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Abstract

We consider Kalman filtering problems when the observations are intermittently erased or lost. It was known that the estimates
are mean-square unstable when the erasure probability is larger than a certain critical value, and stable otherwise. But the
characterization of the critical erasure probability has been open for years. We introduce a new concept of eigenvalue cycles
which captures periodicity of systems, and characterize the critical erasure probability based on this. It is also proved that
eigenvalue cycles can be easily broken if the original physical system is considered to be continuous-time — randomly-dithered
nonuniform sampling of the observations makes the critical erasure probability almost surely m

I. INTRODUCTION

Unlike classical control systems where the controller and the plant are closely located or connected by dedicated wired links,
in post-modern systems the controllers and plants can be located far apart and thus control has to happen over communication
channels. In other words, there is an observer which can only observe the plant but cannot control it. There is a separate actuator
which can only control the plant but cannot observe it. The observer and actuator are connected by a communication channel.
Therefore, to control the plant the observer has to send information about its observation to the actuator through the communication
channel. Understanding the tradeoff between control performance and communication reliability or finding the optimal controller
structures become the fundamental questions to build such post-modern control systems.

Not only practically, but also philosophically, control-over-communication-channel problems are important. When we are
controlling systems, there is a corresponding life cycle of information. In other words, the uncertainty or new information is
generated and disturbs the plant. This information is propagated to the controller as the controller observes the plant. Finally,
when the controller controls the system by removing the uncertainty, the information is dissipated. It is conceptually very important
to understand and quantify these information flows which naturally occur as we control systems. In control-over-communication-
channel systems, all the information for control has to flow through the communication channel. Therefore, by relating the
communication channels with the control performance, we can measure how much information has to flow to achieve a certain
control performance.

Theoretical study of control-over-communication-channel problems was pioneered by Baillieul [3], [4] and Tatikonda et
al. [30]. They restricted the communication channels to noiseless rate-limited channels, and asked what the minimum rate of
the channel is to stabilize the plant. They found that the rate of the channel has to be at least the sum of the logarithms of the
unstable eigenvalues, and indeed it is sufficient. This fact is known as the data-rate theorem. Later, Nair [19] relaxed the bounded
disturbance assumption that they had to Gaussian disturbances, and proved that the same data-rate theorem holds.

However, an important question was whether we can reduce noisy communication channels to noiseless channels with the
same Shannon capacity, i.e. whether the classical notion of Shannon capacity is still appropriate when the channel is used for
control. In [26], Sahai et al. found the answer for this question is no. Intuitively, since the system keep evolving in time, not
only the rate but also the delay of communication is important. Since Shannon capacity ignores the delay issue, it is insufficient
to understand information flows for control. Thus, they proposed a new notion of anytime capacity which captures the delay
of communication. The stabilizability condition for noisy communication channels with feedbackﬂ was characterized by anytime
capacity.

Since then, researchers have accumulated lots of literature [14]], [27], [20], [L7], [12], [36l, [37] which consider various
generalized and related problems. However, still most of the problems are wide open, and intermittent Kalman filtering problem
which we will study in this paper had been one of them. In [29], Sinopoli et al. considered ‘control over real erasure channels’
which can be thought as a special case of [26], but with a structural constraint on controller design.

Figure [T] shows the system diagram for control-over-real-erasure-channels. The observer makes the observation about the plant,
and then uncodedly transmits its observation through the real erasure channel. The real erasure channel drops the transmitted signal
with a certain probability but otherwise noiselessly transmits the signal. Finally, based on the received signals from the channel,
the controller generates its control inputs to stabilize the system.

The situation that this problem is modeling is that of control over a so-called packet drop channel. A memoryless observer
samples the output of an unstable continuous-time system, quantizes this sample to a sufficient number of bits, binds the resulting
bits into a single packet, and transmits the packet to the controller through a communication system. Due to network congestion or
wireless fading, the transmitted packet may be loslﬂ with a certain probability and this packet erasure process is further simplified
to be i.i.d. The problem is designed to focus attention on the delay/reliability effect of losing packets and so the number of bits
per packet (capacity) is unconstrained. The main problem is finding what is the maximum tolerable erasure probability keeping
the system stable.

The linearity and memorylessness of the observer is at the heart of what Sinopoli et al. are trying to model. Otherwise, the
earlier results of [25] immediately reveal that the critical erasure probability for the stabilizability only depends on the magnitude
of the largest eigenvalue of the plant. However, to achieve the minimal erasure probability shown in [25], the observer and

By introducing a feedback, they reduced the problem to the one with nested information structure [35] which is known to be much easier to solve in
decentralized control theory.

2Such losses need not come from network effects — they could also occur because of sensor occlusion or otherwise at the sampling time itself. That is
why the issue of intermittent observations needs to be studied on its own.
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Fig. 1: Closed-loop system for ‘control over real erasure channels’. Here, the observer just bypasses its observation to the
channel without any coding.
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Fig. 2: System diagram for ‘intermittent Kalman filtering’. This open-loop estimation system is equivalent to the closed-loop
control system of Figure E Like Figure EI, the sensor bypasses its observation to the channel without any coding.

controller design has to be quite complicated and not realistic in practice. Therefore, it is practically and theoretically important
to understand how much the control performance degradates with linear observer and controller constraints.

In this paper, we will see that the degradation of stabilizability due to linear constraints fundamentally comes only from
the periodicity of the system. Nonuniform sampling is proposed as a simple way to force the system to behave aperiodically.
Therefore, by using linear controllers in a junction with nonuniform sampling, we can expect a significant performance gain and
indeed recover the optimal stabilizability condition over all possible controller designs.

Furthermore, by the estimation-control separation principle [23]], the closed-loop control system can be reduced to an equivalent
open-loop estimation problem [27]. Figure |Z| shows the resulting open-loop estimation system so-called intermittent Kalman
filtering [29]. As before, the sensor uncodedly transmits its observation to the real erasure channel. Then, the estimator tries to
estimate the state based on its received signals. We refer to [27] for a literature review and practical applications of the problem.

This paper is organized as follows: First, we formally state the problem in Section [} Then, we introduce some definitions in
Section [ In Section [V} we consider the intermittent observability as a connection of the stability and the observability. From
this, we distinguish our approach to the previous approaches. In Section[V] we introduce the intuition for the characterization of the
intermittent observability using representative examples. In Section we formally define the eigenvalue cycle and characterize
the intermittent observability. In Section[VII] we discuss that nonuniform sampling can break the eigenvalue cycle and significantly
improve the performance of the intermittent Kalman filtering. Finally, Section gives the proof of the main results.

II. PROBLEM STATEMENT

Formally, the intermittent Kalman filtering problem is formulated as follows in discrete time:
x[n + 1] = Ax[n] + Bw[n] ))
yln] = Bln] (Cx[n] + vn]). @

Here n is the non-negative integer-valued time index and the system variables can take on complex values — i.e. x[n] €
C™, wln] € C%,y[n] € C',v[n] € C'. A € C™*™, B € C™*9 and C € C"*™. The underlying randomness comes from
the initial state x[0], the persistent driving disturbances wn], the observation noises v[n] and the Bernoulli packet-drops 3[n].
Bln] = 0 with probability p.. x[0], w[n] and v[n] are jointly Gaussian.

The objective is to find the best causal estimator X[n] of x[n] that minimizes the mean square error (MMSE) E[(x[n] —
R[n) T (x[n] — X[n])], i.e. X[n] = E[x[n]|y"]. We assume that the statistics of all random variables are known to the estimator.
If x[0], w[n] and v[n] do not have zero mean, the estimator can properly shift its estimation. Thus, without loss of generality,
x[0], w[n] and v[n] are assumed to be zero mean. x[0], w[n] and v[n| are independent and have uniformly bounded second
moments so that there exists a positive o2 such that

E[x[0]x[0]] < o
Elw[nlw(n]'] < o
E[v[n]v[n]T] < ¢’
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To prevent degeneracy, we also assume that there exists a positive o2 such thatE]
E[w[n]w[n]'] = ¢”1 4)
E[v[n]v[n]'] = ¢"I.

Under these assumptions we call (1) and @) an intermittent system.

Definition 1: The linear system equations (I) and ) with the second moment conditions (3) and (@) are called an intermittent
system (A, B, C), or an intermittent system (A, B, C) with erasure probability p. when we only want to specify the erasure
probability, or an intermittent system (A, B, C, o, ') with erasure probability p. when we specify the upper and lower bounds
on disturbances as well.

We say that the intermittent system is intermittent observable if the MMSE is uniformly bounded for all time.

Definition 2: An intermittent system (A, B, C,o,0’) with erasure probability p. is called intermittent observable if there

exists a casual estimator X[n] of x[n] such that

sup E[(x[n] — Xln]) (x[n] ~ X[n)] < oo.
nezt

Before we discuss truly intermittent cases, let’s consider two extreme cases, when p. = 1 and p. = 0, to get some insight into
the problem. When p. = 1, the estimator does not have any observations. As a result, the system can be intermittent observable
if and only if the system itself is stable. On the other hand, when p. = 0, the estimator has all the observations without any
erasures. Intermittent observability reduces to observability. Thus, intermittent observability can be understood as a new concept
which interpolates two core concepts of linear system theory: stability and observability.

Moreover, in intermittent systems, we can see the monotonicity of performance with the erasure probability p.. A process with
higher erasure probability can be simulated from a process with lower erasure probability by randomly dropping the observations.
Therefore, it is obvious that the average estimation error is an increasing function on p.. Especially, if we consider an unstable
but observable system, when p. = 1 the estimation error goes to infinity, and when p. = O the estimation error is bounded.
Therefore, between 1 and O there must be a threshold on p. when the estimation error first becomes infinity.

Theorem 1 (Theorem 2. of [29)]): Given an intermittent system (A, B, C, o, ¢’) with erasure probability pe, let (A,B) be
controllable, o < oo, and o’ > OE] Then, there exists a threshold p}, such that for p. < p} the intermittent system (A, B, C, o,0")
with erasure probability p. is intermittent observable and for p. > pj the intermittent system (A, B, C,o,0’) with erasure
probability p. is not intermittent observable.

Therefore, the characterization of intermittent observability reduces to the characterization of the critical erasure probability
ps. For characterizing the critical erasure probability, we can consider it as a generalization of either stability or observability.

In [29], Sinopoli et al. thought of intermittent observability as a generalization of stability. Based on Lyapunov stability, they
could find a lower bound on the critical erasure probability in a LMI (linear matrix inequality) form. However, this bound is not
tight in general and does not give any insight into the solution. A more intuitive bound can be found in [10].

Theorem 2 (Corollary 8.4. of [I0]): Given an intermittent system (A, B, C, o, ¢") with erasure probability pe, let (A, B) be
controllable, 0 < 0o, ¢’ > 0, and (A, C) be observable. Then,

1 1
S O N
IL P =P = Dnae?

where \; are the unstable eigenvalues of A and A,.q- is the one with the largest magnitude.
Therefore, the critical erasure probability characterization boils down to understanding where the gap between ﬁ and

ﬁ comes from.

In [18], Mo and Sinopoli found two interesting cases that give further insight into this question. The first is when A is
diagonalizable and all eigenvalues of A have distinct magnitudes — then the critical erasure probability is ﬁ just it would
be in the formulation of [25]]. The second case is when A = B _02} and C = [1 1] — the critical erasure probability is

m = 2%1 This second case showed that the gap is real and requiring packets to be about a scalar observation can have
serious consequences.

To extend these cases and solve the general problem we will apply insights from observability and introduce the new concept
of an eigenvalue cycle. As a corollary, we show that in the absence of eigenvalue cycles the critical value becomes
Furthermore, we show that simply by introducing nonumforrn sampling to the sensor, eigenvalue cycles can be broken and the
critical erasure probability becomes effectively m

These results can be surprising if we remember that computing random Lyapunov exponents are difficult problems in
general [33]. However, the intermittent Kalman filtering problem turns out to have a special structure which makes the problem
tractable. Precisely speaking, as we will see in Section [V-C] the subspaces of the vector state can be separated asymptotically. To
justify such separation, we use ideas from information theory (for example, decoding functions [21] or successive decoding [31]).
Therefore, the whole system can be divided into parallel sub-systems in effect. As we will see in Section [V-A] each sub-system
can be solved using ideas from large deviation theory [1].

3The second condition on v[n] may seem redundant, and v[n] = 0 is enough since at each time the new disturbance wn] is added. However, when
v[n] = 0, we can make the following counterexample when the estimation error of the state is bounded even if the system matrices (A, C) are not observable:
1 0

A = 0 2 ,B = 1 ,C = [O 1]. Thus, this assumption is usually kept in the analysis of Kalman filtering including [23| p.100].

4See Definiton |3| for controllability



III. DEFINITIONS AND NOTATIONS

Before we start the formal discussion of the problem, we first have to introduce mathematical definitions and notations.
We will use controllability and observability notions from linear system theory.
Definition 3: For a m x m matrix A and a m x p matrix B, (A, B) is called controllable if

C=[B AB --- A™'B]

is full rank, or equivalently [/\I —A B} is full rank for all A € C. Moreover, we call an eigenvalue A of A uncontrollable if
[)\I —A B] is rank deficient.
Definition 4: For a m x m matrix A and a [ x m matrix C, (A, C) is called observable if

CA
O =

CA™ !

is full rank, or equivalently {/\16 A] is full rank for all A € C. Moreover, we call an eigenvalue A of A unobservable if

AL 6 A} is rank deficient.

We will use Bernoulli processes and geometric random variables from probability theory.

Definition 5: An one-sided discrete-time random process a[n| (n > 0) is called a Bernoulli random process with probability
p if a[n] are i.i.d. random variables with the following probability mass function (p.m.f.):

{ B —n =
Plaln]=0)=1—p

We also call a[n] as a Bernoulli random variable with erasure probability 1 — p. A two-sided Bernoulli random process is defined
in the same way except that n comes from the integers.
Definition 6: A random variable X € Z% is called a geometric random variable with probability p if it has a probability
mass function P{X = z} = p(1 —p)® for z > 0. We also call X as a geometric random variable with erasure probability 1 — p.
Then, we have the following relationship between Bernoulli random processes and geometric random variables. Let

X :=min{n € Z" : a[n] = 1 where a[n] is a Bernoulli random variable with probability p}.

Then, X is a geometric random variable with probability p.
We will also use the following basic notions about matrices.
Definition 7: Given a matrix A € C™*™, |A|mas is the elementwise max norm of A i.e. |A|mae = maxi<i j<m |aij|.
Definition 8: Given a matrix A € C™*™, dim A denotes m. Given a column vector x; € C™*! and a row vector
x2 € C*™, dim x1 and dim x» denote m.
Definition 9: Given n; X n; matrices A; for i € {1,2,---,m}, diag{A1,Az,--- ,Am}isa (37, ni) x (X, ni)

Ar 0 - 0
0 A, .- 0
matrix in the form of
0 0 - Am
We also define modulo operation on numbers.
Definition 10: A sequence, a1, az,- - ,an, is called congruent mod p if a; = a;(mod p) for all ¢, j.
Definition 11: A sequence, a1, az,- -+ ,an, is called pairwise incongruent mod p if a; Z a;(mod p) for all ¢ # j.

Since we will only focus on the scalings behavior, we will use the following definition which can be used as big O and big
) notations in complexity theory.

Definition 12: Consider two real functions a(t) and b(¢) whose common domain is 7' € R. We say a(t) < b(¢) for t on T’
if there exists a positive ¢ such that a(t) < ¢b(¢) for all t € T
We omit the argument and the domain of the above definition, when they are obvious from the context and do not cause confusion.

We will also use an abbreviated notation for a sequence of random variables.

Definition 13: Given a discrete time random variable a[0], - - - , a[n], we denote a[n1],- - - , a[nz] as ay?, and a[0], - - - , a[n]
as a™. Likewise given a continuous time random variable b(t), we define b(¢1 : t2) to be b(t) for t1 <t < ta.

IV. INTERMITTENT OBSERVABILITY AS AN EXTENSION OF STABILITY

As we mentioned before, the characterization of the critical erasure probability can be considered from two different directions
— an extension of stability or an extension of observability. In [29]], Sinopoli et al. took the first approach, and attempted to
characterize the critical erasure probability by the Lyapunov stability condition. Let’s review a property of Schur complements
and Lyapunov stability theorem.

Lemma 1 (Schur complements): Let X = [

if C>0and A —BC !'Bf » 0.
Proof: See [6, p. 650]. [ ]

B g} be a symmetric matrix and C be invertible. Then, X > 0 if and only



Theorem 3 (Lyapunov Stability Theorem): Given a linear system (I)), the following three conditions are equivalent.
(1) The system is stable.
(i) IM, N > 0 such that

M- AMA" =N.

(iii) 3M > O such that

M AM
|:M Af M :| > 0.

Proof: The equivalence between (i) and (ii) can be easily found in linear system theory books including [23 p.30] and [7,
Theorem 5.D5]. The equivalence between (ii) and (iii) comes from Schur complements in Lemma [T] by simply choosing A = M,
B =AM and C =M. |

Before we consider intermittent observability, let’s first characterize the standard observability condition using Lyapunov
stability. The fundamental theorem of observability tells that if (A, C) is observable, the eigenvalues of the closed loop system
A + KC can be placed anywhere by a proper selection of K. Based on this, we can characterize observability in terms of
Lyapunov stability.

Theorem 4: Given a linear system (I) and @) with p. = 0, the following four conditions are equivalent.

(i) All the unstable modes of A are observable.
(i) K such that A + KC is stable.
(iii) 3K and M, N > 0 such that

M — (A + KC)M(A + KC)' = N.
@iv) 3K and M > O such that

M (A +KC)M
M(A + KC)' M

Proof: The equivalence of (i) and (ii) is the fundamental theorem of observability [[7, Theorem 8.M3]. The equivalence of
(i), (iii) and (iv) follows from Theorem |

Unfortunately, this observability characterization based on Lyapunov stability cannot be generalized for intermittent observ-
ability. The main reason is that in intermittent Kalman filtering the optimal estimator does not converge to a linear time-invariant
one. In conventional Kalman filtering for linear time-invariant systems, it is well-known that the optimal Kalman filter converges
to the linear time-invariant estimator which is known as the Wiener filter [|34]. In fact, we can directly plug in the Wiener filter
gain for the matrix K of Theorem [f] However, when observations are erased, the optimal estimator also depends on the erasure
pattern and since the erasure pattern is random and time-varying, the whole system becomes random and time-varying. Therefore,
the optimal estimator is also time-varying and does not converge.

In [29]], Sinopoli et al. wrote the optimal time-varying linear estimator in a recursive equation form. The strictly causal
estimator X[n] = E[x[n]|y™ '], is given as follows:

%[n + 1] = AR[n] — Ka(y[n] - CR[n)) )

Here, K, depends not only on n but also the history of the 3[n], and does not converge to a constant matrix in probability.
Therefore, in the intermittent Kalman filtering problem it is not possible to find a stability-optimal time-invariant gain K in
Theorem []

However, we can still force the estimator to be linear time-invariant, and thereby find a sufficient condition for intermittent
observability using Lyapunov stability ideas. This is the idea that Sinopoli et al. used to find a lower bound on the critical erasure
probability in [29]]. By restricting the filtering gain to be a linear time-invariant matrix K, we get the following sub-optimal
estimator which looks similar to ().

