
A Representation for 
Shape Based on Peaks and Ridges in the Difference of 

Low-Pass Transform 

James I,. Cronley and Alice C. Parker* 

CMU-RI-TK-83-4 

The Robotics Institute 
Carnegie-Mellon University 

Pittsburgh, Pennsylvania 15213 

*Department of Electrical Engineering-S ystems 
University of Southern California 

May 1983 

Copyright @) 1983 Carnegie-Mellon University 

This research was partially supported by n e  Robotics Institute, National Science Foundation Grant No. 
APR75-08154, and by Naval Electronics System Command (NELC) Grant No. N00039-79-2-0169. 









Abstract: 

This papcr defines a niultiplc rcsolution represcntatikm for the two-dimcnsional gray-scale shapcs in an 
image. 'l'his uepucsentatina is constructed by detecting peaks and ridges in the UitTcrcncc of Low Pass 
(DOLP) transfoim. Descriptions of shapes which are cncoded in this reprcscntation may be niatchcd 
efficiendy despite changes in size, orientation or position. 

?vlGtiVati@i?S fGr a multiple xsdl-ttion repiaentation arc prcsentcd fir%. followed by die definition of the 
DOLI' l 'ransbrm. Txhniques arc then prtscnted for encoding a sqmbolic suuctura! description of forms 
from the DOLP transform. This proccss involves detecting local peaks and ridges in each band-pass unngc 
and ill the entire thrce-dimensiowl spacc dcfincd by the Il0I.P transform. L.inkins ndjaccnt peaks in 
different band-pass imugcs gives a multiplc resolution tree which describes shape. Pcakj which are locd 
maxina in .this trec providc laiidmarks for aligning, maiiiyulating, and matching shapes. Ilctxting and 
linking die ridges in cach DOLP band-pass irnnge providers a graph which links pcaks within a shapc in a 
band-pass image and dcscribcs thc positions of the boundaries af the shapc at multiple resolutions. Pctccting 
and linkin2 the ridges in the DOLP dircc spacc describes elongated forms and links the Iargest peaks in rhc 
trcc. 

The principles for determining the correspondence betwecn symbols in pairs oP such descriptions are then 
dcscribed. Such corrcspondence matching is shown to be simplified by using thc corrcspondcnce at lower 
resolutions to constrain thc possible corrcspondcnce at higher resolutions. 
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ii  

l i y r c  1 : A I<hotnboidd Form and its Rcprrscntation: 

In the upper part of this figure thc rlioniboid;il i'orm is outliticd in solid 
straight lincs. The Jcscriptioii is for such a form which is d'irk oil a light 
background. Circles indicate the locations and sizcs wherc the band-pass 
filtcrs from ;1 saniplcd DOLP transform produced 3-Space peaks (hl-nodes), 
2-Spacc peaks (P-nodcs), and 3-Spacc ridgcs ( I.-nodcs). Thc stiiictitrc of the 
rcsulting description is shown in tlx lower part of thc figure. 'I'he dcscription 
of thc "negative shape" which surrounds this form is not presented. 

Figure 2: The Resampled DOIPTraiisform of a Teapot Image 
Figure 3: Levcls 5 lhough 13 of thc Rcsampled DOLP Transform of a Teapot image 
Figure 4: Thc Four Dircction Tcsts for Ridge-Nodes. 

'The four pairs of ncighbors For a node in a Cartesian grid (left) and a node 
in a d? grid (right) are show herc. Pairs of neighbors, on opposite sides oFa 
DOLP samplc. are numbered 0 through 3, as illustrated by the arrows. The 
magniaide and sig!i o f a  DOLP samplc is comparcd to each pziir of neighbors. 
For each direction , if neither !leiglibor has a DOLP value with a larger 
magnitiidc and the sLme sign, thea thc direction flag for that direction is sct, 
marking the sample as a ridge-node. 

Figure 5: The Direction 1;lags in a 3alid-Pass Level 7 oFthe Teapot Image. 

This Figure shows the direction flags detected in a rcgion of band-pass level 
7 of thc'tcapot image. Each direction flag is represented by a pair of bars 
pointing toward tIic smaller valued neighbors. Ridges tend to nin 
perpendicular to the direction flags. Peaks ( P-nodes ) are marked with circles. 
Note that both the positive and ncgative peaks and ridgcs are shown. Note 
also that direction flags are not dctected for nodes whcre the magnitude of the 
DOLP response is less than 5. 

Figure 6: The Ridge Paths Conncctiiig Peaks ( P-nodes ) in Band-Pass Levcl7 in the Teapot Image 

This figure shows die pointers connecting adjacent DOLP samples along 
positive and negative ridges in the crop from Band-Pass level 7 of the tea-pot 
image. Each pointer is rcpresented by an arrow pointing to a neighbor node. 
A pointer is made From a R-node to a ncighboring R-node if it has a coininon 
direction flag and is a local maxima among the nearest eight neighbors. A 
ridge may bc traced between peaks by following the pointers. 
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Figure 7: Positivc P-Faths For Squarc oFSizc 11 x 11 Pixels 
Figure 8: Positivc P-nodcs and It-paths For I m e l 7  ofthc Teapot lmagc 
Figure 9: P-nodes and P-Paths for Levcls 12 to 6 of the Smaller Teapot Image (teapot 1) 
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1 Introduction 

,I rcprcscntation is a forwal >ysrrrii for rnakin: explicit ccrtnin cntitics or t).pes of int'ortn;irjon. xid d 

Ilcprcscntatii.)n plays a crucial role iii c!cttill?iilir13 the spccification of how thc systc:n ctocs this [?(I]. 
cutnputritioiial cnmplcxity of dn infoi-niatic;ii pcoccssing problcm. 

lh i s  papcr dcscribcs a rcprcscntntion for two-dimcnsional sliapc which can I x  u s d  for a variety o f  tasks in 
which the shapes (or gray-lcvel forms) in an imngc must bc maiiipulatcd. An important prc'pcrty of  this 
represixtation is that it makes thc task of comparina thc stnicturc of two ShZpcs to tlctwninc the 
corrcspondcncc of thcir comporients comptitat ionally simple. Howccer, this xprcscntntioii has vthcr 
desirable properties as wcll. For cxainplc, tlic network of symbols that describe a shape in this rcprcsc'ntntion 
have ;? structure which, except for the cffccts of quantization, is invariant to the size, orientation, and position 
of a shape. Thus a shape can be cornparcd to piutotypcs without having to noimnliz:: its s i x  or orientation. 
An object cfii be tracked in a sequcncc of unages by matching the largest pesk(s) in its description in 2ach 
image. 'rhis rcprcsentation can also describe a shape whcii its boii1idaric.s are blurred or poorly dcfincd or 
when the image has been corrupted by various soiirces of image noise. 

l'his reprewitation is bawd on a rcversiblc transform referred to as the "Differencc of Low-Pass" (D0L.P) 
Tramform. From its definition, the DOLP traiisform of an image appcars to be very costly to compuite. 
:-lo\se:'er sc1;cral tcchniques can bc uscd to greatly rcducc thc compu:atiLr;lal complexity and meinoiy 
rcquircment for ;I DCLP transform. Thcsc techniques, togcthcr with the definition of the DO1 P transform, 
are prescnted in a companion p p e r  [14]. 

The Differznce of Low-Pass (DOLP) 'Transform is a reversible transform which converts an image. into a 
sct of band-pass images. Each band-pass image is cquivalcnt to a convolution of die original imagc with a 
band-pass filter, b,. Each band-pass filter is foimed by a difference of two size scalcd copics of a low-pass 
fi!ter, g,-, and gk. 

b = g  k k-1 - gk 

Each low-pass filter gk is a copy of the low pass filter gk-l scaled larger in size. These band-pass images 
comprise a three space (the DOLP space). The rcpresentation is constructed by detecting peaks ,ind ridges in 
the DOLP space. 

1 . 1  Motivation:A Multi-Resolution Structural Description of Images  

Interpreting tlic patterns in an image requires matching. If the interpretation is restricted to two- 
dimensional patterns, this matching is between descriptions of shapes in the image and object motlcls. I f  the 
intcrpretation is in terms of three-dimensional objects then techniques for matching among sterco images or 
motion sequences may be required to obtain the description of thrcc-dimensional shape. I n  citlic'r case, the 
matching problem is simplified if descriptions are cornparcd at multiple resolutions. Peaks and ridges in a 
DOLP Transfonrl provide a structural description of the grey-scale shapes in a11 image. 

The motivztiori for computing a structural dcscription is to spend a fixed computational cost to transfoim 
thc information in each image into a representation in which scarcliing and matching are more efficient. In 
many cases thc ccmputation involvcd in constnicting a structura! dcscription is rcgular and loca!, makina the 
computation amenablc to fast implementation in spccial purpose hardware. 



