and
the max-martingales of Yor and Obtd;.

1 Introduction

Our goal in this article is to prove the functional extension of the well-known Meyer-
Tanaka formula. The theory of functional 1t6 calculus was presented in the seminal
paper [8] and it was further developed and applied to diverse topics, for instance, in
[9, 1105 26} (18} 4, 13} 23]]. Before proceeding, a remark regarding nomenclature. In this
paper, the adjective classical will always refer to the finite-dimensional It stochastic
calculus.

The Meyer-Tanaka formula is the extension of Itd6 formula to convex functions.
More precisely, in the classical case, if f: R — R is convex and (x;),>0 is a continuous
semimartingale, then

7 = o)+ [ s+ [ 2e3)ar o), (LD)

where f” is the left-derivative of f and L*(s,y) is the local time of the process x at y; see
[19], for example. This formula is easily generalized to functions f that are absolutely
continuous with derivative of bounded variation, which is equivalent to say that f is the
difference of two convex functions. We would like to remind the reader that the local
time is defined by the limit in probability:

200 = Jim oo [y ey (),
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where (x) is the quadratic variation of the process x. We are adhering the convention
4¢ instead of 2¢. The random field (L*(t,y));., is a.s continuous and increasing in  and
cadlag in y. The following extension to time-dependent functions was established in
(L1]):

£(t0) = FOx0) + [0 flo.x)ds+ [ 3 flsw)d (12
[ o )= [ [ D00, fs)

where d,” f and d, f are the time and space left-derivatives, respectively. It is as-
sumed that f is absolutely continuous in each variable, d,” f and d, f exist, are left-
continuous and locally bounded, d, f is of locally bounded variation in Ry x R and
d; f(0,-) is of locally bounded variation in R. The notation dy and d,, mean integra-
tion with respect to the y variable and the (s,y) variables, respectively. We forward the
reader to the reference cited above for some other different generalizations of Meyer-
Tanaka formula (I.T) and for the precise definition of the Lebesgue-Stieltjes integral
Jo Sy L (5.3)ds 9, F(s.).

Since a functional extension of the Meyer-Tanaka would be inherently time depen-
dent, Equation is of utmost importance for our goal. However, we will not pursue
a functional extension of (I.2) in its full generality of assumptions. It is clear that some
of the technical assumptions of the results presented in our work could be weakened
along the lines of [L1], but in order to provide a clear exposition of the subject we
will consider technical assumptions that are general enough to introduce the important
techniques without adding a cumbersome notation.

There are several other generalizations of the Itd formula that could be extended to
the functional framework, for instance, [1, 27, 21}, (17, [11} 30, [15} 14} [2]. We will not
pursue them here, of course, but we hope that the foundations laid in this work might
help in this task.

Meyer-Tanaka formula and its generalizations have many interesting applications
in Finance, as, for instance, [22,16,15]. Other applications can be found in the theory of
Local Volatility of [7], see for example [[20].

The paper is organized as follows: we finish this introduction with a presentation of
functional Itd calculus and we define the mollification of functionals in Section[2l This
is a very important tool that will be used in Section [3|in order to prove the functional
extension of the Meyer-Tanaka formula. In Section 4] we will apply the theory to the
running maximum to find a pathwise version of a famous identity by Paul Lévy and we
will also study the max-martingales of Yor and Obldj in the light of the functional It6
calculus.

1.1 A Brief Primer on Functional It6 Calculus

In this section we will present a short review of the functional Itd calculus introduced
in [8]. The goal is to familiarize the reader with the notation, main definitions and
theorems needed for the results that follow.



The space of cadlag paths in [0,¢] will be denoted by A,. For a fixed time horizon
T > 0, we define the space of paths as

A= | A

t€[0,7]

We will denote elements of A by upper case letters and often the final time of its
domain will be subscripted, e.g. Y € A, C A will be denoted by Y;. The value of ¥; at a
specific time will be denoted by lower case letters: y, = ¥;(s), for any s <z. Moreover,
if a path ¥; is fixed, the path Y, for s <¢, will denote the restriction of the path ¥; to the
interval [0, s].

The following important path deformations are always defined in A. For ¥; € A and
t <s < T, the flat extension of Y; up to time s > ¢ is defined as

_ yu, i 0<u <y,
Yt,s—t(u) - { Vi, if ¢ <u< s,

see Figure[l] For & € R, the bumped path, see Figure[2] is defined by

h _ Yus if OSM<I,
Yf(”)_{ymuh, it u=t.

Figure 1: Flat extension of a path. Figure 2: Bumped path.

For any Y;,Z; € A, where it is assumed without loss of generality that s > ¢, we
consider the following metric in A,

dA(Yth) = ||Yt,s7t *Zus‘i’ |57t|a

where
[¥illee = sup [yu-
uel0,t]
One could easily show that (A, d,) is a complete metric space.

Additionally, a functional is any function f : A — R. Continuity with respect to
dy is defined as the usual definition of continuity in a metric space and is denominated
A-continuity.

For a functional f and a path Y; with t < T, the time functional derivative of f atY;
is defined as

o) —f (V)

e T (1.3)



whenever this limit exists. The space functional derivative of f atY; is defined as, if
the limit exists,
Y — £,
Axf(Yt)zlimM. (1.4)
h—0 h
Finally, for any i, j € {0} UNU {+oe}, a functional f : A — R is said to belong
to C/ if it is A-continuous and it has A-continuous derivatives Afk) f and A,(Cm> f, for
k=1,....iandm=1,...,j. Here, clearly, A¥ = A,(A*"") and A" = A, (A" V).
2

. 2
Moreover, we use the notation A, = A,

The attentive reader might have noticed that we have not introduced any probability
notation so far. We start by fixing a probability space (Q,F,P). We state now the
functional Itd formula. The proof can be found in [8]].