%[n + 1] = Ax[n] — B[n]K (y[n] — Cxln]) ©)

with X[0] = 0. By analyzing this sub-optimal estimator, Sinopoli et al. found the following sufficient condition for intermittent
observability. Here, we further prove that their condition is both necessary and sufficient for the sub-optimal estimators of () to
have an expected estimation error uniformly bounded over timeE]

Theorem 5 (Extension of Theorem 5 of [29]): Given an intermittent system (A, B, C, o, 0’) with erasure probability pe, let
(A, B) be controllable, o < oo, and o’ > 0. Then, the following three conditions are equivalent.
(i) The system is intermittently observable by the suboptimal estimator of (6) with some K.
(i) JK and M, N > 0 such that

M —p.AMA" — (1 —p.)(A + KC)M(A + KC)" = N.
(iii) 3K and M > O such that

M VI=p.(MA +KC) /p.MA
VI —p.(MA +KC)' M 0 = 0.
VPe(MA)T 0 M

SThis fact is implicitly shown in Elia’s paper [10].



Proof: By (I), (@) and (6), we can see that the estimation error follows the following dynamics:
x[n + 1] — X[n + 1] = Ax[n] + Bw[n| — (AX[n] — B[n]K(y[n] — CX[n]))
= Ax[n] + Bw[n] — (AX[n] - S[n]K(Cx[n] + v[n] — Cx[n]))
= (A + B[n]KC)(x[n] = X[n]) + Bw[n] + Sln]Kv]n]. )

Denote (x[n] — X[n]) as (e[n] and Bw[n| + S[n]Kv|[n]) as w’'[n]. Then, w'[n] also has a uniformly bounded variance over
time, and (7) can be written as

e[n+ 1] = (A + B[n]JKC)e[n] + w'[n].
Since e[n] is independent from w’[n], B[n] by causality, the covariance matrix of e[n] follows the following dynamics:
Ele[0]e[0)] = E[x[0]x"[0]),
Ele[n + l]e’[n + 1]] = E[(A + B[n]KC)e[nle’ [n](A + Bn]KC)'] + E[w'[n]w"" [n]
= p.AE[e[n]e'[n]]AT + (1 — p.)(A + KC)E[e[n]e'[n]](A + KC)' + ]E[w'[n]w/T[nH. (8)

Now, we will prove the theorem in three steps.

(1) Condition (i) implies condition (ii).
First of all, by linearity we can prove that the estimation error E[e[n]ef[n]] is an increasing function of the variance of the
underlying random variables.

Thus, if the system is intermittently observable by K, the same system with x[0] = 0, v[n] = 0, E[w[n]w'[n]] = ¢"*T is
also intermittently observable. So set x[0] = 0, v[n] = 0, E[w[n]w[n]] = o’*I without loss of generality. With these parameters,
we have E[e[0]e’[0]] = 0 and E[w’'[n]w''[n]] = ¢/>BB'. By the recursive equation in (), we can show that for n > 1, the

covariance matrix of e[n] can be written as

E[e[n]e*[nﬂ:a’?BBWi > Al )

k=1ic{—1,1}*

where

Ari= (VFeA) (V= pe(A+KC) T (VReA) 2 (VT pe(A + KC) 2 o'B.

Here, [; = 1 means the ith observation was erased and /; = —1 means that the ith observation was not erased.
Here, we can notice that E[e[n]e’[n]] are positive semidefinite matrices and increasing in n. Furthermore, since the system
is intermittently observable by condtion (i), E[e[n]e'[n]] has to be uniformly bounded over time. Therefore,

M := lim Ele[n]e[n]] —a’QBBT+Z > oAaAf (10)

n— oo
k=1lie{—1,1}*

must exist even though it involves an infinite sum. Let’s define M and N as follows:

M :=o”BBf + Z > (k+DAA]+ Z > maA] (11)
k=1 1={-1,1}F K'=mpr={_11}*
m—1

N:=c”BB'+ > > AAf (12)

k=1 le{—1,1}

where m is the dimension of A as we defined in Section [ll By the definitions of M and M, we can easily see that mM > M.
Therefore, M also exists even though it involves an infinite sum. Furthermore, by the definitions of M and N, we can easily see

that
M - o?(BB' + p. ABB'A" + ... 4+ p"A"BBTA™™) (13)
N > ¢”*(BB' + p.ABB'AT + ... + p"A"BB'A™™) (14)
since the terms in L.H.S. are just subsets of the terms in M and N.

Thus, we can see that M - 0, N - O since [B- AB ---  A™ 'B] is full rank by the controllability of (A,B) and all
terms BBT, ... . p™ A™BB'A™ are positive semidefinite. Finally, by the definitions and simple matrix algebra, we can verify
that M and N satisfy the following relationship:

M =p.,AMA" + (1 —p.)(A + KC)M(A + KC)" + N. (15)

Therefore, M and N satisfy condition (ii)ﬂ

6

Consider a fixed point equation, f(z) = zf (:Jc) + g(a:) There exist multiple f(z) and g(x) that satisfy this equation. For example (f(z),9(z)) =
(I+z+z24--- 1), (f(z),g9(x)) = A+224+222 4+, 1+2), -, (f(x),9(x)) = 1+22+ -+ (k—D)aF~ +kab 4 kbt T4zt 42F)
all satisfy the equatlon Likewise, there are multiple matrices that satlsfy the fixed point equation of (13). For example, we can easily check that M of {10)
and N := 0’2BBT satisfy ([3), i.e. M = p. AMAT + (1 — pc)(A + KC)(A + KC) + N. However, unlike N, N does not have to be positive definite.
Thus, the choice of M, N is not enough to prove the theorem. Here, we choose M, N as shown in ([I), (T2) as another solution for (T3). In fact, the choice
of coefficient in M, N was inspired by the solutions of f(z) = zf(z) + g(x) shown above.



(2) Condition (ii) implies condition (i).
Since M and N of condition (ii) are positive definite, we can find a such that M > ]E[XLO}XT (0] and a®N = E[w’[n]w’ [n]]
for all n € Z™. And we can easily see that even if we replace K, M, N with K, a®>M, a*N, condition (ii) still holds.

We will prove that a>M > E[e[n]ef[n]] for all n € ZT by induction. Since a>M > E[x[0]x'[0]] = E[e[0]e![0]], the claim
is true for n = 0. Assume the claim is true for n. Then, from the definition of a and @)

Ele[n + 1]e’[n + 1]] < pcA(aM)AT + (1 — p.)(A + KC)(a’M)(A + KC)" + o’N = o’M

where the last equality comes from condition (ii). Therefore, the estimation error is uniformly upper bounded by a*M when we
use the K of condition (ii) as a gain matrix, and so condition (ii) implies condition (i).

(3) Condition (ii) is equivalent to condition (iii).
Since M~! = 0, by Schur complements in Lemma 1} condition (ii) is equivalent to

{ M —p. AMAY  /T—p.(A+ KC)} Co

VI—pe(A+KC)f M!
Since
M — p.AMA' VI =p.(A+KC)
\/1 _pe(A+KC)T 1\/[71
_ M VI —p.(A+KC) VDA i
- [\/1 (A +KC)! M- = Vo | MlvpeAT 0]
and M~! > 0, we can apply Schur complement again. Thus, condition (ii) is equivalent to
[ M VI—p.(A+KC) ,/pcA
VI—pc(A+KC)' Y 0 |>o.
VDAT 0 Mt
Since M~! » 0, this condition is again equivalent to
M-t 0 0] M VI—p(A+KC) pA|l [M™' 0 0
0 I 0 [vVI—p.(A+KC) M! 0 0 I 0
0 0 Ij VDeAT 0 M 0 01
M! VI=peM'A+M 'KC) ,p.M'A
= |VI—p.M'A+M'KC)f M 0 = 0.
VPe(MTA)T 0 M!
Since M ™! = 0 and K is an arbitrary matrix, by replacing M~* by M and M~ 'K by K we get condition (iii). |

As we can expect, the conditions of this theorem reduce to those of stability and those of observability when p. = 1 and
pe = 0 respectively. One can easily observe that condition (ii) of Theorem [3] reduces to condition (ii) of Theorem [3] when p. = 1
and condition (iii) of Theorem [ when p. = 0. Likewise, condition (iii) of Theorem [3] reduces to condition (iii) of Theorem [3]
and condition (iv) of Theorem [4] respectively.

Even though condition (ii) and (iii) of Theorem [5] are equivalent, condition (iii) is preferred since it is given in a LMI (linear
matrix inequality) form and convex optimization techniques [6] are applicable. In fact, in [29]] Sinopoli et al. related condition
(iii) with quasi-convex problems.

Since we imposed an additional linear time-invariant constraint on the estimator, Theorem [5| gives a lower bound on p;.
However, we can conclude that this lower bound is loose in general[] Moreover, even for stability, the characterization that the
magnitudes of all eigenvalues are less than 1 is much more intuitive than the LMI condition based on Lyapunov stability. Therefore,
researchers including [10]] and [18] were looking for a tight and intuitive characterization of the critical erasure probability.

V. INTERMITTENT OBSERVABILITY AS AN EXTENSION OF OBSERVABILITY: MAIN INTUITION

To reach this goal, we borrow insights from a characterization of observability. (A, C) is observable if and only if for all
seC

{SI (_3 A} is full rank.

Moreover, by a similarity transform [7] we can assume that A is in Jordan forrrﬁ without loss of generality. With this additional
assumption, the observability condition can be further simplified.

Theorem 6 ([7]): Consider a linear system with system matrices (A, C) where A is given in a Jordan form. For an eigenvalue
A of A, denote C, as a matrix whose columns are consist of the columns of C which correspond to the first elements of the
Jordan blocks in A associated with A. Then, the states associated with A are observable if and only if the rank of Cj is equal
to the number of Jordan blocks associated with A. The whole system is observable if and only if all states associated with all
eigenvalues are observable.

7Numerical computation of the lower bound of Theoremis shown in Figure 4 of [29]. For a system with A = 1'12 5 101 and C = [1 1}. The
numerical simulation shows the lower bound is approximately m = 0.528 - - -, while the exact characterization of Theorem 7| tells the critical

erasure probability is ﬁ = 0.64.

8Throughout the paper, we will use the Jordan form that induces an upper triangular matrix.



For example, let

A=
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OO O
wWw o oo

C = [Cl C2 C3 04] .

Then, C; = [c1 c3] and C3 = [ca]. The eigenvalue 2 is observable if and only if Cy is full rank, and the eigenvalue 3
is observable if and only if Cs is full rank. The whole system with (A, C) is observable if and only if both eigenvalues are
observable.

This characterization reminds us of a divide-and-conquer approach. First, divide the observability problem into smaller
problems according to the identical eigenvalues. Then, check whether the smaller sub-problem for each eigenvalue is observable.
Finally, the whole system is observable if and only if all the sub-problems are observable.

This suggests applying a divide-and-conquer approach for the characterization of intermittent observability. However, before
we apply a divide-and-conquer approach, we first have to answer the following three questions:

(a) What are the minimal irreducible sub-problems?
(b) How can we solve each sub-problem?
(c) How can we combine the answers of the sub-problems?

We will make an exact characterization of intermittent observability by resolving these questions. The concept of eigenvalue
cycles appears naturally as the answer of the question (a).

Before we answer these questions, let’s first start from the simplest case, scalar plants. For simplicity, we will only give
hand-waving arguments in this section, and the rigorous justification will be shown in later sections. The basic idea for the
characterization of the intermittent observability is to consider the dynamics reverse in time. For example, consider the following
scalar system: for n € Z™,

{ z[n + 1] = 2z[n] + w[n] (16)

y[n] = Bln]z[n]

Here, 2[0] = 0, w[n] are i.i.d. zero-mean unit-variance Gaussian, and $[n] is an independent Bernoulli process with probability
1 — pe. Then, we will show that the critical erasure probability p; = 2%

First, we extend the one-sided random process (I6) to the two-sided process. Let w[n] = 0 for n € Z~~ where Z~ ~ implies
negative integers, and 3[n] be a two-sided Bernoulli process with probability 1 — p.. Then, we can see that the new two-sided
process is equivalent to the original process except that z[n] = 0,y[n] =0 for n € Z7~.

Let n — S be the most recent non-erased observation at time n, i.e. S := min{k > 0 : B[n — k] = 1}. Since S[n] is a
two-sided Bernoulli process, the stopping time S is a geometric random variable, i.e. P{S = s} = (1 — pe)p.°.

(1) Sufficiency: We first prove that p. < 2% is sufficient for the intermittent observability of the example. For this, we analyze
the performance of a suboptimal estimator Z[n] = 2%y[n — S] = 2°z[n — S]. Then, the estimation error is upper bounded by

E[(z[n] — 2[n])®] = E[E[(z[n] — Z[n])*|S]] (17)
= E[E[(st[n -S|+ QSflw[n -S4+ wn-1] - QSx[n —SP?19]] (18)
< E[2257Y 4920572 4 4] (19)
225 1
= E[ﬁ] (20
= 221, 1 <<z;(1 _pE)(p622)i> - 1) : 21

Therefore, the estimation error is uniformly bounded if p. < 2%
(2) Necessity: For necessity, we use the fact that the disturbance w[n — S] is independent of the non-erased observations
present up to the time n. Therefore, the estimation error is lower bounded by

E((z[n] — E[z[n]|y"))*] > E[E[(2° " wln — 5))*|5]] (22)
=E[R° Y. 1(n -5 >0)] (23)

= <Z(1 —pe><p622>i) (24)

Therefore, if pe > 2% the estimation error must diverge to oco.

(3) Remarks: From the above proof, we can notice that the intermittent observability is decided by whether p.2? is less than
1. Here, 2 is the largest eigenvalue of the system, and p. is the probability mass function (p.m.f.) tail of .S which can be defined
as explimsup,_, é InPP{S = s}. Thus, we can think of two potential differences between scalar and vector systems: (i) The
maximum eigenvalue (ii) The p.m.f. tail.

It turns out the latter is true, and the p.m.f. tail is the difference between scalar and vector systems. The following example
shows why and how the p.m.f tail changes in vector systems.



A. Power Property

The power property answers question (b) of the previous section, “How can we solve each sub-problem?”. Consider the
example of [18].

it 1] =[5 ) xlal 4wl
1

ylnl =B} [1 1] x[n]

Like above, we put x[0] = 0, w[n] is 2-dimensional i.i.d. Gaussian vector with mean 0 and variance I, and 3[n] is an independent
Bernoulli process with probability 1 — p.. We also extend the one-sided process to the two-sided process in the same way.

We can see the states are 2-dimensional, while the observations are 1-dimensional. Therefore, unlike scalar systems at least
two observations are required to estimate the states. Moreover, if we write the observability Gramian matrix, we immediately
notice cyclic behavior:

c=[1 1]

CcA”=[; -3
cA”=[; 4
oA =} ]

Notice that C,CA~2,CA~*, ... are linearly dependent and CA~* CA~3 CA~5,... are linearly dependent. Therefore, as
observed in [18]], we need both even and odd time observations to estimate the states. In this example, we will show that p; = 1

274.
(1) Sufficiency: Let p. < 2%1 From (I) and @), we can see that when S[n — k] = 1 the following equations hold:
x[n] = AFx[n — k] + A" 'win — k] + -+ wln — 1] (25)
y[n — k] = Cx[n — k] + v[n — k]
= CA *x[n] — (CA 'w[n — k] +---+ CA *w[n — 1] — v[n — k]) (26)
=v/[n—k]
Here, we can see the variance of v/[n—k] is bounded as E[|v'[n—k]|*] = E[([+ —3%]w[n—1]+ -+ [% ﬁ} wln—k])?] <
1
21:11 = %

Now, the stopping time S until we have enough observations to estimate the states becomes the first time until we get both even
and odd time observations, i.e. S :=inf{k : 0 < k1 < ko < k,B[n—k1] =1,8[n— k2] = 1,k1 # kg(mod2)} Here, the p. mf
of S gets thicker than that of scalar cases. We can actually prove that the p.m.f. tail of S is exp limsup,_, . ¢ I hP{S=s}= p,; ,
which we will rigorously justify in LemmaEl Thus, we can find 0, ¢ > 0 such that p. < 53 —d and P{S = s} < ¢ (— — 5)
for all s € Z™.

Now, we will analyze the performance of a suboptimal estimator which only uses two observations. Let X[n] := CA -2 yin - ka]|
Here, we can see the matrix inverse exists since k1 and k2 are even and odd time observations. Let F3 be the o-field generated
by B[n]. Then, ki, k2, S are deterministic variables conditioned on Fp. The estimation error is upper bounded by

[ e

R%@m;gﬂu

CA k]! {y[n - kl]}

E(lx[n] — X[n][3] = E[E[jx[n] - X[n]|3|F5]] = E[E[

ca-*
ey

E[E[S -

S o R e
e —<2—,a;’“] IR Mt
~ 8B (222)1@ [ e } i

<2.E[2* . E[v'[n — ki +|v[5— o] |*| F5]]

gng?S]g §§225c(214—5)2§§: e(1-2%)2 <

Therefore, the estimation error is uniformly bounded for p. < 2%
(2) Necessity: We will show that the system is not intermittent observable when p. > 2% Denote the stopping time S’ to be
inf{k > 0: B[n — k] = 1,k is even}. Then, P{S" = 0} = 1 — p., P{S" = 1} = 0, P{S" = 2} = (1 — pe)pe, - - -. Thus, the
1
p.m.f. tail of S, explimsup,_, ., X InP{S" = s}, is p2.



The state disturbance w[n — S’] can be decomposed into two orthogonal components, w[n — S'] = {ﬂ wiln — 8] +

1 . . . . .
{71} wa[n — S'] where wi[n — S’] and wa[n — S’] are independent Gaussian random variables with zero mean and variance 3.

From the system equations (23)), and the definition of S’, we can see that all the observations between time n — S’ and n
are orthogonal to wz[n — S’]. Thus, the estimator does not know anything about ws[n — S’] at time n, and thus we can lower
bound the estimation error as follows.

Blixtr] - Elxlnlly")") > 1A | | waln - 7111

> E[QQ(S/—l)E[(wQ[n _ S/])Q‘S/H — 2%[@[225/ . 1(31/ > n)]

Thus, if pe > 2% the estimation error diverges to oo.

(3) Remarks: Compared to the scalar case, the p.m.f. tails of both S and S’ in this vector system thicken to /Pe. This
results in decreasing the critical erasure to 2% The cyclic behavior of the observability Gramian matrix, C, CA™', ..., causes
the thickening of the p.m.f. tails. Thus, to capture this cyclic behavior of the observability Gramian matrix, we tentatively define

an eigenvalue cycle as followsﬂ We say that the eigenvalues of A, A\; and A2 belong to the same eigenvalue cycle if i—; is a
root of unity, i.e. (;—;) =1 for some n € Z. Moreover, we say that A has no eigenvalue cycles if all the ratios between the

eigenvalues of A are 1 or not roots of unity, which implies A has no nontrivial eigenvalue cycles.

To generalize this example and find the p.m.f. tail for arbitrary eigenvalue cycles, we use the idea of large deviations [1]
which is equivalent to a union bound for simple cases. The idea goes as follows.

First, consider test channels that are erasure-type channels which would make the observability gramian rank-deficient. For this
example, these would be the channel that erases every odd-time observations, the channel that erases every even-time observations
and the channel that erases all observations

Next, measure the distance from the true channel to the test channels. In our case, the true channel is the channel without any
restriction and the distance measure between the true and test channel is the hamming distance. For the test channels considered
above, the distance to the odd-time erasure channel is 1 since we are restricting every one out of two indexes to be erasure.
Likewise, the distance to the even-time erasure channel is 1 and the distance to the all erasure channel is 2.

