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Abstract—In this paper, we apply the concept of combined
bulk/per-subcarrier selection to two-hop relay selection systems
employing OFDM. The outage probability of the proposed
strategy is analyzed in the high SNR regime when decode-
and-forward, fixed-gain amplify-and-forward and variable-gain
amplify-and-forward are employed at the relays. Meanwhile, a
generalized situation without specifying the relaying protocol
is also analyzed. We mathematically prove that the combined
selection strategy is able to achieve an optimal outage probability
equivalent to conventional per-subcarrier selection in the high
SNR regime without using the full set of available relays for
selection. Moreover, we demonstrate through numerical simula-
tions that this performance advantage holds when channels are
spatially correlated.

Index Terms—Relay selection, OFDM, outage probability,
combined selection, cooperative network.

I. INTRODUCTION

Since the proposal of the cooperative network, the theoreti-
cal and implementation issues of relay networks have become
important research topics in both industry and academia. As
an effective way to exploit spatial and frequency diversity,
relay selection has been touted as one of the most promising
techniques in the next generation of cooperative wireless net-
working [1]–[3]. For orthogonal frequency-division multiplex-
ing (OFDM) systems, bulk selection (a single relay is selected
for transmission on all subcarriers) and per-subcarrier selection
(selection is treated independently for each subcarrier, thus,
potentially, leading to transmission via multiple relays) have
been proposed [4]. However, the performance of the former
is too poor to satisfy the increasingly high requirements of
modern networks in terms of reliability and throughput. On
the other hand, the latter strategy normally requires too many
relays in one transmission interval, and thereby makes the
selection and synchronization among the source, the relays
and the destination difficult [5].

To solve similar problems in transmit antenna selection
(TAS) systems, a novel selection strategy called combined
selection was proposed in [6]. In this strategy, only two out
of the total available antennas are selected, and per-subcarrier
selection is performed over these two selected antennas. Inter-
estingly, OFDM system employing such a suboptimal strategy
can achieve the same outage and symbol-error probabilities
as systems employing a per-subcarrier selection strategy in
the high signal-to-noise ratio (SNR) regime. In this paper, we
refer to this asymptotic behavior as the equivalence principle.

It is natural to ask whether the combined selection strategy
can be extended to relay selection. Clearly, the answer is “yes”
to a certain degree. What is not obvious is whether the equiv-
alence principle holds in relay selection systems, particularly
for different forwarding schemes. The main consideration in
this case is that the end-to-end SNR statistics exhibit different
characteristics than those in TAS systems. In this paper, we
mathematically prove that it does indeed hold for coopera-
tive networks employing the three fundamental forwarding
schemes: decode-and-forward (DF), fixed-gain (FG) amplify-
and-forward (AF), and variable-gain (VG) AF. Meanwhile, a
generalized situation without specifying the relaying protocol
is also analyzed, and we prove that the equivalence principle is
generally valid as long as a general condition can be met. We
provide numerical results that validate our analysis, and also
demonstrate through simulations that the equivalence principle
appears to extend to channels that are spatially correlated.

II. SYSTEM MODEL

A. Relays and channels

For a typical OFDM system with a single source and
destination, M relays and K subcarriers, if the combined
selection strategy first chooses L = 2 out of M relays, the
bulk selection, per-subcarrier selection and combined selection
strategies can be illustrated in Fig. 1. It is clear that for M
relays and K subcarriers, 2MK channels exist in the space-
frequency grid. For brevity, we tentatively assume that the
2MK channel coefficients are statistically independent, zero-
mean, complex Gaussian (ZMCG) random variables with total
variance µi, where i ∈ {1, 2} corresponds to the first and sec-
ond hop, respectively. We use h(m, k) to denote the frequency-
domain channel coefficients between the source and the mth
relay for the kth subcarrier, ∀ m ∈ M = {1, 2, . . . ,M},
∀ k ∈ K = {1, 2, . . . ,K}, and similarly g(m, k) to denote the
channel coefficients between the mth relay and the destination
for the kth subcarrier. Meanwhile, without loss of generality, if
we assume h(m, k) ∼ CN (0, µ1) and g(m, k) ∼ CN (0, µ2),
it is well known that |h(m, k)|2 and |g(m, k)|2 are distributed
as Γ(1, µ1) and Γ(1, µ2)1.