Theorem 1.1 (Functional It6 Formula; [8]]). Let x be a continuous semimartingale and

f € CY2. Then, for anyt € [0,T],

FX) = F(X0) + /0 A f (X )ds + /0 tAxf(XS)dxs—k% /0 Af(X)d(); P—as,

One should notice that the Itd6 formula above is of the same form as the classical
1t6 formula for continuous semimartingale, the only change being the definition of the
time and space functional derivatives given by Equations (I.3) and (T.4). This theorem
was extended in terms of weakening the regularity of f and generalizing the dynamics
of x, see [4} 13, 23]]. Here, we will examine a different class of functionals than it was
considered in these previous works. We now state the main result of this paper:

Theorem (Functional Meyer-Tanaka Formula). Consider a functional f: A — R
satisfying Hypotheses[3.5|and let x be a continuous semimartingale. Then

F(X) = f(Xo) + /0 "Af(X,)ds+ /0 CAT (X, (1.5)
-|-/RLx(t,y)dy8yff(X,)L)—/O /RLx(s,y)ds,ya)ff(Xg;) P—as.,

where X;_ is the path Xy with the value at s substituted by y, see Equation .

Notation 1.2. d,¢(y) and d;,¢(s,y) denote the Lebesgue-Stieltjes integration with
respect to the integrator ¢ (y) and ¢ (s,y), respectively.

The main example of non-smooth functional to have in mind is the running maxi-
mum:

m(Y;) = sup y;. (1.6)

0<s<t

For more details on this functional, we forward the reader to Section 4.2,



2 Functional Mollification

In this section, we investigate the mollification of functionals. The goal is to create a
sequence of smooth functionals converging to the original one in various senses. This
technique will be used to prove the functional Meyer-Tanaka formula as it is similarly
done in the proof of its classical version.

Definition 2.1. For any functional f: A — R, we define F : AXR — R as
F(Y;,h) = f(¥}"). @.1)

When denoting functionals, capital letters will be used as above, i.e. it will denote a
function with domain A x R where the first variable is the path and the second variable
is the bump applied to this path. This notation will be carried out in the remainder of
the paper. We choose to use this notation to help the analysis of the space functional
derivative of the mollification.

A mollifier in R is a positive function p : R — [0, +o0) such that p € C°(R), the
space of compactly supported smooth functions; [ p(z)dz = 1; and p,(x) := np (nx)
converges to Dirac delta in the sense of distributions. We also refer to the sequence
(Pn)nen as the mollifiers. Notice that p, € C°(R).

Definition 2.2. The sequence of mollified functionals is defined as

Fih) = [ polh=E)F(0.E)dE = [ pu(&)F(Hh-E)aE.  (22)

Remark 2.3. This mollification is well-defined as long as the real function F(Y;,-)
is locally integrable for any path ¥; € A. See [13], for instance, for details on the
mollification in the case of real functions.

Proposition 2.4. Suppose f is A-continuous. Then F(Y;,-) is continuous for each
Y, € A, F, is well-defined and, as a functional, is infinitely differentiable in space.
Moreover,
AYF, (Y, h) = oM F, (%, h
X n( ty ) h n( ty )7

where 8,5k> denotes the k-th derivative with respect to h. This is the main property of
the mollified functionals.

Proof. Notice that since the functional f is A-continuous, F(Y;,-) is then continu-
ous for fixed ¥; € A, because da(Y",Y,?) = |hy — hy|. This implies F(Y;,-) is lo-
cally integrable, and therefore the mollification F,, is well-defined. Notice now that
F(Y?,h) = F(Y;,h+z) and then

FYi) = [ pulh=E)F (V& +2)dE (2.3)

— /R pulh— (& = 2))F (¥;, E)dE = Fy(Y,h+2).

Thus, for any k € N,
AVE, v, h) = 0V E, (%, ).



We would like also to point it out that a particular mollification of the running
maximum was considered in [§] to derive a pathwise version of the famous formula
due to Lévy:

max x; = xo +L* " (¢,0),
0<s<t

where m is the running maximum process and x is a continuous semimartingale. The
reader is forwarded to [[19, Chapter 3 and Chapter 6] for more details on results regard-
ing the relations between local time and the running maximum in the Brownian motion
case.

2.1 A-Continuity of the Mollified Functionals and its Derivatives

In this section we will study the relation of continuity of f and of its mollification F;,.

We have already seen that, if F(Y;,-) is locally integrable for any given ¥; € A, then
F,(Y:,-) is infinitely differentiable in R, and therefore it is also continuous. However,
differentiability in the functional sense does not imply A-continuity. Hence, it is neces-
sary to consider a slightly stronger assumption on the continuity of the functional f in
order to be able to conclude the A-continuity of F,,. We will thus consider the following
stronger criterion:

Definition 2.5. We say that f is A-¢-equicontinuous if there exists ¢ : R — R positive
and locally integrable depending only on f suchthatVe >0,VY, € A, 36 >0,

da(Yi,Z) <8 = |F(%;,8) —F(Z;,8)| <€9(&), VE €R. 24)

Notice that A-@-equicontinuity implies that f is A-continuous. Moreover, if ¢ =1,
then the family of functionals {F (-,§)}¢cp is A-equicontinuous.