Then, the large deviation principle intuitively says that the performance is decided by the minimum-distance test channel. For
the example, the odd-time or even-time erasure channel whose distances are 1 will govern the performance.

So the effect of the eigenvalue cycle is to thicken the tail of the stopping time until you get enough observations to estimate
the states. Analytically, the effect is equivalent to taking a proper power to the p. and hence the name “power property”.

B. Max Combining

This property answers the question (c) i.e. how we go from a single eigenvalue cycle to multiple eigenvalue cycles. Consider
the following example with two eigenvalue cycles:

z1[n + 1] 3 0 0 x1[n]
xoln+ 1| = |0 2 0 xan|| + win
3 {n + 1} 0 0 —2| |zs {n} I (27)

y[n] = Bln] [1 1 1] x[n]

As before, we put x[0] = 0, w[n] be i.i.d. Gaussian with mean O and variance I, and [n] be an independent Bernoulli process
with probability 1 — p.. We also extend the one-sided process to the two-sided process. Here, we can see there are two eigenvalue
cycles. One eigenvalue cycle is {2, —2} and the other one is {3}, which can be thought as two subsystems of the original system.

Then, from the previous arguments, we can see that the p.m.f. tails for these two systems are differeng. The p.m.f. tail

for the eigenvalue cycle {3} is pe, while the p.m.f. tail for the eigenvalue cycle {2, —2} is thickened to pZ. Therefore, the
question is whether the thickened tail in the eigenvalue cycle {2, —2} affects {3}. The answer turns out to be “No”, and we can
consider two subsystems separately. Thus, in this example, the system is intermittent observable if and only if both subsystems
are intermittent observable, i.e. p; = L The main idea to justify this is so-called successive decoding developed in
information theory [31].

(1) Sufficiency: We will prove that p. < m is sufficient for the intermittent observability using a successive decoding
idea. The idea is simple. We first estimate the state x1[n]. Then, since we have an estimate for x1[n], we can subtract the estimate
from the system and reduce the dimension of the system. The remaining estimation error is considered as noise.

Let S be the stopping time until we receive three observations in the reverse process, i.e. S :=inf{k: 0 < k1 < k2 < k3 <
k,B[n — k1] = 1,B8[n — k2] = 1, 8[n — k3] = 1}. Here, we can prove that the p.m.f. tail of S is the same as the scalar case.
Therefore, exp limsup,_, . InPP{S = s} = p., which we will justify in Lemma @ Since we have the three observations at time

max{32,222}*

9We will formally define eigenvalue cycles later in Section
10In the actual characterization shown in Section we will see that the set S’ in @I) is a proxy for these test channels. This minimum distance to the
test channels will be denoted as I; in @I).



n — ki1, n — ke and n — ks, by the pigeon-hole principle at least two among them have to be congruent mod 2. Assume that ki
and ko are both even. Then, by 26) we have

_kl

30 0 z1[n]
yln—k]=[1 1 1]]0 2 0 z2[n]| +v'[n — k1] (28)
0 0 -2 x3[n]
37k 0 0 x1[n)
=1 1 1|0 2m o z2[n]| +v'[n — ki] (29)
0 0 27k |as[n]
_ 3 0 —k1 561[71] /
S0 8 g ] o

1 1

Like the above section, we can also prove that E[[v'[n — k]|?] < 274+ = 2. Here, we can notice that instantaneously
. . 4- . .

at time n — k1 and n — ko the system equation behaves like the following system with no eigenvalue cycles:

{xg[n —fi][rr;c?[n—i— 1]] - B g {xz[ng]m—&[-na]ﬁg [n]} + [wg[nt]uinl]ug [n]}

y[n] = B[] [1 1] {’cz [na]:l+[n:]63 [n]

T2[n] + 5[n] S R )

~ —k1 9=k 71 _
Consider the suboptimal estimator X[n] = [ 21 [n] ] = [3 2 } {y[n kl]} Let Fp be the o-field generated
by B[n], and F' be the event that k1 and k2 are even. The estimation error is upper bounded by

2 —k —k17 L / 2
z1[n] P _ 3=h 2™h v'[n — k1]
Kl |::172[TL] + :cd[n]} X[n] ) [ N F] = E[ [3—k2 2—k2:| |:1/[n — k2] |Fs N F] (€20
2
2
37k gkt v'[n— k1] |?
<8. [3,@ 27;92} -E| v,{n B kj . |Fs N F] (32)
(33)
19 1 o—k2  _g—k7|?
=8 13- '3—k1 9—k2 _ 9—k13— k2 [_3*162 3—k1 } o (34)
X 2
19 27"
=8.-2. (35)
12 3—k12—k2 (1 _ (%)k2_k1)
SS'%'32‘(3I€1 Lgk2=kLy2 < g7 32k2 < 57 328 36)

Likewise, we can prove the same bound holds even if k1 and k2 are not even. Therefore, the estimation error is bounded by
57329, Like the previous section, we can prove that if p. < 3% then IE[325] < oo. Thus, the expectation of the estimation error
for z1[n] is uniformly bounded over time.

Once we estimate x3[n], we can subtract the estimation Z3[n] from the observation, i.e. y'[n] := y[n] — 8[n]Z1[n]. Then, the
new system with the observation y'[n] behaves like the following system:

| R A s R

vl =il (11 1) [20] + bl - 20

z3[n]

(37

Since the expectation of the estimation error for x1[n] is uniformly bounded, it can be considered as a part of the observation
noise/ [ In the same way as the previous section, we can prove that the estimation error for x2[n], z3[n] is uniformly bounded
if pe < 22% Notice that the minimum number of required information to estimate the state by observability gramian matrix
inversion is 3, the number of the states. However, here we used more number of observation to apply successive decoding idea.

(2) Necessity: To prove that the example is not intermittent observable if p. > m, we will use a genie argument.
If the states x2[n], z3[n| is given to the estimator as a side-information, the remaining system with z1[n] is a scalar system with
the eigenvalue 3. We know that if p. > 3%, x1[n] is not intermittent observable. We can also give z1[n| as a side-information to
conclude that p. > 22% is a necessary condition for the intermittent observability.

(3) Remarks: In summary, we can solve problems with multiple eigenvalue cycles one by one without worrying about the
existence of the other eigenvalue cycles. In other words, at each step we estimate the eigenvalue cycle associated with the largest
eigenvalue. After the estimation, the eigenvalue cycle can be subtracted from the system except uniformly bounded estimation
error. Then, we can simply repeat the steps for the remaining system. This procedure of successively solving and subtracting
the unknowns is called successive decoding in information theory, and used as a decoding procedure for the multiple-access
channel [31].

Uprecisely speaking, the estimation error for 1 [n] is a random variable which depends on the channel erasure process. Therefore, the rigorous proof of
Section [VIT-C] has more steps to justify the argument.



Therefore, we can conclude that the intermittent observability for a multiple eigenvalue-cycle system is bottlenecked by the
hardest-to-estimate eigenvalue cycle, which manifests as the max operation in the critical erasure probability calculation.

C. Separability of Eigenvalue Cycles

The remaining question is what are the minimal irreducible sub-problems, whose answer can be expected to be eigenvalue
cycles from the discussion up to now. In other words, we will understand general systems with multiple eigenvalue cycles by
dividing into sub-systems with a single eigenvalue cycle. In the max-combining property, we already saw an example with multiple
eigenvalue cycles. In the example, we first reduce the problem with multiple eigenvalue cycles to the problem with no eigenvalue
cycles by sub-sampling plants. For example, in Section [V-B] we already saw that by sub-sampling (by 2), the system with an
eigenvalue cycle (period 2) becomes a system with no eigenvalue cycles.

Thus, the question reduces to the fact that for systems with no eigenvalue cycles the critical erasure probability is m,
which will be shown in Corollary [T} To intuitively understand why this is true, we will consider three cases depending on the
structure of A.

The first case is when A is a diagonal matrix, and the magnitudes of its eigenvalues are distinct. In fact, this case is already

proved in [18]. Let’s consider a descriptive example when A = 3 g ,C = [1 1]. Then, the observability gramian of the
ny ny ny
system becomes CA™| = 2"2 gw . To prove that the critical erasure probability is given as m = 3%, it is enough

to prove that the determinant of the observability gramian is large enough for almost all distinct n1 and ns. To justify this, we
can use the fact that the ratio of the elements, (%)" is an exponentially increasing function.

The second case is when A is a diagonal matrix, and the eigenvalues are distinct but have the same magnitude. Let’s consider
el 0 . oL ni eI giV2m

0 V2 and C = [1 1]. The observability gramian is given as CA™| = pinz  givans | and
like above it is enough to show that the determinant of this observability gramian is large enough for almost all distinct n1, no.
Here, the arguments from [18] cannot work. For this, we instead used Weyl’s criterion [15] which tells each element ('™, e’ ‘/5")
behaves like a random variable (e’%1,792) where 6, and 6, are independent random variables uniformly distributed on [0, 27].

In fact, the effect of the hypothetical random variables (e’ 01 e 92) is quite similar to the actually randomly-dithered nonuniform
sampling discussed in Section [VII]

the system with A = [

1

The last case is when A is a Jordan block matrix. Let’s consider the system with A = [g 2} and C = [1 0]. The

- L A™ 2" py2™m
observability gramian is given as CA™2| = |9n2 ny2m2 |’
gramian is large enough for almost all distinct n1, ne. Unlike the above cases, this example has polynomial terms in nq, na.
Exploiting this fact, we can reduce the problem to the fact that a polynomial function on n becomes zero only on a measure zero
set.

By combining the insights from these three examples, we can prove that for a general matrix A with no eigenvalue cycles,
the critical erasure probability is given as

and we have to show that the determinant of this observability

1
Amaz|?*

VI. INTERMITTENT OBSERVABILITY CHARACTERIZATION
Based on the intuition of the previous section, the intermittent observability condition can be characterized. We begin with
the formal definition of a cycle.
Definition 14: A multiset (a set that allows repetitions of its elements) {a1,as2,- -+ ,a;} is called a cycle with length [ and

p
period p if (%) =1forall4,j€{1,2,---,1} and some p € N. Following convention, p is denote as
J

p:zmin{néN:(%) :1,Vi,je{1,2,~~~,l}}. (38)
J

For example, {a} is a cycle with length 1 and period 1 by itself. {e’ ¢’ (‘”%ﬂ)} is a cycle with length 2 and period 6.
{eJ, el ﬁ} and {1,2} are not cycles. One trivially necessary condition for a1, a2 to belong to the same cycle is |a1| = |az]. It
can be also shown that cycles are closed under overlapping unions, meaning that if {a1, a2} and {a2, as} are cycles, {a1, az,as}
is also a cycle.

Now, we can define an eigenvalue cycle. It is well-known in linear system theory [7] that by properly changing coordinates,
any linear system equations (I) can be written in an equivalent form with a Jordan matrix A. Moreover, even though the MMSE
value can be changed by the coordinate change, the condition for the boundedness (stabilizability) remains the same. Rigorously,
for any system matrix A, there exists an invertible matrix U and an upper-triangular Jordan matrix A’ such that A = UA’U™!.
We also define B’ := UB and C’ := CU. Then, the matrix A’ and C’ can be written as the following form:

A’ =diag{A11,A12, -, A}
C' = [C1,1 Ciz - C#v”u}
where
Aj;; is a Jordan block with an eigenvalue \; ;

{Ai1, -, Ay, } 1s a cycle with length v; and period p;
For i # ', {\i,j, Az j} is not a cycle
C;,jis al x dim A;j complex matrix. 39)



Since cycles are closed under overlapping unions, the eigenvalues of A can be uniquely partitioned into maximal cycles,

{Xi1,+ , Ai,y, - We call these cycles eigenvalue cycles and we say A has no eigenvalue cycle if all of its eigenvalue cycles are
period 1.
Define
Ai = diag{)\i,l, e ,)\i,ui}
C; = [(Ci,l)l (Ci,ui)l]
where (Cj j), is the first column of Cjj. (40)

In other words, we are dividing the original problem to sub-problems according to eigenvalue cycles.
Let I; be the minimum cardinality among the sets S’ C {0,1,--- ,p; — 1} whose resulting S := {0,1,--- ,p; —1}\ S’ =
{s1,82,- -, 55/} makes

C;A;%
C;A;®?
(41)

chz§i%5|

be rank deficient, i.e. the rank is strictly less than v;. Here, p; and [; will be used for the power property. [; represents how many
observations have to be erased out of p; time steps to make the observability Gramian matrix rank deficient. This corresponds to
the critical error event in large deviation theory.

Now, we can apply the max-combination property to characterize intermittent observability. Here is the main theorem of the
paper.

Theorem 7: Given an intermittent system (A, B, C, 0, ¢’) with probability of erasure pe, let o < oo, ¢’ > 0, and (A, B)
be controllable. Then, the intermittent system is intermittent observable if and only if

1
Pe <

ST
max \)x
1<:i<

li

or equivalently max pE \/\Z 1|2 < 1.
Proof: See Sectlon IVIII-C| for sufficiency, and Section [VIII-D| for necessity. u
Here, we can notice that there is no assumption about stablhty or observablhty of the system. Let’s first do a validity test of
the theorem by trying stable modes and unobservable modes. If |X\; 1| < 1, > 1. Therefore, the stable modes do not

21;
[Ni,1l b
contribute to the characterization of the critical erasure probability. If (A;, C;) are unobservable, I; = 0. So, ﬁ 0 if
[Xi,1]
|Ai1] > 1 and ﬁ = oo if |As1| < 1. Therefore, if the unobservable modes are stable they do not affect the intermittent
Xi1]” 0

observability of the system and if they are not the system is not intermittent observable even if p. = 0.

Even though in general /; does not admit a closed form, it is computable for special cases.
Corollary 1: Given an intermittent system (A, B, C,,0’) with probability of erasure pe, let ¢ < oo, o’ > 0, and (A, B)

A

E where Apq. is the largest

be controllable. We further assume that (A, C) is observable and A has no eigenvalue cycles (i.e. (%)n # 1 for all A; # A
1
Mmaw

and n € N). Then, the intermittent system is intermittent observable if and only if p. <
magnitude eigenvalue of A.

Proof: Since A has no eigenvalue cycles, p; equal to 1 for all 7 and A; are scalars. Moreover, by the observablhty condltlon
and Theorem@ C; is full-rank. Thus, I; = 1 for all ¢ and by Theoremthe critical erasure probability is

maxg p‘z 12 |A7na1‘,|

For a more precise understanding of the critical erasure probability, we will focus on the case of a row vector C — i.e.
single-output systems. Heuristically, a row vector C is the worst among C matrices since a vector observation is clearly better
than a scalar observation.

Furthermore, we will also restrict the periods of the all eigenvalue cycles of A to be primes{ﬂ The technical reason for this
restriction is that prime periods give us a useful invariance property of the sub-eigenvalue cycles. Let {1, A2,--- , A/} be an
eigenvalue cycle with prime period p. Then, all subsets of {A1, A2, -+, A\;} with distinct elements are eigenvalue cycles with the
same period p. This invariance property need not hold for eigenvalue cycles with composite periods as we will see by example
later.

Corollary 2: Given an intermittent system (A B, C,0,0’) with probability of erasure pe, let ¢ < 0o, ¢’ > 0, and (A, B)
be controllable. We further assume that (A, C) is observable C is a row vector, and A has only prlme period eigenvalue cycles
of length v;. Then, the intermittent system is intermittent observable if and only if p. < —21,

max |A; 1| pi—vitl
1<i<p

13For convenience, we include 1 as a prime number here.



Proof: First, we introduce the following fact regarding Vandermonde matrix determinants [24]: Let p be a prime, a1, ,an
be pairwise incongruent in mod p and by, - - - , b, be pairwise incongruent in mod p. Then,
) 7
agby o ayby a1bn
eJ27\' 6J27r7p eJ27r
o agby . agbg o agbp
6]27\'717 egQwip L 6‘727[717
. anby . anbg anbn
e]27r7p 6]27771) 6327\' P

is full rank.
Furthermore, since (A, C) is observable and C is a row vector, by Theorem @ As,; are distinct and (Cj ;)1 are not zeros.

aq;
j2m el . . .
Therefore, let \; ; = |)\i|e] "pi where g1, - ,Qi,v; are incongruent in mod p; and p; are primes.
Now, we will evaluate the critical erasure probability shown in Theorem m For this system, @I) can be written as
GiA;®! (AL AL [(Cia) o 0
CiA;°'8] S Tl 0 - (GCiuh
fIx (51 jom ks jn g
l)\zl 0 e Py e P (Ci,l)l 0
L O e NP | et ey 0 o (Ciyh
5 90,1 o iy
CiA;* i Ta U T
Since A; and C; j, are non-zeros, the rank of : is equal to the rank of
CiAiSlSl 6]271' 5|S\ 63271' 15\5‘\
Furthermore, since g;,1, - - , ¢i,., are incongruent in mod p; and s1,- - - , || are also incongruent in mod p;, by the property
of the Vandermonde matrix discussed above, the rank of the observability gramian is greater or equal to v; if and only if |S| > v;.
Therefore, I; of @) is p; — v; + 1, and the corollary follows from Theorem [

One may wonder why we could not get a simple answer in Theorem [7] unlike Corollary 2] To understand this, consider two
potential extensions of Corollary [2}
2 0 0
(1) Eigenvalue cycles with periods that are composite numbers: Consider A = |0 2¢7 16 0 and C = [1 1 1].
0 0 2%°
The eigenvalue cycle has length 3 and perlod 16. If we nalvely apply the formula of Corollary |Z| then we would get a critical
{2776 16,267 16 591, the length is 2 and the period is 2.

value —Ls— =
22 T6=3F1 L

e ormu a of Corollar ives ——— = =7 as a critical value, which gives a tighter condition than the previous one. In

The f la of C lly2g - 21 1 val hich gi gh di han the p I
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act, the latter value is the correct critical erasure probability. Because the period invariant property does not hold for a composite

fact, the latt 1 th t critical probability. B the period t property d t hold f posit

number cycle, the longest cycle does not necessarily give the right critical probability.
(2) A general matrix C, multiple-output systems: If we have a vector observation, an eigenvalue cycle can be divided into
smaller cycles. As an extreme case, when C is an identity matrix every eigenvalue cycle is divided into trivial cycles with length

2 0 0 0
- o ) . _ 0 2% 0 0
1 and the critical erasure probability becomes Ponea 8 observed in [29]]. Consider now A = 27
maw 0 0 2e’75 0
0 0 0 23
and C = {(1) (2) 8 ﬁ The eigenvalue cycle {2, 267 % , 2€j2%2, 2ej2?ﬂ3} of A has length 4 and period 5. However, if § # 0,

by elementary row operations C can be converted to {(1) g g (1)] Thus, the eigenvalue cycle is divided into two sub-cycles,

{2, 26% 2% 2} and {2e 3} The longer cycle with length 3 would dominate and the critical erasure probability would be
27 = —1y. Meanwhile, if 6 = 0, the second row of C would be ignorable. Thus, the eigenvalue cycle would not be
2% 5—3F1 273
divided and the critical erasure probability would be 2% = }U )
—4+1 22
In this example, we can see that the critical erasure probablhty depends on whether § is equal to 0 or not, which is related to

the rank of C. Thus, it is inevitable to have a rank condition of some sort in the characterization of the critical erasure probability.

A. Extension to Intermittent Kalman Filtering with Parallel Channels

The concept of eigenvalue cycles and the divide-and-conquer approach can be also applied to extensions and variations of
the intermittent Kalman filtering.