Scverlil rcsc;irciicrs hn\c s1iov.n t!ii:t thc cfficicncy of xnrcliing nnd inatchills pi0CCs:;i.S ciiil be ili.iiinaticnlly 
iinpro\,cd by pcrforming tIic scxc-ti a t  inii!:iplc rcsol:!tio!is. h,lora\cc [31] !LIS dcltio:l>ti.;lrcil a multi-rcsoliition 
corrcspondcnce mxching iilgorirhin for objcct location in stc'rco ima$c.c. hlarr m d  Pos;io [IS] !in\.c 

dcrnonsti.,itcd corrcyx)nclcncc rn;~tcliiiig iisiiig c3sC:j tlctcctcd by ;I diI'iLrcr:cc of Gnussi;:n t i l tcrs n t  f(,i!i* 

resoliitions. Roscnfclcl and Vnndcrbriig [2Y] havc dcxribed ;1 w o  ;tL!sc Iiicrnirhicd tciiipl;itL.-in,~~c~iing 
iilgorithm. Hall has rc?ol-tcd using ;1 millti-resolution pyrnniid to dramatically s p e d  up  coi.ri.lnrion or x r i A  
images [15]. Kc114 [17], P,ivlidis and ?';ir?imoto [X], Hnnson and Kiscman [16]. aad ninny othcrs Iiavc 
described rlic use of multiple rcsolution images for scgmentiition 2nd edge Jctcction. 

Thcrc is also cxpcr;lr?cntaI evidenco that the visual systcnis o f  humans nnd other imminnls scpdratc images 
into a set of "sparial freqiicncy" chiinncis as a first encoding of visual information. -1'his "niulti-chnnnel 
theory" is based on inensiircincnts of the ndaption of the chrcsliold sensitivity-ta verticd sinusoiclal tiinctions 
of various frcquencies [lo], [XI. Adnption to a sinusoid of a particular frcqucncy affects c,iily the thrcsiiold 
sensitivity for frcqucncics within onc octavc. This evidenc.: suggests that mammalian visiial systcins employ a 
set of band-pass channels with a band-width of about one octave. Such a set of channels would carry 
information from different resolutions in the image. These studies, and physiological experiments supporting 
thc concept of parallcl spatial frcqiicncy analysis, are reviewed in [9] and [31]. 

The patterm which arc describcd by this representation are "gray-scale shapes" or "forms". -We prefer the 
term "fcrm". I;ccausz tlic term shape ciiii-ics connotations cf!k outline of a unifomi intcnsity region. !t is 
not tiecessary fcr a pattcr-n to havc a l!ilifGm intcnsity for ii to ha\c  a well d2,Lincd dcscripticn in this 
rcpresentation. In this paper we will use thc tcrin "form" to refer to the patterns i.1 31i image. 

In this representation. f ~ r m  is described by a tree of syrnbols which rcprescnt the stnicture of the fiim at 
wliicli m x k  lccations (x, y, k) in the DOLP every rcsoliition. There arc fi)ur type of symbols { M, L, P, K 

three space wherr? a band-pass fiitci of radius R, is a local "best-fit" to thc form. 

Figure 1 shows an example of t!!e use of peaks and ridges for represcnting a uniform intensity form. This 
figure shows the outline ofa  dark rhomboid on a light background. Circles illustrate the position and radii of 
band-pass filters whose positive center lobcs are a local "best-fit" to the rhomboid. Below the rhomboid is 
part of the graph produced by detecting aiid linking peaks and ridges irt the sampled DOLP tiansfom. The 
meaning of the symbols in this graph is dcscribed below. 

A description in this representation contains a smnll number of symbols at the root. These symbols 
describe the global (or low-frequency) structure of a form. At lower Icvcls, this tree contains increasingly 
larger numbers of symbols which rcprcsent more local details. The correspondcnce bctwcen symbols at one 
Icvel in the trcc constrains the possible set ofcorrespondcnces at the ncxt highcr resolution Icvel. 

Thc description is created by detecting local positive maxima and negative minima in one dimcnsion 
(ridges) aiid two dimcnsions (peaks) in each band-pass image of a DOLP transfonn. Local peaks in the 

'In previous writing about this representation, most notably in [13], thcsc symbols were rcferred to by the names { M*,.L. XI. P}. 
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Figure 1: A Rhomboidal Form and its Rcprcscntation: 

ln thc upper part of this figure the rhomboidal form is outlined in solid straight lincs. 
The description is for such a form which is dark on a light background. Circles indicate 
the locations and sizes whcre the band-pass filters from a sampled DOLP transform 
produccd 3-Space peaks (M-nodes), 2-Space peaks (P-nodcs), ai!d 3-Space ridges ( L- 
nodes). The structure of the resulting description is shown in the lower part of the 
figure. l l i e  description of the "negative shape" which surrounds chis form is not 
preseii tcd. 

EOLP three space dcfinc locations and sizes at which a DOLP band-pass fiiter best fits a gray scale pattern. 
These points arc cncodcd as symbols which serve as landmarks for matching the information in hnnges. Pcaks 
of the same sign which are in adjaccnt positions in adjacent band-pass iniagcs are linkcd to fomi 3 tree. 
During the linking proccss, thc largest pcak along each branch is detected. This lnrgcst peak serves as a 
landmark which marks the position and size of a gray-scale form. Thc parhs of the other pcaks which arc 
attached to such landmarks providc further dcscription of the form, as wcll as continuity with stnicturc at 
other rcsolutions. Furthcr infonnation is cncoded by detecting and linking two-dimensional ridge ?oilits in 
each band-pass image and time-dimcnsional ridge points withiti the D0I.P threc space. The ridges in cnch * 
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I . 3  Correspondencz  hizichirig 

Tilt casiest mcthcd for dctcrmining thc ccrrcspondcncc of points in a pair of iniazcs is to dctcct landmiirks 
in tlic two inidgcs ;!lid dctcnnine ~ l i c  corrcspondcnce of thcsc 1atidm.irLs. The peaks arid I-iiigcs in ii Il0I.P 
transform ttiakc cxccllcnt Iatidtiiarks for such corrcspundencc matching for scvcriil rC;1suilj. 'Thcsc peaks and 
ridzes proviiic a compact sct of sy~ibols which dc:iotc thc prcscncc and dcscribc tlic shapc of rcrms in an 
iinngc. CorrcspoiiJc'ncc uf Sj mbuls of similar shapcs iuiil rcsolittions c m  be fb:Ind. cvcn 4s foms  change 
shiipc duc to noiion of a i  object or the citmcra. Such peaks and ridscs con itlso bc inatchcd ;;.hen the iniagc 
has bccn cornipted by blur or high frcqucncy noisc. Matdiing can also be performed for a s1ii:pc whosc 
siirfacc is coiiiposcd of a randoll; texture. 

- 
When the DOIP transform is cornputcd with a scalc factor of 4 2 ,  therc is a continuity bctwcen peaks at 

diflkrcnt Icvcls ibhich provides a dcscription which varics gradually from a few symbols which tlcscribc low 
resolution 'information to tiic niucli Iargcr number of symbols that describc high rcsolution dctails. Finding 
the corrcspondcncc bctwcen any pair of peaks constrains thc possible correspondenccs of pcaks under dim 
at lligiicr i'cwlutions. 

Scgmcntntion rechniques arc uscd to prodim symbols which rcpresenc groupings of pixels and wkkh can 
act as tokens fm- !:iter processing. Howevcr, the gray-scale fervis that 0c:cur in an image do not. nrcessarily, 
concspcrid to individud ohjccs, pieces of objccts, or surfaces in a 3-13 scene. Furthunnuic f o r m  whici? ;ire 
best described as 3 single entity at otic resolution may be best dcscribed as several entities ;it [i higher 
resolution. I h c  peaks and ridges in a COLP transform provide tokens for matching without thc need for 
asscrtions ahfiat :.:kedier adj2ccnt similar rcgioris should bc groupcd togcthcr. Ewn  if only a sinall set of 

mvarianr poinu" of thrce-dimensioiial shapes are to be matched, the presencc of these point must still be 
dctectcd in thc gray-scAc pattcrns of the image. Both recognition and matching of tlicsc invariant points may 
b? perfoimcd cfficicntly with pcaks and ridges in thc DOLP transform. 

... 

The band-pass images in a DOLP transform provide a multi-rcsulution set of symbols Tor rcprcsentirig the 
imagc gray-scale data. These symbols may be detected in each band-pass image as cithcr the closed zero- 
crossing contours or the peaks and ridgcs within each contour. In either casc, symbols result from regions 
whcrc the intensity is either darkcr or lighter then in surrounding regions. Each "rcgion" will have one or 
more samples which are local "largest peaks" whose position in the DOLP space provides an estimate of'the 
pcsition and sizc of thc rcgion. It is not necesary for a region to be uniform to yieid such pcaks. 
Furhurtnore, regions which producc a singlc peak at one rcsolution can producc more than  one pcak at 
anothcr resolution. Finally, thcre is no guarantee that each peak corresponds to only one physical object, or 
thdt a particular physical object will rcsult in a single peak. 

