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Abstract

We present a new class of macroscopic models for pedestrian flows. Each individual
is assumed to move towards a fixed target, deviating from the best path according to
the instantaneous crowd distribution. The resulting equation is a conservation law with a
nonlocal flux. Each equation in this class generates a Lipschitz semigroup of solutions and
is stable with respect to the functions and parameters defining it. Moreover, key qualita-
tive properties such as the boundedness of the crowd density are proved. Specific models
are presented and their qualitative properties are shown through numerical integrations.
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1 Introduction

From a macroscopic point of view, a moving crowd is described by its density p = p(t, ), so
that for any subset A of the plane, the quantity | 4 p(t,z)dz is the total number of individ-
uals in A at time ¢. In standard situations, the number of individuals is constant, so that
conservation laws of the type dyp + div, (pv) = 0 are the natural tool for the description of
crowd dynamics. A key issue is the choice of the speed v, which should describe not only
the target of the pedestrians and the modulus of their speed, but also their attitude to adapt
their path choice to the crowd density they estimate to find along this path.
Our starting point is the following Cauchy problem for the conservation law

Op + div (pv(p) (v(z) +I(p))> =0, (1.1)
p(0,z) = po(z).

The scalar function p — v(p) describes the modulus of the pedestrians’ speed, independently
from geometrical considerations. In other words, an individual at time ¢ and position z € RN
moves at the speed v (p(t, x)) that depends on the density p(t,x) evaluated at the same time
t and position z. Given that the density is p, the vector v(z) + Z(p) describes the direction
that the individual located at x follows and has norm (approximately) 1. More precisely, the

individual at position x and time ¢ is assumed to move in the direction v(x) + (I (p(t))) (z).
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In situations like the evacuation of a closed space  C RY, it is natural to assume that the
first choice of each pedestrian is to follow a path optimal with respect to the visible geometry,
for instance the geodesic. As soon as walls or obstacles are relevant, it is necessary to take into
consideration the discomfort felt by pedestrians walking along walls or too near to corners,
see for instance [19, 2I] and the references therein.

The vector (Z (p(t))> (x) describes the deviation from the direction v(z) due to the density

distribution p(t) at time ¢. Hence, the operator Z is in general nonlocal, so that <Z (p(t))> ()

depends on all the values of the density p(t) at time ¢ in a neighborhood of z. More formally,
it depends on all the function p(t) € L*(RY;[0, R]) and not only on the value p(t,z) € [0, R].
The case in which Z = 0 is equivalent to assume that the paths followed by the individuals
are chosen a priori, independently from the dynamics of the crowd.

Here we present two specific choices that fit in (II]). A first criterion assumes that each
individual aims at avoiding high crowd densities. Fix a mollifier . Then, the convolution
(pxn) is an average of the crowd density around z. This leads to the natural choice

V(pxmn)
I(p) = —¢
\/1 +[|V(p*n)|

related to [4], which states that individuals deviate from the optimal path trying to avoid
entering regions with higher densities. Through numerical integrations, below we provide
examples of solutions to (LI)—(L2]). They show the interesting phenomenon of pattern for-
mation. In the case of a crowd walking along a corridor, coherently with the experimental
observation described in the literature, see for instance [17, 18 20} 28], the solution to (LI])—
(L2) self-organizes into lanes. The width of these lanes depends on the size of the support of
the averaging kernel 7. This feature is stable with respect to strong variations in the initial
datum and also in the geometry. Indeed, we have lane formation also in the case of the evac-
uation of a room, when the crowd density sharply increases in front of the door. Section 4]
is devoted to this property.

From the analytical point of view, we note that the convolution term in (L2]) seems
not sufficient to regularize solutions. Indeed, the present analytical framework is devised to
consider solutions in L'NBV. Both in the case of a crush in front of an exit (Section 2] and
in the specific example in Section .3, numerical simulations highlight that the space gradient
of p increases dramatically.

According to ([.2]), pedestrians evaluate the crowd density all around their position. When
restrictions on the angle of vision are relevant, the following choice is reasonable:

7(p) = —e — Y Jax PG 0z~ y) p((y — ) g(x)) dy 13

\/1 * HV Jew P 0z —y) o((y — =) - 9(2)) dyH2 |

, (1.2)

Here, 7 is a fixed mollifier as above and the smooth function ¢ weights the deviation from
the preferred direction g(x).

We note that the constructions in [22] 23] and [14] fit in the present setting. Indeed, there
the following choices were considered:

{ Op — div (p f*(p) Vo) =0 and { dp — div (p f*(p) V) =0 )

Vel =1/f(p) —eAp + Vo> =1/ (f(p)+¢e) .
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The former admits an immediate interpretation: the direction V¢ of the speed v is chosen
along the solutions to the eikonal equations, i.e. all pedestrians follow the shortest path,
weighing at every instant the length of paths with the amount of people that are moving
along it. In the former case, v(x) = 0 and Z(p) is the gradient of the solution to the eikonal
equation with 1/f(p) in the right hand side, while in the latter case v(x) = 0 and Z(p) is the
gradient of the solution to an elliptic partial differential equation.

The model introduced in [I3] 29] relies on this measure valued conservation law:

Oup+ div (1) =0 where v =v(a)+ [ flle = al) o (0= ) vl)) T i (1)

Here the unknown is a map p: [0, 7] — M(RY;R) assigning at every time ¢ a positive measure
p(t) which substitutes the crowd density, in the sense that the amount of people that at time
t are in A is (u(t)) (A). Contrary to this model, the present framework is the space of Lt
densities and physical a priori L* bounds on the solutions to (LI) are rigorously proved,
preventing any focusing effect as well as the rise of any Dirac delta. Moreover, below we prove
global in time existence of solutions, their continuous dependence from the initial data and
their stability with respect to variations in the speed law v.

In [12], the geometric part v of the speed is chosen a priori, while its modulus depend on
the density as well as on the gradient of the density:

Oyp + div (pp(p, Vp) v(x)) = 0.

On the contrary, the model introduced in [7] postulates a nonlocal dependence of the speed
from the density:

Op +div (pu(p*n)v(z)) =0,

which amounts to assume that pedestrians choose their behavior according to evaluations of
an average of the density around their position, rather than according to the density at their
place. The following second order model was presented in [I], [16] and does not fit in (LI):

Op +div (pv) =0

O+ (v-V)v=F(p,Vp,v),
we refer to the review [2] for further details. To underline the variety of analytical techniques
with which crowd dynamics has been tackled, we recall the further approaches: optimal
transport in [5], the mean field limit in [I5], the functional analytic one in [26] 27] and the
nonclassical shocks used in [6, 10, 11].