Let’s consider intermittent Kalman filtering with parallel erasure channels as introduced in [11].
x[n + 1] = Ax[n] + Bw[n]
yi[n] = Ai[n)(Cix[n] + va[n])

ya[n] = Ba[n](Cax[n] + valn])

Here n is the non-negative integer-valued time index, and x[n] € C™, win] € CY, yi[n] € C, vi[n] € C', A € C™*™,
B € C™*9, C; € C'*™. The underlying randomness comes from x[0], w[n], vi[n] and B;[n]. x[0], w[n] and vi[n] are
independent Gaussian vectors with zero mean, and there exist positive o2 and o’? such that

E[x[0]x[0]"] < ¢°I

E[w[n]w[n]] < o*1

E[vi[n]vi[n]'] < oI
[

wn]w[n]'] = o1

=

Elvi[n]vi[n]'] = oL

Bi[n] are independent Bernoulli random processes with erasure probabilities pe.;.

We call this system as an intermittent system (A, B, C;) with erasure probabilities pe ;.

Since the observations go through independent parallel erasure channels, we can expect diversity gain [32], i.e. even though
the observations from some channels are lost, we can still estimate the state based on other successfully transmitted observations.
At the first glance, this extension may seem much harder than the original problem since we have to characterize the whole region
(Pe,1s - ,Pe,a) rather than a single critical erasure value. However, a simple extension of Theorem [7| turns out to be enough to
characterize this critical erasure probability region. As in Section let A =UA'U™"! where U is an invertible matrix and A’
is an upper-triangular Jordan matrix. We also define B’ := UB and C; := C;U.

Then, we can make the following generalized definitions of (39), @0), @I) for A’ and Ci.

A/ = diag{Al,l, A1,27 e ,AH’,,H}
Ci=[Ci1i Ciz2i -+ Cuui]
where
Aj;; is a Jordan block matrix with an eigenvalue \; ;
{1, , Aipw, + is a cycle with length v; and period p;
For i # ', {X\i,j, A7} is not a cycle
Ci;x is a [ x dim A; j matrix.
Denote
A; = diag{Ni1, - s Aiw}
Cij = [(Ci1i)1, - (Ciwi]
where (Cj j,x)1 is the first column of C; j k.

Let (li,1,0i,2,- - -, 1;,a) be the cardinality vector of the sets S1, S, - - -, Sg such that S; := {0, 1,-- -, p;—1}\S} = {sj,1,85,2, - , 5515, }
and

[ Ci1 A0t ]

Ci1 A0S0
S
Ci 24!

_CLdAisd,\s(”_

is rank deficient, i.e. has rank strictly less than v;. Denote L; as a set of all such vectors.

Then, the intermittent observability with parallel channels is characterized as follows.

Proposition 1: Given an intermittent system (A, B, C;, 0,0’) with probabilities of erasures (pe,1,: " ,Pe,d), let 0 < oo,
o’ >0, and (A, B) be controllable. Then, the intermittent system is intermittent observable if and only if

Yig

Pq 2
max max || Pes [Nii]” < 1.
1<isp (Li1sbi,2, ki a) €Ly 1<i<d

We omit the proof of the proposition, since it is similar to that of Theorem [7}

Compared to Theorem m the max-combination and separability principle remain the same, but the test channels in the
power property become more complicated. Here, (57, - ,S)) represents the test channels such that when they are erased, the
observability Gramian becomes rank-deficient. (I;,1,-- ,l;4) represents the distance vector to these test channels.



VII. INTERMITTENT KALMAN FILTERING WITH NONUNIFORM SAMPLING

In the prev10us section, we proved that eigenvalue cycles are the only factor that prevents us from having the critical erasure
probability be 7‘2 Based on this understanding, we can look for a simple way to avoid this troublesome phenomenon. Here,

B
we propose nonuniform sampling as a simple way of breaking the eigenvalue cycles and achieving the critical value Nmeal?
. /1 0 {1 0 2 _ (10 s _ (10 4
As an intuitive example, consider A = {0 71}. Then, A = [0 71] VAT = [0 1] JA° = {O 71} JA® =
{é (1)} ,---. What the eigenvalue cycle is capturing is that half of A, A% A3 ... are identical. Therefore, the question is
how we can make every matrix in A, A% A3 ... distinct. To simplify the question, consider the sequence of —1,1, —1,1,---
which corresponds to (2,2) elements of A A2 A3
Rewrite this sequence —1,1,—1,1,--- as_(e]7r 1, (e”)2 (e¥™)3, (e’™)*, - - - and introduce a jitter ¢; to each sampling time.
The resulting sequence becomes (e]”)“rtl7 (ef™)2Ht2, (e”)?"*"f3 (e”)4+t4 --- and if #;s are uniformly distributed i.i.d. random

variables on [0, 7] each element in the sequence is distinct almost surely as long as 7' > 0.

Operationally, this idea can be implemented as follows: at design-time, the sensor and the estimator agree on the nonuniform
sampling pattern which is a realization of i.i.d. random variables whose distribution is uniform on [0,7] (T" > 0). Whenever
the sensor samples the system, it jitters its sampling time according to this nonuniform pattern. Knowing the sampling time
jitter, the sampled continuous-time system looks like a discrete time-varying system to the estimator. The joint Gaussianity
between the observation and the state is preserved, and furthermore, Kalman filters are optimal even for time varying systems!
This intermittent Kalman filtering problem with nonuniform samples has the critical erasure probability W almost surely.
Therefore, an eigenvalue cycle is breakable by nonuniform sampling.

One may be bothered by the probabilistic argument on the nonuniform sampling pattern. However, this probabilistic proof is
an indirect argument for the existence of an appropriate deterministic nonuniform sampling pattern, which is similar to how the
existence of capacity achieving codes is proved in information theory [28].

To write the scheme formally, consider a continuous-time dynamic system:

dxc(t) = Acxe(t)dt + BedWo(t) (42)
ye(t) = Coxe(t) + DchT;(t). 43)

Here t is the non-negative real-valued time index. W¢(t) and V() are independent g and [-dimension standard Wiener processes
respectively, i.e. for a,b > 0, We(a + b) — Wc(b) is distributed as A'(0,al) and Ve(a + b) — Ve(b) is also distributed as
N(0,aI). Ac € C™*™ B, € C™*9, C, € C*™, and D € C'*! where D¢ is invertible. Thus, x[n] € C™ and y[n] € C".
For a convenience, we assume x[0] = 0 but the results of this paper hold for any x[0] with finite variance. Throughout this paper,
we use the Ito’s integral [8, p.80] for stochastic calculus.

The process of (@2)) is known as Ornstein-Uhlenbeck process [8l p.109] whose solution is xc(t) = e Ctxc —|—f C(t_t/)Bchc .
Therefore, for t1 < t2 we have

to
Xe(ta) = e™"2x.(0) + / eAe2=B qW (1) (44)
o(t2—t1) (Acfl / " eAc(“*”Bdec(t’))
0
t1 t2
c(ta—t1) (Actl / eAC(tlfchdWc(t/)—l—/ eAC(tl*tl)Bchc(t'))
0 ty
— pAcltz—t1) (Xc Ac(ti— t)B dW(t ))

which can be rewritten as
to ,
Xe(t1) = e®e1™12)x (1) — / A1 B AW (). (45)
t1

The point of doing this is to understand the values of the states during sampling intervals in terms of the states at the end of the
interval.

Let’s say we want to sample the system with a sampling interval I (I > 0). Conventional samplers uses integration filters to
sample, i.e. in the uniform sampling case, the nth sample y[n] corresponds to the integration of y¢(¢) for (n — 1)I <¢ < nl:

nl
sl = [yl
(n—1)I
Nonuniform sampling can be thought of in two ways with respect to sampler’s integration filters: (1) The starting times of the
integrations are uniform, but the sampling intervals are non-uniform. (2) The sampling intervals are uniform, but the starting times
of the integrations are non-uniform. Since the analysis and performance is similar in both cases, we will focus on the latter case.
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dxe(t) = Acxe(t)dt + BdW[n] Yoln] = Cxc(nl —t,) + v(n| E [Xc(t)ly”, t”]
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Fig. 3: System diagram for ‘intermittent Kalman filtering with nonuniform sampling’. The sensor samples the plant according
to the nonuniform sampling pattern ¢,, and sends the observation through the real erasure channel without any coding. The
estimator tries to estimate the state based on its received signals and the nonuniform sampling pattern t,,.

To take the nth sample of the system, the non-uniform sampler takes the integration of y¢(t) for (n — 1)1 —t, <t < nl — ty:

Yoln] = /( T e

n—1)I—ty
nl—ty nl—ty

:/ Cxc(t)dtnh/ DcdVe(t) (46)
(n—1)I—t, (n—1)I—ty,
nl—tp nl—tp , nl—tn

— / <eA°<t*<"’*t">>xc(nI—tn)— / ghelt=t >Bchc(t')> dt + / D.dV.(t) (47)
(n—1)I—t, t (n—1)I—t,

nl—ty
/ ceelt=(nl=tn)) gy xc(nl —ty,)
(n—1)I— t,,

nl—tn nl—tn , nl—ty
- / / Cee® "B AW, (t')dt + / D.dV(t)
(

n—1)I—ty (n—1)I—t,
— (/ CceAC(t_I)dt> Xc(nl — t,)
0
nl—ty . nl—ty , nl—tn
_ / / Cee® B AW, (')dt + / D.dV(t) (48)
(n—=1)I—ty Jt (n—1)I—t,
:=v[n]

Here @6) follows from (3], and follows from (@3). Since yo[n] is transmitted over the erasure channel, the intermittent
system (Ac, Be, C) with nonuniform samples and erasure probability p. has the following system equation:

dxc(t) = Acxc(t)dt + BedWe(t) (49)
yln] = Bnl(Cxc(nl — tn) + v(n]) (50)

where y[n] € C' and B[n] is an independent Bernoulli random process with erasure probability p.. The variance of v[n] is
uniformly bounded since the integration interval is bounded, but v[n] can be correlated since the integration intervals could
overlap. Since C is a function of Cg, the observability of (Ac,Cc) does not necessarily imply the observability of (Ac, C)
while the observability of (A, C) always implies the observability of (Ac, Ce).

Figure [3] shows the system diagram for intermittent Kalman filtering with nonuniform sampling. The nonuniform sampler
samples the plant according to the nonuniform sampling pattern ¢, and generates the observation y,[n]. The observation is
transmitted through the real erasure channel without any coding. Then, the estimator tries to estimate the state x.(¢) based on its
received signals y™ and the nonuniform sampling pattern ¢".

As before, the intermittent system (Ac, Bc, C) with nonuniform samples is called intermittent observable if there exists a

causal estimator X(¢) of x(t) based on y[[%]],-- -, y[0] such that
sup E[(x(t) - %(1)T(x(t) = %(1))] < oo (51)

Intermittent observability with nonuniform samples is characterized by the following theorem.

Theorem 8: Let t, be i.i.d. random variables uniformly distributed on [0,7] (" > 0), and (Ac,Bc) be controllable.
When (Ac,C) has unobservable and unstable eigenvalues — i.e. 3IX € CT such that ! EAC} is rank deficient —, the
intermittent system (Ac, Bc, C) with nonuniform samples is not intermittent observable for all pe. Otherwise, the intermittent
system (Ac,Bc, C) with nonuniform samples is intermittent observable if and only if p. < Here Anas is the
eigenvalue of A, with the largest real part.

Proof: See Section for sufficiency, and Section for necessity. [ |

Since exp ((eigenvalue of Ac)I) corresponds to the eigenvalue of the sampled discrete time system, the critical value of
Theorem [§] is equivalent to that of Corollary [I] The nonuniform sampling allows us to no longer care if eigenvalue cycles could
exist for the original continuous-time system under uniform sampling.

1
|32’\mamI‘ .



Nonuniform sampling is the right way of breaking eigenvalue cycles from a practical point of view. So the critical erasure
probability of m can be achieved not only by using the computationally challenging estimation-before-packetization strategy
of [25]], but also by the simple memoryless approach of dithered sampling before packetization. And so, even if the sensors were
themselves distributed, the critical erasure probability with nonuniform sampling is still critical value optimal in a sense that they
can achieve the same critical erasure probability as sensors with causal or noncausal information about the erasure pattern and

with unbounded complexity.

A. Extensions of Intermittent Kalman Filtering with Nonuniform Sampling

In this section, we discuss variations and extensions of intermittent Kalman filtering with nonuniform samples. Since the
proofs of the results shown in this section are similar to that of Theorem [§] we only present the results without proofs.

1) General Distribution on t,: First, we relax the condition on the distribution of ¢,, of Theorem [8| There, we assume
that ¢,, are identically and uniformly distributed. However, they do not have to be identical or uniform.

Proposition 2: Assume that to,t1, - - - are independent and there exist a, ¢ > 0 such that P{|¢,| > a} = 0 and P{¢t,, € B} <
¢|Blz for all n € Z* and B € B, where B is Borel o-algebra and | - | is Lebesgue measure. Then, Theorem @ still holds,
i.e. if (Ac, C) has no unobservable and unstable eigenvalues, the intermittent system with nonuniform samples is intermittent
observable if and only if p. < m

For the proof of the proposition, we can repeat the proof steps of Theorem [8| using an improper distribution g such that
p(A) = c|AN [~a,dl|..

2) Deterministic Sequences for t,: The randomness assumption on ¢, can be also removed. As we mentioned earlier, the
probabilistic proof is an indirect proof for the existence of deterministic nonuniform sampling patterns. In fact, any nonuniform
sequence satisfying Weyl’s criteria —which gives the sufficient and necessary condition for a sequence equidistributed on the
interval — can be used to break eigenvalue cycles.

Proposition 3: Let a sequence t,, € [0, 7] satisfy Weyl’s criteria, i.e. for all h € Z\ {0}, JJEHOJ% S /2" 1| = 0. Then,

1<n<N

Theorem (8] still holds, i.e. if (Ac, C) has no unobservable and unstable eigenvalues, the intermittent system with nonuniform
samples is intermittent observable if and only if p. < m

For example, a sequence like ¢, = v/2n — L\/inj can be used to break eigenvalue cycles. The proof is by merging the proof
of Theorem [7] and Theorem

3) Nonuniform-length integration interval: In Theorem [8} we introduce nonuniform sampling by changing the starting
time of the length of the integration. Another way of introducing nonuniform sampling is changing the integration interval. To
take the nth sample of the system, the sensor integrates y¢(t) from (n — 1)I —t,, to nl. Parallel to (@8), we have the following
equation.

nl
vl = [ ye(ds
(n—=1)I—ty

nl
- </( 1)1 CceAC(tnD) XC(nI)
n— —tn

nl nl—ty , nl
- / / CocAe =B AW, (') dt + / DedVe(t)
( t (

n—1)I—t, n—1)I—ty

nttn
— (/ CCeAC(F"I*t")) Xc(nl)
0

:=Cp,

nl nl—ty , nl
- / / Cee® "B AW, (t')dt + / D.dV.(t)
( ¢ (

n—1)I—ty n—1)I—t,

:=v(n]

yo[n] is transmitted over the erasure channel, and the intermittent system (AC, B, Cn) with nonuniform samples and erasure
probability p. has the following system equations which correspond to @9) and (30).

dxe(t) = AcxXe(t)dt + BedWe(t)
y[n] = B[n)(Cnxc(nl) + v(n])

Then, the intermittent observability condition for (Ac, B¢, Cn) is similar to Theorem

Proposition 4: Let t,, be i.i.d. random variables uniformly distributed on [0, 7] (" > 0), and (Ac, Bc) be controllable.
If (Ac, Cc) has unobservable and unstable eigenvalues, the intermittent system (Ac, Bc, Cn) with nonuniform samples is not
intermittent observable for all pe. Otherwise, the intermittent system (Ac, B, Crn) with nonuniform samples is intermittent
observable if and only if p. < W where Amaqz is the eigenvalue of A with the largest real part.

le

Compared to Theorem 8] we can see that the observabiQIity condition of (Ac, C) is relaxed to ghe observability condition of
(Ac, Cc). This is due to the following fact: f{;flt)’}_tn e/ T tdt = 0 for all ¢, and f{;[_l)l_tn el T tdt # 0 for some t,,. Even
if (Ac, Cc) is observable, (Ac, C) can be unobservable for all ¢, while (Ac, Cy) is observable for almost all ¢,,.
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Fig. 4: (a): uniform sampling of Theorem (b): nonuniform sampling of Theorem (c): nonuniform sampling of Proposition
(d): nonuniform filtering of Proposition EI, (e): nonuniform sampling with nonuniform waveforms

4) Nonuniform Time-varying Filtering: In some cases, it is impossible to change the sampling time. In this case, we can
use nonuniform time-varying filtering to break eigenvalue cycles. Consider the following discrete-time system:

x[n + 1] = Ax[n] + Bw[n]
Yo[n] = Cx[n] + v[n]

Here yo[n] are the observations at the sensor, and the sensor cannot change the sampling intervals. Instead, the sensor introduces
nonuniform filtering to the observations as follows:

Yoln] = alnlyo[n] + o [nlyo[n — 1]

This is just like introducing an FIR (finite impulse response) filter at the sensor except that the impulse response of the filter
keeps changing over time.

The output of the nonuniform time-varying filter, y,[n], is transmitted over the erasure channel. Therefore, the intermittent
system (A, B, C) with erasure probability p. and nonuniform time-varying filtering has the following system equations:

x[n + 1] = Ax[n] + Bw[n]

yln] = Bln)(yo[n])
= Bn)(a[n]Cx[n] + o/ [n]Cx[n — 1] + aln]v(n] + o [n]v(n — 1])

The intermittent observability with nonuniform filtering is given as the following proposition.

Proposition 5: Let a[n] and o/[n] be i.i.d. random variables uniformly distributed on [0,7] (T > 0), and (A,B) be
controllable. If (A, C) has unobservable and unstable eigenvalues, the intermittent system (A, B, C) with nonuniform filtering
is not intermittent observable for all p.. Otherwise, the intermittent system (A, B, C) with nonuniform filtering is intermittent
observable if and only if p. < m where A\.qz is the largest magnitude eigenvalue of A.

5) Sampling with Nonuniform Waveforms: So far in Theorem [8] Proposition [4] and Proposition [5] we have seen three
different ways of breaking eigenvalue cycles. However, these methods are essentially the same and generalized to nonuniform
sampling with nonuniform waveforms.

Fig. @ shows the nonuniform sampling methods used to break eigenvalue cycles with respect to their waveforms. First, Fig. [fa]
shows the uniform sampling which is implicitly used to make discrete-time system (), (2) from the underlying continuous-time
system. As we saw in Theorem [7} the eigenvalue cycles were not broken in this case. Fig. fb] shows the nonuniform sampling by
changing the starting time of the integration, which is used in Theorem El In this case, the eigenvalue cycles were successfully
broken, but we can still observe the regularity in the integration intervals. Due to this regularity, we needed the observability of
(Ac, C) instead of the observability of (A, C.). Fig. l4c| shows the nonuniform sampling by changing the integration interval,
which is used in Proposition ] The eigenvalue cycles were also broken in this case and due to the lack of regularity in sampling
intervals the observability of (Ac, Cc) was enough. Fig. [4d| shows the nonuniform filtering, which is used in Proposition [5| and
successfully break the eigenvalue cycles. Therefore, we can conclude that as long as the sampling waveforms are not uniform as
Fig. [fa the eigenvalue cycles are broken. In general, nonuniform waveforms shown in Fig. [f¢| can be used to break eigenvalue
cycles, and it is an interesting technical equation to find the minimal condition on nonuniform waveforms to break eigenvalue
cycles.