We have observed that this rcprescntation is useful for corrcspondcnce matching to obtain thrcc- 
dimcnsional surfacc information from gcncralized stcreo, motion, or shapc from occluding contours. Stereo 
intcrprctation assiimcs that thc gray lcvel pattcrns whosc shapcs are compared rcsult from thc sanic physical 
thrce-dimcnsional location. Illis is not strictly true. Nighlights on a shiny surfact: can move as thc position of 
thc light so~ircc or viewing angle changes. Thc position of shadows will change as light sourccs move. 
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1.4 Contents  of t h i s  Paper 

'The following scction describcs the DOI-P transform. 'L'hc definition of thc UOLP traflsform is prcscnrcd, 
followcd b y  dcsuiption of a fast a1goritl;ni for computing tlic DOLP transfomi. 'l'his fabt nlgcrithiri is lxiscd 
on two indcpendcnt tcchniyucs $.i hich arc bricfly dcscrihcd. ,\n cxaniplc of a I>OI.I' transform of at1 itnngc 
which contains ;I tcapot is also providcd in this sccrion. 'l'his imagc wi l l  provide thc diitn for cxnmplcs in latcr 
scctions. 

Scction 3 dcscribcs tcchniqucs for converting the signals from a IIOLP transfomi into a network of 
symbols. Proccsses arc described for dctecting points i n  cnch band-pass image which arc on a ridge. or arc a 
local peak. Techniqucs for linking peaks 'it adjacent locations in adjaccnt iinagcs are thcn described, along 
with a tcchtiique for detecting peaks which arc local positivc maxima and negative minima in thc thrce- 
dimensional DOLP space. A proccss is then described for detecting thc threc-dimensional ridge paths in tlic 
DOLP space. 

Scction 4 describes thc basic principlcs of inatcliitig dcscriptions of shapi. by prcscn:ina a simple example 
in which h e  lower resolutiot: bels of the dcscriptions of t:vc teapot llnagcs are mxclicci. Tlic tcapots in 
thesc two images differ in s i x  by approximately 1.36. This section illustrates thc use of correspondcnce 
betwccn the lcjwcst rcsolution largest peak to decccmiine an estimare of the relaux sizes and paitions cf the 
iwo objects. 'I'hc constraint in corrcspondcnce unposed by lower resolution peaks on higher resolutivn pcaks 
is then ill~istratcd. An examplc of die use of the direction and lengch of the ridge !cngtl;s bctween peaks to 
deterrninc corrcspunctcnce is also prcscnted. 

2 The Difference of Low-Pass Transform 

This scction defines tlie Differcnce of Low-Pass (DOLP) transform and demonstrates its reversibility. A 
fast algorithm is then described for computing the DOLP transform. This fast algorithm is described in 
greater dctail in a companion paper [14]. 

2.1 T h e  Purpose of t h e  DOLP Transform 

The DOLP transform cxpresscs thc image information at a discrete set of resolutions in a manner which 
prcsert'es all of the image information. This transform separates local forms from morc global forms in a 
manner that makes no assumptions about the scales at which significant infomation occLirs. Thc DOLP 
filtcrs overlap in the frequency domain; thus tlicre is a smooth variation from each band-pass Icvcl to the 
next. This "smoothncss" makes size-independent matching of forms possible and makcs it possible to usc the 
correspondcncc of symbols from onc band-pass levcl to constrain the corrcspondence of symbols at thc ncxt ( 
highcr rcsolution ) level. 

The diffcrence of two low-pass filtcrs is a band-pass filtcr provided that 



h 

I ,  The tivo filters arc not identical. 

,\ liltcr which has a circularly syrninctric pass-bmd tha t  riscs and tlicn 1;111s mcr?utunicall) w i l l  bc jciisitivc to 
imngc information :it a parricular sizc scalc. ~I‘he DOI_l-’ tmnsforni cniploys a set of sucll filtcrs wliicli are 
cspui1cnti;illy scaled in s i x  ai?d covcr the entire two-dirncnsional frcqucncy spcctrum. 

2.2 Definition o f  t h s  DOLP transform 

‘ h c  DOLP traiirfoim expmds an  unagc signal p ( ~ , ~ g  composed of N = hI x M samples into Luzs(X) 
band-pas images- %i(x,y). Each band-pass image is equivalcnt to a convolution of thc image y(.u.y) with a 
band-pass impulsc rcsponse b d x y ) .  

(1) 

7 

~,(.,Y) = I d X d  * b&Y) 

For k=0, the band-pass filter is formed by subtracting a circularly symmctric low-pass filter g,(~,y)  from a 
unit sample positioncd over the center coefficient at the point (0,O). 

bo(-y.y) = ~ ( x Y )  - go(-y.y) (2j 

The filter 6,(x.~9 gi\,es a high-pass image, %o(.~,~g. This image is equivalcnt to thc rcsult produced by the 
cdge dctcctior. technique known as “unsharp masking” [26].  

For band-pass Icvcls I 5 k < K tilt band-pass filter is formed as a diITerencc of two size-scaled copics of the 
low-pass liltcr. 

“(X.Y) = gJ-cY)  - S&Y) (4) 

In order for the configuration of peaks in a DOLP transform of a form to be invariant to tile size of the 
forni, it is necessary that each low-pass filter, g&y) be a copy of the circularly symmctric low-pass filter 
g,(.u,y) scaled largcr in size by a scale factor raised to the k* power [13]. Thus for each k, the band-pass 
impulse response, bk(x,y), is a size scaled copy of the band-pass impulsc respmse, bk-,(x,y). For two- 
dimensional circularly-symmetric filters which are defined by sampling a continuous function, size scaling 
increascs the density of sample points over a fixcd domain of the function. In the Gaussian filtcr, this 
increases the standard deviation, u, relative to tlie image sample ratc by a factor of Si.  

The scale factor is an important paramctcr. For a tvo-dimcnsional DOLP transform, this scale factor, 
denoted S, ,  has ;I typical value of 4 2  . I t  is possible to define a DOLP transform with any scalc fxtor S, for 
which the diffcrciicc of low-pass filter provides a uschl pass band. Marr, for example, argucs that a scale 
factor - of S ,  = 1.6 is optimum for a diffcrcncc of Gaussian filtcrs [19]. We havc found that a scale fxtor S ,  = 
4 2  yields cffectivcly ttic same band-pass filter and provides two other interesting properties [13]. 

- 

’S is the square of ihe sca~c factor 
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First. rc.;~~rripIing tach bs11d-p;ijs image at  n sninplc c!ista!icc MIiicII is a fixed frraction of tl:c filtcr's size 
providcs a cml?ziiration of  pe,rks and ridges i n  c;ich I,ai:d-pass image \\hich is in\,ciriant to thc  si^ of ~ I I C  
objcct. esccpt for tiic ctfccts of qunnti;cntion. -[Iiiis thc rcsanlple distancc and thc scnic fxtor - 41ould lx the 
sanic value. '[I12 sirinliest cfijtancc at  \I, hich L\ t\i o-dimensional sign,il call b~ rcsainpld is d? . Sccontl. a 
1lOI.P trnnsljrni can bc cvrnputcd using Gaussian I o w - p ; ~  filtcrs. I'he co !~ ;  oliitioii - of  '1 G,iu.;sia~l filter with 
itself proctuscs - a new Gaussian filtsr which is  scalcd lai.gcr in  size by a factor uf d2 . These t\ j 'o pr-opcrtics 
inakc d2 a corivcnicnr \xlirc for both &hc scale factor and the rcsaniple distancc. 

In principle thc DOLP trandorui can be dcfined for any number of band-pass 1c~;cIs K. R cunvcnient v a l w  
of K is 

K = i-og,(N) ( 5 )  

s = s, 
Whcrc the value S is the squarz of thc samplc distance S,. 

(6 )  2 

This value of K iz thc numbcr of band-pass images that result if cach band-pass image, 9Ik, is rcsamplcd at a 
sampling distance of$. With this rcsampling, tlie K* image contains only one sample. 

The 12OL.P transform is rcvcrsible which proves that no inforination is lost. Thc original image may be 
rccovcrcd by :t&ling 311 ofthe bnnd-pass images, plus a !ow-pass residue. 'l?iis low poss residue, v'nich has not 
bcen f~'u:iCI :o bc iiscti.il for dcxribing the image, is die convoliition of k c  lowtxt frequency (!argesc) low-pass 
filter. g,f(x,~g with thc image. 

K-1 

F(X.Y! = ( d - v j  4 g*,-W) + c %k(-Lv) (7) 
k = O  

2.3 Fast Computation Techniques: Resampling and Cascade Convolution 

A full DOLP transform of an image composed of N samples, produces K = L.ogs(N) band-pass images of 
N samples each. and rcquircs O(N*) multiplics and additions. Two techniques can be used to rcduce the 
computational complexity of the DOLP transform: "resampling" and "cascadcd convolution with 
cxpansion". 

Resampling is based on the fact that the filters used in a DOLP transform are scaled copies of a band- 
lirnitcd filter. ,\s tlie filter's impulse response bccomcs largcr, its upper cutoff frcqucncy dccreases, and thus 
its output can bz rcsamplcd with coarser spacing without loss ol' information. l l i c  exponential growth in the 
number of filtcr coefficients which results from the exponential scaling of sizc is oKsct by an exponcntial 
growth in distancc bctwcen points at which the convolution is computed. Thc result is that cach band-pass 
image may be cornpiitcd wich the same number of multiplications and additions. Resampling each band pass 
image at a distance of d? reduccs the total number of points in the DOLP space from N Log,(N) samples to 
3N samples. 

