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Summary

Restricted mean lifetime is often of direct interest in epidemiologic studies involving censored
survival times. Differences in this quantity can be used as a basis for comparing several groups.
For example, transplant surgeons, nephrologists and of course patients are interested in comparing
post-transplant lifetimes among various types of kidney transplants in order to assist in clinical
decision-making. As the factor of interest is not randomized, covariate adjustment is needed in
order to account for imbalances in confounding factors. In this report, we use semiparametric
theory to develop an estimator for differences in restricted mean lifetimes while accounting for
confounding factors. The proposed method involves building working models for the time-to-
event and coarsening mechanism (i.e., group assignment and censoring). We show that the
proposed estimator possesses the double robust property; i.e., when either the time-to-event or
coarsening process is modeled correctly, the estimator is consistent and asymptotically normal.
Simulation studies are conducted to assess its finite-sample performance and the method is applied
to national kidney transplant data.
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1. Introduction

It is often of interest in biomedical studies to compare groups of subjects with respect to
their survival time. In almost all cases, the study’s observation period may conclude before
all subjects have experienced the event of interest, resulting in censored data. In
observational studies, lack of randomization requires that the groups of interest be compared
in a manner which accounts for the possibility that the group-specific adjustment covariate
distributions may be different. Proportional hazards regression (Cox, 1972) has become the
dominant method of survival analysis in settings where covariate adjustment is needed. In
the application of the Cox model, groups may be contrasted through the hazard ratio,
provided that the group-specific hazard functions are proportional. If proportionality fails,
the “‘overall’ hazard ratios estimated by a Cox model with time-constant group effects will
have an awkward interpretation, as identified by Struthers and Kalbfleisch (1986).
Moreover, investigators are often more interested in contrasts among mean survival times
than ratios of hazards. Since the baseline hazard is handled non-parametrically, restricted
mean lifetime is often estimated when Cox regression is employed, and several methods
have been proposed for this purpose (e.g., Karrison, 1987; Zucker, 1998; Chen and Tsiatis,
2001).
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If one wished to compare group-specific restricted mean survival time, two general
approaches could be employed. In the first, differences in restricted mean lifetime are
estimated via directly modeling the relationship of survival time with covariates, then
explicitly averaging across the fitted values from such models for each treatment (Karrison,
1987; Zucker, 1998; Chen and Tsiatis, 2001). Zhang and Schaubel (2011) developed
methods for comparison of group-specific restricted mean lifetimes in the presence of
dependent censoring based on this general idea. A second possibility would be to use
Inverse Probability of Treatment Weighting (Hubbard, van der Laan, and Robins, 1999;
Wei, 2008) to essentially equalize the adjustment covariate distribution across groups; in this
case, the probability of receiving treatment conditional on covariates is modeled. Covariates
operate as confounding factors when they affect both survival time and treatment
assignment. The two aforementioned methods lead to valid inference, under appropriate
conditions regarding censoring, because each of them eliminates confounding by tackling
one of the two pathways. With respect to censoring, the first approach requires that survival
time and censoring time are independent conditional on treatment and baseline covariates;
whereas the second approach requires the more restrictive conditional independence
assumption given treatment only. Both assumptions can be relaxed if the relationship of
censoring and covariates is further modeled, as in Zhang and Schaubel (2011). If censoring
has been appropriately accounted for, either by exploiting its conditional independence or
through modeling, each of the first and second methods leads to consistent and
asymptotically normal estimators of treatment-specific restricted mean lifetimes (and, hence,
between-treatment differences therein) under correct specification of the regression models
for survival time or treatment assignment probability, respectively.

Restricted mean lifetime is a very meaningful quantity in the solid organ transplant setting.
For example, a kidney transplant is typically not going to last the remainder of the transplant
recipient’s life, particularly if the deceased organ donor was older than the recipient. This
makes restricted mean lifetime a more useful quantity than mean survival time itself.
Consider a study of simultaneous kidney-pancreas (SPK) transplant recipients. Pancreas
transplantation is risky and controversial, and its merits are not universally accepted by
nephrologists. A useful way to evaluate the benefit receiving a pancreas (in addition to a
kidney) is to compare outcomes between SPK and kidney-alone (KA) recipients. Since the
majority of SPK recipients are Type | diabetics, it makes sense to restrict attention to this
subgroup of patients. Typically for SPK patients, the pancreas is transplanted along with the
kidney in an attempt to, in a sense, ‘cure’ the diabetes. However, the surgery is considerably
more complicated, meaning that survival may actually end up being lower for SPK than KA
patients, despite the potential benefits of successful pancreas transplantation. As described in
the preceding paragraph, one could compare SPK and KA transplantation with respect to
average restricted mean lifetime by either modeling post-transplant survival times, or by
modeling the probability that a pancreas is received. Since it is possible for at least one of
the two models to be incorrect, it would be preferable to use a method that requires the
correctness of only one model.

In this article, we propose a method which adjusts for confounding factors by modeling
covariate effects on each of survival time, treatment assignment and censoring. The method
is developed from the perspective where the treatment assignment and censoring are viewed
as a coarsening (generalization of missing data) process, and will be explained in Section 3.
The benefit of modeling both the death hazard and coarsening process is that valid inference
on causal parameters is obtained when either one of two processes are modeled correctly;
i.e., either the model for survival time is correct, or the models for both treatment
assignment and censoring are correct. Such a property has been termed double-robustness by
several previous authors who developed analogous methods in other contexts; e.g.,
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Scharfstein, Rotnitzky, and Robins (1999); Robins, Rotnitzky and van der Laan (2000); van
der Laan and Robins (2003), Lunceford and Davidian (2004) and Bang and Robins (2005).