6) Extension to Parallel Channels: Theorem §|can also be extended to the multiple sensors that transmit their observations
through parallel erasure channels. Consider the following continuous-time system equations.

d%o(t) = Aexe(t)dt + BedWe(t)

dVeca(t
Yea(t) = Ceaxe(t) + Dc,szU

dVeal(t
Ye.a(t) = Ceaxe(t) + Dc’d%

Here ¢ is non-negative real-valued time index. A, € C™*™, B, € C™*9 , Cc; € C*™ and D¢; € C'*' where D ; is
invertible. Wc(t) and V¢ 1(t) are independent g and [;-dimensional standard Wiener process respectively.
Like (48), the nth sample at the sensor ¢ is obtained by integrating yc i (¢) from (n — 1)I — ¢ ; to nl — tp 5

nl—ty ;
Youln] = /< Ves(t)dt

n—1)I—ty, ;

I
= (/ Cc,ieAC(t_I)dt) Xc(nd — tn ;)
0
:=C;

nl—ty, ; nl—ty ; , nl—ty ;
f/ / Ceie® B AW, (t')dt +/ DeidVei(t)
( ¢ (

n—1)I—tn ; n—l)I—th

=viln]

Since yo i[n] are transmitted over the parallel erasure channel, the intermittent system (Ac,Bc, C;) with parallel channel
has the following system equation:

dxo(t) = Acxe(t)dt + BedWe(t)
yi[n] = B1[n](Cixc(nl — tn,1) + vi[n])

ya[n] = Ba[n](Caxe(nl — tn,a) + valn])

where yi[n] € C' and j;[n] are independent Bernoulli random processes with erasure probability pe ;.

Like before, by a change of coordinates, we can rewrite the above system equations to the ones with a Jordan form A
without changing the intermittent observability. Therefore, like (39), @0) and (@I) we can write A and C; as follows without
loss of generality.

AC = diag{Al,l, A172, cee ,AH,V“}
Ci=[Ci1i Ciz2i -+ Cpuu,il
where
A, ; is a Jordan block with eigenvalue \;
A1, -+, Ay are pairwise distinct

Ci,jx is a i x dim A; ; complex matrix.
Denote
Cij=[(Ciri)t  (Cini)]
where (Cj jk), implies the first column of Cj j i
Let (li1,li2, -, li,a) € {0,1}% such that
1(l;,1 = 0)Cix

1(li.a = 0)Cia

is rank deficient, i.e. the rank is strictly less than v;.

Denote L; as the set of such (I;,1,0;,2,- - ,l;,q) vectors. Then, the intermittent observability of the system (A, B, C;) with
parallel channel is characterized by the following proposition.
Proposition 6: Given an intermittent system (Ac,Bc, C;) with probability of erasures (pe,1,: - ,Pe,a), let (Ac,Bc) be

controllable, and t,; be independent random variables uniformly distributed on [0,7] (7' > 0). The intermittent system
(Ac, Bc, C;) with parallel channel is intermittent observable if and only if

lij 20 I
max max | | oy | le < 1L
1<i<p (li,1,bi,2, 50 ,d)€EL; 155<a !
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VIII. PROOFS

The proofs of Theorem [7] and Theorem [§] are quite similar, and we can directly relate them by Weyl’s criterion [13]. For
presentation purposes, we will first present the proof of the nonuniform sampling case, Theorem [8] which is easier than that of
Theorem [71

A. Sufficiency Proof of Theorem [8| (Non-uniform Sampling)

We will prove that if (A, C) does not have unobservable and unstable eigenvalues and p. <
intermittent observable.

e Reduction to a Jordan form matrix Ac: To simplify the problem, we first restrict to system equations #9) and (30) with
the following properties. We will also justify that this restriction is without loss of generality and does not change intermittent
observability.

(a) The system matrix A is a Jordan form matrix.
(b) All eigenvalues of A are unstable, i.e. the real parts are nonnegative.
(c) @9) and (B0) can be extended to two-sided processes.

The restriction (a) can be justified by a similarity transform [7]. As mentioned before, it is known [7] that for any square
matrix A, there exists an invertible matrix U and an upper-triangular Jordan matrix A, such that A. = UALU™!. Then,
equations (@4) and @) can be rewritten as

the system is

N S
‘ezxmazq ’

’ t ! !
U™ 'xc(t) :eACtU_lxc(0)+/ AU B AW, (1)
0

I
Yoln] :/ CCUeAC(td)dthlxc(nI —tn)
0

nl—tn nl—ty , , nl—tp
- / / C U U B dW,(t')dt + / D.dVe(t).
(

n—1)I—ty (n—1)I—ty,
Thus, by denoting x,(t) := U™ 'xc(t), BL := U 'Bc, and C}, := C.U, the system equations @2), @3} and (B0) can be written
in the following equivalent forms.
dxL(t) = ALxL(t)dt + BLdWe(t)

ye(t) = Coxi(t) + D Vel

Vo[n] = C'x¢(nl — t,) + vn]

where C' := [ CLe?e("Ddt = [1 C.UUeA("DUdt = CU.

Since U is invertible, (A, C) has an unobservable eigenvalue ) if and only if (A7, C’) has an unobservable eigenvalue ).
Moreover, since x,, = U™ 'x,(t), the original intermittent system (A, Bc, C) with nonuniform samples is intermittent observable
if and only if the new intermittent system (Ag, B, C’) with nonuniform samples is intermittent observable. Thus, without loss
of generality, we can assume A, is given in a Jordan form, which justifies (a).

Once A is given in a Jordan form, there is a natural correspondence between the eigenvalues and the states. If there is
a stable eigenvalue — i.e. the real part of the eigenvalue is negative —, the variance of the corresponding state is uniformly
bounded. Thus, we do not have to estimate the state to make the estimation error finite. In the observation y|[n], the stable states
can be considered as a part of observation noise v[n], and the variance of v[n] is still uniformly bounded (even if v[n] can be
correlated). Therefore, we can assume (b) without loss of generality.

To justify restriction (c), we put We(t) = 0 for ¢ < 0, V() =0 for ¢t < 0, and let 3[n] be a two-sided Bernoulli process
with probability 1 — p.. Then, the resulting two-sided processes Xc(t) and y[n] are identical to the original one-sided processes
except that xc(t) and y[n] except that xc(t) =0 for t € R™~ and y[n] =0 forn € Z7 .

In summary, without loss of generality we can assume that A is in a Jordan form, all eigenvalues of A are stable, and (#9)
and (B0) are two-sided processes. Thus, we can assume A € C™*™ and C € C™™ s given as follows.

Ac=diag{A11,A12, - A1y, A1, ’AW/“} (52)
C= [Cl,l Ci2z -+ Ci,4 -+ Cpa1 -+ Cu,uu] (53)
where

A;; is a Jordan block with eigenvalue \; + jw; and size my,;

mi1 <mip < - <my,, foralli=1,---,u

M>A > > A, >0

A1+ jwi, Ag + jwa, -+, Ay + jw, are pairwise distinct

Ci,; is al X m;,; complex matrix

The first columns of Cj 1, Ci 2, -, Ci,., are linearly independent.
Here, Aj1,---,Aj,, are the Jordan blocks corresponding to the same eigenvalue. The Jordan blocks are sorted in a descending
order in the real parts of the eigenvalues. The permutation of Jordan blocks can be justified since they are block diagonal matrices.
The linear independence of Cj 1, Ci 2, - , Ci,,; comes from the observability of (Ac, C) (by Theorem @)

e Uniform boundedness of observation noise: To prove the intermittent observability, we will propose a suboptimal maximum

likelihood estimator, and analyze it. To upper bound the estimation error, we upper bound the disturbances and observation noises
in the system.
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By #3), we have

nl

Xe((n — k) — t_y) = e A Ttn—t)x (nI) —/ eAe((n=RI=tn k=B _GW,(¢'). (54)
(n—k)I—t,
=w'[n—k]
By plugging this equation into (30), we get
yin— k] = Cxc((n — k)L — tn_r) + v[n — k]
= Ce AetIttnt)x (nI) + CwW'[n — k] + vn — k] . (55)
=v/[n—k]

We will upper bound the variance of v'[n — k]. First, consider the variance of w’[n — k]. By the assumption (b), all eigenvalues
of A, are unstable, and since t,—x € [0,T], ((n — k)I — t,,—x —t') ranges within [—(kI + T'),0]. Thus, there exits p’ € N such
that

Ew'[n— k'w'[n — k)] <1+ k" (56)

where < holds for all n. (See Definition [12] for the definition of <.) )
By (@3), the variance of v([n] is uniformly bounde for all n. Therefore, we have E[v'[n — k]Tv/[n — k]] < 1+ kP for all
n.
Moreover, since W, (t) is a standard Wiener process with unit variance, supE[(x(nI) — X(nI))"(x(nI) — X(nI))] < oo
nez

implies supE[(x(t) — X(¢))T(x(t) — X())] < oo. Thus, it is enough to estimate the state only at discrete time steps.
teR

S

e Suboptimal Maximum Likelihood Estimator: Now, we will give the suboptimal state estimator which only uses a finite
number of recent observations. We first need the following key lemma.

Lemma 2: Let Ac and C be given as in (32) and (33), 8[n] be a Bernoulli process with probability 1 — pe, and t, be
i.i.d. random variables whose distribution is uniform on [0,7] (T > 0). Then, we can find m’ € N, a polynomial p(k) and a
family of stopping times {S(e, k) : k € Z",0 < € < 1} such that for all k € Z" and 0 < € < 1 there exist k < k1 < k2 <
oo < kpr < S(e, k) and a m x m’l matrix M satisfying the following four conditions:

() Blks] =1forall 1 <i<m'
Ce*(klertkl)Ac
C€7<k21+tk’2 YAc
Ce—(kmzl'+tkm,)Ac
(iii) ‘M| < P(S<€vk)>e>\15(€vk>1
mar — €
(iv) limeyo (explimsup,_, . supyez+ ~logP{S(e,k) — k = s}) < pe.

Proof: See Appendix @ [

Since we have p. < Temaat] = ﬁ, there exists & > 1 such that 6°p, < e“% By Lemma , we can find m’ € N,
0 < € < 1, a polynomial p(k) and a family of stopping times {S(n) : n € Z*} such that for all n, there exist 0 < k1 < k2 <
<+ < kpr < S(n) and a m X m/l matrix My, satisfying the following four conditions:

@) Bn—ki]=1for1 <i<m
Ce~F1lttn_k,)Ac
Ce~(F2lttn_ky)Ac
(ii’) Mn . =TLnxm
C€7<k7”/ I“':tnfkm, )Ac
(1117) |Mn| N < p(S(n))ekll-S(n)
(iv’) exp (limsup,_, ., sup,cz+ + logP{S(n) = s}) < Vope.

E]

Then, here is the proposed suboptimal maximum likelihood estimator for x(nl):

y[n — ki
R yln — ko]
X(nl) = Mnp : . (57)

Here, k; also depends on n, but we omit the dependency in notation for simplicity. Notice that the number of the observation
of the estimation, m/, is much larger than the dimension of the system, m. In other words, the estimator proposed here may use
much more number of observations than the number of states (the number of observations that a simple matrix inverse observer
needs). This is because we use successive decoding idea in the proof of Lemma [2}

e Analysis of the estimation error: Now, we will analyze the performance of the proposed estimator. Remind that p’ is defined
in (56) and § > 1 By (iv’) and well-known properties of polynomial and exponential functions, we can find ¢ > 0 that satisfies
the following three conditions:

(@) (1 +kP)<c-8"forall k>0

14To justify assumption (b), we consider the stable states as a part of observation noise v[n]. However, this does not change the uniform boundedness since
the variances of the stable states are also uniformly bounded.



(i) p(k) < c¢- 6" for all k > 0
(iii”) sup,enyP{S(n) = s} <c- (5 pe)® for all s € Z*

Let F3 be the o-field generated by S[n] and ¢;. Then, k;, S(n), and ¢; are deterministic variables conditioned on F3. The
estimation error is upper bounded by

sup E[x(nf) — x(nl)f3] = sup E[E(|x(n[) - X(nl)[3|F5]]

CefAc(k11+tn,k1) v/[n _ kl} 2
(A) CeAclkalttn ry) vi[n — ko]
= sup E[E[|x(n]) — Mn( : x(nl) + : )| | F5l]
Ce*Ac(kyn;I+tn—km/) v'[n - km/]
v'[n — k1] ?
. v'[n — ko)
= sup]E[E[ M : |}—BH
) :
v [n - k2195u m;] 2
viin—k] 7|
) v'[n — ko]
,S SupEHM"|maw ! ]E[ : |]:ﬁ]]
v'[n — k]

max

©) ,
< SUpE[[Mnl[na, - (1+S(n)")?]

2 (2D ) 14 sy

(B)
< SUPE[(SQS(”) 62)\1[~S(n) . 625(71)}

(2) 4s 2)\1[ s
Z(; . (8- pe)*

s=0

@ Z Ce2Ml pe)’

< o0

where < holds for all n.
(A): By (53) and (57).
(B): By condition (ii’).
(C): Since E[v'[n — k]'v/[n — k]] < 14 k*" by definition.
(D): By condition (iii’).
(E): By condition (i) and (ii”).
(F): By condition (iii”).
(G): Since we choose § so that §°p, - 21 < 1.
Therefore, the estimation error is uniformly bounded over ¢t € R™ when p. < 52*%’ which finishes the proof.

B. Necessity Proof of Theorem [8]

The necessity proof divides into two parts. First, we prove that if p. > then the system is not intermittent

. . . + AL — Ac
observable. Second, we prove that if (A, C) has unobservable and unstable eigenvalues — i.e. IA € C™ such that C

is rank deﬁcient — then the system is not intermittent observable.

e When p. > m Intuitively speaking, we will give all states except the one corresponding to the maximum eigenvalue
as side-information. Thus, we will reduce the problem to the scalar systern discussed in Section M

Formally, let 3y := E[(xc(t) — E[xc(t )\yL MN(xe(t) — Elxc(t )|yL M| Fs] where Fjs is the o-field generated by B[n]
and t;. Notice that 3¢ is a random variable.

It is known that when (A, Bc) is controllable, the estimation error of x(¢) even based on all the causally available information
ye(0 : t) is positive definite when ¢ is large enough. Therefore, there exists t' > 0 and o2 > 0 such that for all ¢ > ¢/, e = o’
with probability one. Let e be a right eigenvector of A associated with the eigenvalue Ap,qz, i.6. Ace = Amaze. Then, we can
find 0’ > 0 such that for all ¢ > #', Iy = o’>ee’ with probability one.

Define the stopping time Sj, := inf{k € Z"|3[n — k] = 1} as the time until the most recent observation.

The observations between discrete time n — Sy, + 1 and n are all erased. This implies the received observations at discrete
time n are independent from yc((n — Sp)I : nI). Thus, conditioned on (n — S;,)I > t', Zpuqjnr is lower bounded as follows
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with probability oneE

E[Sutn1|Sh, (n = Sp)T > ] = (25050 o) yriin-syr(et ) (58)
- o2 (eAc(S’nI))eef (eAc(s;I))f (59)
bt (J’l2|62>\""a$[ Sneel (60)

Here we use the fact that when e is an eigenvector of A associated with an eigenvalue Ap,qz, € is also an eigenvector of ehet
associated with the eigenvalue e*mae? for all ¢.

Since p. > leam”’ the average estimator error is lower bounded as follows:
E[(xe(nl) = E[xe(nI)|y"])! (xc(nl) — E[xe(nl)]y"])] (1)
> Elo’?[e?*moe T |Snle? - 1((n — Si)T > 1) (62)
>l Y [T (1 pe)pe (63)
0<s<[n—1]
t
> 0”lel* - (1=pe) - (In— 7] +1) (64)

Thus, the estimation error goes to infinity as n — oo, so the system is not intermittently observable.

e When (A, C) has unobservable and unstable eigenvalues: Now, we prove that if (A, C) has unobservable and unstable
eigenvalues, the system is not intermittent observable. This proof seems trivial, but the original continuous-time system (A, Cc)
can still be observable while the sampled system (A, C) is not. Thus, it still needs justification.

Let A € CT be the unobservable and unstable eigenvalue. Then, PI EAC} is rank deficient, and we can find i such that
[ML— Ac]i= 0. Then, i satisfies Ci = 0, Aci = i, and we can notice that Ce®<'i = ¢*"Ci = 0. We will prove that the
uncertainty in the direction i is not observable by any observations.

By the controllability of (Ac,Bc), as above there exists ¢’ such that for all ¢ > t/, x¢(t) — E[xc(t)|y<(0 : t)] has a positive
definite covariance matrix. Therefore, we can write xc(t) —E[xc(t)]yc(0 : t)] = i-xL.(t) +x, (t) where z..(t), x(t) and yc(0 : t)
are independent and E[|x%(t)|?] > ¢ for some ¢’ > 0 and all t > ¢’

Then, we will prove that the sampled observations are independent from z.(t). By @4) and @), for all 7 < (n — 1)1 — t,,

we have
nl—ty ,
Yoln] = C(e®" =) (x (1) + / AT B AW (1)) (65)
nl—tp nl—tp T , nl—ty
_ / / CeeP VB dW (¢ )dt + / DedVe(t) (66)
(n—1)I—t, Jt (n—1)I—t,
nl—ty ,
= C(e® ™ (G 2l (1) + X2 (7) + E[xe(T)|ye (0 : 7)] + / AT B AW (1)) 67)
nl—ty nl—ty , nl—tn T
_ / / Cee® B AW, (t')dt + / D.dV(t) (68)
(n—1)I—ty, (n—=1)I—typ
nl—tpy ,
= C(e® M) (%! (7) 4+ E[xe () |ye (0 : 7)] + / AT B AW (1)) (69)
nl—ty nl—ty , ’ nl—ty
_ / / Cee® VB dW (¢ )dt + / DedVe(t) (70)
(n—1)I—ty Jt (n—=1)I—ty

A<t = 0. Moreover, by the causality and definitions, the last equation is independent from

where the last equality comes from Ce
xq (7).

Now, we will prove that the uncertainty x4 (7) can be arbitrarily amplified. Since ¢; are uniform random variables on [0, 77,
there exists a positive probability such that (n — 1)1 — ¢, < (n+n’ — 1) — t, 4, for all n’ € N. Denote such an event as F.
Then, by choosing n large enough so that (n — 1)I —t,, > t’, we have the following lower bound on the estimation error for all

t>(n—1)1—tn:

E[|xe(t) — Efxe(t) [y 7] (1)
> Elxc(t) — Elxe(t)[y 7] 12| EJP(E) (72)
(E) E[|etet=(n=DI=tn)i 0 ((n — 1) — t,,)|?| E]P(E) (73)
_ |e)\(t7((n71)17T)) . i|20"2 ) P(E) (74)

(a): By @), xc(t) = ettt ((n=DI=taDy (0 — )T —t,) + féﬁl)lit” eAel(n=DI-tn=tYB_IW(¢'). Moreover, z!’((n —
1)1 — ¢5) is independent from yc(0: (n — 1)1 — t,) and yo[n], yo[n + 1] - --.