Cascadcd convolution ex@oits thc fact that the convolution of a Gaussian function with itself produccs a 
Gaussian scnlcd larger by d2 . This mcthod also cmploys "expansion", in which the cocfficicnts o fa  filtcr are 
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mapped into 3 larzcr sample grid, rl~crcby expanding the sizc of die filtcr, a t  Lhc cost of introdlicing rcflcctions 
of the pass rcaion about a ncw Nyquist boundary in t l~c  transfer function of thc filtcr. ‘I’llis opcrdion does 
not intraducc distortion. provided thc filtcr is designed so that the rcflections of the pass rcgion fJl1 on thc 
stop rcgion of the composite filtcr and arc sufficiently attenliatcd so as to I~avc a negligible cffcct on I11c 
composite filter. Thus a scqucncc o f  low-pass images are formed by repcatcdly coni,olving thc iintryc with 
each cxpilndcd version of the low-pass filtcr go. L x h  expansion - of the low-pass filter maps its coefficients 
onto a sample grid with - a spacing betwccn samplcs increased 4 2 .  Thus ex11 low-pass image has an iinpulsc 
response which is d2 larger than that of thc previous image in the scqucnce. Each low-pass image is then 
subtracted from thc previous low-pass image to form thc bai?d-pass images. 

Combining these two techniques gives an algorithm which will compute a DOLP transform of an N sample 
signal in O(N) multiplies, producing 3N sample points. This algorithm is described in [14]. In  this algorithm, 
each low-pass hnagc is resamplcd at I/? and then convolved with the low-pass filter go to form the next 
low-pass image. Since each low-pass imagc has half the number of samples as the previous iov-pass imagc, 
and tlic number of filtcr cocfficients is constant, each low-pass imagc is computcd from the previous low-pass 
image using half the number of multiplics and additions. Thus, if C, is the nurnbcr of multiplies required to 
computc low-pass image 0;thc total number of multiplies necded to compute K band-pass levels is givcn by: 

= Co( 1 + 1 +.1/2 + 114 + 118 + 1/16 + ... + 1/K) CTOt 
2 3 c, 

Each low-pass image is tiien subtracted from the resampled version of the previous low-pass image to form 
the band-pass unage. Thus each band-pass image has a sample dcnsity which is proportional to the s i x  of its 
impulsc response. 

2.4 An Example: the  DOLP Transform of a Teapot Image 

Figure 2 shows a DOL? transform of an image of a teapot that was produced using the fast computation 
techniques described above. In this figure the image at the lower right is the high frcquency image, 9lO(x,~Q. 
The upper leR corner shows the level 1 band-pass image, %Jx,y), while the upper right hand corner contains 
thc level 2 band-pass image, 5BJx.y). Undcrneath the level 1 band pass image are levels 3 and 4, then 5 and 6, 
etc. Figure 3 shows an enlarged view of band-pass levels 5 through 13. This enlargement illustrates the 
unique peaks in thc low frequency images that occur for each gray-scale form. 

- 
The use of d2 resanipling is apparent - from the reduction in size for each - image rrom level 3 to 13. Each 

even numbered image is actually on a d2 sample grid. To display these d2 images, each pixcl is printed 
twice, creating the interlocking brick texture evident in Figure 3. 

3 Construction of the  Representation from a DOLP Transform 

In this section we describe tecliniques for constructing the representation for gray-scale forms. This 
construction process is describcd as a sequencc of steps in which peaks and ridges arc first detccted ar,d linked 
in each band-pass image, and the ,resulting symbols are then linkcd among the band pass levels. 



Figure 2: The Resampled DOLP ‘rransform of a Teapot Image 



Figure 3: I-evcis 5 Thougii 13 of thc Resnniplcd DOl-l''l'rnnsfwn ofa  l'cclpot Imagc 
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3.0.1 The Approach 

?'lie "local nciyhborhood" of a D0I.P sarnplc is thc ncnrcSt cisht neighbors on the cnnplc grid at its 
band-pass level. A "peak" (or P-node) is a local positivc maxima or iicgtivc niiniiiia \vithin a two- 
ciimcnsiorxil baiid-pass iniagc. ,-\ "ridgc-nodc" (or R-node) is a local one-diiiicnsicinal positivc niaxiirium or 
ncgativc minimmi within a two-diiiicnsional band-pass imase. Peaks within a fonn are linked by padis of 
largest ridge-nodes ( R-path  ). 

In ordcr for a DOLP saniple to be a local positivc maximum or negative minimum in the 170LP threc- 
spare, it must also be a local peak within its bnl;d-pass Icvcl. Furthermore, for ii samplc to bc a peak in i ts  
band-pass lcvcl, i t  i1iUSt bc 3 i i d p n u d e  in thc four dirccions giicn by oppxite p:iirs of its Light rieigi?bors. 
I'c.a;ts and ridgc-nodcs arc firsc detcctcd within cach bmd-pass iniagc. Pcnks are tlicn linked to pxks at 
ncljaccnt lcvcls to furni a Ucc ofs;nibds (co;nposed of a paths of peak;, or 1'-paths). During t h i s  linking it is 
possible to detcct the peaks which are local positive inaxima 2nd negative minima in chc Il0I.P three-space. 
The Lhrec-splice pcaks ;Ire referred ;o as ?,I-nodes. 

Tie  ridge-iiodes are also linked to form ritlgc-paths iil  each band-pns iinagc (called R-piths) and in die 
DO12P thrcc-spncc (cdled l.-p,iths). 'fhc ridgcs m the 1101T dire?-spxc ( I.-pat!i, ) dcscribc elongated thnni 
mcl connect the largest pcaks ( M-nodcs) which are part of the %me forni. 

The process for constnicting a description is composed of the following stagcs: 

1. Detect ridge-nodes (R-nodcs) and peaks (P-nodes) at each band-pass level: 

2. Link the largest adjacent ridge-nodes with the same direction flags in a band-pass lcvcl to form 
ridges ( 11-paths ) which conncct the P-nodes in thzt level; 

3. Link two-dimensional peaks ( P-nodes) at adjacent positions in adjacent lcvcls to form P-paths; 

4. Dctcct local maxima d o n s  mih P-path ( 1M-nodes); 

5. Dctcct the ridgc nodes (R-nodes) which h3Vc largcr DOLP values than those at neighboring 
locations in adjacent images to dctcct 1,-nodes. 

6. Link thc largcst adjacent ridgc points with thc same direction among the band-pass levels to form 
threc-dimciisional ridgc paths (L-patlis). 
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o R-nodes: DOT-P Samples which are on a ridge at a level. 

J L-ilodcj: DOI-P samples which are on a ridgc across lcvels (i.e. in the thrcc space (x,y,k) ). 

o hl-nodes: Points \vhich arc local maxima in the thrcc spacc. 

Every uniform {cr i'ipproaiinatcly itniforni) rcgion will havc one or. mow I\[-nodcs as a root in its 
dcscriptioo. 'I'hcsc arc connccted to patlis of 1,'s (L-Paths) which dcscribe the ;cnera! farti1 of die rcgion, and 
paths of P-noclcs (P-Paths) ivhiih branch into the concavitics and convcxitics. L-pilrhs temminatc at other 
M-nodcs which describe significant featurcs at highcr rcjolutiot1s. 'l'hc sliapc of the boundxics arc dcscribcd 
in multipk resdutlons by tlic ridges at cach band-pass lcvcl (R-paths). I f  a boundary is blurry, thcn the 
highest i-csvlution (iowest-lcvcl) I<-paths are lost, but thc boundary is still dcscribed by the lower resolution 
R - p XIIS. 

3.1 Detection of Peak-Modes and Zidge-Nodes within each 3m. l -pass  Image 

Peak-nudcs and ridge-nodcs in each baed-pass levcl are Jetccti'd by comparing the magnitude mii sign of 
each sample with tlic m'igiiitude and sign of opposite pairs of its eight neai-c's[ 11eighi)ors. Xiis compauixoii is 
made in four dirxrions, as indiciitcd by Figure 4, aiid can rcsult in onc of four "dimtion flag." lxii!.: sct. A 
direction flag is set when neither neighbor sample in a dircction lias n DOLP valuc of die saint sign and a 
larger magnitude. 

If m y  of die four dircction f l ~ g s  are set, then the samplc is encoded as a R-node. I f  ,111 f o x  direction f lags  
have becn set thcn the sample is encoded a$ an P-node. 'I'hc direction f l ~ g s  arc saved to be uscd to guide thc 
processes for detecting two-dimensional ridges (R-pachs) and three-dimensional ridges (La-paths). 

Two possibilities complicate this rathcr simple process. When the amplitude of the signal is very small, it is 
possible to have a small region of adjacent samplcs with the same DOLP sample value. Such a plateau region 
may be avoided by not setting direction flags for samples with a magnitudc less thcn a small threshold. A 
value 5 has becn found to work well for 8 bit DOLP samples. Also, it is possible to havc two adjacent sainplcs 
with equal D0I.P valucs, while only onc has a ncighbor with a larger magnitudc. Siich cases may be easily 
detcctcd and corrected by a local two stage process. The correction involvcs turning off thc direction tlag for 
the neighbor without a largcr neighbor. 

