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NONLOCAL SYSTEMS OF CONSERVATION LAWS
IN SEVERAL SPACE DIMENSIONS

AEKTA AGGARWAL*, RINALDO M. COLOMBOT, AND PAOLA CGOATIN*

Abstract. We present a Lax—Friedrichs type algorithm to numerically integrate a class of
nonlocal and nonlinear systems of conservation laws in several space dimensions. The convergence of
the approximate solutions is proved, also providing the existence of solution in a slightly more general
setting than in other results in the current literature. An application to a crowd dynamics model
is considered. This numerical algorithm is then used to test the conjecture that as the convolution
kernels converge to a Dirac §, the nonlocal problem converges to its non-nonlocal analogue.

Key words. Nonlocal Conservation Laws, Lax—Friedrichs Scheme.

AMS subject classifications. 35165, 65M12

1. Introduction. We are concerned with the following class of nonlocal systems
of N conservation laws in d space dimensions:

U +divk F(t,x,UnxU) =0 (1.1)
with a nonlocal flow of the type

F : Rt x R* x RN x R™ — RNxd
t x U nxU — F(t,x,Unx*xU)

and where the coupling among the equations is due only to the nonlocal terms n* U,
given by, for £ =1,...,m,

N
et = [ Youtax- QUGG A, and g R RN,
k=1

Below we consider a Lax-Friedrichs type algorithm that yields a sequence of approxi-
mate solutions to (1.1) that, up to a subsequence, converges to a weak entropy solution
of (1.1). As usual, ¢ is time, x the space variable, U the vector of the unknown den-
sities, F' the matrix valued flow and 7 is a matrix of smooth convolution kernels.
Systems of the type (1.1), with the particular coupling considered below, comprise,
for instance, sedimentation models [4] and various crowd dynamics models [8, 9, 10].
The nonlocal nature of (1.1) is particularly suitable in describing the behavior of
crowds, where each member moves according to her/his evaluation of the crowd den-
sity and its variations within her/his horizon. We refer to the several models recently
considered in the literature, e.g. [8, 10]. In one space dimension, vehicular traffic offers
entirely similar situations, see [5, 9]. In this connection, we recall that nonlocal sys-
tems of conservation laws are widely used in biological applications, e.g., in structured
population dynamics, see [19]. The algorithm presented below can easily be adapted
to the typical case of the initial boundary value problem for a renewal equation, once
the flow at the boundary is pointing into the domain and the source terms are dealt
through a standard operator splitting technique, see [18, Chapter 17]. Further appli-
cations of nonlocal conservation laws are found in [9] for supply chain models, in [1]
for granular material dynamics and the case of a conveyor belt is considered in [13].
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The key point in the convergence proof lies in obtaining a uniform bound on the
total variation of the approximate solutions. However, a bound on the L* norm of
the solution is provided below, as well as the L' Lipschitz continuous dependence of
the solution on time. As a consequence, the present result also extends to a wider
class of equations the existence part of the results in [3, 4, 8, 9, 10]. More precisely,
in the scalar 1D case, a first convergence proof for a Lax—Friedrichs type algorithm
was obtained in [4], see also [3, 5]. Analytical well posedness results for nonlocal
conservation laws in the scalar case were obtained in [8, 9] and in [10] in the case
of systems. In these references, as in the present work, the actual number of space
dimensions is not relevant, if not for the computational cost.

We remark that in the construction below, no divergence free assumption is re-
quired, see [7] and the convolution kernel 7 is not required to have compact support.

From an analytical point of view, the limit where 1 converges to a Dirac measure §
is particularly appealing. Indeed, in that limit system (1.1) tends to a general system
of conservation laws in several space dimensions and (at the time of this writing) its
well posedness is a well known open problem. Nevertheless, using the algorithm below,
in Section 3 we numerically investigate this limit, although the present estimates
clearly do not allow to rigorously justify any conclusion in this direction.

The next section presents the main results, while Section 3 is devote to sample
numerical integrations of (1.1). The technical details are deferred to Section 4.

2. Main Results. Throughout, we denote Ry = [0, +oo[ and RY = [0, +oo[N.
Aiming at a formal simplification, we consider throughout the case of d = 2 space
dimensions and denote the space variables by (x,y) € R2% Moreover, we fix our

attention to the k-th equation in (1.1), for k =,..., N, namely
OU* + 0, f*(t,z,y, U* nxU) —i—aygk(t,:v,y, U 9+U)=0 (2.1)
where
U(t7 x? y) = (U17 MR UN)(t7 x? y) e RN ) Uk (t7 x? y) e R?
gt N
n(z,y) = o @y e RN pfMay) € R,
T]ml o nmN
[ L Wy
W(z,y) = o | (wy) e RN 95 (@y) € R,
gt gmN

and (nxU)(t,z,y) € R™, (¢ U)(t,z,y) € R™, where for £=1,...,m,
N
meUtay) = [[ Se-ay-y) Ve ) ddy € R,
B2}
b=l
(W U)e(t,z,y) = // Zﬁg’k(:b—x’,y—y’) UF(t, o',y )da' dy € R.
R? =1

Throughout, the notation |£] is used for £ € R, whereas for £ € R”, ||| stands for the
Euclidean norm. The following assumptions on the maps f* = f¥(t,z,y,u, A), g* =
g*(t,x,y,u, B) and 7,9 in (2.1), for k = 1,..., N are used below:
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(HO) f*,g* € C2(RT xRZx R xR™;R); 9, f*, 0ug® € L (RT x R2 x R x R™; R); for
allt € RY, (2,9) € R? and A, B € R™, f*(t,z,y,0, A) = g*(¢,z,,0, B) = 0.
(H1) There exists a constant M > 0 such that

max {

maX{HVAfk(t,x,y,u,A)H, HVng(t,x,y,u,B)}

max {
max {
max {

maX{H[?yVAfk(t,x,y, u,A)H, H[)yVng(t,x,y, u, B)

< M ful,

xT k(t,.f,y,U,A)’, ‘8’ygk(taxay7uaB)

< M [ul,
k

g (tuxuyauuB)

wwfk(taxayuuaA)‘u §M|u|,

zyfk(taxayuuaA)‘u

k(t7 x? y’ u? B)

k(t7 x? y’

k(taxayuuaB)

}
}
S
07,9" (t,x,y,u, B) } < M |u,
}
}
}

max{HViAfk(t,:v,y,u,A) )

(H2) 0ufF, Oug® € WLX(RT x R?2 x R x R™; R).
(H3) 0,9 € (C2 N W2>)(R2, R™*N),

REMARK 1. Standard situations of interest lead to compactly supported initial
data yielding solutions that are also compactly supported at all finite times. In these
cases, it is sufficient that the above uniform boundedness requirements are satisfied
on any compact subset of R%. Equivalently, on f* and ¢* it is enough to assume only
conditions (HO) and (H3). The proof is immediate and follows the same lines, for
instance, of that in [6, Corollary 2.3].

Recall the definition [3, 4, 5, 8, 9, 10] of solution to the Cauchy problem for (2.1).