Since we can choose ¢ arbitrarily large, this finishes the proof for $(\) > 0. To prove for the case of R(\) = 0, we can
bound (74) more carefully and justify that independent estimation errors accumulates in the direction of i. We omit the proof

15The lower bound does not hold for R(A) = 0 which induces p. = 1. However, in this case we do not have any observation, so trivially the system is
unstable.



here since the argument is essentially equivalent to that of the well-known fact that an eigenvalue with zero real part is unstable
in continuous-time systems.

C. Sufficiency Proof of Theorem [7| (Discrete-Time Systems)
ﬁ
max |A; 1] b

1<isp

e Reduction to a Jordan form matrix A: As in Section we will restrict attention to system equations (I) and (2)
with the following properties, and justify that such a restriction is without loss of generality and does not change the intermittent
observability.
(a) The system matrix A is a Jordan form matrix.
(b) All eigenvalues of A are unstable, i.e. the magnitude of all eigenvalues are greater or equal to 1.
(c) (1) and @) can be extended to two-sided processes.

The restriction (a) can be justifies by a similarity transform [7]]. It is known [7] that for any square matrix A, there exists an
invertible matrix U and an upper-triangular Jordan matrix A’ such that A = UA’U~!. Then, the system equations (1 and @)
can be rewritten as:

We will prove that if p. < then the system is intermittent observable.

U 'x[n+1] = A'U 'x[n] + U 'Bw][n]
y[n] = B[n)(CUU'x[n] + vin).
Thus, by denoting x'[n] := U™ 'x[n], B’ := U™ 'B, and C’ := CU, we get
x'[n+1] = A'x'[n] + B'w[n]
y[n] = B[n](C'x'[n] + v[n]).

Since U is invertible, the controllability of (A,B,C) remains the same for the new intermittent system (A’, B’ C’).
Moreover, since x’[n] = U~ 'x[n], the original intermittent system is intermittent observable if and only if the new intermittent
system is intermittent observable. Thus, without loss of generality, we can assume that A is given in a Jordan form, which justifies
(a).

Once A is given in Jordan form, there is a natural correspondence between the eigenvalues and the states. If there is a stable
eigenvalue — i.e. the magnitude of the eigenvalue is less than 1 —, the variance of the corresponding state is uniformly bounded.
Thus, we do not have to estimate that particular state to make the estimation error finite. In the observation y[n], the stable states
can be considered as a part of observation noise v[n], and the variance of v[n] is still uniformly bounded (even if v[n] can be
correlated). Therefore, we can assume (b) without loss of generality.

To justify restriction (c), rewrite (I) as

x[n + 1] = Ax([n] + Iw'[n]

where w'[n] = Bw|n] for n > 0. Let w'[—1] = x[0], w[n] = 0 for n < —1, and v[n] for n < 0. We also extend B[n] to a
two-sided Bernoulli process with probability 1 — p.. Then, the resulting two-sided processes x[n] and y([n] are identical to the
original one-sided processes except that x[n] = 0 and y[n] =0 forn € Z7 .

In summary, without loss of generality we can assume that A is in a Jordan form, all eigenvalues of A is stable, and (I) and
@) are two-sided process. Therefore, we can assume that A € C™*™ and C € C"*™ are given as

A= diag{Alyl, A1,2, s ,Al,ul, e ,Au,l, e 7Au,vu}
C = [C1,1 Ciz2 -+ Ci, -+ Cp1 - CM,V,J
where
A; ; is a Jordan block with an eigenvalue \; ; and size m; ;
mi1 2> My > - > My, foralle=1,---
[Ar1] > (A1 > > | Aua] > 1
{Ai1,+, Aiy, }is cycle with length v; and period p;
For i # 4', {Xi,j, \iv 7} is not a cycle
C;,j is a I x m;,; complex matrix. (75)
Here, Aj1,- - , Aj,,, are the Jordan blocks corresponding to the same eigenvalue cycle. The Jordan blocks are sorted in descending
order by the magnitude of the eigenvalues. Such permutation of Jordan blocks can be justified since Jordan forms are block diagonal

matrices.
Like (@#0), @T), we also define A;, C;, and I; as follows.

Ai = diag{)\i,l, ce 7A'L‘,yi}
Ci=[(Cia); - (Ciwm)y]
where (C; j), is the first column of Cjj. (76)

l; is the minimum cardinality among the sets S° C {0,1,--- ,p; — 1} whose resulting S := {0,1,--- ,p; — 1} \ S’ =
{517 82, ,8|5‘} makes

amn
CiAiS‘S|
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be rank deficient, i.e. the rank of the matrix (77) is strictly less than v;.
Moreover, in (E[), we already assumed that there exists a finite ¢ > 0 such that

Slé}:Z)E[W[n]W[n]T] <o’1

sup E[v[n]v[n]'] < oL (78)

nez

e Uniform boundedness of observation noise: To prove intermittent observability, we will propose a suboptimal maximum
likelihood estimator, and analyze it. We first have to upper bound the disturbances and observation noises in the system. Following
the same steps of (26), we can derive

yln — k] = CA™"x[n] — (CA 'w[n — k] +--- + CA *wln — 1] — v[n — k). (79)

v/ [n—k]

The invertibility of A is comes from assumption (b). Moreover, since all eigenvalues of A are unstable, by (78) we can find
p’ € N such that

E[V'[n— kv n— k] <1+ (80)

where < holds for all n, k(k < n).
e Suboptimal Maximum Likelihood Estimator: Now, we will give the suboptimal estimator for the state which only uses a
finite number of recent observations. We first need the following lemma which plays a parallel role to Lemma
Lemma 3: Let A and C be given as in (73), (76) and (77), and B[n] be a Bernoulli process with probability 1 — p.. Then,
we can find mi,--- ,mj, € N, polynomials p1(k),--- ,p#(k) and families of stopping times {S1 (e, k) keZr0<e<
1}, ,{Su(e,k) : k € ZT,0 < € < 1} such that for all k € Z" and 0 < € < 1 there exist k < k1 < - < k,,, m < 51(6 k) <
b1 <o <ks_om < Su(e k) and am x (35, ., m;)l matrix M satisfying the following conditions:
() Blki] =1for 1 <i <33, m;
CA™™ o
CA™*

CA "Tizicum)
< maxi<i<, {pi(sie(e,k)) ‘/\iyl‘si(e,k)}

maxr —

(iii) | M|
22

(iv) limeyo exp (limsup,_, o, sup,cz+ + logP{Si(e, k) — k = s}) < maxi<j<; {p:j } for1<i<up

1.

i

(v) limeyo exp (limsup,_, . esssup + log P{Sa (e, k) — Sp(€, k) = 5| Fs,}) < maxpci<a {pepi} for 1 < b < a < pu where

Fs, is the o-field generated by S;(e, k).
Proof: See Appendix [X-G|

-
2D

202, Pl
0 < € < 1, polynomials p1(k),--- ,pu(k), and a family of stopping times {(Si(n), -+ ,Su(n)) : n € ZT} such that Vn there
exist 0 < k1 <-+- <kpy <S1(n) <kppryg <o+ < kzlgigumé < Su(n) and a m x (35, .,., m;)l matrix My, satisfying
the following conditions:
@) Bln— ki =1for 1 <i <Y, m}

CA™ ™ o

CA™*
(11’) Mn : = Imxm

’i

Since pe < , there exists 0 > 1 such that 55~ Jmax pe “|Xi,1)?* < 1. By Lemma|3| we can find m/, - - - ,m;, €N,

i

CA "Ticicumi
(i) [Mal,,,q, < maxici<y {7“(32(")) |>\z‘,1|si<”)}

L

(iv)) exp (limsup,_, ., L logP{Si(n) = s}) < v/ - maxi<;<; {pepj} for1<i<up

L

(v') exp (limsup,_,  esssup * log P{Sa(n) — Sp(n) = s|Fs,}) < V0 - maxp<i<a {pé”

the o-field generated by S[n — Si(n)], Bn — Si(n) +1],--- , B[n].
Then, here is the proposed suboptimal maximum likelihood estimator for x[n]:

}f0r1<b<a<pwhere]:si is

y[n — ki
yln — ko]
%[n] = M, : (81)

Y[n - kz1§z‘§u m;}



Here, k; also depends on n, but we omit the dependency in notation for simplicity. Notice that the number of observations that
this estimator uses, ks~ cic, m> CaN be much larger than the dimension of the system, m. In other words, the estimator proposed
here may use much more “humber of observations than the number of states (the number of observations that a simple matrix
inverse observer needs). This is because we use successive decoding idea in the proof of Lemma [2]

e Analysis of the estimation error: Now, we will analyze the performance of the proposed estimator. Remind that p’ is defined
n and § > 1. By (iv’) and (v’), we can find ¢ > 0 that satisfies the following four conditions:
() (14 k") <c-6" forall k>0
(i) pi(k) < c- 6% forall 1 <i < pand k >0

v
(iii”) P{Si(n) = s} < c¢- (6 - maxi<j<; {pepj })9 forall 1 <i<pands€Z"

Uy

@iv”) P{Sa(n) — Sp(n) = s|Fs,} < c- (0  maxpci<a pfi Y foralll1<b<a<pands€Z".

Let Fp be the o-field generated by 3[n]. Then, k; and \S; are deterministic variables conditioned on F3. The estimation error
is upper bounded by

E(|x[n] — X[n][5] = E[E[x[n] - X[n]|3|F5]]

CA™™ v'[n — ki
CA~F2 v'[n — ke
2 E[E[|x[n] — Ma( : x[n] — : )| 1 Fsl]

7k ’ / i
CA Zi<i<pmj v'[n— k21§igum§,]

v'[n — k1] 2

v'[n — ko]
E[E[|Mx : | Fs]

vin—ks,cic,mill],
v'[n — k1]

, v'[n — ko]

S ]E“Mn"maz : ]E[ : |]:B]]

2

) :
vi[n - kzlgigu m;] maw

© ) PN
5 E[‘Mn|maw ) (1 + S (n)) ]

' Bl max {(Mu S”"’)Q} LAY

1<i<p

<> E(;% Pl |S“"))2~<1+Sﬁ'<n>>21

1<i<p

(B)
5 Z ]E[(SZSi(n) . |>\i,l|2Si(n) . 625“(70}
1<i<p
Z ]E[54Si<") A 1‘251'(”) _E[(;?(Su(n)*si(n))‘]:S_(n)”

1<isp

(F)
S Z E[64SZ(n) | il 25' (n) 2625 (S max {p }) }

1<i<p s=0

(&)
Y B )

1<i<p

o) L
as |y 25 (5 P Ly
> > 8 a6 gg?%ci{pe })

1<i<p s=0
o Y
= (6% - [ Aial? -maX{ 57})3
1<i<p s=0 st

where < holds for all n.

(A): By (M) and (§I).

(B): By condition (ii’).

(C): Since E[v'[n— k]'v/[n — k]] < 1+ k*" by the definition of p’ of (B0), and thus each element of the v'[n] vector obeys max
bound.

(D): By condition (iii’).

(E): By condition (i) and (ii”).



(F): By condition (iv”).l
(G): Since 6° - max p‘fﬁ|/\,~,1|2 <1
1<i<p
(H): By condition (iii”).
I

I): Since §° - ’TA 241,
(@): Since max p RYSTRES

1

Therefore, the estimation error is uniformly bounded over n when p. < which finishes the proof.

277>
max |A; 1| li
1<i<p

D. Necessity Proof of Theorem 7]

Intuitively, we will give all states except the ones that corresponds to the bottleneck eigenvalue cycle as side-information
to the estimator. Then, the problem reduces to the single eigenvalue cycle one discussed in Section and we can prove the

estimation error diverges similarly. This argument works for p. > ﬁ, since we can show that a single additional

max; [A; 1] i
disturbance w[n| grows exponentially. However, for the equality case p. = L, the proof can be more complicated
i

2
max; [A; 1]

since not a single disturbance but the sum of disturbances algebraically diverges to infinity.

So, to make this argument complete and rigorous, we will analyze the optimal estimator, and prove that its estimation error
diverges when the condition of the lemma is violated.

It is well-known that the optimal estimator is the Kalman filter and it can be written in recursive form. Let F3 be the o-field
generated by ([n]. Denote the one-step prediction error as Xy y1jn = E[(x[n + 1] — E[x[n + 1]|y"])(x[n + 1] — E[x[n +
1]|ly"])"|F5]. Then, £, 11n follows the following recursive equation [23| p.101].

Sniin = (A = ALyCn)Znjn_1(A — ALLCy)' + ALLE[v[n]v[n]' L, AT + BE[w[n]w[n]'|B (82)

Here, Ln = Zpun_1Cl [CaZnn_1Ch +E[v[n]v[nrf”71, and C, = C if f[n] = 1 and C,, = 0 otherwise. Notice that
Y nt1jn is a random variable.

Moreover, it is also known that when (A,B) is controllable, the one-step prediction error of x[n + 1] based on y[n]
becomes positive definite for large enough n even if there are no erasures. Therefore, there exists m € N and ¢ > 0 such that

Satin = 0T with probability one for all n > m. Therefore, by 82) for all n > n' > m we have

EnJrl\n t (A — ALnCn) . (A — ALn'Cn’)Enﬂn’fl(A — ALn’Cn/)T . (A _ ALnCn)T (83)
> 0°(A — ALyCn) - (A — ALy Co)I(A — AL, Cp)'- - (A — AL,Cn)". 84)
Py
Let’s use the definitions of U, A’, C’, U, A;, Cs, Ai j, pi» Li, vi from (39), and @T). Let i* := argmaa:\)\i,lfﬁ, Let
1<i<p
S C{0,1,--- ,pi~ — 1} be a set achieving the minimum cardinality /;«. In other words, define S* := {s7,s3,--- ,5{g+} =
{07 17 oy Pix — 1} \ S/*. Then, ‘S/*| = li* and
Ci- Ay
CiAj 2
Cy Ay 5i5%1

is rank deficient, i.e. the rank is strictly less than v;x.
For a given time index n, define the stopping time S, as the most recent observation which does not belong to S* in modulo
Ppix, €.
Sy = inf{kp;= : k € Z* and there exists k" such that S[n — k'] = 1, kpi» <k’ < (k+ 1)pi=, —k" — 1(mod pi<) € S™}.
(85)

Then, we can compute that P{S,, = kp;+} = (1 — ph* )(ple“ ) for all k € Z*. From the definition of S,, we can see that for
all 0 < k < Sy, B[n— k] =1 if and only if —k — 1(mod p;+) € S.
Then, conditioned on n — S, > m, by (84) the following inequality holds with probability one:

Sntijn = 02 (A~ ALnCn) - (A — ALn-s,+1Cn-s,41)[(A — ALy s,11Cn-s,41)" - (A — AL.Cn)". (86

where Cpn_s,+k = C if =S, +k — 1(mod p;+) = k — 1(mod pi=) € S and Cn—s,+x = O otherwise.
We will prove that the L.H.S. of (86) grows exponentially. For this, we first need the following lemma.
Lemma 4: Consider A, C, U, A’, C', A;, Cy, v, p; given as (39), and @I). For a given set S := {s1,---, 85/} €
CiA;*t

{0,1,--+ ,p; — 1}, let . be rank-deficient, i.e. the rank is less than v;, and define
A(I<0a ce 7Kpi*1) = (A - Kpiflépifl) T (A - KOCO)

where C./i = C when j € S and Cj = O1xm oOtherwise.
Then, for all Ko, -+ ,Kp,—1 € C™*!, A(Ko, - ,Kp;—1) has a common right eigenvector e whose eigenvalue is AT
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€1
Proof: For the simplicity of notation, we will set 4 = 1, but the proof for general i is the same. Let e’ = | : | be a nonzero
€,
— ClAlsl
Ci1A;™
vector that belongs to the right null space of . . Let €} be a m1,1 X 1 column vector whose first element is e; and
LC1A;°1S
the rest are 0. Likewise, e is a m1,2 X 1 column vector with first element ez and the rest 0. e3,-- - ,€,, are defined in the
- e,
same way. Let a m x 1 column vector e’ be o . Then, we will prove that e := Ue” is the eigenvector that
v1
Om— = mi)x1
L 1<i<vq
satisfies the conditions of the lemma. .
By construction, we can see that C1A1*e’ = 0 for k € {s1,---,s|5/}. Moreover, since CA¥e = CUA"U " 'Ue” =
C’A’*e”, we also have CA*e =0 for k € {s1,--, 85} Thus, we can conclude

(A —-Kp,-1Cp, 1) (A~ Ks, G, )(A — Ky, -1Cg, 1)+ (A~ KoCo)e
= (A -Kp,-1Cp, 1) - (A - K, C)(A —Ks,-10) - -- (A — KoO)e
=(A—-Kp;-1Cp, 1) - (A —Ks, C)A%le

=(A—-Kp,-1Ch,_1)--- (A" e — K, CA®'e)

p1—1

@ (A —Kp,-1Cp, 1)--- (A% He)

P1—
© AP1e — UAP'U le = UAPE”

(c) p1 M p1
= Ule = Ae

(a): CA’le = 0.
(b): Repetitive use of (a) for s2,- -+, s/g].
(c): A1P* = ATY T and the definition of the vector e”.
Thus, the lemma is proved. [ ]

Let the vector e be the right eigenvector of Lemma [4| for ¢ = ¢*. Then, there exists o’ > 0 such that I > o'%ee’. (B6) is
lower bounded as

2 1248y f(ySn \i
Shtin = 0 0 A ee (M)

Since pe > ﬁ, the expected one-step prediction error is lower bounded as followsﬂ
Agx q | i
E[(x[n + 1] = Elx[n + 1]|y"]) (x[n + 1] - E[x[n + 1]|y"])] 87
> [0’ s 1| [e|* - 1(n — S, > m)] (88)
> o el Y (1= pE ) (A a P’ (89)
0s<|

n—m
pix

Therefore, as n goes to infinity, the one-step prediction error diverges to infinity. The estimation error for the state is not uniformly
bounded either, so the system is not intermittent observable.

> %o le|* - (1-pd") - (| D). 0)

E. Proof Outline of Lemma [2| and Lemma [3]

Now, the proofs of Theorem [§] and [7] boil down to the proofs of Lemma [2] and 3] Since the proofs of Lemma [2] and 3] shown
in Appendix are too involved, we give the outlines of the proofs in this section.

1) Proof Outline of Lemma % The proof flow of Lemma [2]is shown in Figure[5} As we saw in Section[V] the tail behavior
of probability mass functions (p.m.f.) is crucial in the characterization of the critical erasure probability. Thus, in Appendix [X-A]
we first study some properties of the p.m.f. tail.

In the sufficiency proof of Section [VIII-A] we analyzed a sub-optimal maximum likelihood estimator whose performance
heavily depends on the norm of the inverse of the observability Gramian matrix. In Appendix @ we will reduce the question
about the norm of the matrix to a question about an analytic function. In Lemma [T0] we first prove that if the determinant of the
observability Gramian matrix is large enough than the norm of the inverse of the observability Gramian matrix is small enough.
Thus, we can reduce the question about the norm to an question about the determinant. Since the determinant of the observability
Gramian matrix is an analytic function, Lemmaﬂzl further reduce the question to a question about an analytic function. In other
words, if an analytic function is large enough, then the determinant of the observability Gramian matrix is also large enough.