The remainder of the article is organized as follows. In Section 2, we set up the requisite
notation and state the required assumptions. We describe the proposed double-robust
method in Section 3. Asymptotic results are provided in Section 4, with their applicability to
finite samples assessed through simulation in Section 5. The proposed method is then
applied in Section 6 to compare simultaneous kidney-pancreas and kidney-alone transplants
using data from the Scientific Registry of Transplant Recipients. The article concludes with
some remarks in Section 7.

2. Notation and Assumptions

In this section we set up the requisite notation. Let A denote the treatment group, which is
not randomized, and for simplicity of presentation we assume there are only two treatment
groups to be compared (A = 0, 1); extension to situations with more than two groups can be
accomplished, as we discuss later. We let 7 denote survival time, which is subject to right
censoring, C. We assume that 7and Care independent given A and baseline covariates Z,
denoted by 7L (|(A, Z), where 1 denotes “independent of”. We let U=min(7, C) and A =
KT< O). Since Ais not randomized, imbalances in baseline covariates may exist between
the two groups. Elements of the Z vector which affect both A assignment and 7 are referred
to as confounders and require adjustment in order for comparisons between the A=1and A
= 0 groups to be valid. In a study with 77subjects, the observed data may be summarized by
{A; U; A} Z}, assumed to be independent and identically distributed across subjects /=1,
v, .

Treatment groups are to be compared in terms of restricted mean lifetime up to time L,
min( 7, L). In particular, interest focuses on the comparison of average survival time up to
time L under two specific scenarios: (i) the treatment is applied to the entire population, in
which case A;=1forall /=1, ..., n(ii) the treatment is applied to no member of the
population, such that A;=0 for /=1, ..., n. The causal parameter of interest may be defined
in terms of potential outcomes; as studied, for example, by Rubin (1974, 1978) in the
general causal inference setting and by Chen and Tsiatis (2001) in the context of censored
data. Let 77 (/=0,1) denote the potential (or counterfactual) lifetime of a randomly selected
subject from the population under study if, possibly contrary to fact, s/he received treatment
A= j. Therefore, there is a two-dimensional potential outcome (72, 73) corresponding to
each subject. The treatment-specific difference in restricted mean lifetime is defined as § =

Emin(7%, L)} = Emin(7?, L)}; which is equal to fg{Sl(t)—So(t)}dt, where S(1) represents
the survival function of 7/. We set u;= E{min( 77, L)}. Since w; represents a population

. -1\ : ] . . .
mean, a natural estimator would be 7 Zi:] min(77, L), with an estimator for & defined
accordingly. However, such estimators cannot be implemented in practice because potential

outcomes 7 and 7, can never be simultaneously observed for subject / even if there were
no censoring. That is, for a subject who actually receives A;= j, the observed lifetime 7;is

equal to her/his potential lifetime T/ with Tl.l_j then being missing. Since subjects who

receive A = jare not a random sample of the population, the sample average of restricted
lifetimes across subjects who actually receive A = jdoes not consistently estimate ;and,
consequently, differences in such sample averages do not consistently estimate the causal

— n . i
parameter of interest, &. Specifically, ;' ZizlAij min(7}, L) and
' Aqmin(T!, L-ng'»"" Agmin(T{, L) — A=) =
1 P i)y p A0 i &), where Aji= (A=), j=0,1and

Biometrics. Author manuscript; available in PMC 2013 January 03.



1X31-)lew1a1ems 1X31-){Jewiaremsg

1Xa1-)lewarems

Zhang and Schaubel

Page 4

n
”FZZ-:]AI‘J‘, do not consistently estimate ;or &, respectively, in the presence of
confounders.

Valid inference is possible when all confounders are captured in the data; i.e., there are no
unmeasured confounders. Formally, this assumption can be stated as (72, 79)1LA4|Z, which
can be interpreted as the assignment of A being random, conditional on Z. Under this
assumption, A7> 4A =, Z) = AT > 1A= j, Z) = AT > 1Z), which we denote by S(42),
where the first equality is because 7= 7 if A= jand the second equality is due to the no
unmeasured confounders assumption. As S(?) = EA S{(42)}, it is straightforward that

5=féEz{S1(t|Z)—So(l|Z)}dt, where the expectation £ is taken with respect to the marginal
distribution of Z. This assumption allows us to represent the causal parameter, defined in
terms of potential outcomes (7%, 79), as a function of observed variates. Generally, the no-
unmeasured-confounders assumption is essential to carrying out valid inference pertaining
to the counterfactual variates using only the observed data.

3. Proposed Method

We propose a method based on semiparametric theory, for which the estimators are valid
under the frequently employed assumption that 71LCJ(A, Z). The resulting estimator
possesses the so-called double robustness property. Before introducing the proposed
method, we explain its motivation and its relationship to existing methods.

3.1 Motivation and connection to existing methods

First, let us assume that, contrary to fact, treatment A = jwas applied to the entire
population. Suppose in addition, for the time being, that survival and censoring times were
independent given treatment; i.e., 7WCJA. Under such assumptions, a natural estimator for

pjwould then be féeXp{—X;(t)}dt, where

o S dNw)
Aj (t)_fo 7:]Yl~(u) ’

is the Nelson-Aalen estimator for A(2), the marginal cumulative hazard function of 7/, with
N{(H = Uit Aj=1)and YD) = AU;= 9 denoting the death counting process and at-risk

process, respectively. The estimator Kf(t) or, equivalently, dK}(t) can be viewed as the
solution to the following estimating equation,

D UdNi()-Yi0)dA (1))=0,
i=1

which is an unbiased estimating equation in the setting where all subjects receive treatment
A = J. In reality, not everyone in the population receives treatment jand, when confounders
exist, treatment-specific Nelson-Aalen estimators do not consistently estimate A (4 for j=0,
1.