Throughout this work, we set all statements in all RY. In Section Bl we show how the
present framework is able to take into consideration the presence of various constraints. In
the case of pedestrian dynamics, for instance, this amounts to prove that no individual passes
through the walls of a given room, provided the initial datum is assigned inside it. Concerning
the dimension, our main applications are referred to the case of crowd dynamics, i.e. N = 2.
Nevertheless, from the analytical point of view, considering the case of a general N does not
add any difficulty. Furthermore, we believe that the present setting can be reasonably applied
also to, say, fishes and birds moving in R3, for example in predator-prey like situations as
described in [§].

The next section is devoted to the analytical properties of (ILI]): well posedness and
stability. The general theory is particularized to specific examples in Section Bl where the



presence of obstacle (walls) is considered. Sample numerical integrations are provided in
Section @ The final Section [l collects the analytical proofs. We defer to Appendix [A] further
remarks related to the geometry of the physical domain.

2 Analytical Results

In the following, N € N\ {0} is the (fixed) space dimension. We denote RT = [0, +o0[;
the open ball in RY centered at x and with radius r > 0 is B(z,r) and we let Wy =
fow/2(cos 9)N dv. As usual, we denote SN~ = {x cRN: |z| = 1}.

The density p can be defined as the fraction of space occupied by pedestrians, so that p
turns out to be a nondimensional scalar in [0,1]. Otherwise, it can be useful to think at p
as measured in, say, individuals/m? and varying in [0, R], with R > 0 being a given maximal
density, for example R = 8 individuals/m?.

Our first step in the study of () is the formal definition of solution.

Definition 2.1. Fix a positive 7" and an initial datum py € L'(RY;[0,R]). A function
peC® <[O,T]; Ll(RN;IR{)> is a weak entropy solution to (L)) if it is a Kruzkov solution to
the Cauchy problem for the scalar conservation law

Op+ div (pv(p)w(t,z)) =0
{mmzmm =y

where w(t, z) = v(z) + (Z (p(t))) (x).

In other words, recalling [24, Definition 1], for all & € R, for all ¢ € C(]—oc0,T] x RY;RT),

T
/ /N [\p — k| Opp + {(p v(p) — kv(k)) w(t,z) - Ve — kv(k)divw(t, z) Lp] sgn(p — k:)] dz dt
0 JR
+/ {po(az) - k{ ©(0,z)dz > 0.
RN
On the functions defining the general model (ILI]), we introduce the following hypotheses:
(v) v € C?(R;R) is non increasing, v(0) = V and v(R) = 0 for fixed V, R > 0.
(v) v e (C2nWL=)(RYN;RY) is such that divy € (Wh! 0 WLo)(RY; R).
I ZecC® (Ll(RN; [0, R]); C?(RV; ]RN)) satisfies the following estimates:
(I.1) There exists an increasing C; € L (RT;R*) such that, for all » € L'(RY:; [0, R]),

loc

1Z(r) [l < Crlllrllps)  and  [[divZ(r)||p. < CrllrllL:)-
(I.2) There exists an increasing C; € L (RT;R*) such that, for all » € L'(RY:; [0, R]),

loc

IV divZ(r)|| . < Crlllrllgs)-



(I.3) There exists a constant K such that for all r1,ry € L*(RY; [0, R)]),

IZr1) = Z(r2) e

< Kr-lri—map,
|Z(r1) = Z(r2) || o + [|div (Z(r1) = Z(r2)) || < Ki-lr1 = r2llp -

Furthermore, throughout we denote by ¢ the map ¢: [0, R] — R defined by q(p) = pv(p).
As a first justification of these conditions, note that they make Definition 2] acceptable.

Lemma 2.2. Fiz a positive T. Let (v), (v) and (I.1) hold. Choose an arbitrary density
reC’ <[O,T]; L' (RV; [O,R])). Then, the Cauchy problem

{ Oip+ div (po(p) wit,z)) =0 with w(t,z) =v(x) + (Z (r(t))) () (2.2)

p(0,z) = po(x)
satisfies the assumptions of Kruzkov Theorem [2]), Theorem 5].

This lemma is proved in Section Bl below. In Section Bl we show that the above assump-
tion (I) allows to comprehend physically reasonable cases.

The next result is devoted to the proof of existence and uniqueness for (II]). It is obtained
through Banach Fixed Point Theorem.

Theorem 2.3. Let (v), (v) and (I) hold. Choose any py € (L' N BV)(RY; [0, R]). Then,
there exists a unique weak entropy solution p € C° (R+; L'(RV; [O,R])) to (I1). Moreover,
p satisfies the bounds

Hp(t)HLl = |lpollps, for a.e te RT,
TV (p(t)) < TV (po) €™ +te" NWxlgllpee o,y (IV diveligs + Cr(llpoligs)) »

where k = (2N + 1)Hq/HLoo([O7R]) (IVYllge + Cr(llpoliL))-

Using the techniques in [7, 9], we now obtain the continuous dependence of the solution
to (LJ) from the initial datum and its stability with respect to v, v and Z in the natural
norms.

Theorem 2.4. Let (v), (v) and (I) be satisfied by both systems

up+div [pui(p) (@) +Ta(p)| =0 Jap+div |pualp) (ma(e) + Talp)) | =0
p(0,2) = po.(x) p(0,2) = po2(z)
with po1,po2 € (LYNBV)(RYN: [0, R]). Then, the two solutions p1 and pa satisfy
lp1(t) = p2(®)|| < C(t)(Hpo,l = po2llpr + llar — @2llwre
Hlvr = vallpee + [[div (11 — )|, + d(Il,IQ))
where d(I1,I3) = Sup{HIl(p) _1—2(/))HL<>0 + ||divZi(p) — divZs(p)||p1: p € LY(RY; [O,R])},

the map C € CO(R*;RT) vanishes at t = 0 and depends on TV (pg 1),
[divinlwias llg1llwie s lg2llwiee-

‘pO,IHLU HVIHLOO’



Thanks to these stability results, several control problems can be proved to admit a
solution through a direct application of Weierstral Theorem. A possible standard application
could be the minimization of the evacuation time from a given room. Describing the actions
of a controller able to determine the initial pedestrians’ distribution and/or their preferred
paths, one is lead to an optimal control problem with the initial datum py and the vector
field v as control parameters, for instance. Without any loss of generality, the compact sets

on which the optimization is made can be {p € (L' NnBV)(RY;[0,1]): TV (p) < M} for po

and < v € C? <RN; B(0, 1)) : HV?’I/H < M} for v, where M > 0 is arbitrary.