16The lower bound does not hold when |)\i*,1\ = 1 which induces p. = 1. However, in this case we do not have any observation, so trivially the system
is unstable.
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Fig. 5: Flow diagram of the proof of Lemma

For the intermittent observability, we want to prove that the estimation error is uniformly bounded over all time indexes
with nonuniform sampling. It is enough that a set of analytic analytic functions is uniformly away from O with high probability.
Lemma [T5]of Appendix [X-C|captures this insight. In Lemma|[T3] we first prove that each analytic function is away from 0 with high
probability using a property of analytic functions. After this, we apply Dini’s theorem which tells pointwise convergence implies
uniform convergence when the domain of the functions is compact, and prove the desired uniform convergence of Lemma

Now, we are ready to prove Lemma |Zl By merging the results of Lemma @ and @ we can prove that the determinant of
observability Gramian is large enough with high probability uniformly over all time indexes. Together with the properties of the
p-m.f. tail, we can first prove Lemma|2|for a scalar observation. We can finally prove the general case using the idea of successive
decoding. In other words, we reduce the system to the one with a scalar observation, and estimate one state. Then, we subtract
the estimation from the system, and repeat the same procedure until we decode all states.

2) Proof Outline of Lemma 3} As we can see in Figure [6] the proof outline of Lemma [3] is essentially the same as that
of Lemma

We still use the tail properties of p.m.f. shown in Appendix [X-A] In Appendix [X-E] we will state the lemmas about the
observability Gramian matrices of discrete time systems which parallel to the ones of Appendix [X-B}

The main difference from the nonuniform sampling case is the uniform convergence shown in Appendix [X-H Consider the
system without eigenvalue cycles. In this case, we have to justify that the system essentially reduces to multiple scalar systems, and
the critical erasure probability only depends on the largest eigenvalue of the system. However, unlike the nonuniform sampling
case, we do not have a random jitter at each observation and the determinant of the observability Gramian is a deterministic
sequence in the time indexes. Therefore, we have to prove that the counting measure of the time indexes where the determinant
of the observability Gramian is small converges to zero uniformly over all current time indexes.

For this, we apply the Weyl’s criterion [15] which gives a sufficient condition for deterministic sequences to behave like
uniform random variables. Morover, since different eigenvalue cycles behave like independent random variables, we first generalize
Lemma [I3] of Appendix % for a single random variable to multiple random variables in Lemma [22] Together with Weyl’s
criterion, we prove Lemma [27| which tells the counting measure of the bad time indexes where the determinant of the observability
Gramain becomes too small converges to zero uniformly over all current time indexes.

The remaining proof flow of Lemma [3]is essentially the same as that of Lemma [2] We first estimate the state corresponds to
the largest eigenvalue cycle, subtract the estimation from the system, and successively decode the remaining states.

IX. COMMENTS

The intermittent Kalman filtering problem was first motivated from control over communication channels. Therefore, the
problem is conventionally believed to fall into the intersection of control and communication. However, if the plant is unstable
the transmission power of the sensor diverges to infinity if it is really going to pack an ever increasing number of bits in there.
Therefore, it is hard to say that intermittent Kalman filtering has a direct connection to communication theory. Instead, we
propose that the intersection of control and signal processing — especially sampling theory — is the right conceptual category
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Fig. 6: Flow diagram of the proof of Lemma

for intermittent Kalman filtering. It should thus be interesting to explore the connection between the results of this paper with
classical and modern results of sampling theory.

Arguably, the closest problem to intermittent Kalman filtering is that of observability after sampling. As we mentioned earlier,
the observability of (Ac, Cc) in @2) and @3) does not implies the observability of (Ac, C) in @9) and (30). The well-known
sufficient condition is:

Theorem 9 (Theorem 6.9. of [[7]]): Suppose (Ac, Cc) is observable. A sufficient condition for its discretized system with

sampling interval I to be observable is that ‘(‘?(A#)‘Jm ¢ N whenever R(\; — A;) = 0.
Since the eigenvalue of the sampled system is given as exp(\;I), Corollary [1| can be written as the following corollary for a
sampled system.

Corollary 3: Suppose (Ac, C.) is observable. A sufficient condition for its discretized system with sampling interval I to
have as a critical erasure probability is that W ¢ Q whenever R(\; — A;) = 0.
The idea of breaking cyclic behavior using non-uniform sampling is also shown in the context of sampling multiband signals
[22]. The lower bound on the sampling rate is known to be the Lebesgue measure of the spectral support of the signal sampled.
To achieve this lower bound for a general multiband signal, a nonuniform sampling pattern has to be used. Moreover, nonuniform
sampling is also well known as a necessary condition for the currently hot field of compressed sensing [9]].

As a last comment, we would like to mention that the result is not sensitive to the norm. In this paper, intermittent observability
is defined using the I%-norm to follow the majority of the literature. But, if the intermittent observability is defined by the I”-norm,
we can simply replace 2 in every theorem by 7. For example, the result of Theorem [7| becomes ——2— .

17
max|X; 1] ¢
i

@ maz ]|

X. APPENDIX

A. Lemmas for Tails of Probability Mass Functions

In this section, we will prove some properties on the tails of probability mass functions (p.m.f.). By the tail, we mean how
fast the probability decreases geometrically as we consider rarer and rarer events.

First, we define the essential supremum, ess sup.

Definition 15: For a given random variable X, esssup X is given as follows.

esssup X = inf{z € R: P(X > x) = 0}. 1)

The following lemma shows that even if we increase a random variable sub-linearly, its p.m.f. tail remains the same.
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Lemma 5: Consider o-field F and a nonnegative discrete random variable k& whose probability mass function satisfies

exp(lim sup ess sup — log P{k =n|F}) <

n—oo
Then, given a function f(x) such that f(x) < a(log(z + 1) + 1) for some a € R™, the probability mass function of a random
variable k + f(k) satisfies the following:

exp(lim sup ess sup — logIF’{k + f(k)=nlF}) <p

n— o0

Proof: Since esssup P{k = n|F} is bounded by 1, for all 4 > 0 such that p + § < 1 we can find a positive ¢ such that
esssupP{k =n|F} < c(p+9)" (1 — (p+ J)). Moreover, since f(z) < log(x + 1) + 1, for all §' > 0 we can find a positive
¢ such that f(x) < 6’z + ¢ for all x € RT. Then, we have

esssup P{k + f(k) = n|F} < esssupP{k + f(k) > n|F} <esssupP{k + &'k + ¢ > n|F}

<esssup]P’{k>L j|]~'}< Z esssup P{k = i|F}
i=Lzg )
< D> dp+d)A-(p+9)
i= \.TIL+§/J
(p+0o)tirr! noe

=c(l—(p+8) elp +0) 77

—(p+9)
c(p+8) 15 T = c(p+8) T T (p+8) T

Therefore,

n—oo

exp (hmsupesssup logP{k + f(k) = n\f}) < (p+5)ﬁ_

Since we can choose ¢ and §" arbitrarily close to 0,

exp <hm sup ess sup — log]P{k + f(k) = n|f}> <p,
n—oo

which finishes the proof. |

The following lemma tells that if we add independent random variables, the p.m.f. tail of the sum is equal to the heaviest
one.

Lemma 6: Consider an increasing o-fields sequence Fo, F1,- -+ , Fn—1 and a sequence of discrete random variables k1, k2, - - -
satisfying two properties:
(i) k; € F forie {1,--- n—l}
(i) exp(lim sup,,_, ., esssup  log P(ki = k|Fi—1)) < pi.
Let S =", ki. Then, exp(limsup,_, ., esssup < log P(S = 5|F0)) < maxi<i<n{pi}.

Proof: Given § > 0, let k] be independent geometrlc random variables with probability 1 — (p; + d). Denote S’ := >_7"_| ki.
The moment generating function of S’ is

—S':ﬁ 1_pz+6))
bl 1—(pi+6)Z-1"

By [2], the last term can be expanded into a sum of rational functions whose denominators are 1 — (p; + 6)Z~*. Therefore, by
inverse Z-transform shown in [2], we can prove that exp(limsup,_, ., X log P(S’' = s)) < maxi<i<n{pi + 6}.
On the other hand, since esssup P(k; = k|F;—1) is bounded by 1, for all 6 > 0 we can find positive ¢; such that

esssupP(ki = k|Fi—1) < ci (p1 +0)" (1 — (p1 + 6)) = ciP(K} = k)
for all k € Z". Then
esssup P(S = s|Fo)
= esssup Z P(k1 = s1|Fo)P(k2 = s2|Fo, k1 = s1) -+ - P(kn = sn|Fo, k1 = S1,°++ , kn—1 = Sn—1)

s=s1+Fsn
< Z esssup P(k1 = s1|Fo) esssup P(k2 = s2|F1) - - -esssup P(kn, = sn|Fn-1)
s=s1+-+sn
< ] e >0 Pkl =s0)P(Ks = 52) - P(k}, = 50)

1<i<n s=814+sn

l_IcZ (8" =s).

1<i<n

IN
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Thus, exp(limsup, _, . esssup < log P(S = s|F0)) < maxi<i<n{pi + 6}.

Since this holds for all § > 0, exp(limsup,_, ., esssup + log P(S = s|Fo)) < maxi<i<n{p:}- [ |

The next lemma tells how the large deviation principle [1] can be applied to stopping times, i.e. it formally states the “test
channel” and the “distance idea” shown in the power property of Section E

Lemma 7: For given n, consider discrete random variables k1, k2, - - , k, and o-algebra F. The probability mass functions
of ki,ka--- , k, satisfy

1
exp(lim sup ess sup T logP{k; = k|F}) < p;
k—oo

and k1, ko, -- -, k, are conditionally independent given F.
For given sets 71,75, -+ ,Tm C {1,2,--- ,n}, define stopping times Mji,- - , M, as

M; := max k; (92)

teT;

and a stopping time S as

S := min M;. (93)

1<i<m

Then,
exp (lim Sup ess sup 1 logP{S = k\]—'}) < max Dt1 Pty " Pt -
ko0 k T={t1,t2, 7 }C{1,:2,-- ,n} S.t. TnT; 0 for all ¢

Proof: Since esssup P{k; = k|F} is bounded by 1, for all § > 0 we can find ¢ > 1 such that
esssup P{k; = k|F} < c(pi +6)" (1 — (p; +9)).
Thus, we have
esssup P{k; > k|F} < c(p; + 6)".
Therefore,
esssupP{S = k|F} < esssupP{S > k|F}
esssupP{M; > k,--- , M, > k|F}
esssup P{There exists 7' = {t1,t2,- - , {7} C{l,---,n} st. TNT; # 0 for all i and k¢, >k, -+ ke ) > k|F}
> esssupP{ks, >k, ki, > k- kyp > k| F}
T = {tlat2a"" 7t|T\} - {17 ,TL}
s.t. TNT; # 0 for all 4
I{T = {thtz, cee ,t|T‘} - {1, s ,n} st. TNT; ;é (0 for all ’L}| (94)
: max esssup P{k:, > k|F}---esssupP{ks ., > k|F}
T:{t17t27"'7t|T\}g{17”'7n} ' o
s.t. TNT; # () for all ¢

Cn‘{T: {t1,t2,~" ,t|T‘} - {1,-~~ ,’I’L} st. TNT; # (0 for all ’L}|

max (pt +(5)k_l(pt +(S)k_l"'(pt —|—6)k_1.
T={ti,ta, by} C{L,--,n} ’ !
s.t. TNT; # () for all ¢

IA

IN

IN

(©4) follows from union bound. Since the above inequality holds for all § > 0,

1
exp (lim SUP ess sup logP{S = k\]—'}) < max Dt1 Pty " Pt -
k—o0 T={t1,ta, ,t|7| }C{1,2,+,n} S.t. TnT; 0 for all i

B. Lemmas about the Observability Gramian of Continuous-Time Systems

In linear system theory [7], the observability Gramian plays a crucial role in estimating states from observations. Therefore,
we also study the behavior of the observability Gramian, especially the norm of the inverse of the observability Gramian.

First, we start with a corollary of the classic rearrangement inequality [13].

Lemma 8 (Rearrangement Inequality): For A1 > Ao > --- > X, 20,0 < k; < ks <--- <k, and any permutation map
o, the following inequality is true:

e MR Aa@)k2 L T A(mybm T AR A2k | o= Ambm

Moreover, the ratio of these two can also be upper bounded as
e Mok Ae@)k2 L T A0 (m)km

< e*(Aa(m)7>‘m>(km*ka—1<m>)
6*>\1 k1 €*>\2k2 .. e*Amkm - :




Proof: The first inequality directly follows from the classic rearrangement inequality. The second inequality is proved as
follows: When o' (m) = m, the inequality is trivial. When o' (m) # m, we have

e rok1 T Ae@)ka o TAME 1y L g T Ao (m =Dk 1 g~ Ao (m)km

— (€7>‘o‘(1)k1 e**v(z)’€2 . G’Amko—l(m) .. .e**a(m—l)kvnfl) .e*Aa(m)km

(a)

7>\mka*1 m
= (eﬂa(nkl e M@k g Trem)Fe—1(m) ...e**ﬂm—l)’“m*l) R e atmybm (95)
e*Aa(mka—l(m)

(&)

We can notice that the exponent of (a) has {1, A2, -, Am} \ {do(m)} and {k1, k2, -+ ,km} \ {kn} terms in it, and the
exponent of (b) has

(s 22, A3\ Poom 1) U Do} \ {Am}
={ A2, A\ D}

and {k1,k2, -+ ,km} \ {km} terms in it. Thus, by the first inequality of the lemma,
(b) < e*Alkl . €7>\7n71k'm71.

Together with (93), we have

e Aok Ac(2)k2 L o= Ao (m)km

e~ MKEig—A2k2 ... e—Amkm

—Ambk

(e Mk g7 Amotkmo1) e TMeTlm) ) = Ag(mykm
E_’\a(mu)kafl(m)

IN

@*Al k1 @*)\2’92 . e 67>\7nk77n

*>\'mkg—1 m
= 1 . < € ) ) . e_ko-(m)km — e<>‘m7>‘a(m))(km*kgfl(m))

e—Amkm e*Aa(m)k‘,fl(m)

which finishes the proof. |
Even though Theorem [§] is written for a general matrix C, we will first start from the simpler case of a row vector C. In
fact, for the proof of the general case, we will reduce the system with a matrix C to a system with a row vector C.
First, we introduce the definitions corresponding to @), @ for a row vector C. Let Ac be a m X m Jordan form matrix,
and C be a 1 x m row vector C which are written as follows:

Ac =diag{A11,A12," - A1y, Aua, ALt (96)
C= [01,1 Ciz2 -+ Ci,, -+ Cu1 - Cu,vu] 97)
where A;; is a Jordan block with eigenvalue \; ; + +/—1w; ; and size m; ;

mi1 <mie <o <my,, foralli=1,---,u

mi = Z m;jforalli=1,--- p

1<j<v;

)\1‘,1 :Ai72 =-~~=)\¢,yi for all 7 = 1,--- s 1

A >0 > > A1 20

wi,1, Wy, are pairwise distinct

Ci; is a 1 X m; ; complex matrix and its first element is non-zero
Ai + v —1w; is (i,1) element of Ac.

Here, we can notice that the real parts of the eigenvalues of A;j1,---,Aj,, are the same, but the eigenvalues of all Jordan
blocks A; ; are distinct. Therefore, by Theorem [6] the condition that the first elements of C; j are non-zero corresponds to the
observability of (Ac, C).
The following lemma upper bounds the determinant of the observability Gramain of the sampled continuous system.
Lemma 9: Let A, and C be given as (96) and @7). For 0 < k1 < ko < -+ < ki, there exists a > 0, p € Z* such that

Ce F18e
Ce F28e
det ) <a(kb, +1) H e kiti
li A 1<i<m
Ce* m e

where \; is the real part of (¢,4) component of Ac.

34



A1+ Jwi 0 cee 0
0 A2 + jwa - 0
Proof: First consider a diagonal matrix, i.e. Ac = . . . Then,
0 0 o A+ jwm
Ce*klAc
Ce_k2Ac
det
Ce—;ﬂnAc
i .
0ESm i=1
m
< m! max cie Fo Qitiw)
- oESm H '
i=1
m m
—kg A
=m/! Hci max He o (i)
o1 |78 i
m m
=m! Ha H e i (- Lemma Hi
=1 =1
m
<TLe ™ 98)
i=1
where ¢; are ith component of C, Sy, is the set of all permutations on {1,--- ,m}, and sgn(o) is +1 if o is an even permutation

—1 otherwise. Therefore, the lemma is true for a diagonal A..
To extend to a general Jordan matrix A, consider a matrix AL which is obtained by erasing the off-diagonal elements of

CefklAc CefklAé
A.. Then, we can easily see the ratio between the elements of : and the corresponding elements of
CeFmAc Ce*kmA'c
is a polynomial whose degree is less than m. Therefore, by repeating the steps of (98) we can easily obtain
Ce F1hc
CekaAc 5 m
det . SQ+kp ) [Je ™™,
. i=1
Ce*km Ac
which finishes the proof. |

The next lemma upper bounds the norm of the inverse of the observability Gramian, given the lower bound on the observability
Gramian determinant. Therefore, we can reduce the matrix inverse problem to the matrix determinant problem.

Lemma 10: Consider A and C given as @) and @ Let A; be the real part of (i,) element of Ac. Then, there exists a
positive polynomial p(k) such that for all ¢ > 0 and 0 < k1 < - -+ < kpy, if

Ce_klAc
Ce F28e
det . > € H e ki
. 1<i<m
CefkmAc
then
Ce Fi1hAe1 ™!
—koAc
Ce . < P(km)exlkm.
: €
Ce_k'mAc
max
Ce*klAc
Ce F2he
Proof: Let O;; be the matrix obtained by removing the ith row and jth column of . . Let Ac(j) be the
Ce—;ﬂnAc

(m —1) x (m — 1) matrix that we can obtain by removing the jth row and column of A., and C(j) be the row vector that we
can obtain by removing the jth element of C.
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First, let’s consider the case when A, is a diagonal matrix. In this case, using properties of diagonal matrices we can easily
C(j)e*klAc(J)

C(j efl;i—lAc(j)

check that O;; = C(j)ekalAc(j)

Ce Fm#he
In other words, O ; are also the observability Gramian of (Ac(j), C(j)). Since C; ; is the determinant of O; ;, we can apply
Lemma |§| to conclude that there exists a positive polynomial p; ; such that

i (km) Hg:_ll E_Mkl) ' (H;;Jl e k) (Hlm:iH e_klkl) ifiz>j
peabn) (T2} e 00 - (T2 et ) - (T e ™) i<

Then, let’s consider the case when A, is a general Jordan form matrix. Compared to the case of diagonal matrix A, the
elements of Oj;j only differ by polynomials on k; in ratio. Therefore, by the same argument of the proof of Lemma E we can
still find a positive polynomial p; ; satisfying (©9).

Moreover, since A1 > Aa > ---> Ay, > 0and 0 < k; < ko < --- < ki, we have

j—1 1—1 m m

-\ k —A k -k —Xijki—
|Iezl . ||e i+1k | . ||ell §H€17'17
=1 i=2

|Ci5] < 99)

1= I=i+1
i—1 j—1 m m
| | e Mk | | e Mk | | | e~ Mkt < He_kiki—ll
=1 1=i I=j+1 i=2

Therefore, we can further bound the cofactor as follows:
m
— Nk
5| < maxps;(km) [ e i
"I i=2

Then, we have

CeFiAe] ™!
—ko A
Ce™ 721 Yo R R Tony
_ max;,; |Ci 4 < maXi; |Ci, sl
—k1A — kN
: Ce . A° 5H1§¢§me L
—ko A C —R2Ac
Ce FmAc e
mazx det
Ce*kmAc
—Aiki—1

< maxijpiy(km) [Ti2s €
- enlgigm e kit

k m
_ maxiy g (Fm) ik [Tk
i=2

€

m
< maXi,j Pijtm) pi’j(km)ehk1 H e’\l(k"fki’l)('.' A > X >0,k —kio1 >0)
€ i=2
_ maxiy Pij (Km) ik
€
< 2 pivj(km)exlkm
€
Therefore, the lemma is true. u

Now, the question is reduced to an issue regarding that the observability Gramian determinant has to be large enough. We
will find a sufficient condition for the determinant to be large in terms of a simpler analytic function. For this, we first need the
following lemma that basically asserts that polynomials increases slower than the exponentials.