Figure 5 shows the direction flags dctcctcd in a region from band-pass levcl 7 of the Teapot image. Each 
direction flag which is set is represented as a pair of short line scgments on both sidcs of a samplc. Thesc line 
segmcnts point in the direction in which the sample is a onc-dimensional maxima. Samples which arc 
two-dimensional peaks ( P-nodes ) arc markcd with a circle. It is possiblc to implcment this detection in 
parallcl or with a fast scrial procedure. 
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-3 3 

Cartesian Grid Square Rtiot(2) Grid 

Figure 4: 
The Four Direction Tests for Ridge-Nodcs. 

The four pairs of neighbors for a node in a Cartesim grid (left) and a rwdc in a 
d2 grid (right) arc show here. Pairs of neighbors, cn opposite sides o f ' t  DOLP sxip le ,  
3rc uurnbcred 0 rhrough 3, as illustratcd by the arrows. The magnitude 2nd sign of 3 

DOLP sLunplc is compared to csch pair of ncighbos. For each dircction . if neithcr 
neighbor lias a DOLP -value with largcr magnitude and the sane  sign, then thc 
direction flag for that direction is set, marking the sample as a ridge-node.. 

- 

3.2  Linking of Ridge-Paths at a Band-Pass  Level 

There 'ire two purposes for which ridge paths in a two-dirncnsional band-pass level are detectcd: 

1. To providc a link between P-nodes at a lcvel which are part of the s a c  form, and, . 
2. to constnict a dcscription of the boundary of a form. 

Ihk ing  P-nodes of the same sign and band-pass levcl with ridgcs provides information about the 
connectivity of a form and provides attributcs of distance and relative oricritation wliicli can bc used in 
dctcrmiuing correspondences cf P-nodes across levels. 

In  gcncml, when n boundary is not a straight line, thc convexities and concavities arc dcscribcd by a P-path. 
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Figure 5: 
The Direction Flags in a Band-Pass Level 7 of the Teapot Image. 

This Figure shows the direction flags detected in a region of Sand-pass level 7 of the 
teapot image. Each direction flag is represented a pair of bars pointiny toward the 
smaller valued neighbors. Ridgcs tend to run perpendicular to the dircction flags. 
Peaks ( P-nodes ) are markcd with circles. Note that both the positive and ncgative pcaks 
and ridges are shown. Note also that dircction flags are not detected for nodes whcre 
the magnitude of the IIOLP response is less than 5.  
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Figure 6: 
The Ridge Paths Connecting F ~ k s  ( P-nodcs ) in Band-Pass 

Lcvel7 in the Tcapot Image 

This figure shows the pointers connccting adjacent DOLP samplcs aloilg positive and 
ncgative ridgcs in thc crop from Band-Pass levcl7 of the tca-pot image. Fnch pointcr is 
rcprcsentcd by an arrow pointing to a neighbor nodc. A pointer is madc from a R-node 
to a ncighboring R-node if it has a comnion direction flag and is a local maxima arno!ig 
the nearest eight neighbors. A ridge may be traced betwcen pcaks by following the 
pointcis. 



A ridge is [lie p‘ith of  largest It-iiodcs Iictwcai P-nodes. ’lliis path ciin be formed hy a l u ~ i l  linking prwess 
\tIiich is exccurcd indcpcndciitly , i t  cadi 12-nodc. Tlic ridge path can bc dctcctcd by lia\ing each K-node 
make ‘I pointer to nci$iboriiig I<-iic!dcs which mcct two conditions: 

1. I ’hc neighbor R-node has [lie w n c  sign and dircction flags; and, 

2. Thc niagiiitudc of thc DOLP sample at the neighboriiig R-node is ;I local maximum in  n linear list 
uFD0I.P \.alucs of ncighbors. 

An carlicr, iiiore complcx ‘ilgorithm for the same purpose was dcscribcd in [U). ‘l-he rcsult of this process 
whcn applied to tlic lcvcl 7 band-pass image is ? h o w  in Figure 6. 

3.3 Linkkg Peaks Between Levels and Detecting t h e  Largest Peak 

Tlx bmd-pass ,‘7.licrs L\ hich ioikipose a riOLP xansfcrm are dcnscly packed in the frequcncy dornain. 
C:ich 5l:cr i i ~ s  3 sigiiiiicant o\wlap 111 thc pass-band of its transfer fuliction wich the band-pis:; filrcrs from 
neighboring Ievcls. A s  a issult when a form results in a two-dim.cnsionn1 p u k  ( or P-i1cide ) at one baiid-pass 
I c ~ c l  die ii!ters at adjacent 1cvc.l~ u-ill tend to caiisc a peak O F  the sanc  sign to occur at thc s m e  or adjacent 
positions. Concccring f?-iiodcs of &c samc sign which arc at adjacent locations in adjaccnt barid-pix images 
yields a sequence of 1’-nodcs rcfei-red to as a P-path. P-Paths tend to convcrgc at lowcr rcsolutions, which 
gives ilie dcscriprion the form of a tree. The branches at higher resolution of this tree describe tiic fcim of 
“rouficlish” hlobs, bar-cncls. comeis and pointed protnisions, and thc patterns of concavities and convexities 
along a bou,?tlary. Dcsceiiding. d;c tree of P-paths in a description gives an increasingly inore complcv and 
1iighc:- rcsolution dcscription of lhc form. 

Thc rnagiiitude of the DOLP filter rcsponsc of P-nodes along a P-path tcnd to rise inonotonically to a 
largest mzgnitudc, aiid then drop off monotonically. This largest value is encoded as an M-nodc. Such nodcs 
serve as landmarks for matching descriptions. An M-node gives an estimate of the size and position of a form 
or a significant componcnt of a form. Determining the correspondence of parts of forms in two descriptions 
is primarily a protlcni of finding the correspondence between M-nodes and the L-paths which conncct thcm. 

A simple technique may be used to simultaneously link P-nodes into a P-patli and dctcct thc M-node 
(largest P-node) along each 1’-path. ‘This tecliiiiquc is applicd iteratively for each levcl. starting at the next to 
die lowcst resolution level of the DOLP transfoim (level K-2). Thc Lcchniquc can be iniplenientcd in parallel 
within each lcvel. This tcchiiiquc works as follows. Startifig ar eacn P-node at lei,el k, thc nearest upper 
ncighbors at levcl k+ 1 are examined to scc if rhey are also P-nodes of thc ssunc sign. If so, a two-way pointer 
is made bctwccn these two P-nodes. 

It is possible for P-nodes that describe tlie same form at two adjaccnt levels to be separatcd by as much as 
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Iluring this linking proccs; it is also possiblc to detect thc largest 1'-iiodcs on n P-path by n p r o w s  rcfcri.cd 
to as "flag-stcalinS". This tcchniquc requires that 1'-nodc linking occur scrially by levcl. In thc tliis stcnlin$ 
process. a P-node with no upper nciglibvr or with a msgnitudc yrcater o r  q u a l  to all of its rippcr iiciglibors 
scts a fl3g which indicutcs that i t  is :in M- i idc .  Peaks ibhich are ndjixciit to it at  lower lcvcls cui  "stc'al'' tllis 
flag if they have a n  ~ - q i a l  or Ixacr m+giitudc. When the flag is scolcn, the lowci: node sets its own flag as wcll 
as setting n jccoiiil tliig i n  thc upper P-node which is then ~iscd to cnnccl die flag. This two jt'igc proccsj 
permirs dic 11- tlas to prcpiig'itc down multiple branches if thc 1'-path splits. 

R-  Path (intra- level) 

-- F- Path (in ler-level) 

-- 

19 P Level 6 

49 P Level 5 

I 
I 

63M Level4 

52P Level3 

35P 35P 

Figure 7: Positive P-Paths For Squarc of S i x  11 x 11 Pixcls 

Figure 7 shows the P-paths and the M-node that occur at level 6 through 1 for a uniform intensity sqiiare of 
11 x 11 pixcls, and grey level 96 on a background of 32. The reader can simulate thc P-node linking and tlag 
stcaling process with this figurc. The process starts at level 6, where thc P-node has a Value of 19. 

f i e  two possible upper neighborhoods in the DOLP spacc with 6 sampling. 3. 
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3.4 Detect ing t h e  Largest Three-Dinicnslonal Ridse Path 

'I'hrce-dilnl:nsic!iial ridges arc csscntial for dcscribjng forms wliicii arc clongatcd. :\ii c1wgatt.d Eirm 
nlinost ~ i l n a y b  1135 an hl-iiodc nt c x h  end. ;ind a ridge of 1,irgc L1OI.P vn!ucs connectin: the t',:8'o \I-nodcs. 
7'hc DOLP vnlucs along this ridge tend to be h r g r  thnn h a i l  thosc. along the ridges in thc bL\l~d-pa>.; Ic\cls 
abovc and bclow, bccnusc Lhc pvsitivc ccntcr cocfficicnts o f  llic band-pass for. that lcscl "lit" thc widrh of thc 
elongated foixi. W!icrc thc form grows wider, the largest ridge will move :o a hi2hcr (conrscr) band-pass 
level. Wicrc the form gows Lhinncr, thc largcst ridgc will  inovc to a l o ~ ~ r  (srnallcr resolution) band-pxs 
Icvcl. This ridge of largcst DOI.1' siimplcs is called an  T.-p:ith alid thc nuclcs along it ni'c called 1.-nodcs. 
L-nodes are !<-nodes that are largcr rhan their iiciglibors at adjacent band-pass lc~.cls. 