It is well established that, under the no-unmeasured-confounders assumption specified

previously, Inverse Probability of Treatment Weighted (IPTW) estimating equations lead to
consistent estimators (Robins et. al., 1994; Lunceford and Davidian, 2004; Tsiatis, 2006).
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IPTW estimating equations are developed from the perspective of missing data problems;
i.e., the treatment indicator A;;may be viewed as a missingness indicator for the
counterfactual outcome T} (A;;= 1if T} is observed and Aj;= 0 if T/ is missing). Tsiatis
(2006; Chapter 7) discusses how to construct Inverse Probability Weighted (IPW) estimating
equations for general cases. Specifically, for estimating dA (2, assuming again that 7uCJA,
the IPTW estimating equation is given by

D i OHANO-Yi0dA (1))=0, ()

=1
where w;{8) = A;p;{(8) and p;{ ) estimates ALA;= 1|Z), modeled through a parametric
model (e.g., logistic regression) with parameter 6. Solving this equation leads to the inverse
probability of treatment weighted estimator proposed by Wei (2008),

2 wii(6)dN (u)
AT (f)= I ——
7r0=lo S wi(O)Yi(w)

Under the assumption that 7iLC]A, if the assumed model for AA;;= 1|Z)) is correct, then

Xjf"'(t) is consistent for A (4. If not, then (2) fails to be consistent for A (#), even if treatment
assignment is modeled correctly.

In most observational studies, the assumption that 7L A is too restrictive. A more realistic
assumption would be that 71 CJ(A, Z), which is the setting we consider in developing the
proposed estimator.

3.2 Coarsened data

The IPTW estimating equation was developed from the perspective of missing data
problems. Thus far, the missingness we have considered pertains to subject 7having missing
experience with respect to the group to which the subject does not belong. Let us now
consider a broader view of missingnes, in particular, the more general concept of coarsening
(Heitjan and Rubin, 1991; Gill, van der Laan and Robins, 1997; Tsiatis, 2006). In the case of
missing data, some components of the full data are not observed for some subjects. More
generally, in the case of coarsened data, one observes a many-to-one function of the full data
for some of the subjects in the sample and different many-to-one functions may be observed
for different subjects. Specific to our setting, the full data that one would like to observe are
coarsened due to treatment assignment and censoring. In the context of estimating . the

full data that one would like to observe is ( T/ Z),i=1,...,n.When A;=0, Tij is
completely missing and, for subject / one observes Z; which is a many-to-one function of

the full data. When A;;=1 and C;=t<T}, the many-to-one function that one observes is

{ I(Tij > 1), Z}. The coarsening mechanism in our case is of a special form, known as
monotone coarsening (Tsiatis, 2006; Chapter 8), which generalizes the notion of monotone
missingness. The observed data for subject /is in the most coarsened form when A;;= 0, less

coarsened when A;;= 1 and C;=t, <T/, and even less coarsened when Aji=1and Ci=0<T/,

4 < b, and not coarsened at all when A;;=1and C; > sz In summary, coarsening prevents
one from observing the full data that one would like to observe and in our setting, the full

data, lei, =1, ..., n, are subject to coarsening at time ¢= 0, due to treatment assignment, and
at any time ¢> 0 thereafter, due to censoring.
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Using the IPW principle, one can inverse weight an unbiased estimating function based on
full data by the probability of observing the complete case (not being coarsened), i.e., the
probability of assigning to treatment jand not being censored by £ The IPW estimating
equation for dA (2) based on the observed data is

i@ OrdM! (tdA ) = Y wi@e AN -YiDdA0)=0, (3
i=1 =1

where x{) = (C;j= T;or C;= b,

dM? (t:dA j)=dNT ()-YT (t)dA(£), NT ()=I(T; < 1), Y] (t)=I(T; > 1), with Aj() denoting the
cumulative conditional hazard function of Cat ¢given (Z, A;= ). Note that we utilize x{9
defined above, as opposed to /{C;= T;), since the more explicit formulation is useful in the
asymptotic derivations given in the Web Appendix. The key difference between (3) and (1)
is that (3) is weighted by the estimated inverse of the probability of remaining uncensored,

eK?,»(t). In (1), such additional weighting is unnecessary under the assumption that 71LC|A.

3.3 Proposed double-robust method

The IPW estimating equation can be augmented in such a way that the resulting estimator is
double robust (Scharfstein, Rotnitzky, and Robins, 1999; Tsiatis, 2006). In the case of
monotone coarsening, a double robust estimating equation can be written in closed form, as
discussed in detail in Tsiatis (2006, Chapter 10). Using similar principles, we construct a
double robust estimator for dA (#) by augmenting (3) as follows,

n

> 1w @Mk 0dMY (rdA y+ i (11=0, @)

i=1

where the augmentation term is defined as

A ()={1=wiiOVELAMT (1:dN))IA=1, Ziq+wi;(0) [ EIAMT (wdA DIAG=1, Zi, Uy > ule™ i di (w),

—~C —~
with dM; ;()=dN (u)=Y;j(u)dA[,(u) and Ni;()=Ai;I(U; < t, Ai=0), The resulting estimator
for dA (9 is double robust in the sense that it will be consistent if either the models
corresponding to the weight (product of the inverse of probabilities of treatment assignment

and censoring) or the model corresponding to E{dMiT(z;dAj)|Z,~,Al~,-=1} are correctly
specified. Solving this equation leads to the following estimator for A (),

30w @O dN )+ )

0 Z?ZI{W[j(’g‘)ex,-cj(t)yi(u)+gfij.\’(u)} ’

where we specify
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AN W=(1-wi(DVEWN] )| Z;, Aij=1)+7;;(0) [ JEtaNT w)lAy=1, 2, U; > u}exf%“‘)dz\?fj(u)
2 W={1-wiOVE(YT 0| Zi, Aiy=11+wii @) [ ENYT WIAy=1, Zi, Us = u)e™5“ M ).