We further assume that the channel state information (CSI)
is perfectly estimated and shared among all communication
nodes, and the relay network operates in a half-duplex protocol

1CN (·, ·) and Γ(·, ·) represent the Gaussian and the Gamma distributions,
respectively.



Fig. 1. Illustration of (a) bulk, (b) per-subcarrier and (c) combined bulk/per-
subcarrier relay selection strategies for single source, single destination
andmultiple relays, given K = 8, M = 4 and L = 2. The numbers in
boxes are corresponding to the sequence numbers of subcarriers.

so that two orthogonal time slots are required for one complete
transmission from source to destination. The noise statistics on
the kth subcarrier at the mth relay and at the destination are
denoted by n(m, k) and η(k), respectively, and all MK +K
statistics are independent, identically distributed (i.i.d.) ZMCG
random variables with variance N0/2 per dimension.

Assuming equal bit and power allocation schemes are
applied, the average transmit power per subcarrier at the source
and at each utilized relay is denoted by Pt [7]. Hence, the
equivalent instantaneous end-to-end SNR2 corresponding to
the kth subcarrier and the mth relay using a DF protocol can
be expressed as [8]

SNR(m, k) =
Pt
N0

min
(
|h(m, k)|2, |g(m, k)|2

)
. (1)

It is also well known that for FG AF relaying, the instanta-
neous end-to-end SNR can be expressed as [9]

SNR(m, k) =
G2
F |h(m, k)|2|g(m, k)|2Pt
(G2

F |g(m, k)|2 + 1)N0
, (2)

where GF =
√
Pt/(Ptµ1 +N0) is the per-subcarrier relay

gain. Finally, for VG AF relaying with per-subcarrier relay
gain factor GV =

√
Pt/(Pt|h(m, k)|2 +N0), the instanta-

neous end-to-end SNR can be expressed as [10]

SNR(m, k) =
|h(m, k)|2|g(m, k)|2P 2

t

(|g(m, k)|2Pt + |h(m, k)|2Pt +N0)N0
. (3)

B. Relay selection

Now let us consider the selection process. It has been ver-
ified that the outage probability mainly depends on the worst
channel over all subcarriers at high SNR and thus we should
maximize the minimum channel coefficient over all subcarriers
in order to minimize the outage probability [6]. Following this
logic, the bulk selection criterion can be expressed as [11]

L̂bulk = arg max
L⊆M

min
k∈K

max
l∈L

SNR(l, k) (4)

2In fact, an outage in DF relaying networks depends on the minimum
channel coefficient among the source-relay and the relay-destination links.
Hence, we can employ the minimum channel coefficient as the equivalent
channel quality indicator here.

where L identifies a pair of relays that can be used to carry
out per-subcarrier selection. Clearly, |L| = 2. Note that we
could consider |L| > 2, but this is not required to prove our
main result, namely that the equivalence principle applies to
relay selection systems.

For a given set of relays chosen according to (4), the optimal
per-subcarrier selection criterion for subcarrier k ∈ K is given
by [11]

l̂ps(k) = arg max
l∈L̂bulk

SNR(l, k). (5)

A note on the practicality of these selection processes is
in order. In fact, it is straightforward to see that selection
of this nature is practically achievable by adopting a well-
designed timer-based scheme [5]. In this paper, we consider
the time interval within which two or more timers expire to
be infinitesimal. Hence, we do not need to worry about the
timer contention problem here. This is equivalent to assuming
that the selection process is perfect, which is justified since
we are concerned with theoretical performance limits.

III. PERFORMANCE ANALYSIS

We adopt outage probability as a metric to measure the
performance of OFDM systems employing relay selection. In
what follows, we define the outage probability in the usual
way:

F (s) = P(SNR(m, k) < s) (6)

where s is an end-to-end SNR threshold. Our goal is to show
that as Pt/N0 → ∞, the outage probability for cooperative
networks employing combined selection (with |L| = 2) tends
to the outage probability for networks that use per-subcarrier
selection over the relay set L = M. We consider each
selection strategy in turn.