A different problem solved by the same analytical techniques is that of the dynamic
parameter estimation. Once real data are available, one is left with the problem of determining
the various parameters entering v, v or Z. Theorem 2. 4ensures the existence of the parameters
that allows a best agreement between the solutions to (LI]) and the data.

3 The Models

This section is devoted to the study of specific cases of (LLT]). Aiming at real applications, it is
necessary to take into consideration the various constraints that are present on the movement
of pedestrians. Therefore, we introduce the subset  of RV which characterizes the region
reachable to any individual. The boundary 9€) consists of walls that can not be crossed by
any individual. On the set {2 we require that

(2) Q € RV is the closure of a non empty connected open set. If 9Q is not empty, there
exists a positive ro such that the function

doq B(aﬁ,TQ)ﬂQ — R+
x — inf {d(z,w): w € 00}

is of class C? (B(8Q,rq) N Q;RT).

Note that we do not require 2 to be bounded. This assumptions allows us to introduce the
inward normal

n(z) = Vdaa(x) (3.1)

on all the strip B(992,rq) N 2. Moreover, Hn(x)H =1

For the present models to be acceptable, it is mandatory that no individual enters any wall,
provided the initial datum is supported inside the physically admissible space. Analytically,
this is described by the following invariance property:

(P) The model (L) is invariant with respect to Q if

spt pg C = sptp(t) C Qforallt >0.

Below, we show that theorems 2.3l and [2.4] can be applied to reasonable crowd dynamics
models, in the sense that the presence of a physically admissible set €2 is also considered and
its invariance in the sense of (P) is proved. More precisely, we show below the following
sufficient condition for invariance.



Proposition 3.1. Let v, T and Q satisfy (v), (I) and (X). If for all x € OQ and p €
LY(R¥: [0, R]) with sptp C Q

(v(@) + (Z(p)) (@) - n(x) > 0 (3.2)

then, property (P) holds.

3.1 The Model (LI)—(L2)

The starting point for (LI)-(L.2) is provided by the degenerate parabolic model

Op +div | po(p) (V(x) —€ Vi) 2) =0
1+ [[Ve ()|

2 , motivated

introduced in [4], which fits in (1)) with Z(p) = —e V(p) / 1+ || V()|

by the desire of each individual to avoid entering regions occupied by a high crowd density.
Here, 1) is a suitable weight function. Assuming that each pedestrian reacts to evaluations of
averages of the density, we obtain

Op +div | pv(p) (1/ V(o) x 1) ) =0.

(2) ¢
V14 V@) )|

Here, we avoid the introduction of ¢ to limit the analytical technicalities, obtaining (LI])—
(L2). We assume throughout that € > 0 is fixed and that the mollifier 7 satisfies

(m) ne€ C3RY;RY) with [pn n(z)dz = 1.

This convolution kernel has a key role: the individual at x deviates from the optimal path
considering the crowd present in the region x — spt#, when no walls are present. The value
n(&) is the relevance that the individual at z gives to the density p(x — &) located at x — &.

The next result shows that the present model fits in the framework described in Section
when applied on all of R,

Lemma 3.2. Fiz e > 0 and let n satisfy (m). Then, the operator I in (L2)) satisfies (I).

When the region €2 reachable by the crowd is restricted by the walls 9€), we intend the
convolution restricted to €2

(o)) = /Q p(y)nly — z) dy (3.3)

which coincide with the previous definition in the case spt p C 2. A better choice is described
in (AJ)). The vector v is here chosen as a sum

v=g+9. (3.4)

The former vector g is tangent to the “optimal” path, depending only on the geometry of the
environment and coherent with it. Hence we assume that



(g) g € C2(RY;SN-1) satisfies Vg € LR, RV*N) divg € (WH 0N WHo)(RYN;R) and
the invariance condition g(z) - n(z) > 0 holds for all x € 9.

The latter vector § describes the discomfort felt when passing too near to walls or obstacles.

Below, we choose
i(z) =Aa(z)n(zx). (3.5)

Here, A\ € RT is a suitable constant and n(z) is the inward normal (3.]). The role of the
function « is to confine this discomfort to the region near the walls, i.e. we require

(o) a € C*R¥Y;[0,1]) is such that a(z) = 0 whenever B(z,7q) € Q and a(z) = 1 for
x € 0N

A better choice for the discomfort is discussed in Appendix [Al
The present setting (LI)-(L2) can be effectively applied also in presence of walls, as
shown by the next result.

Proposition 3.3. Let ¢ > 0, (v), (), (m), (g9) and () hold. Define v by B4, ¢
by BF) and T by (L2). Assume moreover that either 9S) is compact, or a € (W21 N'W2)
and dopg € (W3 NW3%). Then, (LI)-(L2) satisfies the assumptions of Theorem and
Theorem [2.4, Furthermore, if X\ > € R||Vn||y,1, then property (P) holds.

3.2 The Model (LI)—(T3)

In the framework of (II), we now extend the model [13, (2.1)—(2.4)] to take into account
the effects of crowd density on the speed modulus, i.e. of v(p). Moreover, we interpret the
nonlocal term as a weighted average of the density, where the amount of crowd in the direction
of the optimal path ¢ is given more importance.

Using the same notation as above, we thus consider the model (IL.I]) with

Vgn p(y) n(z —y) o((y — z) - g(x)) dy

i [ st -t -stn ]

I(p) = —¢

Here, €, n and v are as in § Bl and, in particular, v is as in (B.4]).

The (almost) isotropic convolution (B.3]) is here weighted by ¢, whose argument is essen-
tially the angle between the preferred path g and y — x, the point x being the position of
the individual an the point y being the location where the density is evaluated. This term
takes into account the preference of each individual to deviate little from the preferred path
defined by g. For example, let ¢ € C*(R, [0, 1]) be such that ¢ =0 on ]—00,0] and ¢ = 1 on
[0, 4+00[, where ¥ > 0 is a given parameter. Then, adding the function ¢ ((y — z) - g(z)) into
the nonlocal term means that the individual at x reacts to the average density evaluated in
the prefer ed direction g(x).

The denominator is a regularized normalization. Its presence is necessary from the model-
ing point of view, for coherence with the presence of v(p). From the analytical point of view,
this normalization makes various expressions slightly more complicate, but all estimates re-
main doable.



We are thus lead to the equation

Vex p@)n(z —y) o((y — ) - g(x)) dy

i [ st - otio—o1-sen ]

Op+div | pv(p) | v(z) —¢ =0 (3.7)

and we verify that it fits in the analytical framework provided in Section 2

Lemma 3.4. Fiz ¢ > 0, n € C3RY;R") with [pyn(z)dz =1, g € W3®(R;[0,1]) and
v € W3®(RN R). Then, the operator T defined by (L3) satisfies (I).