I,-nodes m a y  bc cictccted by n proccss similar to the flag-stealing proccss iiscd to detect :hc largcst pcsk, or 
bl-node alms d P-path. That is, stirtin:: at the band-pass levcl bclow the lowest resolution, each It-node 
cxsmincs a ncighborhood in the lcvel nbovc it. An R-node is detcimincd to be an L-node if is has a largcr 
value t!an thc I"\-nodes in approximately die S~WK place in the ridges abovc and below it. 

Thus each I<-node scans a n  area of the band-pass lcvcl above it. This area is above sild to the sides of its 
ridge. Thc ~nagnitudcs of DOLP samples of the same sign Foitnd in the neighborhood in thc lipper ridge are 
compciicd to t l m  of rhe R-node, and a flag is set in die lower R-node and clcarcd in the upper R-node if die 
II.,M.CI. R-node is si;inllcr. 111 ;his 'yay, thc I.-flags propagate do\:.ii to the level wi th  thc largest J3Ol.P isinplcs 
aiong tht: ridgc. I,-nodcs arc linkcd to form I.-paths, by having each L-node scan its three-dimc~~sional 
ncigliborliood and link to [,-nodes which have the same sign and arc local maxima in the thrcc-dimensional 
EOLP space neighborhood. 

4 A Simple Examplc of Matching 

There arc many applications for shape matching, and each application dcninnds mitcliin; algorithms with 
certain properties. This secfiuti dues riof pru:litle il niafcliitzg dgut-i/lini. lnsicxl, it descri5cs soitlc principles 
about mstchitig foims that have been encoded in the representation dcscribed above. Primarily, these 
principles involvc techniques for discovering tlic corrcspondeiice between "landmark" s)/mbols in the two 
descriptions. h fundamental principlc is that the correspondence of P-nodes and M-nodes in two dcscriptions 
is constrained by the correspondcnce of P-nodes and M-nodes at coarser resolutions in thc same P-path. 

As an cxatnplc of correspondence matching using this rcpresentation, this section shows thc prcccss of 
discovcriiig the correspondence between dic coarsest resolution P-nodes in two images of a teapot takcn with 
a change in distance between the teapot and the camera by a factor of 1.36. In this exnmplc matching is 
shown for tlie P-nodes from thc most global level (level 12) to the second highest lcvel with more than onc 
P-node. 

The first imagc is referred to as teapot image 1. This is the image whose sarnplcd D0L.P transform is 
shown in chc examples in figures 2 and 3. The P-nodes For levels 12 through 6 of teapot imagc 1 were hand 
matched to those of the second teapot imagc, rcfcrred to below as teapot 2. Other examples of M-nodc 
rnatcliing For the teapot images are given in [13]. 



13 

4.1 Abstracting thc Grzph cf Ccnnected Pszks 3f a Level 

T!ie primary skclctoii of such ;I (lcscl-ipcion is thc trcc of P-paths and the intcrcnn:iccting I,-p'itIis. ?he 
P-nodcs ;:t c x h  tiaid-piss k\cl  2i.c liriitcd to othcr I'-noclcs of thc same sign i i n d  lcvcl which arc p;trt of the 
same form. l'his l inkins  is pro\.idccl by tracing tlic I<-paths that conncct P-nodcs nt a level. Each l ink  is 
cncoded JS a two-way poiiitcr bctij ccii P-nodes. 

Each P-nodc and hl-node has anribiites of its DOLP snmplc vali.ic arid its position (x, y, k) in ttie llOLP 
spacc. Connccted P-ncdes are "linkcd" by two way pointcrs. Each half of a pointcr may also bc assigncd the 
attributc5 o f  distance (D) and orientxion (O), which arc defined as: 

Thc distmcc between two P-nodcs is the Cartesian distance measurcd in tcnns of the 
numbcr of sarnplcs at that 1c~:cl. In lcvels with a d2 sample grid, thc distmce along the x 
and y axes arc in units of d2 . 

- Distance: 

- 

0 ri c n ta  tio ti : Thc oricntation bctwecn two P-nodes is the angle bet5,veen the linc that cunriccts rlicm 3nd 
ttic x axis in the uositivc direction. 

The atr.ribuces of distnncc and orientation are useful for determining the correspoadcnce tetwccli smzll 
groiips of P-nodcs froin t xo  COLP transforms. 

4 . 1 . 1  Example of Abstracted P-nodes and R-paths 

Thc P-nodes and R-ncdcs from level 7 of the teapot image are shown abovc in Figure 6 .  Level 7 is the 
highest level with more than one P-node describing the teapot. 

Level 7 

Figure 8: PGsitivc P-nodcs and R-paths for Level7 cf thc 'I'capot Image 

The three positive peaks from level 7 of die teapot image are shown abstracted from the band-pass data in 
Figure 8. The R-path links betwenn tliesc P-nodes arc illustrated with arrows and labeled with circled 
numbers, cnllcd "Link nurnbcrs". Links 1 and 2 arc examplcs of "directly" connected P-nodes. A pair of 
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P-nodcs arc dircctly cofiixctcd :cIicn thcy arc conncctcd by Liii R-pi i~ l i  with no it;tcr\cning Pnodcs bctwecii 
thcln. 'l'!ie R-patli l i n k  bct\vtcii tlic right-inust and Icft-most P-riudcs is slio\vn as a clo(tcd x r w  Iiil~cled LIS 

link 3. Link 3 shows nii cxaniple of a pair of "indirectly" conncctcd P-nodes. liicluding indirect R-path l inks 
i i i  inatcliing P-nodcs prcvcnts the inatcliing algoi'itlim from errors causcd b y  missing or cxtrn1lcotIj 1'-iiodcs. 

111 diis early matching cxpcrinient, spccial status was givcn to the P-nodcs along the "principii1 P-path". 
'l'his is thc P-pad1 which includcs die highcst M-nodc. 'l'hus arrows 2nd indircct links arc shown cinannting 
from the P-node from this 1'-pah. In our morc rcccnt experimcnts, all links arc two-way, and indircct liiiks 
arc niadc for all P-nodes which arc riot at die top of a P-path. 

Thc link numlxrs arc also uscd as an index into a table of attributcs. 'The attributes fcr tlicsc particular 
links are given in tablc 1 in thc ncxt scction. This samc set of links is inclujcd in Figure 9. 7licse numbers 
arc also used to show thc correspondcnce which was assigned by hand matclii~:: betwccn thcse links and the 
same links in thc larger tcapot image. 

Thesc attributc tables give the values for dx, dy, D, and 8 for cach I<-path l i n k .  The positive directions for 
dx at;d dy arc thc same as bsed in the image: + x points right, + y points - down. Note that e increases in the 
counter-clockwise direction. I n  - these tables, in the lcvels which are at a d2 sainplc grid, the distances dx and 
dy  x c  recorded in units of d 2 .  In c a w  whcrc ;1 P-node spans two adjaccnt samples, the P-nodcs position i i  
assiyxd at the mid-point bctweLm them. This results in va!ues - of dx ar dy that have fractional parts of .5 in 
the cartesjan-sampicd (odd) Icvcls, and .25, .5 or .75 in the d2 -sampled (cven) Icvels. 

In tables 1 and 2, oricntation (8) is mcssurcd in degrees. On a Cartesian grid. 'it distances that are typically 
5 to 10 pixels, nngxlsr resolution is typically 5 to 10 degrees. Of course, the longer the distance, the more 
accurate the estimate of orientation. 

The P-nodes for lcvels 12 through 6 of the teapot image are shown in Figure 9. In levcls 12 rlirough 9 of 
Fizurc 3 only a single P-node occurs in the teapot. These P-nodes all occur wichin a distance of two samples of 
the P-node above thein, and arc thus linked into a single P-Path.' ' h i s  P-patli is rcfcrred to as the principal 
P-Path. The P-node at level 8 has the largest value along this P-path and is thus markcd as an hl-node. This 
P-node corrcrponds to a filter with a positive center lobe of radius R +  z 18 pixels or a dimctcr  of 37 pixels. 
This corresponds to the form in the image that results from the overlap of thc sliadow on the right side of the 
teapot and the darkly glazed upper half of the teapot.' At level 7, additional detail begins to emerge. 
P-nodes occur over the upper right corner of the teapot and ovcr the handle region. Thcse P-ncdes are joined 
to die P-nodc on thc principal P-path by an R-Path. 

Five P-nodes occur in lcvel6. Three of these P-nodes occur undemcath (within 2 samples 01) P-llodCj from 
level 7. These three P-nodes are thus part of thrce P-paths. The rcmaining two I-'-nodcs are in fact the highcst 
lcvels of two more P-paths. The P-path that bcgins at Icvel 12 is rcferrcd to as the principal P-path. Only the 
indircct links bctwcen the principal P-path and a subset of the othcr P-nodcs are shown in this figurc and uscd 
in thc matching example. 