The weakening of this assumption could be pursued, but it is not in the scope of
this work.

Proposition 2.6. Suppose f is A-@-equicontinuous. Then, for any n € N and h € R,
F,(-,h) and A)(ck)F,,(-,h) are A-continuous, for any k € N.

Proof. By Equation (2.2)), we see
Fo(iuh) = Fu(Zes )] < [ pulh= E)IF (&)~ F(Z0,§)IdE.

Hence, fixing € > 0, n € N and i € R, and choosing § > 0 from the A-¢-equicontinuity

of f with & equals
€

Jrpn(h=8)9()as’
we have, for ¥;,Z; € A satisfying da(Y;,Z;) < 8,

\Fu(Ye, ) — Fy(Zo, )| < /R Pulh—E)|F (Y, &) — F(Zy, E)|dE < e



Therefore, we conclude that F, (-, h) is A-continuous for any n € N and 4 € R. Consid-
ering now the derivatives of F,, we see

AYE, (¥, h) = 3P Fy (Y. 1) /a (Palh—&))F (Y;, E)dE,

and since 8}Ek) (pn(h—+)) are in CZ(R), the same argument employed above for the

A-continuity of F;, can be used to conclude the A-continuity of A)(Ck) F.(-,h). U

2.2 The Issue with the Time Derivative

As we have seen, the functional F,, is smooth with respect to the space variable. In this
section, we will study the question of the existence of the time functional derivative.
Notice that

(Y50, /pn (h—8)F (Y, 5,6)dS.
When is F, time functional differentiable as in Equation (I.3])?

Definition 2.7. We say a functional f is h-time functional differentiable if F(-,h) is
time functional differentiable for every 4 € R, i.e.

F(Y, 5,h)—F (Y, h Y s )" — f(Y!
MF() = tim P ZFOR) (s 10D o
§1—0+ ot 51—0+ ot

exists forevery ¥; € Aand h € R.
We are then ready to answer the previous question:
Proposition 2.8. If f is h-time functional differentiable, then AF, exists,
AFy(Yr,h) = (AF )n(Y:,h),
foranyY; € Aand h € R, and
AONF, (Y1) = 9 (AF) (Y, ).

Moreover, if AiF is A-¢-equicontinuous, then A F,(-,h) is A-continuous, and hence in

o,

Proof. For fixed ¥; € A and & € R, define y(07) = F(Y, 5,,§). By Definition
v € C'(R,) and therefore,

AE (Vi) = [ palh—E)AF(Y,E)dE = (AF)a(4,E).

Since AF is A-¢-equicontinuous and A Fy,(Y;,h) = (AF),(Y;, &), by Proposition 2.6]
we conclude that A, F;, is A-continuous. O



Remark 2.9. We would like to point out the similarity of the Equation (2.5) and the
limit characterization of the Lie bracket given in [18, Lemma 3.2]:

- F((s)") = F(() s
e f ) = Jim Z2E

h—0

However, it is obvious that Definition[2.7does not require the functional f to be locally
weakly path-dependent ([A;, A,] f = 0, as defined in [18])). Deﬁnitionis indeed just a
technicality and encompasses many interesting functionals. For example, the running
integral (f(Y;) = [;ysds) satisfies Assumption and it is not locally weakly path-
dependent.

2.2.1 Time and Joint Mollification

We will not pursue this here, but it is important to mention two different mollification
possibilities:

(i) Time Mollification:
Fo(80) = [ pul8t—m)f (g, 2.6)
R
(ii) Joint Mollification:
Ftonh) = [ [ puhi=E)pu(or—mif()P)agan. @)

An obvious issue with the joint mollification is the choice between f ((I/t7,7)5) and

f ((Y,é )i, ); both would be initially valid choices. This is not a problem when we restrict
ourselves to the path-independent case: f(Y;) = h(t,y,). However, as it was noted in
[[L8], the different ordering of bump and flat extension is a very important aspect of the
functional It6 calculus.

Additionally, as it happened in the aforesaid reference in a different circumstance,
the Lie bracket of the operators A; and A, would probably play an important role if the
joint mollification were used.

2.3 Integration by Parts

We will now derive some integration by parts computations that will be useful later in
the proof of the functional Meyer-Tanaka formula.

First some definitions. For any ¥; € Aandy € R,

, if 0<u<iy,
Y,y_(u):{;“ c o 2.8)

Notice that ¥} =¥ € A, and it is different than (¥, )* = ¥~ Moreover,
define

FY,y) = f¥). (2.9)



The definition of the function .% above serves two purposes. Firstly, alleviates no-
tation. Secondly, it helps us take derivatives with respect to the ¥; and the last value
y separately. Capital calligraphic letters will always be used as above meaning that it
will denote a function with domain A x R where the first variable is the path and the
second variable is the value will replace the last value of the path. We will keep this
notation through out the paper.

We start by noticing that, for any function g : R> — R regular enough for the
computations to follow, the subsequent identity is obviously true:

/ﬂ% (/()tf(Ysay)dsq(&y)) dy = /ﬂ%eg(yz’)’)CI(t,y)dy

—/R (/Ot 8t5[(Ys,y)CI(S7)’)dS) dy,

E(sty) —J@‘(me)

9

where .# is given by Equation (2.9) and

8F (Y,,y) = lim T2
the usual time derivative of a function. Let us now verify that this derivative exists
under certain regularity assumptions. Notice that .% (Y;,y) does not depend on the last
value of the path Y, and hence A, Z (Ys,y) = A% (Y;,y) = 0. So, if f satisfies Def-
inition[2.7} A;.Z (¥;,y) exists. Assuming Lambda-continuity of .Z (-,y) and A% (-, y)
implies that .7 (-,y) € C!2. Then, one can show, by the functional It6 formula, Theo-
rem[L.1] that for any continuous semimartingale x,

t
FXey) = F X))+ [ 8T (X3

which implies that
0,.F (Xs,y) = AT (X5,y), Vs >0, P—as.
Moreover,
F (Yo y+h) =F (Y h) = f(r*"), (2.10)

and then
A7 (%,3) = O F(,0) = AP p(r).

