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For wavelets on the interval (when > 1 and the number of van- A New Metric for Probability Distributions
ishing moments iV = [«]), there are never more thaiV wavelets o o
that overlap (for a givep). Indeed, in the above sums we have for each Dominik M. Endres and Johannes E. Schindelin

jandeach: 0 < 22—k < 2N — 1. (Other values of: would place

the argumen?’ s — k of the wavelet functions outside of the support

Abstract—We introduce a metric for probability distributions, which is

and would hence only produce zero-terms in the sums.) Hénwely  hounded, information-theoretically motivated, and has a natural Bayesian

needs to range frorﬁﬁj x| —2N+1 through(2j x], which corresponds interpretation. The square root of the well-known x2 distance is an asymp-
to 2N values ofk. totic approximation to it. Moreover, it is a close relative of the capacitory

dis?rimination and Jensen—Shannon divergence.

Therefore, the same calculation as for Haar wavelets applies, excep ) T .
thatthe constants,, C, Cs, ¢, andc, need to be multiplied by V.CJ Index Terms—Capacitory discrimination, x* distance, Jensen—Shannon

D.

divergence, metric, triangle inequality.
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Since the Kullback divergencP (P||R) can be interpreted as the

inefficiency of assuming that the true distributionsvhen it really is
P, D%, could be seen as a minimum inefficiency distance.

We are not the first ones to introduce this distance measure. Topsaez) rhs has two minima, namely,

in [9], called it capacitory discriminatiorand introduced it from an

information-transmission point of view. In that paper, its properties are
studied in depth. We will relate his results to ours in the discussion.

Now D%Q is obviously symmetric and vanishes f6r = @, but it
does not fulfill the triangle inequality. However, its square rot
does. The proof of the metric propertiesBf-, is the subject of the
next section.

lll. PROOF OFMETRIC PROPERTIES OFD po
In the following, IR includes0.
Definition 1: Let the functionL(p, ¢): R* x Rt — IR™ be de-
fined by

2 @

2p
L(p, q) :== plog + qlog .
! Pty

pt+a )

This function can be taken to be any one of the summands;of
(see (1)). By standard inequalities we realize that, ¢) > 0 with
equality only forp = g¢.

Theorem 1 uses some properties of the partial derivative(pf ¢)
and to show these we introduce the functio@ T\ {1} — TR defined
by

2

log -+
L(z, 1)

gla) =

Lemma 1: Let g be defined as above. Then
2) lim,_, g(x) = +£1,i.e.,g jumps from+1to—1atx = 1.

3) The derivatived g is positive forz € RT\{1}.

dax

A consequence of this lemma is tHatx)| < 1 with equality only
atz = 1. Also, it is easy to see th@j| is continuous, but naj.

Proof: First note thay changes sign at = 1.
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Proof: It is easy to see that this holds if any af ¢, » are zero.
Now we assumg < ¢, denote byrhs the right-hand side as a function
of », and show that
oneat p and one at = ¢ and
3) only one maximum somewhere betweeandg.

We show this by way of the derivative

Orhs log ,72_;} n log ,ﬁ:r 3)
or 2-+y/L(p,r) 2-+/L(q, r) '

WithgasinLemmaland := £ andj3 -z := £ (3 > 1), we find
that

Orhs
2/ ar

With |g(x)| < 1 with equality only atr = 1, and the fact thay
jumps from+1to —1 atz = 1 (see Lemma 1), the derivativ&hs
indeed changes sign at= p, because ther 1 and|g(x)| >
lg(B2)|, and likewise at = ¢. Those extrema are minima because
is reciprocal tar.

Also, % g(xz) > 0, therefore, between = % andx = 1, g(«z) +
g(Bx) is monotonic increasing and as a consequence has at most one
sign change. d

= g(x) + g(fx).

Applying Minkowski’'s inequality to the square root of the sum
which definesD »¢, we see that the triangle inequality is fulfilled.
WhenceDeq, is a metric. O

The generalization of this result to continuous random variables is
straightforward. LetP and () be probability measures defined on a
measurable spadél, A) and letp = % q = # be their Radon-
Nikodym derivatives w.r.t. a dominating-finite measurg:. Then

' 2p 2q )
D = plo +qlo i
PQ ¢/Q<p g, Tales =) d

is a metric as well.

An alternative proof could be constructed using results presented in
[4]. SinceD%Q is an instance of a class of distances knowrf af-
vergences (cf. [1]) (leff (t) = tlog 25 + log 7, then D} =

;N:l q,-f(g—i)), the theorems proven in [4] apply.

(4)

2
A straightforward application of I'HOspital’s rule (differentiate  Now we will ook at the maxima and minima @ 5. Its minimum

twice) yieldslim, ., ¢*(x) = 1.
By differentiation, one finds thaaf‘; g is positive if and only iff < 0
wheref is given by
2x

2 ,
f(w)—loglﬂ T

Straightforward differentiation shows th#f1) = /(1) = 0 and
that

+ log

-1 log 2 2y, 27
22(1 + x) <0g 14+ o ogm).