DEFINITION 2.1. Let U, € L*®(R%RY). A map U: [0,T] — L*®(R%RY) is a
solution to (2.1) with initial datum U, if, for k=1,..., N, setting for all w € R

f:k(t’ :Z:’ y7w) = fk(t’ :Z:’ y7w7 (/r]*U)(t7x7y)) 3
gk(t7 x’ y7w) :gk(t7x7y7 w7 (ﬂ*U)(t7x7y)) )
the map U* is a Kruzkov solution to the conservation law
8tUk+8zf~k(t,:E,y,Uk) +ay§k(t7x7yaUk> =0 (2 2)
U0, 2,y) = U (,y) . '

Above, by Kruzkov solution we refer to [17, Definition 1]. It is immediate to observe
that (HO) ensures that U(t, x,y) = 0 solves (2.1) in the sense of Definition 2.1.

Fix a rectangular grid with sizes Az and Ay in R? and choose a time step At.
For later use, we also introduce the usual notation

x; =1 Ax, xi+1/2=(z’+%) Ax, 1€Z; Ae = At/ Az,
yi =iy, yip=(+3) Ay, jEZ; X =At/Ay.
Throughout, an initial datum U, € (L> N BV)(R%;RY) is fixed and we denote
i+1/2 U7,+1/2
(O A:Z:Ay/ /y :Cy de dy fori,jeZ.

i— 1/2

t" =nAt, neZ;




We define a piecewise constant approximate solution ua = (ulA, . ,ug) to (2.1) by

te [t ], "ol
uk (t,x,y) = ukjn for T € [Ti_12, Tiv12], where jex
Yy e [yjfl/Qaijrl/Q[a kell,... n}

through the 5-points algorithm based on dimensional splitting, see [11, Section 3]:

k,n+1/2 k n k,n kn  kmn k,n k,n k,n
Uyj Usyj — Az [ F1+1/2 J(uij 7ui+1,j) - Fi_l/z,j (uifl.,jﬂ Uyj ) ]
k,n _ kn+1/2 k,n kn+1/2  kn+1/2 k,n kn+1/2  kn+1/2
U = Uy = [Gi,jﬂ/z( ij i,j+1 >_Gi1j71/2( ii—1 Wi )
(2.3)

where for fixed o, £ in ]O, 2/3[, we define

fH_l/g]( )‘f'f.,_l/z,]( v) _afv—u)

k,n o
F"L'Jrl/Q,j (u, v) N 2 2 )\LE ’
k,n k,n
G o (u,v) = 9ijr12(W) + 655 5(0)  Bv—u)
©,j+1/2 - 2 2 )\y )

k,
Fili o (W) = SR w2, 95,0, Aliya )
k,
gi,jil/z(“) g (" (s Y2, Bl o) -

The convolution terms are computed through quadrature formule, i.e.,

A" =Ax Ay E E nh uf E E n" ukm
i+1/2,5 z+1/2 l,j—p l+1/2p z+1/2 lj—p 1+1/2,p
Lpez” Lpez*
N
B" =Ax Ay g g utm cee g gk utm
i,j+1/2 z+1/2 l,j—p l+1/2p et i+1/2—1,5—p 1+1/2,p
l,pEZ l,pEZ ™™
(2.4)
. k,n . . . k,n k,n
where, for instance, u;} J2.p 18 @ convex combination of u, » and u; | s moreover
0,k 0.k 0,k 0.k
771+1/2,] n ($i+1/2= yj) and 9 i+1/2,5 = ($i+1/27 yj) . (2-5)

Throughout, we require that At is chosen in order to satisfy the CFL condition

2 min{3a, 2 — 3a} 2 min{34,2 — 33}

Az < ) = ’
1—|—6manHaukaLoo ! 1+6maxk||8ungLm

(2.6)

and we assume that the mesh sizes are sufficiently small, in the sense that Az, Ay <
1/(3M), where M is as in (HO).

The main result of this paper is the following:

THEOREM 2.2. Let assumptions (HO), (H1), (H3) and conditions (2.6) hold.
Fiz an initial datum U, € (L* N L> N BV)(R*RY). Then, the algorithm (2.3)
defines a sequence of approximate solutions which converges, up to a subsequence, to
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a solution U € C° (RT; LY (R%;RY)) to (2.1) in the sense of Definition 2.1. Moreover,
U is locally Lipschitz continuous with respect to the L norm and for allk € {1,...,N}
and for all t € RT, the following bounds hold:

HU(t)HLoo(RQ;RN) S ECt HUO”LOO(RQ;RN) with C as in (47),

o)

TV(U*(t)) < Mt TV(UE) + Ko (417 — 1) with K1, Ky as in (4.19),

k

o

L1(R2;R) ’ L1(R2R)

Ut +7)— U(t)HLl(R2;RN) <C@t)r with C(t) as in (4.22).

The proof is deferred to Section 4 and is based on the lemmas below. Observe that
Theorem 2.2 also ensures the existence of solutions to (2.1) with a flow more general
than that considered in [8, 9]. The solution is proved to be a Lipschitz continuous
function of time with respect to the L' topology. Moreover, in view of Remark 1, when
the initial datum is compactly supported, (HO) and (H3) are sufficient to guarantee
the existence of a solution and the bounds above on any finite time interval.

As first step, we prove the positivity of the approximate solutions defined by (2.3).

LEMMA 2.3 (Positivity). Let (HO), (H1), (H3) and (2.6) hold. Fiz a U, €
(L' NL>* NBV)(R%RY). Then, the approzimate solution ua defined by the algo-
rithm (2.3) satisfies, for all k € {1,...,N}, t € Ry and (z,y) € R?.

ulk (t,2,y) > 0.

A consequence of positivity, due to the conservative nature of the algorithm, is the
L! bound.

LEMMA 2.4 (L' bound). Let (HO), (H1), (H3) and (2.6) hold. Fix an initial
datum U, € (L*NL>® NBV)(R%;RY). Then, the approzimate solution ua defined by
the algorithm (2.3) satisfies, for allk € {1,...,N} and t € Ry.

|uk)]

o =[50

Lt

The proof is omitted, since it is standard, see for instance [3, Lemma 2.4]. Lemma 2.4
allows to prove the L* bound.

LEMMA 2.5 (L* bound). Let (HO), (H1), (H3) and (2.6) hold. Fiz an initial
datum U, € (L* NL>* N BV)(R*RY). Then, there exists a C depending only on
0,9, f . N gt g, see (4.7), such that the approzimate solution ua defined
by the algorithm (2.3) satisfies for allt € Ry,

[ua (t)]| g < eI T (2.7)

The previous results allow to get the following key bound on the total variation.
LEMMA 2.6 (BV bound). Let (HO), (H1), (H2), (H3) and (2.6) hold. Fix
an initial datum U, € (L* N L N BV)(R%*RY). Then, there exist constants Ky
and Ko depending only on |U, |y, n, 9, 1., NV, g% ..., g%, . see (4.19), such that
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the approxzimate solution ua defined by the algorithm (2.3) satisfies for all n, for all
te [t",t"Jrl[ and for all k=1,...,N
Aw)

> (
ge’Clt;< ul0

k,n

k,n
i+1,5 —u

’LjJrl 17

u

k,0
i+1,5

U 1]+1

>+IC2 (e’Clt—1) :

Remark that Iy depends on all the components of U,. Hence an initial datum
with a constant component may well lead to a solution with no constant components.