A. Combined selection

Denote the probability density function (PDF) correspond-
ing to F (s) as f(s). Because outage is dominated by the
worst channel at high SNR, using Lemma 1 in [6], we obtain
the PDF of the outage probability of an OFDM relaying
system employing combined bulk/per-subcarrier selection at
high SNR [12]:

fcomb(s) = MK[F (s)]M−1[1− F (s)]MK−Mf(s). (7)

The corresponding CDF Fcomb(s) of fcomb(s) can be used to
quantify the asymptotic outage performance for the selection
system.

1) DF relay: Now, let us focus on the DF relay case.
Because |h(m, k)|2 ∼ Γ(1, µ1) and |g(m, k)|2 ∼ Γ(1, µ2),
the PDF and CDF of |h(m, k)|2 and |g(m, k)|2, ∀m ∈ M,
∀k ∈ K are

fw(s) = e−s/µi/µi ⇔ Fw(s) = 1− e−s/µi (8)

for i ∈ {1, 2}. Define the normalized SNR to be γ = Pt/N0.
By applying the theory of order statistics, F (s) in DF relaying
networks with selection defined according to (1) is given by

F (s) = 1− e−s(1/µ1+1/µ2)/γ . (9)



Consequently, the PDF f(s) corresponding to F (s) in DF
relaying networks is

f(s) =
dF (s)

ds
=

1

γ

(
1

µ1
+

1

µ2

)
e
−s

(
1
µ1

+ 1
µ2

)
/γ
. (10)

According to (7), (9) and (10), the PDF of the worst channel
at high SNR with the combined bulk/per-subcarrier selection
is

fcomb(s) =
MK

γ

(
1

µ1
+

1

µ2

)
×
[
1− e−s

(
1
µ1

+ 1
µ2

)
/γ
]M−1

×
[
e
−s

(
1
µ1

+ 1
µ2

)
/γ
]MK−M+1

. (11)

Meanwhile, the system outage probability Fcomb(s) =∫ s
0
fcomb(t)dt can be expressed by an asymptotic approxima-

tion at high SNR (γ →∞). By taking the leading order term
of the Taylor series at γ →∞, we obtain

Fcomb(s) '

[
K

1
M s(µ1 + µ2)

µ1µ2γ

]M
. (12)

2) FG AF relay: As for the FG AF relay case, using (2),
it can be shown that

F (s) = 1− 2e−
s
µ1γ

√
s(µ1 + 1

γ )

µ1µ2γ
K1

2

√
s(µ1 + 1

γ )

µ1µ2γ


(13)

where K1(·) is the first order modified Bessel function of the
second kind. This is the standard outage result for FG AF
networks. Applying (7) and using the series expansion of the
Bessel function along with binomial and Taylor expansions
of the algebraic and exponential terms in (13) yields the
asymptotic outage expression at γ →∞

Fcomb(s) '

[
K

1
M s

µ2γ
ln (γ̄)

]M
. (14)

3) VG AF relay: For VG AF relaying, the CDF of (3) has
been proved to be [13]

F (s) = 1− 2e
− s
γ

(
1
µ1

+ 1
µ2

)√
s

µ1γ
2

(
1

µ2
+ s

)

×K1

(
2

√
s

µ1γ
2

(
1

µ2
+ s

))
. (15)

Using a similar approach to the FG AF case, we find that

Fcomb(s) '

[
K

1
M s(µ1 + µ2)

µ1µ2γ

]M
(16)

for large γ̄. Note that the expression given in (16) is exactly
the same as that given in (12), which indicates the performance
of VG AF relaying is identical to DF relaying at high SNR. A
related result was explored in [14]. However, the equivalence

of DF and VG AF relay performance in the present context of
combined bulk/per-subcarrier selection has not been reported
in the literature until now.