Passing now to the case in which the crowd’s movement is constrained by the walls 0€2,as
in the preceding section, we intend all integrals in ([B.6)—(B.7)) restricted to 2. In particular,
we consider now

T(p) = —c — Vo rWn@—y) p((y — =) - g(x)) dy 58)

i [t ota (o) senan]

with v as in (v) and v as in ([B.4). The applicability of theorems 2.3l and 2.4] to (LI)—-(3.8)
and the validity of property (P) is ensured by the following proposition.

Proposition 3.5. Let ¢ > 0, (v), (), (n) and (g) hold, with moreover g € (C3 N
W3) RN, SN=1) . Let p € (C3NW3®)(R;R). Define v by [34), § by (B5) and Z by (3.0).
Then, (LI)-B0) satisfies the assumptions of Theorem [2.3 and Theorem [2.2)

Moreover, assume that ¢’ > 0 and call £ = diam(sptn). Then,

¢ 20 and A= R[nlwi llelwie (1+2]Vgllpe)

imply that property (P) holds.

3.3 The Model [13} (2.1)—(2.4)]

The model in [I3, 29], although set therein in the space M(R";RT) of positive Radon mea-
sures, can be seen as a particular case of (L)) setting

vip) = 1 /
and Z(p)=¢ Vn(x — —z)-v(x))dy, 3.9
o(1) = van(a) () =c | Pw) Vi —y)e(ly o) v(@)dy,  (39)
Vaes being the desired speed, see [13], formula (2.4)]. When 7 is radially symmetric, we re-
cover [13] formula (2.6)] with n(z) = 7(]|z||) and 7' = f. We leave to [13] the motivations of
this model.

Proposition 3.6. Let ¢ > 0, (v), (v) and (n) hold. Assume that p € (C2 N W2®)(R;R).
Then, (LI)-B9) satisfies the assumptions of Theorem [2.3 and Theorem [2.2)

In particular, above we prove that if the initial datum pg is in L'(R%;[0, R]), then the
corresponding solution satisfies the same bounds. This ensures that neither focusing to any
Dirac delta takes place, nor values of the density above R can be expected. (For the sake of
completeness, we note that the conditions > 0 and [py ndz =1 is in the case of (LI)—(B3)
neither necessary, nor meaningful and can be replaced by n € (C2 N W2> 0N W31)(RY; R),
see the proof in Section [B] for more details.).



4 Qualitative Properties

This section is devoted to sample numerical integrations of (ILI)). In all the examples be-
low, we choose as vector field v = v(x) the geodesic one, computed solving numerically the
eikonal equation. This leads to the formation of congested queues near to the door jambs.
From the modeling point of view, a more refined choice would consist in choosing v so that
most pedestrians are directed towards the central part of the exit. This choice increases the
difficulties neither of the analytical treatment nor of the numerical integration but imposes
the introduction of several further parameters.

The algorithm used is the classical Lax-Friedrichs method with dimensional splitting. As
usual, a fixed grid (z;,y;) for ip,...,n, and j = 1,...,n, is introduced and the density p
is approximated through the values p;; on this grid. At every time step, the convolution in
vector Z(p) is then computed through products of the type A;ppnir By, for two fixed matrices
A and B depending only on the kernel 7.

All the examples below are set in R?, due to obvious visualization problems in higher
dimensions. As is well known, the analytical techniques are essentially independent from the
dimension as also the numerical algorithm. The time of integration obviously increases with
the dimension.

4.1 Lane Formation

A widely detected pattern formed in the context of crowd dynamics is that of lane formation,
see for instance [17), (18] 20} 28]. This feature has been often related to the specific qualities
of each individual, i.e. it has usually been explained from a microscopic point of view. Here,
in a purely macroscopic setting, we show that the solutions to (LI)—(L2) also display this
pattern formation phenomenon, with pedestrian self organizing along lanes.

Time =_0.000 . s Time =_2.529 . N Time =_5.043

"
1 s
, :

:

* T 2 3 0 5 6 T

Time = 7.557 . Time = 10.071 . . Time = 15.014

Figure 1: Solution to (ILI)—(L2)—B4)—(4I) at times ¢t = 0, 2.529, 5.043, 7.557, 10.071, 15.014.

First 3 lanes are formed, then the middle lane bifurcates forming the fourth lane.
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Consider (LI))-(L2]) with

1 z1\2 3 z2\2 3 N
v(z) = | |+0@), n(x) = [1 — () } [1 - (%) } X p(®)y 7= : )
vp) = 5(=p), pol@) = X(3/5.41x[~3/5,3/5] (@), e = 3,

where 6 = §(x) describes the discomfort due to walls: it is a vector normal to the walls,
pointing inward, with intensity 3/2 along the walls, decreasing linearly to 0 at a distance
3/10 from the walls. As Figure [Tl shows, the initially uniform crowd distribution evolves into
a patterned configuration, first with 4 lanes and then with 5 lanes. The number of lanes
depends on the size of the support of the convolution kernel 7. Indeed, keeping all functions
and parameters fixed, but not the parameter r, which determines the size of sptn, we obtain
patterns differing in the number of lanes, see Figure 21

t=9.014 : . t=9.014 : N t=9.014

t=9.014 : . t=9.014 : N t=9.014

Figure 2: Solution to (L])- —(B4)—-(1) computed at time ¢ = 9.014 and with sptn with
radius r = 0.5, 0.6, 0.8, 0.9, 1.0, 1.4. Note that as r increases, the number of lanes diminishes.

The formation of lanes is a rather stable phenomenon. Indeed, Figure 3 shows the result of
the integration of (LI)-(L2)—(B4)-(@.I) computed at time ¢ = 0, 5, 10 with » = 3/5 (above)
and r = 9/10 (below) with initial data different from that in (£I]). In both cases, lanes are
formed similar to the corresponding situations in Figure 2

We also note that in the present framework, using the terms in [28 Section 5.4], lanes
form also in an isotropic setting. Indeed, the integrations in figures [[H2] were obtained with
individuals able to see both forward and behind.

4.2 Evacuation of a Room

A standard application of macroscopic models for crowd dynamics is the minimization of
evacuation times. The present setting applies to general geometries, see the assumption (£2).
Here we show that (1) captures reasonable features of the escape dynamics.