To prove the discrete entropy inequality, we introduce the following Kruzkov
numerical entropy flows, see [3, Proposition 2.8], [11, Section 3], [12, Section 4]:

kn, k, k,
<I>Z.J':1172_’j (uy,ug) = qu/Q_’j (uy V K,ug V K) — fi+q/2_’j (u1 A Kyug AK),

kn, k, k,
FZ.;:L';/Q(ul, ug) = gl._’jil/Q(ul VK, ug V K) — gi,ﬁuﬂ(ul AR, u2 AK).

LEMMA 2.7 (Discrete entropy condition). Let assumptions (HO), (H1), (H2),
(H3) and conditions (2.6) hold. Fiz an initial datum U, € (L*NL>*NBV)(R%;RY).
Then, the approzimate solution ua defined by the algorithm (2.3) satisfies for all
1,7 € Z and for oll k =1,..., N and for all k € R the discrete entropy inequality

k,n+1 k , k, k, k,n, k, k,

ijn uzg _’f‘ + Az ( z+n172.,j(uz'jn’ zﬁ,g) (I)i:llfQ,j(ui—nl,j’uijn))
k,n+1/2 k, k,

+ As sgn(u;;" 2 g) (fi.:,.?/z,j('%)_fi—q/lj(li))

k,n,k kn+1/2 k,n+1/2 kn,k k,n+1/2 kn+1/2
+A (P”H/z( i,j+1 ) — 1—‘” 1/2(ui,j71 , U

_,{‘_

| /\

+ Ay sgn(u;; ot g) (92311/2(@ - gzkgn 1/2(F ))

The proof is entirely analogous to that of [3, Proposition 2.8].

LEMMA 2.8 (L' Lipschitz Continuity in time). Let assumptions (H0), (H1),
(H2), (H3) and conditions (2.6) hold. Fix an initial datum U, € (L' NL*>® N
BV)(R*RY). Then, for any i € N, there exists a constant C' depending on ||Us||y.1,
TV(U,), t", A, Ay @, B and on the functions 0,9, f* and g%, for k € {1,...,N}
such that forn =1,...,7 the approzimate solution ua defined by (2.3) satisfies

HuA(t"“) —ua(t") L=C At.

The proof is a straightforward generalization of [3, Lemma 2.7].
3. Numerical Integrations.

3.1. A Crowd Dynamics Sample Integration. We now show that the crowd
dynamics model introduced in [9] fits in the framework of (2.1). Assume that a group
of pedestrians can be described through the density U = U(t,x,y) that satisfies the
nonlocal continuity equation

HU+V-(U(1-U)1-Ux*p)v)=0. (3.1)
6



Here, the given vector field ¢ = @(z,y) = (v'(z,y), v*(z,y)) describes the path
followed by the pedestrians. The smooth, non negative and compactly supported
function g models the way in which each individual averages the density around
her/his position to adjust her/his speed.

LEMMA 3.1. System (3.1) fits into (2.1) setting

N=1, ft,z,y, U, A)=U1-U)(1—-A)v(z,y)

m=1, g(te,y.U.B)=U(1—U)(1-B)*(x,y) ¢

n=p

9=p. (3.2)

Moreover, ifv € (C2NW?2>)(R2,R?) and u € (C2NW2>°)(R?; R), then Theorem 2.2

applies to any initial datum in (L* N L NBV)(R?;0,1]).

The proof in Section 4 essentially relies on the invariance of the interval [0, 1] for .
We now consider a specific situation. Two groups of people move from different

places along a corridor [0,10] x [—1,1] towards one of its ends and stop in front of
{9.5} x [~1,1]. Therefore, in (3.1) we choose:

. (1 —y*)% exp (=1/(z = 9.5)%) X)—oc9.51x(-1,1)(%: %)

e | , 7 3.3
vz, y) —2y exp(1—1/y%) p(y) o
i) = (016 — o — ) x (@9)s  play) = = ()
fi,1 - VI Xy arryr<oaap Y0 I YT= e g I 8

so that [[o, p(x,y)dzdy = 1. Here, p € CZ(R;R) is chosen so that p(y) = 1 for all
y € [=1,1]. Therole of p is to allow conditions (HO), (H1) and (H2) to hold and does

u at £ =0.00 v at {=4.02 u at ( =8.04

v at { =12.06

v at { =15.98 v at { =20.00

Fic. 3.1. Solution to (3.1)—(3.4) at times t = 0.00, 4.02, 8.04, 12.06, 15.98, 20.00 with space
mesh Az = Ay = 0.0125, o = 8 = 0.3333 in (2.6) and At ~ 9.62E — 4.

not modify the solutions due to the invariance of the space domain [0,10] x [—1,1].
As initial datum we choose:

UO(‘T7 y) = X[1,4]><[0.1.,0.8] (x7 y) + X[2,5]><[70.8.,*0.1] (m’ y) * (34)

The numerical integration of (3.1)—(3.4) obtained with the algorithm described in
Section 2 is shown in Figure 3.1. The two groups are seen moving to the right
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and accumulating in front of x = 9.5. By Definition 2.1, [17, Theorem 3] and the
choice (3.4) of the initial datum, the maximal density of solution can not exceed 1,
coherently with the result of the integration. The numerical domain [0, 10] x [—1, 1]
is chosen invariant with respect to the flow specified in (3.3).

To compute the convergence rate of the scheme (2.3), we apply the algorithm to
problem (3.1)—(3.4) on the domain [0, 10] x [—1, 1] on the time interval [0,1] with
different grid sizes, namely

h = Az = Ay = 0.05, 0.025, 0.0125, 0.00625 . (3.5)
and with A\, = A, = 0.15. The convergence rate  is then calculated at time ¢ = 1.0 by
computing the L' distance between the numerical solutions u; and u n obtained for

the grid size h and %, for each grid size h in (3.5). The results recorded in Table 3.1
show that the numerical scheme (2.3) has a convergence rate v = 0.5..

Up—Up
2 1
h Huh—u% - v = log, — L
2 4|1
0.05 0.6565 0.2844
0.025 0.5389 0.4815
0.0125 0.3860 0.5572
0.00625 0.2623
TABLE 3.1

Convergence rate 7y for the numerical scheme (2.3) on the domain [0, 10] x [—1, 1] at time
t = 1.0 for the approzimate solutions to the problem (3.1)—(3.4) with Ay = Ay = 0.15 .

3.2. The Nonlocal Keyfitz—Kranzer System. We consider the example of
the classical Keyfitz-Kranzer system [15] which is given by

{ U + 8, §U1 p(U)) =0

U2 + 0, (U2 p(U)) =0 (3.6)

is a 2 x 2 system of conservation laws in one space dimension in the unknown U =
(U', U?). System (3.6) has been extended and studied from many different points of
view. For instance, the existence of solutions in the case of several space dimensions
was obtained in [2, Theorem 2.6]. The convergence of approximate solutions was
proved in [16] in the case of one dimensional symmetric systems.