Before proceeding, we would like to comment on the commutation of J; and 8y. It
is well-known now that A, and A, do not commute. However, we do not experience
a similar problem here. J; and d, do commute: d,d;.% (Y;,y) = d;0,.% (Y;,y), as one
can easily verify by direct computation and assuming these derivatives exist and are
continuous. The reason is that in the definition of .% (Y;,y) it is implied that the bump y
happens always at the end of the path Y;. Therefore, there is no ambiguity in the order
of the time perturbation and the bump that we experience in the case of A, and A,.



If g € C}(R) and 0,7 (¥,,y) exists, then
| 808t (7 )dy = [ g()2,F (% y)dy @.11)
= /R &' ()T (Yi,y)dy

Furthermore, if we consider ¢ : R> — R smooth with compact support and assume
9,0y F (Y;,y) exists, we find

t 2 t
/()/Rafoxf(Yg_)f](SJ)ddeZ /0 /R 0,0, F (Yy,y)q(s,y)dyds
t
:/O Aayat&—yg(y‘hy)q(s?y)dyds
t
- _/0 /Ratayﬁ(YSJ)ayQ(Say)dyds

! t
- /R 0y F (Yy,9)0yq(s,y)| dy+ /O /R A F (Ys,y)dsyq(s,y)dyds,
0

where .

o = ‘I/(t7y) - W(Ovy)

v(s,y)

3 Functional Meyer-Tanaka Formula

3.1 Local Time

The local time of the process x at level y, denoted by L*(s,y), is defined as the limit in
probability:
L'(1,y) —gg%/ Ly e (8)d (x)s.

A very important identity related to the local time is the occupation times formula,
[29, Corollary 1.6, Chapter VI], which says that if ¢ : Ry x R — R is bounded and
measurable, then

/‘tgo(s,xs s_z/ (/ sydL(sy))dy,\nzo, P_as. (3.1
JO

The following extension of the occupation time formula will be fundamental in the
following, see [29} Exercise 1.15, Chapter VI].

Lemma 3.1. For any bounded measurable function y : Ry x QxR — R,

[ wis0xat,=2 [ (/’ws,w,y)dms,y))dy,\nzo, Poas (2
0 R 0

10



Proof. By Equation (3.1)), for any ¢ : Ry x R — R bounded and measurable, there
exists Q¢ € § with P(Qg) = 1 such that, for each 0 € Q,,

/(:<P(s,xs(a>) 5_2/ (/ (s,y)dsL* (@) (s 7y)>dy,vt207

where (x)(®) and L*(®) are the realizations of the quadratic variation and the local
time, respectively. Moreover, since ¥(-, ®,-) is bounded and measurable, it can be
uniformly approximated by simple functions of the form:

b
Wn(t,way) = Z ak.n(tvy)lf\kgz(w)'

Define now Qy, = 2’:1 ﬂz":l Qy n, Where Qy , is defined as Q, for ¢ = ay ,,. Therefore,
IE”(QW) =1 and, by the occupation time formula for functions on R} x R, we find, for
0 € Qy,

by

/Ot Vs, 0, x,(0) Vs = Z A (@ / (5,35 (0))d (x(@))s
—ZlAkn 2/ </ g n(s,y)dsL* (@ )(s,y))dy

=2 ( [ wn<s,w,y>dsv<w><s,y>) dy.

Letting n — +o0 and using the uniformity of the convergence y;,, — y, we have found
the desired result. O

For a given functional f, we would like to apply the proposition above to y¢(s, ®,y) =
F (Xs(w),y), where .# is defined in Equation (2.9). Then, for every functional f such
that Y above is bounded and measurable, we have

/otf(x“ 3*2/ (/ X, y)dsL* (s, y))dy- (3.3)

Example 3.2 (Running Integral). Consider the running integral functional f(Y;) =
Jo yudu. We clearly have Z (Y;,y) = f(¥;) and moreover, we find

. /0 " FX)d (x)s = | /0 ' ( /0 Sx,,du) la)s = /0 (0 — () xudt

o [ ([ Fomaron)as=[ ([ ([ an)arin)a
. /0 [ ( /R L¥(t,y)dy — /R Lx(u,y)dy> radit

Xt =2/ L¥(t,y)dy,
JR
we verify Equation (3.3) for this particular example.

Therefore, since

11



3.2 Convergence Properties

The idea behind the proof of the classical Meyer-Tanaka formula (see [[19] and [11],
for example) is to apply It6 formula to the smooth mollification of the function in
consideration, let n go to infinity to approximate the original function and then analyze
the limit of all the terms of the It6 formula. Having this strategy in mind, in this section
we will investigate the convergence of certain quantities that will be important when
proving the functional Meyer-Tanaka formula.

We firstly define the functional f,, : A — R as

ful¥) = Fy(¥;,0) /Pn F(Y, —E)dE, (3.4)

where F, is the mollification of F given in Equation (2.2)).