In practice, the expectations need to be replaced by their empirical counterparts. The fact

that N/ (r) and ¥/ () are functions of 7;suggests modeling 7;as a function of the factors
which potentially affect it, namely A;and Z;.

In the next subsection, we describe in detail the proposed method and why it exhibits the
double robust property.

3.4 Assumed models and proposed estimator

In our proposed method, we build working models for (i) survival time 7 given A and Z, (ii)
treatment A given covariates Z, and (iii) censoring Cgiven A and Z. Specifically, for each
treatment A =0, 1, we assume a proportional hazards model (Cox, 1972, 1975),

2ij(1) = AtlA=], Z)=Aoj()exp(B] Zi),  j=0.1, (5)

where A(4A;= j, Z)) is the conditional hazard function given Z;and [A;= /] and Ag(4 is an
unspecified treatment-specific baseline hazard function. Estimators for g;and

Aoj(H)= foflo,(u)du can be obtained by the maximum partial likelihood (PL) estimator, ,B/,
and the Breslow (1972) estimator, AO,(o respectively. Defining the countlng process by
N8 = AjU;< ¢ Aj=1) and the at-risk process by Yj(§) = A;AU;= 9, ﬁ/ is the solution to
the estimating equation

Zl ‘ZeXp(ﬂ A dN;:(H)=0 i=0, 1
Zf() leXp(B;Zi)Yij(l) lj( )— s j=0,

where z satisfies AU= ) > 0 and, in practice, can be set to the maximum observation time;
while the Breslow estimator for Agjis defined as

2 dNij(t)
> exp(B;Z)Yii(t)

Aoj()=], j=0, 1.

Finally, estimators for Al,(t) fo ;j(1)du can be obtained by A,,(I) = exp(,B/Z,)Aoj(b If
model (5) is correct, then ,B/and Aoj consistently estimate B;and Agj, respectively.
Otherwise, ,Bjand Aoj will not converge to their respective targets but, under suitable
regularity conditions (listed in the Web Appendix) will converge in probability to well-

defined limits (Struthers and Kalbfleisch, 1986; Lin and Wei, 1989) which we denote by 5;
and A (1), respectively. For notational convenience, we also define A;;(1)=exp(8;Zi)Aq (1),

We also assume that treatment assignment is governed by the following logistic model,
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logit{P(A;=1|1Z))}=6" X;, (6)

where X;is a vector made up of (possibly transformed) elements of Z;and an intercept.
Inference on model (6) can be made through maximum likelihood, with the maximum
likelihood estimator for 8, 6, solving the estimating equation,

3 X{A-expit@” X)}=0, (1
i=1

where expit(t) = exp(1)/{1 + exp(1)}. If model (6) is correct, then & consistently estimates
the true parameter, 6. Otherwise, under suitable regularity conditions (listed in the Web
Appendix), 8 converges to a limit, denoted &, which need not equal 6. We define Pi{6) =
expit{(-1Y*167X }, which equals the probability of receiving treatment A = jwhen the
assumed model is correct.

With respect to censoring, for each treatment A =0, 1, we assume a proportional hazards
model,

A0 = A°(WA=j, Z)=AG,(Dexp(a] Z; ), j=0,1, (8)

where A5(4A,= j, Z)) is the conditional hazard function of C;given Z;and [A;= ], /locj(t) is

an unspecified treatment-specific baseline hazard function of Cj; and Z€ is a vector made up
of elements of Z;with a superscript Cindicating that the vector may be different from that in

model (5). As described previously, estimators for a;and Ag (D= S Oflg,(u)du can be obtained
by the maximum PL estimator and the Breslow estimator, respectively, denoted by aj and

A§ (). Estimators for Af;(r) can be obtained by Af()=exp@} ZO)AG;(0). Similarly, if model
(8) is correct, c{jand KS j(1) consistently estimate a;and Agj(t), respectively; otherwise,
under suitable regularity conditions (see Web Appendix), convergence is instead to limits aj
and Ag; (). We define Ajj (D=exp(a;’ ZO)AG; ().

The proposed estimator for A (2 is given by

¢ N Z, I[WL](H)e J udN j(u)+e_A”(u)dAlj(u){1 WIJ(G)GU(M)}]
VS i @)Y )+ MO 1w @G )]

INGIN

where Gj(u)=1-[je AS (”J’A”(s)dﬁicj(s). Consequently, one can estimate S{#) by (9 = A

and by u_;=fOS_;(u)du. Finally, the proposed estimator for &is given by 6= 1 — po. The
proposed estimators for x;and & are consistent and asymptotically normal when (i) the
working model (5) is correct or (ii) the working models (6) and (8) are both correct.

The proposed estimator for A (4 in (9) differs from the IPTW estimator of Wei (2008), from
(2), in two ways. First, the weight in (2) is the inverse of the probability of treatment
assignment, while the weight in (9) is also comprised of the inverse probability remaining
uncensored. Second, there are additional terms in the numerator,
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3 [e—m,~<u>d& j(u){1-wij(’0‘)6,~j(u)}], and denominator

-INY | AW O . . .
n Z,-zl [e " “‘WU(Q)GW(”)}], which we refer to as augmentation terms. From this
perspective, the proposed estimator may be viewed as an augmented IPW estimator (Tsiatis,
2006).