B. Per-subcarrier selection

Considering the PDF of the worst subcarrier when applying
per-subcarrier selection, we have that the PDF of the instan-
taneous end-to-end SNR is given by

fps(s) = MK [F (s)]
M−1 {1− [F (s)]

M}K−1f(s). (17)

By repeating the derivations outlined in the previous sub-
section, the asymptotic expression (leading order term) for
the CDF of the system employing per-subcarrier selection,
denoted as Fps(s), can be easily calculated for all three kinds
of relays. By carrying out these calculations, we find that the
asymptotic expressions of Fps(s) with per-subcarrier selection
for all three relaying protocols agree with the combined
selection results given in (12), (14), and (16). To see this
result without going into the details of the specific calculations,
one can observe (7) and (17) carefully, noting that both
PDFs are dominated by the terms MK, [F (s)]M−1 and f(s)
for the three relay protocols. Indeed, the differences in the
expressions, notably [1−F (s)]MK−M and {1−[F (s)]

M}K−1,
are incorporated into higher order terms in the asymptotic
expansion of the outage probability and, hence, do not con-
tribute at high SNR. Note, however, that these corrections will
influence the rate of convergence of the combined selection
performance to that of per-subcarrier selection. Furthermore,
we can propose a generalized theorem and its proof in the next
subsection to reveal the mathematical details.

C. Generalized theorem of equivalence principle

As we have proved the equivalence principle for three types
of relays, one might wonder whether this equivalence principle
can be further extended to other applications. To answer this
question, a generalized equivalence principle can be stated as
follows.

Theorem 1: If the CDF of the i.i.d. end-to-end SNR, F (s),
can be expanded in the variable γ̄ as

F (s) =

∞∑
i=i0

ci(s)

(
1

γ̄

) i
θ

[ln (γ̄)]
r (18)

where i0 is an integer given by i0 = arg minn∈N {cn(s) 6= 0};
θ is a nonzero natural number; {ci(s)} represents a series of
functions of s; r ∈ N, then combined selection is able to
achieve an outage probability equivalent to conventional per-
subcarrier selection in the high SNR regime.

Proof: From (18), we can determine f(s) by

f(s) =
dF (s)

ds
=

∞∑
i=i0

(
1

γ̄

) i
θ

[ln (γ̄)]
r dci(s)

ds
. (19)



Therefore, according to (7), the asymptotic expression (leading
order term) at γ̄ →∞ for the PDF fcomb(s) can be determined
by

fcomb(s) = MK

{ ∞∑
i=i0

ci(s)

(
1

γ̄

) i
θ

[ln (γ̄)]
r

}M−1

×

{
1−

∞∑
i=i0

ci(s)

(
1

γ̄

) i
θ

[ln (γ̄)]
r

}MK−M

×

{ ∞∑
i=i0

dci(s)

ds

(
1

γ̄

) i
θ

[ln (γ̄)]
r

}

∼MK[ci0(s)]M−1
(

1

γ̄

) i0
θ M

[ln (γ̄)]
rM dci0(s)

ds
. (20)

Note, it is obvious that ci0(0) must be zero in this case, since
the asymptotic expression for F (s) must be zero when s = 0.
Otherwise, F (0) ∼ ci0(0) (1/γ̄)

i0/θ [ln (γ̄)]
r 6= 0, ∀γ̄ > 0,

which is against our definition of outage as given in (6). Hence,
the asymptotic expression for Fcomb(s) is

Fcomb(s) =

∫ s

0

fcomb(x)dx

∼

{
K

1
M ci0(s)

(
1

γ̄

) i0
θ

[ln (γ̄)]
r

}M
. (21)

According to (17), we can employ the same method to
obtain the asymptotic expression for Fps(s) corresponding to
fps(s) at high SNR. It can be easily derived that Fps(s) ∼
Fcomb(s) and has exactly the same asymptotic expression as
given in (21). As a consequence, we have proved that the
asymptotic outage performances at high SNR produced by
combined and per-subcarrier selections are the same, as long
as their CDFs of the i.i.d. end-to-end SNR, F (s), can be
expanded as the form given in (18).

IV. NUMERICAL RESULTS AND DISCUSSION

To verify our analysis in Section III, we employ Monte
Carlo simulation methods to numerically study the outage
performances of the worst subcarrier of OFDM systems
employing per-subcarrier and combined bulk/per-subcarrier
selection strategies respectively. Meanwhile, the asymptotic
outage performance at high SNR is also taken into account
in our simulations. In particular, we let K = 8, s = 1,
µ1 = µ2 = 2, N0 = 1 for all simulations and M ∈ {3, 5} to
observe the effect of M on the outage performance.