At the time of this writing, an open problem in the analytical theory of (1.1) is
whether the formal convergence to its non—nonlocal analogue 0, U+divy F (¢t,x, U, U) =
0 as 7 tends to Dirac delta can be made rigorous. The present numerical procedures
can be helpful in having some insight in this issue. To this end, we consider the
classical Keyfitz-Kranzer system in 2 dimensions

QU + 0, (U o' (U)) + 0, (U *(U)) =0 (3.7)
HU? + 0, (U2 " (U)) + 0, (U**(U)) =0 '
with its non-local generalization given by
QU + 0, (U o1 (U * ) + 8y (U (U % p)) =0 (3.8)
U? + 0, (U2 01 (U * p)) + 0y (U? p2(U * p)) =0



which is a system of 2 nonlocal conservation laws in 2 space dimensions. This system
fits into the framework of Theorem 2.2.
LEMMA 3.2. System (3.8) fits into (2.1) setting:

N:2’ f(t7$7y’U’A):U<p(A)

m=2, otz U B)=Up(B) 4 1=7=

po 0 1
0 p |’
Moreover, if p1,p2 € (C2NW22)(R%R) and u € (C2NW2°)(R2%;R), then for any
compactly supported initial datum (U},UZ2) € (L*NL>*NBV)(R*R2), problem (3.8)
admits a solution defined for all t € RT and satisfying the estimates in Theorem 2.2.
The proof of this Lemma, i.e., that (HO) and (H3) hold in the case of (3.8), is
immediate and, hence, omitted.

The following numerical integration of (3.8) is referred to the domain [—1.1, 1.1] x
[-1.1, 1.1] and to the time interval [0, 0.1] with

ng(Al,Ag) = SiIl(A12 + Azz) s (pz(Bl,Bz) = COS(.Bl2 + 322) (39)

and

i) = (2= 0 400) Xy ey @) ) = ff o610
< i

so that [[g. p(z,y)dedy = 1. As initial datum, we choose:

wy at t=0.00 u, at t=0.00
10|

- . (1, V/3) (x,y) €0, 0.4] x 0, 0.4]

r - = (v2,1)  (z,y9) €]-0.4, 0] x ]0, 0.4]

Us(z,y) =< (%, 3) (z,y) €]-0.4, 0] x |-0.4, 0] (3.11)
e e (V3,V2) (z,y) €10, 0.4] x ]-0.4, 0]
nnnnn p—— (0, 0) elsewhere

Note that the above initial datum is compactly supported. In view of Remark 1, it is
then sufficient to verify (HO) for Theorem 2.2, and hence Lemma 3.2, to be applied.
Corresponding to the initial datum (3.11), the solution for (3.8)—(3.10) computed

u; at t=0.03 u, at t=0.03 wy at t=0.07 u, at t=0.07 u; at t=0.10 u, at t=0.10
10 10 10 10 10
05 05 05 05 05 05
Y 00 @ 00 Y oo 00 m Y 00 00 ﬁ
05 -05 05 05 05 -05
10 BY -10 - 10 -1
-0 -05 00 05 10 -10 -05 00 05 10 10 -05 00 05 10 -10 -05 00 05 10 -10 -05 00 05 10 -10 -05 00 05 10
3 & z z 3 7
e o | o | e R am— ]
o 1 2 3 4 0 1 2 3 o a -zo3 4 0 2 3 9 L -z-3 8 0 1 2 3

Fic. 3.2. Integration of (3.8)—(3.10) with initial datum (3.11) at times t = 0.03, 0.07, 0.1.

with » = .0125 is depicted in Figure 3.2. The solution of the non-nonlocal analogue
of (3.8)—(3.10) is shown in Figure 3.3. Both the simulations were obtained with a
space mesh Az = Ay = 1.25F — 3, A, = Ay = 0.1 and time step At = 1.25F — 4.
The color scales in figures 3.2 and 3.3 range from the minimum to the maximum of
the computed solutions U! and U? for (3.8)—(3.10) over the time interval [0, 0.1].

We consider the following radii of the convolution kernel pu, see (3.10):

r = 0.05, 0.0375, 0.025, 0.0125 (3.12)
9
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Fia. 3.3. Integration of the non—nonlocal analogue of (3.8)—(3.10) with initial datum (3.11) at
times t = 0.03, 0.07, 0.1.

and compute the corresponding solutions to (3.8)—(3.11). Then, we compare them
with the solutions to (3.7)—(3.11). In both the integrations, A\, = A, = 0.1 and the
time step is At = 1.25F — 4. The result of this comparison is shown in Table 3.2.
The present numerical integrations can not prove the convergence of the nonlocal to

Ul uz
0.05 | 0.0375 | 0.025 | 0.0125 .05 0.0375 | 0.025 | 0.0125

0.03 0.2246 | 0.2236 | 0.2222 | 0.2207 | 0.2183 | 0.2177 | 0.2168 | 0.2158

0.07 0.3589 | 0.3577 | 0.3565 | 0.3543 | 0.3476 | 0.3461 | 0.3454 | 0.3447

0.10 0.4479 | 0.4453 | 0.4424 | 0.4384 | 0.4135 | 0.4116 | 0.4100 | 0.4077
TABLE 3.2

Difference of the L' norm of the solution (u1,u2) to (3.7) and solutions to (3.8) with different

values of v as in (3.12), all with the same initial datum (3.11), with the same space meshes Ax =
Ay = 1.25FE — 3 and with a time step At = 1.25E — 4.

non-nonlocal problem, nevertheless they suggest that a positive answer is possible.

4. Technical Details. Throughout, for any pair a,b € R? by I(a,b) we denote
the segment {a+t(b—a): t € [0,1]}. We make extensive use of the following lemmas.
LEMMA 4.1. Let H, K and U, be positive. Define u"™! = (14 H)u™+ K. Then,

1+ H)"—1

u":(l—f—H)”Uo—i—( 7 K<(A+H)"(U,+nK).

Proof. The first equality is immediate. Then, using the binomial theorem, we get

n_ n n—1 _
(1+H+: (Z)Hh—lgzn<”h1)thn(1+H)".
h=0

h=1
a
LEMMA 4.2. Under conditions (H3), the algorithm (2.3) yields the estimates
HA?+1/2,J‘ - A?—1/2,j <Az ||aﬂﬂ77||L°° H“A(fn)HLl ) (4.1)
HA?H/ZJ‘H — A1) < Ay HaynHLooH“A(tn)HLl ;
[B2s0172 = Bl < A 10l s ) o
Bl s = Bl e < A2 1029l fua ) o

10



HA?+3/2,J‘ —2A% 0 A 0| S 2 Az® ‘ 92.m

LA (a2)
B ssge = 2B+ oo < 2807 (02,9 Jlua@)]lgs
s )]

02,0 llna ()]s

pol

2
”A?+1/27j_A?+1/2,j+1_A?—1/2,j+A?—1/2,j+1 < Az Ay|(|0;,n

HBZJ’+1/2—B?+1,j+1/2—BZj—1/2+B?+1,j+1/2 < Az Ay

Proof. Consider the estimates on the A terms, the others being entirely similar:

n n
HAi-i-1/2,j —Ail1)2,

<Az Ay Z (771'+1/27l,j7m - nifl/Qfl,jfm)uA(tnaxl+1/2uym)H
l,m€EZ

<Az Ay Z Nit1/2—1,j—m — 771'71/27l,j7mH HUA(t",le/Q,ym)H

l,m€EZ
Tit1/2—1
<80y Y st o) [ 0wy do
1,meZ Tij—1/2—1

§Aaj‘

3zﬁkHLmAl’ Ay Z HUA(tn, Tiy1/2, ym)H
l,meZ

§Aaj‘

R W [NGOT

proving the first estimate, the second one is entirely analogous. Similarly,

HA?+3/2,J‘ —2A% )0 A1 )0 ‘

<Az Ay Z ’ UA(tna xl+1/27ym)‘ ‘ Ni+3/2—1,j—m — 277i+1/27l,j7m + 77i71/27l,j7mH
I,m€EZ