When the models for treatment assignment and censoring are both correctly specified, W,-/(@
converges in probability wi{(6) = A;/p;(6), and eX,-C,-(u) converges to ,A;®. Then, using an
iterated conditional expectation argument by first conditioning on Z;or (A= /, Z)), the
augmentation term in the denominator converges in probability to 0 since

n — —~ —~ AC Aii(s) 375C
w71 50 (1w @ s @) [ a5
2 BN 1w @I E (e wiy0) [N a5}
- {e_A?‘j(u) [ 1—E { Ajj |Zl}]} +E [e—/\fj(u)wij(g)E {fgeAs(S)+A?)(5)dM$(s)|Al~:j, Z,}] ,

pij(0)

)

where dM;(5)=dN{;(s)-Y;;(s)dAf(s) is a martingale increment when the model for Cis
correctly specified. Similarly, iterating conditional expectations, the augmentation term from
the numerator also converges in probability to zero under the same conditions. Therefore,
even if the assumed hazard function model for 7is incorrect, when the assumed models for
treatment probability and censoring are correct, we would expect that the proposed estimator
converges to the same limit as the IPW estimator, the consistency of which can be
understood intuitively. Under the same conditions, the proposed estimator for A {2 is
consistent; hence the consistency of S(#) and 6.

The consistency of the proposed estimator when the model for survival time is correct but
the model for treatment probability or censoring is possibly incorrect is less obvious. The
proposed estimator can be rewritten as

U [N aA, () +Hws @)™ Ckiu)dNT —e MO AN, w0 ()]

Jo

>

nV S LN+ @)™ ki) YT ()= N @i (B)G)]

which can be shown to be consistent for A (4 if A;{4 is modeled correctly by (5). To see
this, note the first term of the denominator, ”_lzizle_/\”(“), converges to S{u), while the

— n _A.. —
first term of the numerator, 7 lzi:le NUOIA;j(u), converges to -dS[u). In addition, it can
be shown that the second term in the numerator and the second term in the denominator of
(10) converge in probability to 0 if model (5) is correct (details presented in Web
Appendix). These results collectively imply that A {(# would then converge in probability to
A 9. Therefore, even if the model for treatment probability or censoring is incorrect, our
proposed estimator for §is consistent, as long as the model for survival time is correct.

Arguments in the above two paragraphs heuristically explain why the proposed method is
expected to possess the so-called double-robustness property; detailed theoretical properties
of the proposed method are presented in the next section.
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4. Asymptotic Properties

In this section, we list the large sample properties of the proposed estimators. To begin, it is
convenient to introduce the following notation:

ROp)=n"' 5V, (02 exp(" Z)), v (tp=EIRD (1)),
i=1

(1) l)
W “5)
e P

(2
Q,p=/; { St /3)®2} E(Y;(0(0)}dt,

and V(9)=E[—CXP(0 X)X
{I+exp(@” X))* |”

Z (t;8)=

for =0, 1, 2, where for a column vector a, &2 = aa’, 881 = 4, and &2° = 1. In addition,
parallel to the notation defined above, we define a set of notation, with either superscript or
subscript C, that will be used in proofs related to censoring C; specifically,

—C
Rg) (L), Té‘f)(t;a), Z,(ta)., 35 (L), Qcf(a) are defined similarly as above except that Z;, §,
Aifd), Ni{d, Agjare replaced by Z{, a, /lc(t) Nc(t) AOJ accordingly.

We assume a set of regularity conditions, listed in the Web Appendix, in the proof of
consistency and asymptotic normality of the proposed estimators. Before introducing the
main theorem, we list some pertinent results from the existing literature. Under the assumed

regularity conditions, Lin and Wei (1989) show that,éjconverges in probability to A}, and
that ﬁ/ is asymptotically normal with n%@j—ﬁj)ZQ;l(ﬁ;)n_%ZLlUij(B;)+0p(1): where

Uyj(B)= f;{zi—zja;ﬁ;)}dM:;(r),

. * _E{szj(f) * _ T rg. *
with A} (1= T AN (0)=exp(B;T Z)dAy (1),

and  dM", {(D=dN (D)~ Yi (A} (2).

We can then show (see Web Appendix) that /i,-/(t) converges in probability to A;(#) and that

dM’; (u)
(0)(u ﬁ*)

u|H

nZ{Aij(t)- A OV=K(t5)Q; (ﬂ)n‘zzu](ﬂ e __Zfo

plus a term that converges in probability to zero, where Ki;(t:87)= [ ({ Zi~Z juiB YA (w),

Similar results hold for a./ and Al,(t) in the model for censoring. In addition, 6, converges in
probability to 8" and 8is asymptotically normal with

ni(G—G*):V_ (6*)n‘7Z:;lX,~{A,~—expit(e*TXi)}+op(1); see Zeng and Chen (2009). When

model (5) is correct, Bj- and Afj(t) are equal to their respective true underlying target values,
Bjand A (9. Similarly, g = @when model (6) is correct.