In addition, all details that have been given in previous
sections are under the assumption of i.i.d. channels. However,
this might not be the case in practice owing to the insufficient
physical separations among relays [15]. Therefore, in order
to examine the robustness and practicality of the combined
selection strategy, we simulated its performance over spatially
equally correlated channels as well3. To model the correlation

3We maintain independence in frequency as it mimics a block fading
scenario, a common model in OFDM systems that utilize a resource block
structure, e.g., LTE.

phenomenon, we can construct the equally correlated Rayleigh
fading channel by [16]

w(m, k) = [
√

1− ρixi(m, k) +
√
ρixi0(k)]

+ j[
√

1− ρiyi(m, k) +
√
ρiyi0(k)] (22)

where {w(m, k), µi} = {h(m, k), µ1} or {w(m, k), µi} =
{g(m, k), µ2} corresponding to the first and the second hops;
i ∈ {1, 2}; j =

√
−1; xi(m, k), yi(m, k) ∼ N (0, µi/2) are

i.i.d.; xi0(k), yi0(k) ∼ N (0, µi/2) are i.i.d. and serve as a
bridge to correlate all channels. Hence, ∀m 6= n we have
E{w(m, k)w∗(n, k)}/

√
E{|w(m, k)|2}E{|w(n, k)|2} = ρ,

which is the common cross-correlation coefficient over all
channels. In simulations, we let ρ ∈ {0, 0.8}.

The simulation results corresponding to the three relay
protocols are presented in Figs. 2, 3 and 4, respectively4. From
these three figures, we can summarize some key points with
respect to the combined selection strategy. First, for all three
types of relays, it is clear that for the cases when M = 3
and M = 5, the outage probability of the system employing
combined selection adheres to the equivalence principle over
uncorrelated channels. Moreover, increasing the number of
relays M will yield a better outage performance, again as
expected. Note, however, that an increase in M does not mean
that the number of utilized relays increases for the combined
selection system since |L| = 2. We also note from the figures
that the equivalence principle appears to hold in correlated
channels as well, thus suggesting that combined selection is
a robust, practical solution for a broad range of applications.
Finally, the asymptotic outage probability of the VG relaying
scenario shown in Fig. 4 is quite close to the performance of
the DF relaying scenario as given in Fig. 2, which agrees with
our analysis (cf. (12) and (16)).

V. CONCLUSION

In this paper, we considered the strategy of combined
bulk/per-subcarrier relay selection for DF, FG AF, and VG
AF cooperative relay networks. Through analyzing the outage
probability at high SNR, we have shown that combined relay
selection satisfies the equivalence principle, i.e., it achieves the
same performance at high SNR as per-subcarrier selection, but
where only two out of M relays are active rather than the full
set. Furthermore, a generalized situation without specifying the
relaying protocol is also analyzed in this paper, and we proved
that the equivalence principle is generally valid as long as the
CDF of the i.i.d. end-to-end SNR, F (s), can be expanded as
the form given in (18). Hence, it is possible to achieve very
good performance at a reduced system complexity. Numerical
results validated our analysis and furthermore demonstrated
that the equivalence principle appears to hold in spatially
correlated channels as well. Our future work will focus on
the proof of the equivalence principle over spatially correlated
channels.

4Here, more higher order terms for FG AF case are kept in order to illustrate
the convergence between numerical and asymptotic results within a reasonable
SNR range.
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Fig. 2. DF relay case: outage probability vs. SNR for per-subcarrier and
combined bulk/per-subcarrier selection systems; (a) solid line: combined
selection results, (b) dotted line: per-subcarrier selection results, (c) dashed
line: asymptotic results.
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Fig. 3. FG AF relay case: outage probability vs. SNR for per-subcarrier
and combined bulk/per-subcarrier selection systems; (a) solid line: combined
selection results, (b) dotted line: per-subcarrier selection results, (c) dashed
line: asymptotic results.
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