Remark 3.3. In what follows, we will explicitly use the fact that the mollifier p has
compact support. Without loss of generality, we may assume that its support is inside
[Pmin, Pmax]> Where pmin < 0 and Prax > 0.

Proposition 3.4. Assume 0, F(Y;,-) exists. The following facts hold true:

1. ForeachY; € A if F(Y;,-) and 9, F(Y,,-) are continuous at 0, then

Jim £ (Ye) = f(X),
hm Axfn(Y,)— hm hFn(Y:,0) = 9, F(Y;,0) = A f(Y}).

2. If f satisfies Definition[2.7] we have

hm A fu(Y) = Af (X)),

lim / A fu (Y, ds-/ Af(
n—y+oo
foranyY, € A

3. If (9, F(Xs,—h))sc(o,r) is bounded in h € [Pmin, Pmax] by an x-integrable process,
then

t t

lim [ Adfu(X,)dx, = / ADF(X)dxs  wep.,
n—+-ee J( 0

where u.c.p. means uniformly on compacts in probability.

Proof.

1. It follows easily from standard results in mollification theory.

12



2. The first limit follows from Proposition [2.8] Moreover, one can easily notice
t t
| asds= [ [ pu(~E)nF(x:.E)azds

= [ ([ arragras) az

Therefore,

t ot t
lim [ Af(Yo)ds = / AF(Ys,0)ds = / A (Ys)ds.
0 JO JO

n—r+oo

3. Notice that

*Pmax

Ahi(r) = |

p(E); F (n,—g) dE. (3.5)
 Pmin n
The boundedness assumptions means there exists an x-integrable process () 5€[0,7]
such that
max |d, F(X;,—h)| < y,.
he[pmimpmaX] | h ( * )| N WS

Hence,

INFOEY

+ Pmin

9, F (Yt,—i)‘dé < /pmxp(i)%dé =Y.

Pmin

Therefore, by the Dominated Convergence Theorem for stochastic integrals, see [28,
Theorem 32, Chapter IV], we have the desired convergence.

O

3.3 The Functional Meyer-Tanaka Formula

We start this section by stating the assumptions on the functional f such that the Meyer-
Tanaka formula will hold.

Hypotheses 3.5.
1. f h-time functional differentiable as in Definition

2. f and A,F are A-¢-equicontinuous as in Definition

3. dy F(Y,,y) exists and is of bounded variation for (¢,y) jointly and for y sepa-
rately, for any ¥; € A.

4. (9, F(Xi,—h))scjo,r) is bounded in & € [Pmin, Pmax] by an x-integrable process.

13



We are ready then to prove the main result of this paper.
Theorem 3.6 (Functional Meyer-Tanaka Formula). Suppose f satisfies Hypotheses[3.3]
and let x be a continuous semimartingale. Then, the functional Meyer-Tanaka formula
holds
! t
100 = £ 00) + [ rCas+ [ ag s (3.6)
1
+ /R L (t,y)dy 0y F (X y) — /0 /R L¥(5,9)dsy 07 F (Xs,y) P—as.

Proof. As we studied in Section f, belongs to C'* and by the functional It6 formula,
Theorem[I.1] we find

7200 = 050+ [ A0+ [ A+ 5 [ X))

Moreover, by what was shown in Proposition 3.4 the following convergences hold

Tim_f,(1) = £(%). (37)
t t

Jdim [ ag(ods = [ A, (38)

lim tAxfn(Xx)dxs: / tA; F(X,)dx;  u.c.p. (3.9)

n—+oeo J( 0

for any ¥; € A. Let us now analyse the It6 term. Remember .% is defined by Equation
(2-9). If we denote the mollification of .# with respect to the y variable by .%,, we can
easily conclude, by Equation (2.10),

Fn(Yty—ah) = cg.n(Yhy"'h)
and then

oW E,(¥2 k) = o Z (Y, y+h).
In particular, AV £, (¥ ) = 8;§k)Fn(Yty_ ,0) = o®).Z,(7,,y). So, by Equation ,
1 t t N
E/ Axxfn(Xs)d<x>s :/ </ ayyg\n(xm)’)dsL (s,y)) dy
0 ® \Jo
1
= [ F @)y = [ [ 80, (X)L s,3)dvds,

Hence, for g : R — R and ¢ : R> — R smooth and compactly supported, we
have, by the computations performed in Section 23]

/ Oy Fn(Yr,y)8(v)dy = — / & ()9 Fu (¥, y)dy G109
R R
nj;"_/Rg’(yw;gf(x,y)dy:/Rg(y)dyafy(n’y)’

14



and
[ [ Sdattv atoslivts = [ A mdaonfas G
- /0 /R % Fn(Ys,y)dhyq(s,y)dyds
- /ngi‘g(ysay)qu(s’y) ;
* /ot ./R 9, F (Ys,y)dhyq(s,y)dyds

t
— [ [ asndsd; 7 (¥,
0 JR

where the last equalities in (3.10) and follow from item 3 of Hypotheses
Therefore, using well-known arguments along the lines of [11, Proof of Theorem 2.1],
we can extend the formulas above for g(y) = L*(¢,y) and ¢(s,y) = L*(s,y), and finally
conclude

dy

. 1/t x -
lim E/O Axxfn(Xs)d<x>S = /RL (t7y)dy8y ‘/(Xt’y)

n—r+oo
t
_/ /Lx(say)d&yayiy(xhy))
Jo JR
as desired. O

Remark 3.7. By the same arguments presented in [[12]], we could show that [ L*(z,y)
dydy F(X,,y) is of bounded variation in 7 in [0, 7. Therefore, (f(X;))c[o,7] is  semi-
martingale.