The asymptotic properties of the proposed estimators for 1;and & are summarized by the
following theorem.
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Under conditions (&) — (/) listed in the Web Appendix, as 7— oo, if the working model
specified in (5) or the working models in (6) and (8) are correct, then z;converges in

probability to ;and n%@._ﬂj) is asymptotically normal with mean zero and variance
L
E(g;)), where g;j=— ;S j(w)¢i;(u)du,

¢ij(l)=B]T(l;9*,,3j~, a/j')v_l(9*)Xi{Aij_Pij(9*)}

T (sep% % * —1 /= L (RF 4 X O RF * dM?j(u)
+F] (16", 85, &) (BU BN+ [ j(u, 1:6°, B, Ry

PT 0* % * Q_l * UC * IH ,9* * * dMS*(u)
+Pl (10", 85, &) (@DUS @)+ [oH u, 16", B, )

(O
rcj (u,aj}

Cx Ak
. ft wij(0*)e i <"’4M,Tj(u)+{1—‘4~,-]-(9*)G,-j(u)}e Aif“‘){d/\;/.(u)—d/\j(u)}

0 D6 B},7)

and dM] ()=dN ()~ Y j(w)dA ;(u), with
D;(u:6",8;, @) defined in the Web Appendix. In addition, under the same conditions, &

converges in probability to §and n%(g_(;) is asymptotically normal with mean zero and
variance E(pn — 9p)>.

The above theorem is stated without explicitly assuming which working model is correctly
specified; i.e., model for the survival time, or for the coarsening mechanism. When one or
all of the working models are correct, some of the terms in ¢,(#) and, correspondingly, in ¢;;
are identically zero, depending on which model is correct. For example, using iterated
conditional expectation arguments, we may show that if the model (5) is correct, then

B(t;6", B, @) is equal to zero, and if the models for coarsening mechanism (6) and (8) are

true, then F(1:6", B}, @) and J;(u, 1:6", B}, @) are identically zero. In the implementation of
the proposed method, one models both survival time and coarsening mechanism, hoping that
at least one of the modeling procedures is correct and therefore considerably increasing the
chance of valid inference for the true causal parameters. As one does not know which
working model is correct, to estimate variance of the proposed estimators, all terms in ¢;(2)
must be computed, even though some components are actually zero. Due its complexity, a
direct plug-in estimator of the asymptotic variance is rather involved and would accumulate
a substantial amount of estimation error. Therefore, we suggest estimating the variance of
the proposed estimator by bootstrapping instead. In our simulations, we used a standard
nonparametric bootstrap, where one draws bootstrap samples from (A; U, A;, Z), i=1, ...,
nwith equal probability and with replacement. An alternative is the weighted bootstrap of
Kosorok, Lee, and Fine (2004), which we do not evaluate in this report. SAS code for
implementing the proposed methods is available at http://www-personal.umich.edu/
~mzhangst/.

5. Simulation Studies

We carried out simulation studies to evaluate the finite sample properties of the proposed
method. All reported results are based on 1000 Monte Carlo data sets, each with a sample
size of n= 600 or n=300. Variances of all estimators are estimated by a bootstrap
procedure which used 50 bootstrap replicates.
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For each Monte Carlo data set, we generated data as follows. First, we generated a baseline
covariate vector, Z = {21, Z,, Zs} " as multivariate normal with mean zero, unit variance,
corr(Z, Z3) = 0.2 and all other pairwise correlations equal to 0. To be consistent with the
assumed regularity conditions, we truncated each component of Z at —4 and 4. The treatment
indicator, A, was then generated as Bernoulli with parameter expit(-0.52; — 0.52,). In order
for the elements of Z to serve as confounders, each should also be predictive of the survival
time. As such, we generated 7 from an exponential distribution with parameter
exp(-2.5-1.52 - £, - 0.72) for treatment A=0and exp(-3 - 21 - 0.95 — Z3) for A= 1.
Finally, censoring time Cwas generated as exponential with parameter exp(-5+2; +1.22)
for treatment A =0 and exp(-4.5 - 0.22; — 0.72%) for A= 1, which lead to approximately
28% censoring.

In addition to the proposed method, we evaluated three other methods. The first is the
method of Chen and Tsiatis (2001), where one builds treatment-specific Cox models for 7
given Z. The second is the IPTW method of Wei (2008), wherein one instead builds a
regression model for A given Z. The third method is that of Hubbard et al (1999), which
involves building working models for each of 7, Aand Cgiven Z and, like our method, is
double robust. The key difference between our proposed estimator and that of Hubbard et al
(1999) is that the latter involves estimating the survival function directly, in contrast with
our method which does so indirectly through the cumulative hazard. In a sense, our method
can be viewed as a double robust extension of the Nelson-Aalen method to account for non-
random treatment assignment and conditionally-independent censoring. The Hubbard et al
(1999) method corresponds to an extension of the survival function estimator obtained as a
sample average of the number of subjects at risk, weighted by the inverse probability of not
being censored.

We considered each of the four estimators in settings where the required assumptions hold,
and when they fail. Specifically, for the 7]A, Z model used in the proposed, Chen and Tsiatis
(2001) and Hubbard et al (1999) methods, the correct model was fitted using covariates (3,
2, Z3), while the incorrect model was fitted using (£, Z3). For the A|Z model used in the
proposed, Wei (2008) and Hubbard et al (1999) methods, the correct model was fitted using
(21, 2), while the incorrect model was fitted using Z; only. For the CJA, Z model used in
the proposed and Hubbard et al (1999) methods, the correct model was fitted using (21, 25),
while the incorrect model using 2, only.

Results for estimating w1 and & based on data with a sample size of 7= 600 are reported in
Table 1 and Table 2, respectively, with L set to 10 and 20. Additional results with /7= 300
are reported in the Web Appendix. The proposed estimators appear to be approximately
unbiased for the true parameters under all scenarios in which either the survival time or the
coarsening mechanism are modeled correctly. Moreover, the 95% coverage probabilities
approximately achieve the nominal level. Such results are consistent with the purported
double-robust property of the proposed method. Estimators using the method of Hubbard et
al (1999) behave similarly to the proposed method. However, they appear to have larger bias
for estimating both pg and w4, especially when sample size is small (see Web Appendix). In
contrast, the estimators of Chen and Tsiatis (2001) and Wei (2008) perform well when the
corresponding assumed model is correct, but with large biases observed if the assumed
model is incorrect.