<AzAy Y } un(t, xl+1/27ym)‘ Az || e (Tis1—15Yj—m) — Oun(Tit, yj—m) |
I,m€EZ

Tit+1—1 9

<AzlAy Y ‘ua(t",:vm/z,ym) ‘A:v/ 3zzn(s,yj—m)Hds
I,meZ Ti—l

< 2Ax? ‘ 2. ’LOOHUA(t")HLl

where 7;_; € }%-1/2—1, Tit1/2-1 { a

Proof of Lemma 2.3. In the spirit of [3, Lemma 2.5], note that (2.3) can be
rewritten as follows:

knt+1/2 k,n k.n k.n k,n k,n k.n k,n
gl = Uy =y (g =l ) T (i ) 13
A Fk:,n (uk:,n uk:,n) _Fk:,n (uk:,n uk,n) ( . )
T\ it1/2,5\ 7 0 g i—1/2,5\ti5 5 Uy )
where
k,n kn  kn k.n k.n k.n
k,n - Fi71/2,j(uij ) Ui )_371/2&(“1'—1,3‘7“@ )
ai_1/27j e k.n k,n )
Uij — U1y

11



FE (" ™) — ER ()

k,n i+1/2,j\7g 0 i+1/2,5\Wig o Yit15
b =g
i+1/2,5 k,n k,n
Uit1,j — Wij
We now prove that a 1/2 ; and bz+1/2 ; are non negative. Indeed,

Fkn

(uk?n uk,n) _ Fk,n ( k.n k,n)

k,n _ i—1/2,j\ " 0 g 12,5 \Wi—1,5> Usj
i 1/2,5 = Az T En
Ujj — Uiy
k,n k,n
_ Az kn kn fi—l/2,]( i ) + f —1/2,5 (uij ) «Q
= “%m Fn fi71/2,j(uij ) = D) + 9
Wij —Uj—15
k,n k,n k,n k,n
o /\z fi_l/z)j(uij )_ fz 1/2,]( ifl,j) L2
—  kmn k,n 2
Wij —Uj—15
k,
/\ Ou f 1/23(@72/2,3‘) ta
2
for a suitable C 1/2,j lying between uk 1,; and ufj" Hence
o ] k R
\n oo ,n [eS)
a9 2 5 >0, ai1/95 S D) = 3
(4.4)
by (2.6). Entirely similar computations hold for the term b 1/2 ;>80 that 1— al 1/2 i
bf "1/2 i af 1/2,; and bl "1/2 ; are the coefficients of a convex combination. Using (HO),
(H1) and the CFL condition (2.6) we now estimate:
k,n k,n k n k.n kn  kn
Fl+1/2,] (“zg y Wyj )—F- —1/2, J(uij 3 Wyg )
k, k k,
= f (t", Lit1/2>Yj> uijnu A;l+1/27j) — frn, Lit1/25Yj» uijna A;Zl/z,j)
k, k,
+fk(tn7 xi-‘rl/Qa Yj, uq,_]na A?—l/Z,_j) - fk(tna xi—l/2a Yj, uq,_]na A?—l/2,j)
k, k,
SR @i,y ug s Al e )|+ ‘fk(tn’xiﬂ/?’ij“ijn’A?—l/Zj)
k, k,
fk(tna Lit1/25Yj> uijnu ?_1/2,j) - fk(tna Li—1/25Yj> uijna A?_1/27j)‘
k = k,
x (tnaxiayjauijnaA?—l/Zj) Ax
< (2‘ H + MA:E) ufjn
LOO
for some T; € :|,'E,L',1/2, Tiy1/2 [ Now using condition (2.6) we have:
1
k.n kn  kn k.n kn kn k.n
iz (i ") = Fi g (g™ ™)| < gy (4.5)

Using (4.4) and (4.5) in (4.3) we get:

kn+l/2 k,n k,n k,n
z_] (1_0’1 1/2,5 bi+1/2,g) 1] +az 1/2] i— 1]+bz+1/2g i+1,5

12



s (F’“" (ub" ulmy — R (ul” u’?r"))

i+1/2,5\7ig 0 g i—1/2,5\"g 0 g
2 k.n k,n k n k.n k n k,n k,n
Z (g_ 1 1/2,5 bz+1/2g ij —|—CL1 1/23 i—1,5 b’LJrl/QJ H—l] Z 0’
completing the proof. O

Proof of Lemma 2.5.Refer to (4.3). Using (4.1) and (H1) in (4.3), we obtain:

k, k, k, k, k,
F1+711/2,] (uijnv Un) F; 711/2 J(uijn7uijn)
) u®
:f (t" $i+1/27yj7 ijn7Ai+1/2j) _fk(tn Li— 1/2,yj, ijnuA?_l/Qj)
=0y f (t 'rhyja z] ,An)AI—FVAf (t 'rhyja z] aA?)(Az+1/2g Az 1/2])

S HvAf " xlayju ZJ 7 ’ Ax

< Muk" | Aw (||agm|\w\|uA (") +1) (4.6)

k,n

‘A’L-‘rl/QJ A?—I/Q,j

Now using Lemma 2.4, (4.4) and (4.6) in (4.3), we get

ufjnH/Q‘ <(1- afﬁrll/z,j - bfgn) Wij i— 1/2 j uf’—nl,j
O ol | M [u" A (nawanHuA (") +1)
<({1- fni/QJ bi3r1/2j ||uA ||L°° a;_ 1/2;||uA(tn)HLoo

O sl s () g+ Ml ()| A8 (100l oo [T s +1)
< Jua)llge (14+ MAEL (0] Vol +1))

which implies that
Jua1®)| < (14 M (10l Uolls + 1) At) flua )]y

Applying the same procedure for the y component gives

Juatemn],. < (1 + M ([0,9]| g Vol +1) At) [eate172)|

Lo’
and by Lemma 4.1 we have the L*> bound

2n
||uA (") ||Loo < ”UOHLOO

)

1+ M <max{||aw|w, 10,9l 1Wolls + 1) At

so that (2.7) holds with

C=2M <1 —|—Inax{|\8xn|\Lw, ||ay19\|Lm}> , (4.7)

completing the proof. O
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Proof of Lemma 2.6. We follow the proof of [3, Proposition 2.6]. Consider first the

k,n+1/2 k,n+1/2 k,n+1/2 kn+1/2
term >, w0 — g Ay, setting w; ;"7 — u;; = Cj; — Ay Dffj, where

n __ k,n kny k,n k,n kn  kmn
Cij = (ui+1,J Uy ) = Aa (F+3/2J( z+1,j7“i+2,j) F+1/2]( ij aui+1,j)>
ko  kn k,n k,n
—Az ( F+3/23( ij o z+1j) F+1/23( 1,50 Yij ))
n kn  kmn kn  kn
D” F+3/2J(uij ’ 1+1J) F+1/2]( ij o z+1g)

HES (L ul) — B

k, k,
1/2_7( Z—lj’ f n)

+1/2 PICASRH

and we now estimate the various terms above separately. Consider the term C7;.