Using the standard inequalityg « > 1 — £, we find thatf” < 0,
hencef is concave. Combined with the first found facfs,< 0 for
x#£ 1. O

We will now prove the following.

f”(l’) —

Theorem 1: Let Fx be the set of all discrete probability distribu-

tions overQx, N € N. The functionDpo: Fv x Fx — R isa
metric.

Proof: To show this, we recall thd? (P||(?) is0 for P = Q and
strictly positive otherwise (see, e.g., [3]). In additida%Q is sym-

metric in P, ) and so isD p¢. Therefore, we only have to show that

the triangle inequality holds.
Lemma 2: Letp, ¢, » € RT. Then

is, of course, located & = (), whereDpq = 0. To find its maximum,
rewrite (2) in the form

L@,q):(7)+q)10g2+p10g(L)+qlog< “ ) 5)
—_— p+q N p+q

>0

~~

<0

It follows that whenP and () are two distinct deterministic distribu-
tions, Dpo assumes its maximum valyg2 log 2.

~~

<o

IV. ASYMPTOTIC APPROXIMATION

Next, we shall investigate the limit

]llinQ D?q. (6)
A term-by-term expansion dP »¢, to second order ip; yields
N 1 1
2 ~ . 2 - 2/
Diq ~; i )= R ™

wherex?(P, Q) is the well-knowny?-distance (see, e.g., [5]).

V. DiscussION

The D¢ metric can also be interpreted as the square root of an en-
tropy approximation to the logarithm of an evidence ratio when testing
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if two (equally long) samples have been drawn from the same under-
lying distribution [6]. In that paper, itis also argued t@aD%Q should
be named Jensen—Shannon divergence, or rather, a special instanggr%
that divergence, which is defined as

Di(P, Q) =AD(P|R)+ (1 - N)D(Q[R)
R=M\P+(1-\)Q
and, therefore, (1]

%D%’QZD%(R Q). [2]

Topsge [9] has interpreted capacitory discrimination as twice an in-[3
formation transmission rate and related it to a variety of other distance
measures, such as the Kullback divergence, triangular discrimination[4]
variational distance, and Hellinger distance. Many of the inequalities
found by him can now be rewritten to become relationships between[S]
metrics.

Osterreicher, in [7], proved the triangle inequality for square roots [6]
of fz divergences defined by the functions

L =8 7]
(1497 =275 (1414 [
t) = 8
fs() - @
for 3 > 1. Since thefs divergence one obtains by taking the limit 9]

B3 —1is DiQ (a fact pointed out to us by one of the reviewers), our
result extends the theorem proven in [7] to include the gasel.
Another way of looking aD?:Q is from the viewpoint of Bayesian
inference. Consider the following scenario: We draw a samiple=
{x1} of length1 from an unknown distributior. What we do know
about the distribution is that it is eithét or (), hence assigning each
distribution the prior probabilit;é. We now use Bayesian inference to
calculate the posterior probabilitigd R = P|X,), P(R = Q|X,)
of each distribution given the observatidn

. L P(ay
P(R= Q%) = 9 ©

TP+ L Q)

The information gaim\I () resulting from the observation &f; is
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On Asymptotic Properties of Information-Theoretic

Divergences

Maria del Carmen Pardo and Igor Vajdellow, IEEE

Abstract—Mutual asymptotic equivalence is established within three
classes of information-theoretic divergences of discrete probability dis-
tributions, namely, f-divergences of Csiszarf-divergences of Bregman,
and f-divergences of Burbea—Rao. These equivalences are used to find

given by the Kullback divergence between the posterior and the pri@isymptotic distributions of the corresponding divergence statistics for

. 2P(zy)
P(r1)log vt 500y

P(a1) + Q1)
To find the expected value of this gain, we now averadé ;) over
the prior distribution ofe,, which is given by% P+ % Q. This yields,
noting thatP(x1 = w;) = p; and likewise forQ

N
1 2p;
== E pilog
2 i:lI ¢ pi +

1 _5
=~ D%p.
9 TP

} . 2Q(xy)
+Q(m1)10gm. (10)

2.

2q;

N
1
T =1 ¢ ¢

g
11)

Therefore, another interpretationBfq(; is that it is twice the expected
information gain when deciding (by means of a sample of lerigth
between two distributions given a uniform prior over the distributions,
Consider now the case thBtand( are such thaD p, is maximized.

Index Terms—Asymptotic distributions,
Bregman divergences, Burbea—Rao divergences, divergences of Csiszar,
divergence statistics.

testing the goodness of fit when the hypothetic distribution is uniform. All
results are based on standard expansion techniques and on a new relation
between the Bregman and Burbea—Rao divergences formulated in Lemma

asymptotic equivalence,

|. INTRODUCTION

We consider several types of divergené®, ¢) of probability dis-
tributionsp = (p(x), + € X) andq = (¢(x), » € X) on a count-
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