6. Application

We applied the proposed method to compare restricted mean post-transplant lifetime
between simultaneous pancreas-kidney (SPK) and kidney-alone (KA) transplant recipients.
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We restricted the study population to Type-I diabetics since the majority of SPK patients are
in this category.

Data were obtained from the Scientific Registry of Transplant Recipients (SRTR), a
nationwide solid organ transplant registry. The study population consisted of deceased-
donor kidney transplant recipients who were transplanted at age =18 during 2000-2008.
Only primary kidney transplant patients were eligible, with repeat transplants excluded. We
included 6,054 SPK and 7,513 KA transplants. Follow-up began at the date of transplant.
The event of interest was graft failure, defined as the minimum time of death or when repeat
kidney transplantation occurred. Patients were censored at loss to follow-up or at the end of
the observation period (December 31, 2008). Adjustment covariates included age at
transplant, gender, race, blood type, pre-transplant time on dialysis and donor age. All of the
adjustment covariates are significant at the level of 0.05 in the fitted model for treatment
assignment. In the fitted models for survival, age at transplant, blood type, time on dialysis
and donor age are predictive of survival for SPK transplant subjects, and age at transplant,
time on dialysis and donor age are predictive for KA transplant subjects. We set the
restriction time to L=5 years, reflecting the amount of available follow-up.

In Figure 1, we plot average survival curves for SPK and KA transplant patients estimated
using the proposed double-robust method; for comparison, survival curves from Kaplan-
Meier method are also plotted. Using the proposed double-robust method, average survival
is initially greater for the KA group. However, survival is estimated to be equal by
approximately the £=2.5 year point, and is greater for SPK patients thereafter. If one
eyeballs the area under each of the survival curves, they appear to be approximately equal.
Note that the considerable non-proportionality of the SPK and KA hazard functions would
invalidate an analysis based on a proportional hazards model using an indicator for SPK.

To compare restricted mean lifetime, we applied (i) the proposed method, which utilizes
working Cox models for post-transplant survival and censoring and a logistic model for the
SPK probability (ii) the method of Wei (2008), which requires only a model for SPK
probability (iii) the Chen and Tsiatis (2001) method, which uses Cox models for post-
transplant survival. Variance for the proposed estimator is estimated by bootstrap using 100
bootstrap replicates. Results are listed in Table 3. Mean 5-year post-transplant lifetimes were
very similar for SPK and KA transplant recipients, with the difference being comfortably
non-significant for all three methods. For example, based on the proposed method, SPK live,
on average, for 6= 0.012 years (i.e., 4.4 days) longer than KA recipients, out of first 5 post-
transplant years. In addition to being non-significant (p =0.69), this difference is not at all
important clinically. Both the SPK and KA groups live an average of 4.5 years out of the
first 5 post-transplant, which would be considered excellent. Based on our analysis, relative
to the receipt of a kidney alone, the additional transplantation of a pancreas (i.e., in addition
to a kidney) did not extend mean survival time among Type | diabetics; at least not based on
the first 5 post-transplant years.

Results are very similar across the three methods, implying that both the logistic and Cox
models appear to be correct. To be more specific, the Cox model assumed by the Chen and
Tsiatis (2001) method was not mis-specified to the extent that relaxing the assumption of its
correctness made any meaningful difference; similar statements apply to the logistic model.

7. Discussion

We propose a semiparametric double-robust estimator of the difference in treatment-specific
restricted mean survival time. The proposed method uses working models for the coarsening
mechanism (treatment assignment and censoring) and the death hazard, but is consistent if
either coarsening mechanism or death hazard are modeled correctly. Asymptotic properties
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of the proposed estimator are derived and shown through simulation to be applicable to
finite samples. The method is applied to national kidney transplant data.

In this report, we focused on the setting of two treatment groups. The proposed method can
be extended to settings with more than two groups. Suppose there are K'treatment groups to
be compared and that A;takes values from 1, ..., K. We are interested in estimating s, for /
=1, ..., K and comparisons between groups can be carried out by estimating their pairwise
differences. In considering the estimation of 1 recall that the proposed method is developed
from the point of view that the full data is possibly coarsened by treatment assignment and
censoring. For each treatment /=1, ..., K the full data corresponding to estimating ;s
(7/,2),7=1, ..., n,which may be coarsened at time /=0 if Ajj=0and attime £>0if A;=

1 and C;=t<T;. Since this is a direct extension of the set-up described previously, AfHand
/4jcan be estimated using the proposed methods, except that the regression model for A;
needs to accommaodate a response with > 2 categories (e.g., a generalized logit model), with
the estimation of A/A;;= 1|Z,) modified accordingly.

Through the proposed method (and existing methods), we demonstrate that Type-1 diabetic
simultaneous pancreas-kidney (SPK) transplant recipients had almost identical 5-year
restricted mean lifetime to kidney-alone (KA) transplant recipients. This would appear to be
a fairly negative statement about the value of SPK among Type-I diabetic patients with end-
stage renal disease. Two considerations are important. First, since the data are observational,
there is always the potential for unmeasured covariates to induce bias. Such bias, in this
case, would strongly favor the KA group. For example, although both groups consisted of
Type | diabetics, there is the possibility that KA patients tended to have more a manageable
degree of diabetes such that pancreas transplantation was not indicated. Second, since
survival was greater for the SKP group from £2.5 years onward, it is possible that greater
restricted mean lifetime could be observed in the SPK group if a data set implying a longer
restriction time (e.g., L=10 years) were used.