11



t=0.000 : . t=5014 : N t=10.014

t=0.000 . . t=5.014 . t=10.014

Figure 3: Solution to (CI)-(2)-@4)—(EI) with different initial data at time ¢ =
0, 5.014, 10.014 and above with r = 0.6, below with r = 0.9. Note that above 4 lanes
form and below 5, similarly to what obtained in Figure [11

We consider a room with an exit, as in Figure @l The vector v = v(z) is chosen as the
unit vector tangent at x to the geodesic connecting = to the exit. The discomfort d = d(x)
is a vector normal to the walls, pointing inward, with intensity 1 along the walls, decreasing
linearly to 0 at a distance 1/2 from the walls. The other quantities are in (4.2]). Keeping the

Time = 0.000 Inside = 100.00%

= L Ik = 3

. n@) = 1= (=) 1= (2] X0,

) N ) r = 0.6 (4.2)
po(x) = 075X, o y(@)

e = 04

Figure 4: Initial datum and room
geometry considered in § [4.2]

above parameters fixed, as well as the outer walls of the room, we insert various obstacles
(columns) to direct the movement of the crowd.

First, Figure [B, first line, shows an integration of the case with two columns that direct
people towards the exit. The number of lanes self adapts to the available space, with three
lanes merging into one before the bottleneck. On the second line of Figure [, the insertion of
three columns in these positions delays but does not avoid the congestion at the exit. Those
individuals that pass through the bottleneck are favored in exiting the room.

In Figure [6 first line, the insertion of four columns is more successful. Note, in the first

12



Time = 2.521 Inside = 76.41% . . Time= 5.043 Inside = 48.41% . . Time= 7.563 Inside = 24.24%

Time = 2.521 Inside = 75.20% . . Time= 5.043 Inside = 46.85% . ., Time= 7.563 Inside = 21.41%

Figure 5: Solution to (LI)—(T2)-@E4)-((2) with different geometries, computed at time
t =2.521, 5.043 and 7.563.

two diagrams, that the number of lanes changes from 7 before the bottleneck, to 4 in between
it. The individuals that do not pass through the bottleneck are penalized by the high density
they meet near the door jambs. Finally, on the second line in Figure il an asymmetric layout
hinders the lanes’ pattern.

4.3 On the Rise of Singularities

A typical feature of conservation laws is the possible rise of singularities, see for instance [3,
Example 1.4]. The nonlocal equation (LI]) shares this characteristic. Indeed, assume p =
p(t,x) is a given solution to (LIJ), smooth up to time T" > 0. Then, setting w(t,xz) =

(V(x) + (Z(1)) (ac)), simple computations lead to the following equation for the space deriva-
tive p; of p in the direction z;, for j =1,..., N:

Apj + (divp)) ¢ w=(p;))2 " w+p; "y (Dip)w+pjqd divw+q Z(@ip) Jjw+q0ojdivw.
i#]

The first term in the right hand side is quadratic in p;, showing that a blow up of p; may

take place in finite time.
Moreover, we consider (LII) with Z as in (L.2]) and

’U(p) = 1- P, 77($ay) = (1 - 16$2)3 (1 - 16y2)3 X[71/471/4}2($,y) )

e=—1
V(I’) = 07 pO(way) = (1 - 41'2/9)2 (1 - 4y2/9)2 X[73/2,3/2]2(1',y) 5

(4.3)

and we obtain the solution in Figure [7

13



Time = 2.521 Inside = 76.62% X Time = 5.043 Inside = 48.64%

a 4 B
N N w
2 =5 2

1 oL 1 "
o = o .
1 = ] 1 .
2 7 2 :
3 3 -
4 4 B 0 [ R I TR R 1]

Time = 2.521 Inside = 75.82% . Time = 5.043 Inside = 47.36%

B O 5 s 10 1z 14 16

Figure 6: Solution to (LI)—(L2)-@B4)-(@2) with different geometries, computed at

t = 2.521, 5.043 and 7.563.

Time = 7.563 Inside = 23.64%

Time = 7.563 Inside = 21.85%

time

Figure 7: Left, the initial datum and, right, the solution to (LI)-(L2)-(3) at time ¢ = 1.
Note the formation of vertical faces in the initially smooth distribution.

14



5 Technical Details
5.1 Existence and uniqueness

Proof of Lemma [2.2. Let q(p) = pv(p). Thanks to (v), the assumptions on r and (I.1),
we have for all M > 0

0f () = () (V@) 4T (r(0) (@) B,F € L(0.T] x BY x [-M, MERY):
div f(t, 2, p) = q(p) div (V(x) + T (r(t)) (m)) . div f € L2([0,T] x RN x [~ M, M];R).

Thus, we can apply Kruzkov Theorem [24, Theorem 5 & 5.4] and ensure that (2:2]) admits
a unique Kruzkov solution p € L* <R+; L' (RY ;R)), which is continuous from the right in
time. U

Lemma 5.1. Let py € L*(RY;[0,R]), r € C° (R*;LI(RN; [O,R])). Under hypotheses (v)-
(v)-(1.1), the Cauchy problem (2.2) admits a unique weak entropy solution p, with p €
(o (R+; L' (RY;]0, R])) satisfying, for all t € RT,

1p(®)]|ps = lloollps - (5.1)

Assume, in addition, that (I.2) is satisfied. Then, po € BV(RY; [0, R]) implies p(t) €
BV(RY; [0, R]) for all time t > 0. Moreover, the following bound is satisfied

TV (p(t)) < {TV (o) +t NWy gl oz (IIV div g + cf<uruwom>>ﬂ e, (5.2)

cos )V d¥ and the constant kjj is bounded above as follows:

where Wy = OF/Q(

5 < N + D0 g oy (197l + Crllrlm o)) -

Proof. Below we denote q(p) = puv(p), so that f(t,z,p) = q(p) <1/(x) + <I (r(t))) (x))

The existence of a solution follows from Lemmal[22. The rest of the proof is obtained through
the following steps.

Estimates in L' and L>. Since p is a solution to a conservation law, (5.1]) is immediately
satisfied.

Besides, p = 0 and p = R are solutions to (2.2]) associated respectively to the constant
initial conditions py = 0 and py = R. Hence, we can apply the comparison Theorem [24],
Theorem 3] and obtain that if the initial condition takes value in [0, R], then the solution

takes values in [0, R], so that p € L™ <R+; L' (RV: o, R])>

15



Continuity in time. Thanks to [9 Remark 2.4] or [25] Corollary 2.4], p is continuous in
time if, for any 7" > 0,

T
q||y.00 div(um—i—Irt x>dxdt<oo. 5.3
lalomy | [ v (@) + (2 00)) @) (5.3
We have, thanks to (I.1), for all ¢t >
‘div (v+1(r ” < divellgs + Cr(l|r®)]|,).

Hence, condition (B.3]) is satisfied under hypotheses (v)—(v)—(I.1) and we also obtain p €
CORY LL(RYN; 0, R))).