Remark 3.8. Following the idea of [[L1, Theorem 2.3], we could consider the process
X5 = x, —a;, where (a,);>0 is a continuous process of finite variation. It is obvious that
x* is also a semimartingale. Denote the local time of x* by L*~“. Therefore, the same
argument of [11, Theorem 2.3] applied to the computation we have just performed
in (3.10) and gives us the following version of the functional Meyer-Tanaka
formula

100 = £%0) + [ A R)as+ [ Az Fx)a (3.12)

t
+ /R L7(t,y)dyd, F (X, y +ar) — /O /}R L¥(s,y)dsy 0y F (X5, +as).

This version of the formula will be used in the running maximum example in Section

42

4 Applications

4.1 Convex Functionals

In this section we define the notion of convexity for functionals and then discuss some
of its basic properties. The main interesting consequence is that some of the technical

15



assumptions in Hypotheses[3.5]can be weakened.

Definition 4.1 (Convex Functionals). We say f is a convex functional if F(Y;,-) is a
convex real function for any ¥; € A.

Notice that, for f € C!2, convexity implies that A..f(Y;) > 0, for any ¥; € A.
Remark 4.2. Another possible definition for convexity of a functional would be
FAYi+(1=2)Z) <Af(Y)+ (1= 2A)f(Z), 4.1

forall A € [0,1] and ¥;,Z; € A. Observe Y, and Z, must be in the same A, space. This
clearly implies the previous definition of convexity because

F( A+ (1= A)ha) = FOX + (1= L)¥2).
However, condition (4.I)) is stronger than necessary for what follows.

For a convex functional f, for any ¥; € A, F(Y;,) is continuous, ;" F (¥;,h) exist
for any h € R and is non-decreasing in 4. Moreover, d;°F (Y;,h) = AFF (Y, h), where
these one-sided functional derivatives are obviously defined as

ATF(Y) = lim fO )

h—0* h

Proposition 4.3. Assume f is convex. The following facts hold true:
1. fy is convex. Moreover, A fy(Y;) increasingly converges to A; f(Y;).

2. If (9, F(Xs5,—h))se(o,r) is x-integrable for h = pin and h = pmax, then

t t
tim [ Ak ()dx, = /0 AS F(X,)dxs wep.

n—y—o0
Proof.
1. Indeed,

Fo(Yis A+ (1= 2)) = [ PO, (R + (1= A)ha) = y)pn ()

= [ PO A=)+ (1= 2) (2= 3))pa(r)dy
SAF (Y h) + (1= A)Fy (i, ho).
Hence, since f;, is smooth, A, f,,(¥;) > 0. The second affirmation follows from:
pmax

Ad(r) = [

Pmin

p(E); F (Y,,’g)da (42)

n
and it is easy to see the desired result using the fact that d,” F(Y;, k) is non-decreasing
in A, because of the convexity of f.

16



2. Since d, F(Y;,h) is non-decreasing in h, by Equation (4.2),

5w <30 (1 -222) <5, (1),

n

) S 8;:F (Yﬁ_pIZm) S a;;F(YSa_pmin%
where we are using the fact that ppi, < 0 and pmax > 0; see Remark [3.3] Hence

|Axfu(Ys)| <10, F (Y5, —Pmin)| + 19, F (Y5, —Pmax)|,
and the convergence follows as in Proposition 3.4]
O

Therefore, we might then consider the following class of convex functionals, where
we have weakened conditions 3 and 4 of Hypotheses

Hypotheses 4.4.

1. f h-time functional differentiable as in Definition

2. f and A/F are A-¢-equicontinuous as in Definition

3. 9, F(Y;,y) is of bounded variation for (s,y) jointly, for any ¥ € A;
4. (9, F(Xs,—h))sco,r] is x-integrable for h = pyin and h = Pmay;

5. fis convex;

Remark 4.5. It is straightforward to notice that if f satisfies Hypotheses [.4] then f
also satisfies Hypotheses[3.5] So, the functional Meyer-Tanaka formula, Theorem 3.6
holds for f.

Similarly as in [28]], we may analyze the limit of f,(¥;) without identifying the limit
of the It6 term.

Theorem 4.6. Let f be a functional satisfying Hypotheses and x a continuous
semimartingale. Then

F(X) = £(Xo) + /O "Af(X,)ds + /0 ‘A f(Xs)de+%Af Pas, (43)

where Atf is a continuous and increasing process.

17



Proof. As we have seen in the proof of Theorem [3.6]

t t 1 t
FuolX0) = fulXo) + /0 Acfo(Xy)ds + /0 Bufu(X)dxo+ 5 /0 Acefo(Xs)d (x)s.

Consider now the continuous process

A :/0 Avfo(X,)d ().

This process is increasing because f, is convex, which means Ay, f, > 0. Hence, by
. B . . . f

Equations (3.7)—(3.8), A} converges u.c.p. to a continuous increasing process A; that

satisfies Equation (.3). O

Remark 4.7. As in the classical case, Equation (4.3)) shows that the convex functional
of a continuous semimartingale is also a continuous semimartingale.

4.2 The Running Maximum

The running maximum (or more precisely, supremum) is defined as

m(Y,) = sup ys, (4.4)

0<s<r

forany ¥; € A.