k,n k,n k:n kn  kn
cn 7( kn k,n) 14+ ‘Fi+1/2,j(uij ) 1+1 g) F+1/2,7( i 7'Uzij )
ig — Wip1,5 — Uiy x Ton Eon
it1,5 — Wij
k,n k,n k,n _ pkmn kn  kmn
kon kon \ Filyyn (Wil ity 5) = Fils s 5 (ugg" uify )
Fugy; —wii ) | —As X Eon
Wig1,5 = Uy
k,n k,n k,n k,n
kon kon A\ F+3/2J( i1 Yita) — F+3/2J( i41,50 Yit1,5)
+(ui+2 7 i+1 ]) T k.n k n
Uitay = Wity
k,n k,n k,n k,n
+(uk,n_uk,n ) A i+1/2,j(uij ) ZJ ) F+1/2]( 1*17j’uij )
ij i—1,7 z kn kn
Wij = UWiz1,

k, k k, ~k, k, k, k,
= ( z+nl ] 1 n)(l - bz+n2 Wi a’iJrn%’j) + ( 1+n23 uz+nl,J)b " J

k, ko <k
+(uijn_u nlj) Z_n,d

~k,n k n k n k n k,n k.n k,n
where a@; T A [FH/%( s U ) — F+1/27J( g Wi )}/(u” —u;”y ;) and
a™" €10,1/3] can be proved exactly as was done for af;"l ;- By convexity, we have

2 27

k,n k.n

Z < Z Uiy, — Uig (4.8)
ij ij
Concerning Dl”j,

Do L kn 9 k,n 4.9
ii T 9o fz+3/2j( i ") - f+1/2g( ij )+f 1/2J( i ) (49)

1 k,n k,n k,n k,n
+§ (fi+3/2,j(“i+l,j) - fi+1/27j(ui+1vj)) (4.10)

1 k,n k,n k,n k,n
2 (fi+1/2,j(ui—1,j) B fifl/lj(ui—lxj)) ' (4.11)

Let us first consider the estimates (4.10) and (4.11):

10) 4 (4.11)

(4

Lok k, K k,

5 (f (tnaIi+3/27yjaui+ni7_j7A'7Ll+3/27j)_f (tnvxi-i-l/?ayjaui-l,-’n]:’_ij;lB/Z,j))
14



ki k,n n k,n
+ (f (t 7xi+1/27yjuui+1,j7Ai+3/27j)_f (t x1+1/27y]7 041,57 7,—‘,—1/2,]

— N =N

/N

ki k,n n k,n
f (t 7xi+1/27yjuuiflﬁjuAiJ,-l/Q)j)_f (t y Lj— 1/27y_]7 i—1,57 7,-!,-1/2)]

()

k, k,n

DY (fk(tnvxi—1/27yj7ui—717j7A?+1/27_j)_f (t y Li—1/2,Yjs U1 5> A4 1/2)] )
1 _ k

= §A$ (asz(tn7$i+17yj7ui-;,-nl)jaA?+3/2,]) 8 f (t I’Laij i— 17_75 7,-!,-1/2)] )
1 k ko —n

+§ (VAf (tnaIi+1/27yjaui+nl7jaAi+1,j)(A?+3/2,j - A?+1/2,j))

1 n kn M n n
b (VAfk(t s Tim1)2, Yy Uiy Ai ) (Al e — Aifl/Q,j))

for suitable T; € |7 15, @iv15 | and A7 € T(A 1 1, AT, 5 ). Tntroduce i1 €

— - —k,n k,n L k,n k,n
1Zi,Tia], Ti € }fﬂifl/zaxiﬂ/z{a Ui € I( u;~ 137 z+1j) Ui € I( i 1;7 1+1g)
AR € (AL o ATy g)s Alprjay € T(AT; Ay ) and A7 € I(A7
An

i+1/2,5
n n
/2,0 Alvae — Ai+1/2,j) so that we have

i+1/2,5

|(4.10) + (4.11)]

Az
n
< 2 Az mmf (t $Z+1/27yj7 )J7Ai+l,j)‘
krin - —kn An k,n k.n
u (t 7"Ei+1/27yjuui)j 7Ai+1,j)‘ z+1_] ui—l,j
k(t" Z; L AT ) AY — A7
yLit1/2,Yg Uy 5 5 g1 5 i+3/2,j i+1/2,5
+1 Ax Bt &y, 0, AT )| A7
9 L Yjy Wi j s Aig1/2,5 i+3.
n - kno in in k,n k,n
(", &i,yj, ;5 =Ai+1/2,j)HHAi+§,j Wit1,j _“H,j’
2 kin s, ~kno Jn AT ar A"
"‘HVAAf (t iy Yjs Uy 5 7A'L+1/2,j)HHAi+%1j H‘AiJrl,j _Ai,j ‘

n s ~kno gn n n n
"FHVAfk(t 7:Ei7yj7ui,j 7Ai+1/2,j)HHAi+3/2,j - 2Ai+3/2,j + Ai1/2,jH>

n n n
Aifl/Q,j’Ai+3/2,j_A

Hl/QJ)andA € I(A?

By Ar,, € I(A% ), AT )

using Lemma 4.2, we have

i—1/2,5°

|42

< A3:||8x77||LmHuA (") HLl and HZZHJ —sz

z+ N mnHLOOHuA(tn)HLl .

Now using Lemma 2.4, we have

|(4.10) + (4.11)|

_k:n
< (AR |+ Aelo0u o i, - |+ MAL T 100l Wl
k,n
+§|:MA.%'2 e oo [ Ul 4+ Az 00V A f || 100 1021 oo || Uo [l g2 |1 z+1j uifl,j‘
+M A 7| |0l |Vl s + 20802l |02, mlonllLl}
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_k:n

= o MA[EE | (14 10l Uol)
L k,n 2 2
+—MAx2uJ (namnnmonvonu 2n]LanonLl+||amn||Lm||Uo||Ll)
Al — ] (10.5 Tl 0l Ul + 1.0 )

Now, let us estimate (4.9).

1 k.n k.n k,n
5(f1+3/23( ij ) 2f1+1/2j( l] )+fz 1/2J( ij ))

1 n k.n

2
kn _kmn
+f (t yLi—1/2, Y5, Uy 5 Ay 1/2j)>

= A0 (A sl Al ) = O il L))
+—VAf (tn;fiJrlaijui]?nvA?Jrl,j)(A?JrB/Q,j — Alt1)2)
——VAf (t" s Liy Yjy U ij 7ATLL)(A1+1/2]_A’L 1/2)
= §A33 {Ai?aﬁmf (t", Fip1 /2,05, w5 A2 )
+5mVAfk(tnafi+1/2a yj,ufj", A?H/z,j)(fi?ﬂ,j - AZ)

1 . E N ~
+§A$aszfk(tnv Lit1/2,Yj5 uijnv A?+1/2,j)A?+1/2,j

Lo ki s kn ) ; N N
+§V,24Af (tnaIi+1/2vyjauijnaA?+1/2,j)A?+1/2,j(A?+1,j - AZ)