Estimate in BV. To prove the bound on the TV norm we use [25, Theorem 2.2]. To this
aim, we have to check that for any 1" > 0,

T
Vo, f € L=([0,T] xRY x [0, RJ;RY*N)  and // HVdivf(t,:c,-)HLOO([ORDd:cdt<oo.
0 JRN ’

Note first that Vo, f(t,z,p) = ¢'(p) V (y +Z (r(t))) Hence, thanks to (v)—(v) and (I.1),
we have

V8,1 (1. )| e < 10l poe oy (197 e + Crllr®)ll))
Thanks to (v)—(v) and (I.2), we have, for all t > 0

HVdiV (v+2(r H < IV div g + Cr(|r®)]|,).

Applying [25 Theorem 2.2], we obtain

Ko 2N +1)[|VO, |

< @N 41 [0 e ory (197l + Crllr e o)) -
TV (p(t)) < TV (pg) e’
-+t NWx (gl o (0.m) (HV div v + CI(HTHLOO([O,T];LI))) ,
completing the proof. O

Proof of Theorem [2.3. Thanks to Lemma [5.I, under hypotheses (v)—(v) and (I), for
any r € C° ([O, T]; LY(RY; o, R])) there exists a unique solution p € C° <R+; LY(RY: 0, R])>
to (2.2) satisfying (5.I)—-(E.2). For any time 7' > 0, introduce the space

X(T) = {r e’ <[O,T];L1(RN; [O,R])) Ve [0,T],|r(1)] ) < H,ooHLl} :

Note that X(T') is a Banach space with respect to the norm |[r[|xp = supejor) Hr(t)HLl.
Let Q be the map that associates to r € X(T') the solution p € X(T') to [2.2). We want to
find a condition on 7" so that Q is a contraction.

16



Let 1,72 € X(T'). To apply [25, Theorem 2.6], we have to check that, for all ¢ € [0,T],
8,(f1 — f2) € L=([0,T] x RN x [0, R;RY), and
T
/0 /RN i (f1 = £o)(t, 2, )| g g0,y A At < 00

Thanks to (I.3) we have

Hap(fl - fQ)HLoo = H (I(Tl) —I(rg)) q

Lo < K7 Hq/HL‘x’([O,R]) Hrl - 7”2“[‘00([077*};]_,1) )
T
/0 /RN ldiv (fr = F2) (& 2. | oo o,y 42 A < TET oo go.m I = 2l o,z -

Hence, we get for all ¢ > 0

[(p1 = p2)(®)[ s
< tKI‘|QHW1700([07R})||T1 - T2||L°°([O,T];L1)

. NW .
L (19 () + 5 el oy (IV vl + Col o) )

Denoting
ko= N+ D¢|| oo 0.7 (IVVIILe + CrlllpoliLy)) (5.4)
Cr = Krllallwreo,r
NWy )
G =~ ldllre~(o,m (IV divellg: + Cr(llpolly)) -

The above estimate can be written
[(o1 = p2) () ||, < Crtllrn = rallpes oy (1 + € (TV (po) + 0275)) :
‘We choose now T so that
kT 1
i T (1+e (TV (po) +02T)> =3

and, applying Banach Fixed Point Theorem, we obtain a unique fixed point for Q on X (7).
We now iterate the procedure above. To this aim, we use the total variation estimate (5.2])

TV (p(t)) < (TV (po) +2Cht) M,

and, given T,,, we recursively define T, so that

1

C1 (Tpy1 —Tp) (1 + T TV (pg) + Cy Tt =T) (T, T o, ) — Tn)> =3

and the above procedure ensures the existence of a fixed point on the interval [T},, T}, +1].
The sequence T,, is strictly increasing. If it is bounded, then the latter relation above

yields 0 = 1/2. Hence, T,, — oo when n — oo, completing the proof. O
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5.2 Stability

Proof of Theorem [2.]). Here, we apply |25, Corollary 2.8] to compare the solutions p; and
p2 of (24]). Let k be as in (5.4)). As in the proof of Theorem 23], (v)—(v)—(I) ensure that the
set of hypotheses [25] (H1*)—(H2%)—(H3%*)] are satisfied. Thus, for any ¢ > 0, we obtain

() = p2(8) |,s

Hﬂo,1 - Po,zHLl

t
—|—|:6kt TV (,00,1) +NWN||Q1HL°°([O,R})/O ek(t*T) /RN HleV (1/1(56) +Il(p1))H dz dT]

< [0 04+ Tao) = o) () + T,

(RY)

+/Ot /RN ch(ﬂ) div (v1(z) + Z1(p1)) — q2(p) div (va(z) + Z2(p2)) HLOO drdr

([0,R])
P01 = po2||p + [TV (po,1) +t NWi g1l Lo po,m)) <HV dives |l + CI(HPOJHLI)) ]
X (#1165 = 6 ll g o 121 + Talo1)
+t Hq§||L°°([O,R})HV1 —v2 + Ti(p1) = Ta(p1)|
t
Heblamgormy [ |7 () = T2 ()] ar)

+t[lazlly00 o, 7)) (| iV (1 = v2 + Ti(p1) — Za(p1))

Ll

t
Htllar — gollyooqgo,rp | div (11 +Z1(p1)) || + H%Hmo([o,zz])/o ‘diV (Za(p1) — I2(P2))‘d7-
Hence, denoting

a(t) = TV(po1) +tNWy ||q1||Loo([o,R]) (HVdiV vl + CI(HPO,1HL1))

b(t) = Ki (HqéHLoo([o,RDekta(t) + H‘D”Lwao,m))
no o= |d- qéHLoo(m’R]) (HmHLoo + CI(HPOJHLl)) + HqéHLOO([O,R})Hyl — Vol
195l o, - I Z1(0) = Zo(p) | o
2 = a1 = alleqor) (||diV villgs + CI(HPOJHLI))

+lla2llLe (o, R)) <Hdiv (v — VQ)HLl + peLl(b];l\If);[o7R}) HdivIl(p) - diVIQ(p)HL1>

we get
|1 — Pz(t)HLl < ||poa — P0,2HL1 +yrte a(t) +tye + b(t / |1 = pa(7)|| d7 .
By Gronwall Lemma, we obtain
Hm - pZ(t)HLl < Hpo,l - p072HL1 + 1 t ekt a(t) + 1ty

t t T
+b(t)elo b / e~ o blldu(|| 5 ) — po2p +nTe a(r) + 7y2) dr
0
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Noting that

t
— fabwdu |y / — 7 bwdu g, < U
e e T <
9, b(0)

we get

b
o1 = p2(®)]| . < (Hpm — pog||p Fntetalt) + tvz) —O)e“’(t)
completing the proof. O

5.3 Driving examples

Proof of Proposition[3.1. Let p solve (LLT) in the sense of Definition 2.1l Define w(t, x) =
v(z) + <I (,o(t))) (z). Then, p € C°([0,T]; L*(RY; [0, R])) is also a weak solution to (21]).
Then, set as above q(p) = pv(p) and, for any ¢ € C(R x RY;R), we have

/ / (pOrp + qa(p) w(t,z) - Vo(t,z)) de dt =0.