Let us first verify that 7 is A-continuous. Notice m(Y;) = m(Y; ), for any ¥, € A
and r > 0. Hence, if we fix ¥;,Z; € A with s > ¢, we find

|m(YI) 7m(Zs)| = |m(Y137I) 7m(Zs)|

=| sup Y;s—(u)— sup Zs(u)

0<u<s 0<u<s
< sup |Yt sft(u) 7Z‘(M)| S dA(YhZ\)
0<u<s

Therefore, the running maximum is (Lipschitz) A-continuous. Moreover, one could
also verify that A;7(Y;) = 0. Define now the subset of A where the supremum is at-
tained at the last value:

S ={heA:m(%) =y},

For paths in ., the space functional derivative is not defined: the right derivative is
1 and the left derivative is 0. For paths outside .#, the space functional derivative is
well-defined and it is 0: A,;m(Y;) =0, for Y; ¢ ..

We show below that the running maximum is A-equicontinuous according to Defi-
nition[2.5] One can easily see that

M(Y,,&) =m(Y) = max {m(¥,),y + &+

18



Moreover, for any Y;,Z; € A,

MY, ) — M(Z, £)| < dp(YF,ZE) = dn(Y,. Z,).

Since the bound above is independent of &, the running maximum is A-equicontinuous.
Besides, we notice that

m((Y,.5)%) = max {m(Y,),y + &} =m((Y7),.5),

and therefore, m satisfies Definition Furthermore, this shows that the running
maximum is locally weakly path-dependent, i.e. the Lie bracket is zero (in the limit
characterization), see Remark [2.9]

Additionally, one can easily prove that the running maximum 7 (Y;) is a (non-
smooth) convex functional. It is actually convex in the stronger sense of (@.I). Ad-
ditionally, 9, M(Y;,h) = A;m(Y") = 0.

Finally, we are ready to employ the functional Meyer-Tanaka formula, Theorem
(3:6), to the running maximum. Firstly, we have already shown that

Am(Y;)=0and A m(Y;) =0, VY €A.
Notice now

m(Y;—) = sup y,
0<s<t

(time ¢ is not allowed in the supremum) and notice that
MY,y +h) =m(Y") = max{y+h,m(Y,_)}.
Hence, we can compute
Oy M (YY) = Lysmy, )y = dy0y A (YY) = Sy, (dy),

where i is the Dirac mass concentrated at ¢ € R. We then face a problem, because
dr vy A (Y;,y) is not easily computed. However, we notice that

O MYy +7(Y-)) = Liyooy = dyoy A (Y, y+T7(Y;-)) = S (dy)
and d; oy A (Y,,y+m(Y,)) = 0.

Hence, we have seen that 77 satisfies Hypotheses[4.4] We will then apply formula
with a;, = m(X;) = m(X,—), which is clearly a continuous process of finite variation,
since (x;);>0 is a continuous semimartingale. These equalities hold because the process
x is continuous. Therefore, by Equation (3.12)), we finally find the pathwise version of
the important formula of Lévy:

7, = max x; = xo + L (¢,0
t 0<s<rt S 0 (7 )a
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where L*~™ is the local time of the process (x; — i );c[o,7-

Furthermore, the same analysis could be performed for the running minimum. In-
deed,

m(Y,) = Oggys = —m(-Y), 4.5)
where —Y; (1) = —y,, for all u <. Therefore, m satisfies Hypotheses as well and

%(Yhy) = _](_Yla_y) = a)iﬁ(ylvy) = 1{y<m(Y,,)}7

where

m(¥;-) = 0i<r;f<tyu.

Then,

m, = min x, = xo — L"2(¢,0
my 0<s<t s 0 (7 )7

4.3 Characterization of Local Martingales Functions of the Run-
ning Maximum

In the articles [24}25], the authors studied the problem of complete characterization of
local martingales that are functions of the current state of a continuous local martingale
and its running maximum. In this section, we will show how the functional Itd calculus
framework can be used to study this problem.

Theorem 4.8. Let (x;),>0 be a continuous local martingale and consider a functional
f satisfying Hypotheses[3.3] Then (f(X;)):>0 is a local martingale if and only if

t
| as@ods+ [ L0940, 7 (%) 6
t
:/ /Lx(s,y)ds_y%*ﬁ(th), Vi>0, P—a.s.
0 JR

hen, if Af(Xs) =0, Vs >0, P-as. and if 9,0, F(X;,y) exists, Equation (Eé]) is
equivalent to

t
/R /O 2,0, F (X, )dsLX (5, y)dy = 0. .7
Proof. By the functional Meyer-Tanaka formula, Equation (3.6)), we find
t !
100 = £ 00 + [ ArCt)as+ [ ag r0ta

t
+ [ enday F&) = [ [ 6oy F(X).
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Hence, (f(X;))r>o is a local martingale if and only if

t t
| as@ods+ [ anda; 7 = [ [ 2e)dady #5).

Furthermore, Equation (4.7) follows from

t
//L"(wd 9y F(Xs,y) //L (5,y)ds0yd," F (X;,y)dy

- [ (s6222 7000~ [ 45, F06ar ) )i

Remark 4.9. Let (x;),>0 be a continuous local martingale. Denote

C= Usupp(%) CR,

t>0

where supp(z) is the support of the random variable z. By the Dambis-Dubins-Schwarz
Theorem [[19, Theorem 4.6, Chapter 3], x; = b(x),’ where b is a Brownian motion, which
implies that C = R for any continuous local martingale. This will be useful in the
proof of the next theorem.