8. Supplementary Materials

A Web Appendix, referenced in Section 4, is available with this paper at the Biometrics
website on Wiley Online Library.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.

Acknowledgments

This work was partially supported by National Institutes of Health grant 5R01-DK070869. The authors thank Dr.
Randy Sung for interesting discussions on the real-data application. They also thank the Scientific Registry for
Transplant Recipients (SRTR) for access to the organ failure database. The SRTR is funded by a contract from the
Health Resources and Services Administration (HRSA), U.S. Department of Health and Human Services.

References

Bang H, Robins JM. Doubly robust estimation in Missing data and causal inference models.
Biometrics. 2005; 61:692-972. [PubMed: 16135020]

Breslow NE. Contribution to the discussion on the paper by D. R. Cox, regression and life tables.
Journal of the Royal Statistical Society, Series B. 1972; 34:216-217.

Chen P, Tsiatis AA. Causal inference on the difference of the restricted mean life between two groups.
Biometrics. 2001; 57:1030-1038. [PubMed: 11764241]

Biometrics. Author manuscript; available in PMC 2013 January 03.



1X31-)lew1a1ems 1X31-){Jewiaremsg

1Xa1-)lewarems

Zhang and Schaubel

Page 15

Cox DR. Regression models and life tables (with Discussion). Journal of the Royal Statistical Society,
Series B. 1972; 34:187-200.

Cox DR. Partial likelihood. Biometrika. 1975; 62:269-275.

Gill, RD.; van der Laan, MJ.; Robins, JM. Coarsening at random: Characterizations, conjectures and
counterexamples. Proceedings of the First Seattle Symposium in Biostatistics: Survival Analysis;
Springer, New York. 1997. p. 255-294.

Heitjan DF, Rubin DB. Ignorability and caorse data. Annals of Statistics. 1991; 19:2244-2253.

Hubbard, A.; van der Laan, MJ.; Robins, JM. Nonparametric locally efficient estimation of the
treatment specific survival distribution with right censored data and covariates in observational
studies. In: Halloran, ME.; Berry, D., editors. Statistical Models in Epidemiology, the Environment
and Clinical trials, IMA Volumes in Mathematics and its Applications. VVol. 116. Springer Verlag;
1999. p. 135-178.

Karrison T. Restricted mean life with adjustment for covariates. Journal of the American Statistical
Association. 1987; 82:1169-1176.

Kosorok MR, Lee BL, Fine JP. Robust inference for univariate proportional hazards frailty regression

models. Annals of Statistics. 2004; 32:1448-1491.

Lin DY, Wei LJ. The robust inference for the Cox proportional hazards model. Journal of the
American Statistical Association. 1989; 84:1074-1078.

Lunceford JK, Davidian M. Stratification and weighting via the propensity score in estimation of
causal treatment effects: A comparative study. Statistics in Medicine. 2004; 23:2937-2960.
[PubMed: 15351954]

Robins JM, Rotnitzky A, van der Laan M. Comment on “On profile likelihood,” by S. Murphy and A.
W. van der Vaart. Journal of the American Statistical Association. 2000; 95:477-482.

Robins JM, Rotnitzky A, Zhao LP. Estimation of regression coefficients when some regressors are not
always observed. Journal of the American Statistical Association. 1994; 89:846-866.

Rubin DB. Estimating causal effects of treatments in randomized and nonrandomized studies. Journal
of Educational Psychology. 1974; 66:688-701.

Rubin DB. Bayesian inference for causal effects: The role of randomization. Annals of Statistics.
1978; 6:34-58.

Scharfstein DO, Rotnitzky A, Robins JM. Rejoinder to “Adjusting for nonignorable drop-out using
semiparametric nonresponse models. Journal of the American Statistical Association. 1999;
94:1135-1146.

Struthers CA, Kalbfleisch JD. Misspecified proportional hazards models. Biometrika. 1986; 73:363—
369.

Tsiatis, AA. Semiparametric Theory and Missing Data. New York: Springer; 2006.

van der Laan, MJ.; Robins, JM. Unified Methods for Censored Longitudinal Data and Causality.
Springer-Verlag; New York: 2003.

Wei, G. Doctoral Dissertation. Department of Biostatistics, university of Michigan; 2008.
Semiparametric methods for estimating cumulative treatment effects in the presence of non-
proportional hazards and dependent censoring.

Zeng D, Chen Q. Adjustment for Missingness Using Auxiliary Information in Semiparametric
Regression. Biometrics. 2009; 66:115-122. [PubMed: 19432773]

Zhang M, Schaubel DE. Estimating differences in restricted mean lifetime using observational data
subject to dependent censoring. Biometrics. 2011; 67:740-749. [PubMed: 21039400]

Zucker DM. Restricted mean life with covariates: modification and extension of a useful survival
analysis method. Journal of the American Statistical Association. 1998; 93:702-709.

Biometrics. Author manuscript; available in PMC 2013 January 03.



1X31-)lew1a1ems 1X3]-){Jewiaremsg

1Xa1-)lewarems

Zhang and Schaubel

Page 16
Kaplan—Meier method Proposed
o o
Q S -
[Te] v
o S
o o
o o
I3 S
o o

Survival Probability
0.85
Survival Probability
0.85
|

o o
0 o
o o
Yo} [Te]
[ - N~
o o
o o
N~ 4 N~
o o
T T T T 1 T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
Years Years
Figure 1.

Average survival probability for simultaneous pancreas-kidney (SPK; A=1; dashed line)
and kidney-alone (KA; A=0; solid line) transplant recipients
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