R JRN

Fix positive T'and M. For o > 0 define Y,, € C*(R; R) so that Y, (s) = 0 for s <0, Ya(s) =1
for s > aand Y. (s) > 0 for all s. Let ((t) = Yo (t —a) — Yo (t = T).

Call Ky = B(0, M)\ Q. Set n € C2°([—1,1];[0,1]) such that [p pu(r) dr = 1. For 9 > 0,
let py(x) = ﬁLN p (||| /9) and define ¢ = X, * Ho, the convolution being over all of RV,
M

Note that Vi) = 0 on RN \ B(0Ky,9). If x € B(OKyr, V), we have

Vole) = [ iale—y) dy = - /aK oz — ) iy) do(y) |

where n(x) is the outer normal to K at any € 0K js. Then, we choose ¢(t, z) = ((t) ().
Clearly, ¢ € C(R x RY;R). The definition of weak solution gives

0= [ [ ()¢ 66) + a ot.2) wit.) () Vi) o
Letting a — 0, we obtain
T
0 = /RN (p(0,2) — p(T,2)) ¥(x) dz —i—/o /RN q(p(t,z)) w(t,z) Vip(z) dz dt

= [ (0l0.0) = p(T,)) b(a) da

T

[ [ ] e et ww) e - ) dotw) da de

0 RN JOK

= [ (6l0.0) = p(T,)) ¥(a) da

T
_ / / / ¢ (plty +92)) wit,y +02) - ily) p(l|2]) dz do(y) dt .
0 0K J B(0,1)
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That is to say, setting Hy(t) = {(y, 2) : w(t,y +9z)-n(y) < 0} and 0y, = 9002 N B(0, M)

/RN (p(0,2) = p(T,z)) P(z) dz
T
- /0 0K /B q (p(t,y +92)) wit,y +9z) - aly) p(]|z]]) dz do(y) dt
/,

WV

Xz U2 (p(ty +02)) wlty +02) - iy) p(2]) d= do(y) dt
T
/aQM /B<o,1> Xig, 0¥ 2) @ (p(ty + 92)) w(t.y +92) - i(y) u((|2]]) dz do(y) dt
T
' /aKM\aQM/Bm Xyt (0 2) € oty +02)) wltsy 4+ 02) - 2fy) (21 d= doy) de

% / / Xpg W 2) e w(t,y +92) - a(y) u(l12]]) dz do(y) dt +m
0 5.9 B(Ol ()

where m can be arbitrarily small provided M is sufficiently large, since p € L'([0,T] x
RM: [0, R]). Letting ¥ — 0, M — oo and using (3.2), by the Dominated Convergence Theorem
we get

0< [Q (p(0,2) — p(T, z)) do = —[Qp(T,x) dz |

since by hypothesis spt pg C ). Besides, the positivity of p gives us — ch p(t,z)dx < 0
Finally, we have [.,, p(T,x) = 0 and spt p(T') C €. O
Proof of Lemma [Z.2. Let p € LY(RY;[0,R]). Note that Z can be rewritten as Z(p) =
—epx(Vn) / 1+ ]p=* V77H2 . By the assumptions on 7 and the properties of the convolution

product, we have

1ZO) |l < llolnalValle ,

Iz < <l 9l
HVI(P)HLoo < ellpllnIVallwiee <1+R2||V77HL1 L1>’
VIOl < <ol Dol (1+ 21l [¥2] )

Hence (I.1) is satisfied. Let us check now (I1.2)

|V22(0) |, < = R lpllga I 9nllwe [ Vnlyas (L + 4+ 3RV lRy 1)

Let ry,79 € LY(RY;[0, R]). We have:
IZ01) = Z0a)llge < & (14 B2IVHIE) [ Vllge i = vl
IZ61) = Z0o)ll, < (1+ B29nlE ) IVnllgalir = ralips

Hdiv (I(T’l) — I(’I“Q))HLl < ¢ ||’I“1 — 7“2||L1HV77HW1,1(1 + 8R2||V77H%V1,1 + 3R4||V77H4\1;V1,1) s

completing the proof. O
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Proof of Proposition [3.3. The fact that () holds follows through simple computations
from (92), (g), (1), (o) and the assumptions on 0 or «,dpn. Condition (I) follows from
Lemma

To prove the invariance property (P), we verify that

(g(x) +0(x) + (Z(p)) (x)) ‘n(z) >0
for all x € 0Q. By (g), B5) and (I.2)), it is sufficient to prove that
(p* Vn)(z) -n(r)
A > e sup .
€N \/1 + H(p * Vn)(m)w

Note that
pxVn)(z) - n(x
sup —LIVID D s (2 99)(0) - 1(2) < e [Vl ol <RIVl
€00\ [1 4 ||(px Vn)@)|? oE
completing the proof, by Proposition B.11 O

Proof of Lemma [3.4]. Note that Z as Z(p) = € [pn p(y) V (77(3: —y)g((y—=a)- u(:c))) dy.
Let 7, be such that B(0,7,) D sptn. Fix p € LY(RY; [0, R]). Let us check (I.1):

12Ol < ellollulmlwreellglwae (1 0+ [Plwioe)
120l < e ollgalimliwra lgllwase (14 (14 )W) -
VTPl < Dol il l9lweos
< (1420 + Do + (42 W + @+ 1) [Vl )
VTl < = ol linlhwe lglweos

< (142 + Dl + L+ Wy + @4 [V2 i)
Passing to (1.2):

|v*2(0)]

oo S elpllnlinliwellglwese

X {1 +3(L+ ) [l +3(1+79)? [V Ry + 32+ 1) [ VVllwree

(14 1) [Vl + 32 472y + (34 mHv%HWW} .