4The P-path links appcar ai vcrtical dark lincs in figure 9 although in fact thcrc can bc a latcral shift of up to two samples betwccn thcir 
positions. 

'The tcapot imagcs were digitized from ncgatives. Thus dark forms appcar light in Figurcs 2 and 3 
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Figure 9: P-nodes and P-Paths for Levels 12 to 6 
of the Smaller Teapot Image (teapot 1) 
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7 
7 

6 
6 
6 
6 

as) 6 
&S&6&7) 6 

sr') 7 

6.32 
5.53 
1 1.04 
6.32 
5.06 
4.24 
4.6 
10.2 
14.6 

161.5" 
210.9' 
185.2' 
153.4' 
205.5' 
150' 
265.6" 
176.1' 
195.3' 

Table 1: R-I'ath Links for Lcvels 7 and 5 of the First Tcapot 

Notc that an XI-node occurs :.t Icvcl 6. This XI-node corresponds to thc upper lcft corncr of the teapot and 
rnarks the lcft cnd of the dark q i o n  of g l a ~ c  on the uppcr half  of the tcnpot. The vidth of thc positive cericcr 
lobe of the filter \cliich corrcsponds to this M-nodc gives an approxiination of the width of thc darkly glazed 
region. 

ir. matching two fcrrns i t  is co!ivc:iient to dcsignatc one fcrm 2s a "refcrcnce f m n "  and die other as ii "data 
form". One then speaks of rotating, translating and scaling the refcrcncc form so that its element< are brought 
inlo correspondcim ivitli the data form. In the ex;rniples prescntcd bi.luw, teapot 1 is corisidcrcd as the 
refcrcnce form .xhicti is transfonncd to match the teapot 2 (the dati  fdrm). 

Iiiitial estinicitcs of the nlignmcnt nnd Iclative sizes of two g a y  scale fonns may be ColiStrliCtCd by making a 
con-cspondcncc bcrvccn ihcir h ig lu t  level P-nodcs. This is illusuatcd by coniparing the P-nodes and links in 
Figure 9 to ttiosc in Sigurc 10 s h w  n below. Figure 10 shows die P-nodes and P-Path links for a tcnpot from a 
sccoiid unsge. m i s  size scaling was accomplislicd by moving the tcnpot closer to the camera, and was thus 
accornpanicd by some - changes in  lighting. This second tcapot is scalcd larger in size by a factor of 1.36, which 
is just less than d2. 'Thc distance and orientation for each P-Path link in this second teapot levels 12 throug$ 
7 is shown in table 2 below. 

'The highest level M-node in this second teapot occurs at level 9. The fact that this M-node is m e  level 
higher than the highesc lcvd M-nodc for teapot 1 confirms that this second teapot is approximately d 2  largcr 
than the first teapot. 

- 

The correspondence of the highest level bl-nodes from these two teapots gives an cstirnatc of the alignment 
of thc two teapots - as well as the scaling. Vie corrcspondencc tcils LIS the position at which thc first teapot, 
scaled by d 2  in size will match this second teapot. The tolcraucc of the initial position alignment is 2 the 
sample rate at the lev21 of the M-node in the data irtiage. If this second teapot is dcsignatcd the data image, 
then thc samplc rate at level9 detcrniines the tolerance. The positioning tolcrance at level 9 is +5d2 pixcls. 

- 

- 
The tolerance of the size scaling is less than kd2. The correspondence of the highest level M-nodes 

provides an cstimiitc of  the size scaling factor which is a power 'of d2 . Such an estimate is suftjcicnt to 
- 
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Figure 10: P-nodes and P-Paths for Levels 12 to 7 
of Second Teapot (Scaled Larger in Size by 1.36) 
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R -  Pi1 rh 1 e v d  du d \I 1, e 

5 7 -4.0 1.0 -1.12 194.0' 

3 8 -7.5d3- 1.5 dT 10.8 1 191.3' 
4 7 -3.5 -6.0 6.91 149.7' 

6 7 -4.5 1 .o 4.61 192.0' 
7 7 -0.5 5.0 5.02 264.3' 
8 (4'05) 7 - 10.0 - 1.5 10.11 171.5' 
9(4&5&6&7) 7 -15 3.5 15.4 193.1' 

l'nblc 2: R- lk t l i  I.inks for !.c\els 8 and 7 o f  thc Second 'rcapot 
(Scald inrzcr in Size hy t.36) 

constrain the corrcspondcncc proms. A inore accurate csrimatc car, be obtdincd from LIIC corrcspondcnce of 
higher rcsolution P-nodcs and hl-nodes. 

4.3 Determining Further Correspondence and Orientation 

'The matching process starts by finding the corrcspondence for the highest levcl &.I-nodcs. 'Phis providcs 
tiic ijr<KcSb u i th i a i r i ' i l  cstin!atcs of thc sizc cind position c;f tlic :;vo forms. Thc ncxi step is to find the 
coi rr::;pondcrice of lowcr kvcl I)-nodcs a!id M-nodcs to refine the cstimatcs uf relative sizc ai;d pcsition, 
discover thr relatikc oricntations. x c i  discover whcre oiic of thc fi)rnis has been disttxted by parallax or other 
Offi2C ts. 

Let us continue with our example. A P-nodc for the uppcr left coI:ier of this sxoiid teapot docs Got occur. 
'The change in scale from the first tcrtpoc to this second teapot was not enough to bring this P-nodc up to l e \ d  
8. I.!i% may also be 2 result of thc slight ditlerence in shading that rcsultcd from moving thc teapot with 
I ' C ~ X C ~  to the 1i;hts and camera in ordcr to size scale the objcct. Sucli crrors are a natural I m i l t  o f  changing 
thc relative position bctwecn the cnniera and objects. A matching algoritlini must tolcrate t!cm to br useful. 
The f x t  that the P-nodc of vahe 16 in level 8 ofthis second teapot corresponds to the P-node o f  vnluc 14 in 
levcl 7 of the first teapot must be discovcrcd from rhc position relative to their priiicipal P-nodes and the 
distince and oricntation from the P-node on the principal P-path at thc same level. 

'Tcapot 1 Teapot 2 Difference 
R-Path D, 8 ,  D2 82 q e ,  D,/D, D,-D, 100 x (D,-D,)/D~ 

3 11.09 185" 10.8 191' -6" 0.974 -0.2 -1.8% 
4 6.3 153 ' 6.9 148' 5' 1.095 0.6 8.7% 
5 5.1 206' 4.1 194' 12' 0.804 1.0 24.4% 
6 4.2 180° 4.6 192' 12' 1.09 0.4 8.7% 
7 4.6 266 ' 5.2 264' 2" 1.13 -0.6 -11.5% 
8 10.2 176O 10.1 171" 5' 0.99 -0.1 - l .G% 
9 14.6 195 ' 15.4, 193" 2" 1.05 0.8 5.2% 
Avcrage Error 4.57' 1.020 0.257 4.3% 

l'ablc 3: Comparison of D and 8 attributes for Teapots 1 and 3 
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'I'lic vnlucs for I 1  nnd 0 for the !ink ;ittrili;itc's i n  Icvcls 7 aixi 6 of tcapot I x c  ~ t j 1 l l p . 1 1 ~ 1  ro ihc mribtitcs in 
llic corrcsponding links from Ic\cl~; 8 and 7 of tcapot 2 in tiiblc 3 .  1\11 of tlicse links arc conzrriiincd to b q j n  
nnd cnd a t  sninplcs i n  their i-cspc::ti\jc Icvcls. iirc dcaling V : I ~ I I  distance3 of bct\vCciI 4 2 n d  15 
simples ;it iirbitrxy aiiglcs, thcrc i9 quaiitirxion noisc in these nttrihutcs. 'l'lic diflkrcnccs in oi,icnt&m arc 
slio\t n in thc column Inbclcd Ol-$,. Except for link 3 .  tliesc vduc:; show a con+mit sm;ill rotation in thc 
countcr-clockwise dircction for ttic link5 from tcapot 2. A cnrcfiil nicmireincnt of the mglc bctwccn the linc 
connecting two landrni~rks arid thc rasccr linc in dic two irnascs confirins that rhc two tcapots ;~ctirolly hnve a 
rclativc c1i;ingc i n  oricntnrioii of iil'prosirnntcIy 3 .3" .  TIIC actual valrics of o fluctuate inore t~inr i  tliis diic to 
quantization crror from saniplin; Lind chiingcs in shciding. 

B~GILISC 

- 

The ratio ll,/DL shows II factor by ivliich the Icngths consistcntly shift wlicn the teapot is scaled by 1.36. 
Because the , i c h d  . \ i i l i iCs  o t  D, a:!d I l l  are rcstrictcd to distiinces betwecn discrete locntioiis, tliere is some 
random crror built ink t  this ra&. Siiicc this shift in scale - was enough to drive thc corresponding R-pailis in 
this second tcapot up to a new Ic\el,  but less than the d2 = 1.41 scale changc bctwccn Icvels, an avcragc 
ratio of D,/D, = 1.36/1.41 = 0.96 was anticipctted. In tablc 3 we see that this aver'g n e ratio workcd out to 
1.02. Our conclusion is thclt quantization noise and changes in shading accounted for most of this difference. 
The actual diffcrenccs in length, D, - D,, show that the lengths are alv~ays within one samplc. Except for link 
5,  fhc pciccntnge differenccr. (D2--Dl)/D2 arc ~encrally small (510%). The conclusion from this expcrimcnt 
is chat rhc corrcspondtnce b c t x c n  R-nodcs from similar gray-scale forms of different &cs can be I'ourid, 
pruvicicd C u t  the nxiching ic;lcrates variations of tlic kngilis of R-paths bf up to 25% and v;iriations in die 
re~ativc aiizlcs of up to 12". 