Theorem 4.10. Let (x;);>0 be a continuous local martingale with xo = 0 and consider
H:R?> — R in C'(R?). Then (H(x;,m;));>0 is a right-continuous local martingale in
the natural filtration of x if and only if there exists y : R — R in C'(R) such that

X2
H(xi,x2) :/0 w(s)ds — y(x) (2 —x1) +H(0,0), ¥ (x1.5) €R2. (4.8)
Proof. We start by defining the functional f(Y;) = H(y;,m(¥;)).

Since (Y, 5,) = m(Y;) and A7 (Y;) = 0, we easily conclude that A; f(¥;) = 0 and
A; f(Y;) = d1H (y:,m(Y;)), where d; denotes the derivative with respect to ith variable
of H,i=1,2. Smoothness of H implies that f satisfies Hypotheses[3.5]

To ease the burden of notation, notice that m(X,_) = m(X;) = 7, since x is con-
tinuous almost surely. By Theorem {4.8] (f(X;));>0 is a local martingale if and only
if

//a} F(Xyy+1)d L (5,9)dy =0, V1 >0, P—as. 4.9)

By a mollification argument, we may assume for the moment that H € C?(R?) and then
we are able to directly compute 9y, F (X, y + 7y ).
Note that .# (X;,y + ;) = H(y + m;, max{y + m;,m; }). Hence, since max{y+
my,m; } =m; +y", we find
oy F(Xi,y+ ;) = O\ H (y+;, 7 +y")
+ b H (y + iy, iy +y+)1{y>0}a
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which implies that

0,0y F (X, y+m;) = o H(y+my,m; +y")
+ Ly=0} (2012 + O H (y + 171, 7 + y+)
+ O H (y + iy, +y ") 8.

Therefore,
t _
[ [ 2oy 7y +m)ar sy
t _
= /R /O O H (y+ 1,y + y©)ds L (5, )dy
—+oo t —
+ /O /0 (2012 + ) H (y + 11,77, + y)ds L™ (s, y)dy
t _
+ / Qo H (7, 7, ) L (5,0)
0
0 _
= [ [ ont ey )AL s v)dy
t _
+ / O H (7 ) ds L (5,0)
0
since L ™(t, y)f 0, for y > 0. Then, by Equation (4.9) and Remarkand since the
measures d;L*"(s,y) have disjoint supports for different y < 0, we must have, for all
(xl ,XQ) cR x R+,
811H(X1,)C2) =0and 82H(x2,x2) =0. (4.]0)

These equations can be solved analytically. The first equation above implies there
exists ¥, ¢ € C'(R) such that

H(x1,x2) = y(x2)x1 + @(x2).

Then, by the first equation in #.10) we find that

V' (x2)x2 + ¢’ (x2) =0,

which means
0lx2) = 9(0)~ [ W(5)sds = 9(0) - ylwpr+ [ ws)ds.

Moreover, notice that ¢(0) = H(0,0). Therefore, a function H € C'(R?) is such that
(H (x;,7,));>0 is a local martingale if and only if there exists ¥ € C!(R) such that

H(x,x) = /02 w(s)ds — () (2 —x1) +H(0,0), ¥ (x1,x2) € R%.
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Remark 4.11. It is proved in [24] that

where T¢ = inf{t;x, = & }. Within the functional framework, it easy to see that

y(m(Y:) = AcH(ye,m(Yr)). (4.11)

This formula could be evaluated pathwise to find y(&).

4.4 Quadratic Variation

The functional Meyer-Tanaka formula, Theorem could provide interesting results
even when applied to smooth functionals. As an illustrative example, let us consider
the quadratic variation functional QV, see [23] for the proper pathwise definition and
discussion on its smoothness. It is straightforward and intuitive that A;QV = 0 and that
QV(Y”) = QV(Y,-) + (y — y.—)*. Therefore, the functional Meyer-Tanaka formula
gives us the well-known formula

(=2 [ L),

for any continuous semimartingale x.

4.5 Increasing Functionals

Definition 4.12. A functional f : A — R is called increasing if f(¥;) > f(¥;), for all
Y, € A and s <t, where Y is the restriction of ¥; to [0, s].

Consider now an increasing functional f in C'? with A,f € C1!. Then, we find
that A, f > 0 and that the path (f(¥;))c[o,r) is of finite variation for any Y7 Ar. Hence,
if (Wr)¢[o,r] is a Brownian motion in (€, §,P), by the Functional 1t6 Formula,

700) = FO0)+ [ g+ [ W+ [ AufWid

Now, since the increasing process (f(W;)),>o is of finite variation, by the uniqueness
of the semimartingale decomposition, we conclude that A, f(W,) = 0, for u € [0,7].
Since A, f € C*! and the support of Brownian paths is the set of continuous paths, we
have A, f(Y;) = 0 for any continuous path ¥;, see [[16, Theorem 2.2]. Therefore,

FOW) = F(Wo) + /0 A f (Wa)du

Furthermore, by the A-continuity of the functionals involved in the equality above, we
conclude that

1) = £00)+ | A f(Y)du
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for any continuous path ¥;. What happens if the functional f is not smooth, but satisfies
Hypotheses In this case, for any local martingale x,

706) = )+ [ s (s + [ A F()a

t
+ [ oy F&) = [ [ 6oy F(X),

and, for the same reason, the stochastic integral term vanishes and we conclude that
!
F(%) = f(Xo) + /0 A F(X,)ds+ /R L (1,3)dyd; F (X, )

t
_ / / L¥(s5,y)ds 9y F (Xs,y).
0 JR
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