Let ry,79 € LY(RY;[0, R]). The operator 7 is linear in p, hence

[Z(r) = Z(r2) |y < ellrs = rallps Inllwroe gl (1 + (1 + )V [l.oo)
[ Z(r1) = Z(r2) | e llre = rallpalnllwiallglwiee (U4 (1 +7)[[vwiee)

<
[div (Z(r1) = Z(r2) || < €llrs = r2llpiInllwan 19wz

x| 14+ 201+ rg)lllwco + (14 7)2 [V [y

+2 + ) VY|lwieo
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showing that (I.3) is satisfied. O

Proof of Proposition [3.3. Fix p € LY(RY;[0, R]). Let us check (I.1) and (I.2):

12Ol < ellplulllwrcleliwroe (14 (1 +Ollglhwiee) -
12l < e lollgalmliwrs lelwioe (1+ 0+ O lglwroe) -
INZO) e < ellpllu il llweo
% (14200 + Dllghwaoe + (14029310 + 2+ OV llwi )
x (14 B [lyiillelvice (14 0+ 0llglwi)?)
VTl < elplu s lilweo

% (14200 + Dllglhwaoo + (14029310 + 2+ OV llwroo )
2
x (14 B2 nliya ey (14 1+ Ollglwre)’)
Passing to (1.2):

|v22(0)|

oo S elplllinlws s lellwse

X [1 +3(1+0)lgllwie + 301+ 02 glivie + 32+ O Vallwroe
L+ 0%gllyr. + 32+ 0 glliya + (3+ 6>Hv2gHWm]

< (L B2 [l ol (L @+ Olgllwns)’)

+3 Rl llelwe (1+ (1 +Olglhwr.~)

<l Il ellwe ~

x (1+2(+ Dlghwr + (1+ 09l + 2+ O Vgl )
< (14 B Il el (1+ (14 Olglhw ~)?)

= el nllwo 2l

X [1 +3(1 4+ 0)||gllwr.ee +3(1 + K)QHgH%VLOO + 312+ 0)||Vgllwi.eo

N

+(1+ 0P llgliir. + 32 + 021lgllyz + 3+ 0| V2|,
+3 Rlnllwrallplhwroe (14 (1+O)llgllvw)

% (14200 + Dllglhwaoe + (14029310 + 2+ O Vgllwroo ) ]

2
x (14 B [yl ey (14 (0 + Ollgllwie)?) -

Finally, (I.3) is proved exactly as in Lemma
To prove the invariance property (P), following the same procedure as in the proof of

Proposition B3, we check that (l/(az) + (Z(p)) (m)) -n(x) = 0 for all z € 9. In fact, if
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Vigpw)n(z —y)o((y — ) - g(z)) dy

i+ [t ota (0o o]

= |9(z) +An(z) —¢ ~n(z)

> M@ +9(0) (o) ~ el [ o]V (1l =) (o) ay

e /Q o)z — )¢ (4 — 2) - 9(2)) (v — 2) Va(z) n(e) — () - n(z)) dy

WV

Az) —e Rll@llp~ Vallp —e R ||¢'|| L /Qn(m —y) |(y —2) Vg(z)n(x)| dy .

A@) = 2 R (I¢lge I93ls + ¢/l Inllgs €19l )

completing the proof, by Proposition 3.1 O

WV

Proof of Proposition[3.6. Denote ¢ = diamsptn. Straightforward computations give:

1Z) e < e lloll Vllpe llellpe ,

IVZO) e < ellol (Hv%HLw I@llgee + 190l (¢l (lgllzos +fuv9||m>> ,
IOl < lolu 1Vl el
IVZO)l < ellol (Hv%\ el + 197l 16 e (gl +f||VgHLoo)) ,
vz, < elplu IVnlwellelwes (1 + 3llgllg + IVl (3¢ +2) va?gHLOO)
giving (I.1) and (I.2). The proof of (I.3) is immediate by the linearity of Z in p. O

A Appendix: Geometrical Issues Related to {2

The framework presented in Section [3 can be adapted to various real situations. For instance,
the “walls” 02 may stop the visibility of the individuals. Then, from a modeling point of
view, it can be reasonable to introduce the set

Q={yeQ:az+oly—2z)eQ,Voel01]} (A1)

of the points in Q visible from z. Correspondingly, the nonlocal operator Z in (I.2)) can be
modified intending the convolution as follows:

(pxn)(x) = /Q py)n(z —y)dy . (A.2)

The above relation means that the individual at = evaluates an average of the densities p(y) at
all values y that are visible from z. With these choices, the validity of condition (I) essentially
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depends on the geometry of Q. In particular, if Q is convex, then Q, = Q and (I) holds by
Proposition B3l

Here we only show how to choose a discomfort so that (P) holds for (LI)-(L2)—(A2).
The case of the nonlocal operator (IL3)) is entirely similar.

To this aim, introduce the set

H,={yeQ: Vn(z—y) n(x) >0} . (A.3)

Proposition A.1. Assume that (2) and (m) hold. LetZ be as in (I.3), where the convolution
is intended as in (A2). If

z)=¢R Vn(x —y) dy  for x € 00 (A4)
Q.NH,

then (6(z) + Z(p)(x)) -n(x) = 0 for allz € O and p € LY (RY;[0, R]), so that (P) is satisfied.
If moreover n(x) = 7(||z||) with 5 € C3([0, +oo[;RY) and 7' < 0, then Q, C H, along 09
and the discomfort can be defined on all € by

Se)=cR [ Vilz—y)dy
Qy

satisfying to property (P).

Proof. We have Z(p)(z) = —¢ [, p(y)Vn(z — y)dy / 1+[Vpsn|?. Hence, to ensure
that (6(z) + Z(p)(x)) - n(z) = 0 for all z € 9Q and p € LY(RY; [0, R]) we require
Sa)n(@) > & s [ p() Voo - y) () dy.
pEL! (RN;[0,R]) J Q0

In the latter expression, the supremum is attained for p = RXQ I since Q, N H, = {y €
Qu; Vn(z —y) -n(x) > 0}. It is thus sufficient to define § so that
Sz)n(z) > eR [ V(e —y) () dy
QzNHy

proving that (A.4]) implies (P), by Proposition B.Il
I n(z) = 7(|z[)), then Vn(z) = 7 (|l]l) yg5- Since 7 <0,

Hy, 2 {yeQ: (z—y) n(x) <0}
= {y €EQ:y=x+an(z)+wwitha>0and w € n(x)l}
2 Q.
The latter inclusion holds since €2, is a convex set contained in 2 and containing . O
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The choice ([L2)-(A2) is appealing from the modeling point of view, but not easily
tractable from both the numerical and the analytical points of view, without major restrictions
on the geometry of Q and on 7. Therefore, we consider also the following choice.

Proposition A.2. Assume that (2) and (n) hold. Let T be as in (L.2), with the usual
convolution [B3). If

z)=¢R Vn(z —y) dy for z € 082
Hy

then (6(z) +Z(p)(z)) - n(z) =0 for all z € OQ and p € L*(RY;[0, R]), so that (P) holds.

With this choice, a way to define § on all € could be

6(r) =e Ra(x) i Vin(z —y) dy ,

where « is as in (a).
The proof is entirely similar to that of Proposition [A.1]
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