5 Comments 

The rcprcsentation for gray scale shape which is fornied by detecting peaks and ridges it? a rcsampled 
DOLP transform resembles ihc represcritation provided by a hlcdial Axis Transfom (Xl,\T) dcscribcd by 
Bliim [5] .  'rlicrc arc, however. several important differences. It is worth while to coinpare these two 
representations and examinc their similarities and differcnces. 

5.1 Comparison With Blum's Medial Ax is  Transform 

The MAT ( or grass-fire transform) is a tcchnique for deriving a spine for a binary shape. The transform is 
defined as follows: Every point on the boundary of the binary shape simultaneously emits a circular wave. 
The waves propagate in such a manner that waves do not flow through cach othcr. When waves meet head 
on, they cancel. The point at which they cancel is marked as a point on thc MAT spinc of the shapc. By 
propagating the waves in discrete timc units, and keeping track of the time at which ~vvavcs cancel, thc spine 
may be encodcd with the distatxe to the boundary. An axis occurs inside every concave curve, whether it is 
inside of a shape or not. 

Rosenfeld [27] has shown a fast two pass operator which will implemcnt the grass firc transform. This 
operator is significant oil its own right bccause it makes possible the matching tcchniquc of  "Chamfer 
Matching" [GI. 

There are at least two hndamenta: problems vihich prevent the spinc from ;I M A T  from being uscful for 
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dcccribing gny-sc:ilc. shape. The first of tlicse is that the rr;insfoi-ni ( j n l y  cxists for hiiwy sli,lpcs. Tlic sc'cond 
problcni. first poinrcd oiit by Agin [?I, is that ;I sniall narrow conciikity i n  the Ix)unda: y hill signiticciritly :iltcr 
the shapc of thc  resulting spine. Similar cffccts can occur from inany other- types of noirc pnttsrns. l'lius the 
tr~liisfoi.ni and the spine are 1w-y scnsitivc to noisc. 

In contrast, thc rcprcscntation g i m i  by pcaks arid ridgcs in a DOTI' transform is rcprcscntation for gray 
scale shapc insrcnd of binary shape. Tiic DOLP band-pass filters ha1.c a circulx positit.s cciitcr lobe \vliich is 
a best fit to the gray scale pirtrcrn when thc DOI-P \:aluc is large. ~l'hus, as with rhc M.A'l* spinc. the E0I.P 
ridgcs tend to exist whcrc a circlc is a best fit to tlic pattern. Ilowci.cr. the l)OI_P band-pass filters have a 
smoottiing effect: thcy arc only scnsitivc to pattcrns a t  narrow range of sizcs '(spatial fcequcncics). 111us a 
narrow concavity is described in dctail by sniall D0L.P filters, tlic concavity has alnwst no effect on the ridsc 
givcn by largc D0L.P filters. 

'llic i-cpresentation givcn by pcaks and ridgcs in the DOLP transform has many othcr properties which a 
MAT spine docs not have: For examplc, rhcre is the existence of a Iargcst peak as a landmark for matching, 
thc fact that tlic rcprcscntation can bc uscd to guide matching from c o m e  rcsolcition to high resolution, and 
thc impofialit property dint the coiifigiiration of pcaks and ridges can be matched when thc pattern oxcurs at 
any size. 

6 Summary and Conclusion 

'The prir.cipn1 tcpic of t!is paper is a representation for grey scale shape which is con:posed of pcaks atid 
ridgcs in thc DOLP transform of an image. Descriptions of the zhapc of an object rhich a x  enccded iii  tilis 
rcprcscntation may bc rnatched efficiently dcspite changes in s ix ,  orientation or position by the objcct. Such 
descriptions can also be matched when the object is blurry or noisy. 

Thc dcfinition of thc DOLP Transform was presentcd, and the DOL:' Transform was shown to be 
reversible. X fast algorithm for computing die DOLP Transform bascd on dic techniques of resnmpiing and 
cxcaded convolution with expansion was then described. This fast algorithm is described in greater ilc:ii in 
[l-l]. This section concluded with an example of the DOLP transform of an image which contains a teapot. 

A representation for gray-scale form based on the peaks and ridges in a DOLP transform was thcn 
described. This representation is composed of four types of symbols: {M, P, L, R). The symbols R and P 
(Ridgc and Peak) are dctccted within cach DOLP band-pass image. R-nodes are samples which are local 
positive maxima or ncgative minima among three contiguous DOLP samples in any of the four possible 
directions. P-nodes are samplcs which are local positive maxima or negative minima in all four directions. 
P-nodes within the same form in a band-pass level are connected by a path of largcst R-nodes, callcd an 
R-pith (or ridge). An R-path is formed by having each R-node make a pointer to mcmbcrs of its local 
neighborhood which arc also R-nodes and local maxima within a lincar list of h e  neighborhood. P-nodcs are 
connectcd with nearby P-nodes at adjaccnt band-pass levels to form P-paths. The skeleton of the dcscription 
ofa form is a tree coinposed of P-paths. 

The DOLP values along each P-path rise monotonically to a maximum in magnitude and then dccrcase. 
The maximum magnitude DOLP sainple along a P-path is markcd as an M-nodc. hi-nodcs serve as 
landmarks for matching, and providc an estimatc ofthe position and orientation of a form in an image. If the 
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valucs alms ; in  R - p i t l i  arc comparcd to the viilucs nlotig thc I<-paths :it nc,irl,j' Iocdtions i!l ,iitjaccnt band- 
pass iniascs, 311 R-path of largest 1)OLP snixylcs can be detected. 17iesc sm1plc.s arc markid I.-nodcs. and 
the 11ic:;c nodes fomi an T.-pcith. I .-paths bcsin and end a t  XI-nodcs and tlcxribe cloi;gtcd forins. . m l s ,  
descriptions in this rcprcscntiLtion havc dic stntctiirc of a trcc composctl of P-p;1Lhs, with ;I i l i ~ t i n ~ t i i ~ l i ~ d  
,C1-nodc aioiig cacli. 'The P-nodcs in each Icvcl arc connected by I<-paths. and the X4-nodcs arc coiincctcd by 
L-paths which can travel among as well as within the Icvcls. 

The teapot imagc was used to illustrate thc constniction of a dcscription i n  this rcpresciltiirion. I n  this 
iliustration, thc R-nodcs and P-nodes Trornband-pass lcvcl 7 from the DOI-P tiansforin of h c  teapot and the 
pointers betwecn thcsc I<-nodes \vcre displayed. 

Thc finnl section of thc papcr prcsentcd a dcscriptioii and cxamples Uf thc problcrn of dctcrmining the 
correspondcncc betwccn thc M-iiodes and P-iiodcs in two dcscriptions of thc same objcct. A dcscription of n 
second tcapot irnagc, in ;vhich the teapot had been moved so as to be scaled larger by 1.36, was used to 
ill1 istrite the principles of matching such dcscriptions. In bctli tcapot imagcs, thc P-paths, R-paths and 
M-nodcs from the coarsest rcsolution band-pass images were prcsenced. hliiccliing to detcrmiric thc 
corrcspondencc of 1,-paths was not dcscribcd in this papcr. Such matching is described in [13]. 

l l i e  te?pot inatching exarnplcs first illustratcd the correspondcncc of the coarscst iesolution hl-nodes in the 
two dcscriptions. ' I l l i s  corrcspoiidcncc provides an estimatc of  the position and size at which thc two teapot 
description best rnaccli. Ih: principle that P-iiodcs in two descriptions can only correspond if the P-nodes 
above thcrn corrcspocd w;is ako illustratcd. An example was thcu provided for the use of the lengths and 
directions of the R-patiis that ccmect P-nodcs at each level to fiir:her determine correspondence when ncw 
P-paths are introduced and thc orientation has not been dctennined. 

_ _ .  

This exarnplc addresses on ly  a small part of the gerleral problem of matching descriptions ofobjccts. The 
prablcm of matching two dcscriptions of an object with largc differences in image planc orientation has not 
illustrated. An example of suc!i matctiing is provided in [I;]. The more difticult problems of matching in the 
prescnce of motion of eithcr die camcra or the object was not discusscd. Such matching rnust bc robust 
enough to accornmodatc thc changes in two-dimensional shape that occur with a changing thrcc-dimensional 
viewing angle. Similarly, the problenis of forming and matching to a prototypc for a class of objects was not 
discussed. We believe that this representation will provide a powerful structural pattern recognition 
technique for recognizing objects in two-dirncnsional domain and for dynamically constnic ting a three- 
dimensional model of a three-dimensional scene. 
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