2

k k,
:_(f (t y Li+3/25 Y5> Una z+3/23) 2f (tn7$i+l/2aijuijnvalqu/g)j

1 krm s koo 3
+=Vafr(t", Lit1/2,Y5, ui_jna A?+1/2,j)(A?+3/2,j - 2A?+1/2,j + A;ll/Q,j) )

for suitable Z; € }:El 1/2,:101-“/2[ Ap; e I(AL 1/2J=A?+1/2,j)= Ty € T, Tign],

An A?, = I(An A?+1 ]) and Az+1/2j € I(Az+1/2j - A?71/27A?+3/2,j

1,79 1,77
Passing to the modulus,

(4.9)] < %Az B A M |l

||8z77||L°° ||U0||L1

n 2
u " | (10emll e 1Uollg2) ™ + Az

1

so that
o (J@9)] +[(4.10) + (4.11)]) Ay

> XD
ij

<At K+ K0 jully - ul”

ij

Ay

k,n

and, adding up (4.8) to the latter expression above
ul.évn+_1/2 _ ul_cln+1/2 Ay < (1 + K1 At) Z Uit —

Z i+1,j ij

i )
16
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where

2 2
K:MHUOHI_,l 1+ 2HU0HL1 H‘?ﬂsn“Loo + ||a§x77||Loo =+ ”89677HL00HU0”L1
(

4.13)
K= HauvAfHLoo”aﬂmHLwHUOHLl + HawaufHLoo :

k,n+1/2 kn+1/2

We now deal with Zij (R Th ’A:C setting u

Az DI %, where

kn+1/2 k,n+1/2 A
0,741 ij =Ch+

~n k.n k.n k.n k,n k n k,n kn  kn
Coy =l =™ = N (B o5 (k) )= Fl el )

ij i+1/2,5 Wi 1 Wikd j 41 o (U
e (Fk 1/2, J+1(uf)*nl g U ) Fk -1/2, J+l( f—q,jﬂauf,ﬂrl))
Dj; = Fiﬁ?/%’(uﬁﬁl’uffl 1) inrll/2 j (v k,jz-l? f—i-nl,J-i-l)
+Ek_711/2>3+1( w, J’ukjn) - Fi]irll/2,j(ui-€;rll,ja ufgn) .

Following the above treatment of C:

17, we obtain:

Fk,n (uk,n uk,n ) _ Fk,n (uk,n k e )
~n k,n k,n i+1/2,5\ g 0 i1, i+1/2,5\ij+10 Witq,5
Cij: (u —un ) 1— X

7,7+1 17 n _mn
Ui j+1 — Wi
k,n k.n k.n k.n k,n k,n
ko By [y Fi71/2,j+1(ui—17j’ui+1 j+1) _F‘i71/2,j+1(ui—1~j’uij )
+ (Ui —uif") | As X En
W41 — Uij
k,n k,n k n k.n k,n k,n
kn kn \ szl/Q,JJrl( i—1,j41> ,j+1) - Flf1/2 g+1( i—1.5° ui,j—i—l)
i 1 — w1 ) | Aa X En

U 1 — Uil

Fk,n (uk,n k n ) Fk,n (uk,n k n )

k,n k,n i+1/2,5\"i,5+1° H—l J i+1/2,j\"i.j+10 z+1,]+1
+ (uih g1 “z‘+1,j) —Az k.n uk
Uit1j41 ~ Uig1,
_ /. kn k,n _k,n 7kmn k,n k,n ’k,n k,n k n k n
—(ui,j+1 — Uy, (1 — Q5 — bz’j ) (ui—l,j-i-l - ui—l,j)b” +(u Wity 41 — Wit J)

where

k.n kn kn k.n k.n k,n
dk’" A Fi+1/27j(uij ) z+1,y) Fz‘+1/2,j(uz'.j+1a z+1,J)
T

ij —on
Ui i1 U
k.n k,n k,n k.n k.n k.n
Tk, F‘i71/2,j+1(ui—1,j’ Wiy j+1) - 1-71/2,#1(”1'—1.]‘7”1‘]‘ )
b ==\,
3 k n uk,n
7J+1 ij

As in the estimate above for C7%, condition (2.6) ensures that ak " b]C "€ [0,1/3] and

U; _]+1 i_] (414)
by convexity. Passing to Dw we have:
no__ k,n k,n k,n k,n k,n k,n
D Fz+1/2,3 (g} Vi1 Wit ]+1) Fi+1/2,j+1(ui,j+17 ui+1,j+1)
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k,n kony _ pkn k,n k,n
+F 1/2J+1( i1, Wi ) Fi—1/2,j(ui—1,j7uij )

= E(fi+7ll/2 j(“i,ﬁu) - fi+?/2,j+1(“i,jil) + fi+711/2,j (Ui+nl,j+1) - fi+7{/2 j+1(“i+nl,j+1)

k,n k,n k,n k,n
_fifl/z,_j( i— l,j)+fl 1/2]+1( i— 1,j)_f¢71/27]( ,J )+f 1/23+1(7-" ))
_ 1 k,n k,n k,n n k,n 4.15
- § fi+1/2,j(“z‘,j+1) - fi71/2,3( i— 11) [f +1/2,j+1( ,J+1) - fz 1/2,]+1( i— lj)]( )
k,n k,n k,n k,n k,n
+JCZ'H/QJ‘(uiJrl,jJrl) - fifl/zyj (Uz‘,j ) th/z ]+1( z+1 3+1) + fI 1/2, ]+1( i g )](4 16)

We first estimate (4.15) using Lagrange’s mean value theorem.

—
Ot
™ —

[001 0o =2

L/
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(t 7$i+1/25ijui1j+1aAi+1/2)j)_f (t 7$i—1/27yj5uiflﬁiji—l/Zj))

<

k/n kn n k/an k,n n
(" @i 1y2: Vi1, Uy s Aiyryoja1) — (1 =$i71/2ayj+luuifl,j7Aifl/2,j+1)}

|

k — k, —n
<8yf (tna:Ei—l/2ayj+1/27ui_nl7_j7Ai—l/2,j+1/2)
k . k, 7"
—0yf (tnvxi-‘rl/%yj+1/27ui,jn+1aAi+1/2,j+1/2))
1 k — K, —n
+ VA (" i1/, P12 Wi A1z, je12) (Al o — Al 2,j4+1)

n — k,n 5 n n n
- §VAfk(t y Li—1/2>Yj41/25 Wi—1 5> Ai—1/2,j+1/2)(Ai—1/2,j - Ai—1/2,j+1)

for suitable ;1 /o € Jyj,yj1 [ and A7 5 ;410 € T(AT 1250 A1y, j+1). Introduc-

. . ~ oy —k,n k k,

mg suitable TiyXj € }JJZ 1/27xi+1/2{ U, 1/2)]4_1/27 i—1/2,j+1/2 € I( i— 1]7 1+nl j+l)
Zn -

Ay AL 1 ge € T 21120 Aiyajaeaje) and Al € TAT 5 — ATy 51,

n n
Al — Ai+1/2,j+1)7 we have

|(4.15)|
Ay 2
< - (ACE 0

ki 7. = —k,n An
= myf (t axuyj+1/27ui_1/27j+1/27Ai,j+1/2)’

ki ~ = —k,n An k,n k,n
LR (1 ’xi’yj-i-l/?’ui—l/z,j+1/2’Ai>j+1/2)‘ Wi j+1 _“H,j‘

+ Ha VAf (t $Z7yj+1/25 i— 1/2J+1/25A,_]+1/2 HHAz-i-l/2,]+1/2_Az 1/2,_]—1—1/2”)
1
+ —(A,’E‘

+ HVAAf (tn’j:i’yj-i'l/%ﬁ’i;l/2,j+l/2’AZJ+1/2)““A%

kin v — ~k,n in in
(t v%yj+1/27“i_1/z,j+1/27Ai,j+1/2)HHAz'j

k.n
Uiy

(t %yg+1/2v i— 1/2j+1/2’A,]+1/2 HHA” u+1

—n
i+1/2,j+1/2 - Ai—1/2,j+1/2
VAo Ty 0 0 A jrp2)

A v TirYjr1/2 U172 511720 iyj+1/2

X HA?+1/2,j - A?+1/2,j+1 - A?fl/Q,j + A?l/z,jﬂH) .

We now use Lemma 4.2 since it holds that A" e I(A? — Ao Al —
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n
Az+1/2 j+1

Hzi+1/2,j+1/2

n n n n
HAz'+1/2,j = Al — Al T A 2510

)and Al 1/2,5+1/2 eI(Al 1/2]’An

—n

- Ai—1/2,j+1/2

i—1/2 j+1), which implies that

| 25| < Ay losmllge a5

< Az | 0en] poe [Jua ()| 1

el I [CONGOT

Therefore
2|(4.15)| < MAzAy | 1/2;+1/2‘+AZJH8yaufl~C Lo kdz-l uf’—nl,j
+MATAY[T" )y o 10l o Ul
+MAzAY |, L ||aw||Loo||U I
+AY[10uY A F | 107 ]| poc ol [y — w5
+MATAY|" 1y o 10 |0y e 1 U1
+MAxAy anl/mﬂm n LooHUo”Ll
= MATAY[T", o] (1 1000 [Tollg)
+MAzAy afﬁ/z,jﬂ/z
. (naznnwHaynuwnvonil 2 N0l + 10l Vol

+Ay|u

which implies that

’LjJrl uz lg‘ (”8 vAf”LmHaynHLooHU ||L1 + Ha 0 f”Loo) ’

Z\ (4.15) <K2+K3Ayz b uf;"l)j},
where
Ko = 3 Usllga [1+ 10l Uolls (2+ 0]l 10olls) + 02,1 100l
K =% (1024 f loe [0l 1 Vol + 11,0 |y )
(4.17)
Similarly,
Z | (4. 16 < Ko+ K3Ayz z+1,]+1 ufj’n
Therefore
» (1(4.15)] + [(4.16)] ) Aw
<2K2At+K3TAtZ( 1+1j w+1_ kz"A:E)
where
Ax Ay

r—max{

——— e 4.1
o~ Aw} (4.18)
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Collecting the various terms above, we get
S Al e < (4 Kar A0 S
ij ij

+Esr ALY ulih
j

k,n k,n
i5+1 Wi Az

u

Uir1j — “Zn Ay + Koy At

and, finally,

(0
§(1+K1At)2(

]

where, using the definitions (4.13), (4.17) and (4.18),

3,j+1

k,n+1/2 k,n+1/2
i+, Wij Ay +

kn+1/2 kn+1/2
ubnt/ —uijfm_/ ’Ax)

k,n

k,n R o kn
Ui 1 — Uiy

k,n
Uiy~ Wiy |AY+

Aw) + KAt

K+ K,

= 4.19
Ky + Ksr ( )

’Cl :K1—|—K3T and ICQ

Entirely analogous estimates lead to

5 (s

ij

§(1+IC1At)Z(u

©J

k.n+1 k.n+1
i1,y Ui ‘A“

k,n+1 k.n+1
Wi j41 — Ui ‘Ax)

kn+1/2 k,n+1/2
— U ‘Ay +

bt w2 _ uf]?"H/Q’A:v) K Ko AL

3,5+1

so that, recursively,

k,n k,n k,n k,n
> ( Uiy = Uij |AY A+ UG — U A$>
ij
2K, t" k.0 k,0 k,0 k,0 21Cy t™
<y < Uiy = Ui |AY U — U Al’) + I (e - 1)
ij
completing the proof of the lemma. 1

Proof of Lemma 2.8. Following [3, Lemma 2.7] and [14, Section 3], we have

>

©j

<AtA k/,n k,n An k/n k,n An

S5 yE f (t y Tit1/2,Ys, Uij s i+1/2,j)_f (t yLi—1/2,Y5,U; 1 5 i—1/2,j)
ij

k,n+1/2
U —

Ax Ay

k,n
U

(4.20)

At Ky k kg k .
+ TAZJ E ‘f (tL7131‘+1/27yj7Uiﬁ,yA?H/Q,j) - f (tL7$Ci71/271/j7U@jn7Ai11/2,j)‘(4-21)
ij

k,n k,n
Uit1,5 = Yij

+aZA:c Ay

ij

Consider (4.20), since (4.21) can be treated in the same way. Using Lemma 4.2

At

(4.20) = TAZ/Z ‘fk(tny xi+1/27ijufjn7A?+l/2,j) - fk(tnﬂﬂiﬂ/zy Yi> Ufinl,jy Al 1)25)
i
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so that

Zu

ij

k,n+1/2 k,n
ij — Uy

AxAy < M At HU0||L1 (1 + H8x77||L°°||U0HL1)

iy (w Fllpe + )ZAy

z+1 N 13

which, together with the analogous estimate for }_,; u?jﬂ — ulC "+1/2’ Az Ay com-
pletes the proof of the Lemma with
C =AM sl (2+ (10atlm + 1000l 10l (1.22)

+V/n <||8uf|Lm + 1+ 10ugll + g) (e'cltn TV (Uy) + Kz (1" - 1)) .
z Y

O

Proof of Theorem 2.2. The strong BV estimate proved in Lemma 2.6 allows to
use classical tools. Indeed, for instance, all properties 1. to 6. in [20, Section 3] hold.
More precisely, 1. follows from Lemma 2.4, 2. follows from Lemma 2.6 through [20,
Lemma 3.3], 3. follows from Lemma 2.8, 4. follows from Lemma 2.5, 5. follows from 6.,
and 6. follows from Lemma 2.7. Hence, for any sequence (At),, (Ax),, (Ay), tending
to 0 and satisfying for any v the CFL condition (2.6), an application of [20, Proposi-
tion 3.1] ensures the convergence (up to a subsequence) of the approximate solutions
ul&, to a solution U¥ of (2.2), for k=1,...,N.

By (2.4)-(2.5), the terms A and B converge to the respective convolutions inte-
grals, ensuring that U* solves (1.1) in the sense of Definition 2.1.

Finally, the uniformity of the bounds proved in the Lemmas allows to pass each
of these bounds to the solution, completing the proof. 0

Proof of Lemma 3.1. It is sufficient to verify that (HO), (H1), (H2) and (H3)
hold. The latter condition is immediate. Clearly, f and g as defined in (3.2) are both
of class C? in all their arguments.

Let now p € C3(R;R) be such that p(U) = U(1 — U) for all U € [0,1] and
q € C3(R;R) be such that q(4) =1 — A for all A € [0,1]. Define

f(tv‘rvyv UvA) :p(U) q(A)’Ul(J:,y) and f](f,,@,y, UvB) :p(U)Q(B)U2(‘T7y)'

Clearly, by the above choices and by (3.3), f and § both are of class CZ2 N W3,
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Then, Theorem 2.2 applies and yields a solution to ;U +V - (p(U) q(U * p) v) =0
in the sense of Definition 2.1. By [17, Theorem 3], u attains values inside [0, 1], hence
it also solves (3.1). O
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