Lemma 11: For any given polynomial f(z), A > 0 and € > 0, there exists a > 0 such that

If(k+ )| < ee™™ (100)

for all z > a(log(k+ 1)+ 1) and &k > 0.
Proof: Let the order of f(x) be p. Then, there exists ¢ > 0 such that for all = > 0,

[f(@)] < e(1+a"*h).
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If we consider 1 log ¢ + 1 log(1 + (22)?*") and =, the former grows logarithmically on = while the later grows linearly on z.
Therefore, we can find ¢ > 0 such that

1 c 1
Zlog = + = log(1 + (2z)P1) <
AogEJerg;(Jr(oc) )<=z

for all z > ¢. We can also finde a > 0 such that a(log(k + 1) + 1) > max { } log ¢ + + log(1 + (2k)?*"), ¢} for all k > 0.
To check the condition, |f(k + )| < ee™™, we divide into two cases.
(a) When = < k,
|f(k + x)| is bounded as follows:

[+ )] <e(l+(k+2)")
<c(1+ (2k)PH)
_ Eexg log €+ 1 log(1+(2k)PT1))
S ee)vz
where the last inequality comes from § log < + 1 log(1 + (2k)?*") < z.
(b) When = > k,
Since t <z, +log < + 1 log(1 4 (22)?") < x. Then, we can bound |f(k + z)| as follows:
[fk+a)| <ec(l+ (k+z)™)
<c (14 (2z)P)

A(3 log £+ + log(1+(2x)PT1))

=ee
< ee™®.
Therefore, the lemma is proved. [ ]
Now, we give a sufficient condition to guarantee that the determinant of the observability Gramian is large enough. A
Ce* 18c
Ce_kZAc
Lemma 12: Let A and C be given as (96) and (97). Denote a;,; and C; ; be the (4, j) element and cofactor of
Ce_’.“mAC
respectively. Then there exist ge(k) : Rt — R™ and @ € R such that for all € > 0 and ki, - - , k., satisfying
(1) 0< ki <ky<- - <km
(“/) k‘m - kmfl Z ge(kmfl)
(i) ge(k) < a(1 + log(k + 1))
(iv) | > am,iCrml > € [ e
m—m,,+1<i<m 1<i<m
the following inequality holds:
Ce_klAc
Ce k2Ac 1
det . > € e Rt
: 1<i<m
Ce FmAe

Proof: First of all, because A, is in Jordan form, it is well known that the elements of eikA? take a specific form [7]. Thus,
we can prove that for all a; ; there exists a polynomial p; ;(k) such that a; ; = p; ;(ki)e*(*+3“5)_ Then, we can find p(k) in
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the form of a(1 + k%) (a > 0) such that p(k) > max; ; |ps,; (k)| for all & > 0. Denote \' := A,—1,1 — A1 > 0.

Ce F18e
Ce*k2Ac m
det ) = Z m,iCm,i| = Z sgn(a)Haiﬁg(i)
: 1<i<m GESm i=1
Ce*krnAc
2 Z am,iCm,i - Z am,icm,i
m—my+1<i<m 1<i<m-—my,
= > sgn(o Haz “)| = > sgn(a Ham
oc€Sm ,m—my+1<o(m)<m o0€Sm,1<o(m)<m—m,,
> € H e kit Z @m,iCm,i| (.- Assumption (iv))
1<i<m 1<i<m-—my,
kN
T8 RS IS SERTE) | O
1<i<m 0€Sm,1<o(m)<m—m,
m
—kiXi
e [ e - > [Ta00
1<i<m 0€Sm,1<o(m)<m—m, |i=1
m
ki, ki (MG s
1<i<m c€Sm,1<o(m)<m—m, |i=1
m
- Am=Ag(m)) (km =k —kiXAg ..
>e€ H e Ridi _ Z (e( (m))( o 1(m)).Hp(k¢)e ki ) (. Lemma [8))
1<i<m 0€Sm,1<o(m)<m—m,, i=1
A =Ag (o) (b —k__ - . . . .
> p(km)me( (m)( o=t (m) (. p(k) is an increasing function.)
1<7,<'m G'GSm,1<o'(m)<m my,
=X (K =K — .. /
> p(l{:m)me {kom 1) ( Aa(m) —Am > )\Mflyl - )‘l-hl =A )

1<7,<'m cESm, 1<o‘(m)<m my,

km — lp(k ) e e 1))

Y

lgigm

Since m!p(z)™ is a polynomial in z, by Lemma there exists ge(k) : RT — R such that
(i) ge(k) < log(k + 1) + 1

(i) [m!p(k + )™ < Se** for all z > ge(k) and k > 0.

Therefore, for all k,, such that kn, — km—1 > ge(km—1),

Ce k1he
CekaAc
det > T e (em eVt hn e o)) 5 £ e
: = 2 2 '
: 1<i<m 1<i<m
Ce*kmAc
Thus, the lemma is proved. u

C. Uniform Convergence of a Set of Analytic Functions (Continuous-Time Systems)

We will prove that after introducing nonuniform sampling, the determinant of the observability Gramian will become large
enough regardless of the erasure pattern. Since the determinant of the observability Gramian is an analytic function, to prove that
the observability Gramian is large enough it is enough prove that a set of specific analytic functions are large enough. To this
end, we will prove a set of analytic functions are uniformly away from 0.

First, we prove that an analytic function can become zero only on sets of zero Lebesgue-measure set, as long as the function is
not zero for all values. The intuition for the lemma is that analytic functions can be locally determined by that Taylor expansions.
Thus, if an analytic function is zero for any open interval with non-zero Lebesgue-measure, it is identically zero.

Lemma 13: For a given nonnegative integer p and distinct positive reals wj 1,w; 2, - ,w;,,;, define

Zaz (Z aR,i,j coS(w; ;) + ars,; sin(w;, jx)>

Jj=1



where at least one coefficient among ar.;,;,ar,:,; is non-zero. Let X be a uniform random variable in [0,7"] (7' > 0). Then, for
all h € R, the following is true:

P{|f(X)—h| < e} —0asel0.

Proof: First, notice that f(z)—h is an analytic function. It is well-known that if an analytic function f(x)—h is not identically
zero, the set {x € [0,T] : f(x)—h = 0} is an isolated set [L6]], which is countable. Therefore, P{|f(X)—h| = 0} = 0. Moreover,
P{|f(X) — h| < e} <P{|f(X) — h| < €}, which is a cumulative distribution function. Since cumulative distribution functions
are right-continuous, lim¢ o P{|f(X) — h| < €} <lim o P{|f(X) — h| < e} =P{|f(X) —h| =0} =0.

Thus, the proof reduces to proving f(x) — h is not zero for all z. Let ¢* be the largest ¢ such that either ar;,; or ar; ; is
non-zero.

(i) When 7" =0,

In this case, there are no polynomial terns and only sinusoidal terms exist. Let’s compute the energy of f(x) — h in interval
[s,s + r] and prove that f(x) — h is not identically zero for all s as long as r is large enough.

Vi*

2
s+r
/ <Z(CLR¢*J cos(wix ;@) + ar i+ j sin(wix ;7)) — h) dx

j=1
T, 2 2 2 2
= / E (a%,i,; cos” (wi ;@) + a7 ;= j sin® (wix j2)) + h* + 2 E AR,i*,i01,i*,5 cos(wix ;) sin(w;+ ;)
s = i<j

+ 2 Z QAR,i* iQR,i* j COS(UJi*J‘Ji) cos(wi* ,]'11) +2 Z Qg i* Q1% ,j Sin(wimx) Sin(wi*,jx)

i<j i<j
Vi*
- QZ(aR,i*,j cos(wix ;&) + ari+,j sin(wi ;x))h dr
j=1
s4r Vi* Dy oS Vrw
_ / Z (a?%,i*,j 1+ cos 2w jx fat,., 1 — cos 2w; ,]x) iz
. 2 2
s+r
+ / Z AR,i* iQ i* j (sin ((wi*,j =+ wi*,j) 1}) — sin ((wi*yj — wi*yj) x)) dx
s i<j
s+7
+ / Z AR,i* iQR,i*,j (COS ((wi*,j — wi*,]’) l’) + cos ((wi*,]- + wi*,]-) l’)) dx
s i<j
s+7
+ / Za;yi*ymm*,j (cos ((wixj — wix ;) x) — cos ((wix,j + wix ;) x)) dz
s i<j
s+r  Vi*
— / ZZ(aR,i*,j cos(wi= ;) + ar,i+ j sin(wi jz))h dx. (101)
s =1

Therefore, as r increases, the first term in (I0I) arbitrarily increases regardless of s, while the remaining terms in (T0I) are
sinusoidal and so bounded. Thus, f(x) — h is not identically zero for all s when r is large enough. Thus, there exist § > 0 and
r > 0 such that for all s, |f(z) — x| > ¢ holds for some z € [s, s + r].

(ii) When ¢* > 1,

In this case, we have polynomial terms and we will prove that the term with the highest degree will dominate the reaming
terms. By the argument of (i), we can find § > 0 and 7 > 0 such that for all s > 0 we can find = € [s, s + r] satisfying

it —1 v,
|f(x) —h| >6z" = (Z lar,i,;| + |a1,z‘,j|) z' —|h|.

i=0 \j=1

Since we can choose s arbitrarily large, | f(z) — h| has to be greater than O for some z. Thus, f(z) — h is not identically zero.
Therefore, the lemma is true. [ ]
To prove uniform convergence, we need the following Dini’s theorem which says that for compact sets, pointwise convergence
implies uniform convergence. The intuition behind this theorem is as follows: since we can find a finite open cover for a compact
set, we can convert the uniform convergence of an infinite number of functions to the uniform convergence of only finitely
many functions when the domain is compact. The uniform convergence of a finite number of functions immediately follows from
pointwise convergence.
Theorem 10 (Dini’s Theorem): [5l p. 81] If {f,} is a sequence of functions defined on a set A and converging on A to a
function f, and if
(1) the convergence is monotonic,
(ii) fn is continuous on A, n =1,2,---
(iii) f is continuous on A,
(iv) A is compact,
then the convergence is uniform on A.
Proof: See S, p. 81] for the proof. [ ]
Now, using the pointwise convergence of Lemma@ and Dini’s theorem, we can prove the uniform convergence of the relevant
functions over a set of parameters.
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Lemma 14: Let p, vo,--- ,Vp be nonnegative integers with v, > 0. Suppose v and I' are strictly positive reals such that
v < T. For each 0 < i < p, w;1,ws,2, + ,w;,, are distinct reals. Let X be a uniform random variable on [0, 7] for some
T > 0. Then, for all m,n such that 0 < m < p and 1 < n < v, we have the following inequality:

P vi
sup ]P’{ ZXi <Zai,jejwi7jx> <e}%0ase¢0
i=0 j=1

lam, nl>7,¥1,7,la; ;| <T

where a; ; are taken from C.

Proof: The purpose of this proof is reducing the lemma to Dini’s theorem (Theorem @)

First, we will assume the w;,; are positive without loss of generality. To justify this, let wmin = min{min; ; w; ;,0} — J for
some ¢ > 0. Then,

sup IP’{ iXi <iai,j€jw1"‘7x> < e}
i=0 j=1

am,n|>7,la; | <T

P Vg
_ sup IP’{ ZXZ <Z ai,jej(wi,j—wmm)X> < 6} )
i=0 j=1

[am,n|27lai ;<D

Here, for each ¢, w;,1 —Wmin, Wi,2 —Wmin, * * * , Wi,u; —Wmin are distinct and strictly positive. Therefore, without loss of generality,
we can assume that for each i, w; 1,w; 2, - ,w;s,., are distinct and strictly positive.
Let ai;; = ar,,; — jar,:,; where ar;,; and ar;; are real. Since |am,n| > -, at least one of |ar,m,n| O |ar,m,n|

should be greater than % First, consider the case when |ag,m,n| > % It is sufficient to prove that the real part of

P i (v jwi X . .
P oX (211:1 a; ;€I ) satisfies the lemma, i.e.
p ez
sup P E X' E aR,i,jcos(wi; X) +ar;;jsin(w;; X) || <ep—0asel0.
aR,m.n2Js5:l0R,i,;|<Tilar; ;|<T i=0 =1

Here, we take the supremum over ag,m,n > 5 instead of the supremum over |ar,mn| > % by symmetry.
Now, we apply Dini’s theorem [I0] and prove the claim.
Fix a positive sequence ¢; such that ¢; | 0 as ¢« — oco. Define a sequence of functions {f;} as

p Vi
filara,ar1,, 0, a1p,) = P{ ZXZ (Z ar,i,;j cos(wi;j X) + ar; Sin(wi,jx)> < Gi}

i=0 j=1
where the domain A of the functions is A := {(ar,1,1,a1,1,1, " ,8Ipv,) : CRmn > %, lar,i;| < T, lar;| < T} Let
flara,1,ar1,1, - ,a1,p,.,) be the identically zero function. Then, we will prove that {f;} converges to f = 0 uniformly on A

by checking the conditions of Theorem [T0]

e f; point-wisely converges to f:

Since ar,m,n > %, Pt (Zau;l aR,i,j cos(ws ;x) + ar,i,j sin(wi,jx)) satisfies the assumptions of Lemma Thus,
for all h

p v
P{ ZXZ (Z QaR,i,;j COS(UJi,jX) +ar; sin(wi,jX)> —hl < 6} — 0 as e \L 0. (102)
i=0 i=1

Therefore, by selecting h = 0, fi(ar,1,1,ar,1,1, " ,0rI,p.,) converges to f =0 for all ar1,1,ar,1,1, -+ ,ar1,p,, in A.
e Convergence is monotone: Since €; monotonically converge to 0, f; is also a monotonically decreasing function sequence.
Thus, the convergence is monotone.

e f,, is continuous on A: For continuity (does not have to be uniformly continuous), we will prove that for given ar,1,1,ar,1,1,"
and for all ¢ > 0, there exists (o) > O such that | fi(ar11+Var1,1,a111+Vari1, - ,arp.0,+Varpw,)—filari1,6ar1,1,

o for all [Vag,: ;| < d(0) and |Var, ;| < 6(0).
By (102), we can find ¢’(o) for all o such that

P Vi
. . o
P{ ZXZ <Z AR,i,j COS(UJi,jX) + Qafg,i,j sm(wi,]-X)> — €6 < 5/(0')} < 5 and
=0 Jj=1

P vi
IF’{ ZXZ <Z aR,i,;j cos(w; ; X) + ar,;j sin(wi,jX)> — (—e&)| < 5/(0)} < %.
i=0 j=1
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min (1) 8’ (o). Then, for all |Vag, ;| < §(o) and |Var,,;

Denote (S(O') = 2271/
i=0 "7

8
2
{5
{3

< §(0), the following inequality is true.

<€i}

P vi
- Z X! <Z Vag,,j cos(wi;j X)+ Var,; sin(wi,jX)> ’}
i=0 j=1

p Vi
ZXl (Z (ar,i,; + Vag,i,j)cos(wi; X) + (ar,i,; + Var,i ;) Sin(wi,jX)>

ZXZ (Z aRr,i,j cos(wi; X) +ar,; sin(wi,jX)>

\ \/

(Z aRij COS(injX) +ar,i,; sin(wi,jX)> < € — 5/(0')} (103)
ZXZ (ZaR”cos w”X)—f—a],i,jsin(wi,jX)) <ei}
{ — (o) Z <Z ar,i;jcos(w; ; X) + ar; sin(wi,jX)> < ez}

{ i (Z aRi,j COS(wi,jX) +ari; sin(wi,jX)> < €i}
{ ZXZ (Zamw cos(w;,; X) + ari,jsin(w;, ; X ) — €

_P{
i=0
<ei} — 0.

P
> p{
i=0
Here, (T03) can be shown as follows:
P (v
Z X' (Z Vag,i,jcos(w;i; X) + Var Sin(Wi7jX)> ‘
1=0 =1
P v
<X (IVary

i=0 j=1
<max(T?,1)2v:6(c)( 0 < X <T wp. 1)
= §'(o)(". definition of §(c)) (104)

( E aR,i,j cos(wij X) + ar,jsin(w;,; X

Vi
‘ (Z ar,i,j cos(wi; X) +ar; Sin(wi,jX)>
j=1

+|Var,,;l)

Therefore, by the definition of f; we have

filara1+ Varaa,arnn+Varaa, - arpe, + Varpy,) = filara1,a11,1, 0+ arpw,) > —0. (105)



Likewise, we can prove that

{2

<P { ' <Z aR,i,j cos(w; ; X) + ar,ij sin(wiij)>
i=0 j=1
(.- The same step as (T03))

P Vi
=P { ' (Z aR,i,j cos(w; ; X) + ar,ij sin(wiij))
1=0 =1

P
Ple <
1=0

p v
<P { X <Z aR,i,j cos(wi,j X) + ari; Sin(wi,jX)>
=0 j=1

{
{2

Z X! <Z aR,i,;j cos(wi ; X) + ar,;j sin(wi,jX)>
j=1

=0

ZXZ (Z aRvi,j + VaR,m‘) cos(w,',jX) + (auyj + VCLRJ,J‘) sin(wi,jX)>

j=1

<E¢}

<€+ 5/(0)}

<Ei}

vi
<Z ar,i,j cos(wi; X) + ar; Sin(wi,jX)>
=1

<6i}

(E aR,i,j cos(w; ; X) + ar,i,;sin(w; ; X >—e,

<el}+a

<€+ 5/(0)}

5 )}
| <o)

P

V’L
<§ aR,i,;j cos(w; ; X) + ar,ijsin(w;; X

which implies

filar11+ Varaa,arn1+Varia, - ,61p0, +Varp,,) — filar1,a111,- - ,a1,p.0,) < 0. (106)
By (T03) and (106),

’fi(aR,l,l +Vara,ar11+Varig, - ,arpe, +Varp.,) — filari1,ar11,- - ,az,p,yp)‘ <o.
Therefore, fi(ar,1,1,ar1,1,1, " ,0I,p.,) is continuous.

e f is continuous on A: f is obviously continuous, since f is identically zero.
e A is compact: A is compact since it is closed and bounded.
Thus, by Dini’s theorem |10} the convergence is uniform on A, which finishes the proof for the case of |ar,m,n| > f The

proof for the case of \a Im,n| = ﬁ follows in an identical manner. Since there are only two cases, the function
P vi
i@, e apu,) =P { > X (Z ai,jej”i’f"> < ez} (107)
i=0 j=1
converges uniformly on {a; ; : |@m,n| > 7,|as:,;| < T'}. This finishes the proof of the lemma. [ |

In Lemma we have a boundedness condition on the coefficients (Ja;,j| < I') to guarantee compactness. However, we
can easily notice the functions only get larger as a; ; increases. Therefore, we can prove that Lemma @ still holds without the
boundedness condition.

Lemma 15: Let p be nonnegative integer and 1, - - , v, be also nonnegative integers with v, > 0. 7y is a strictly positive
real. For each 0 <4 < p, w;,1,wi2, - ,w;,., are distinct reals. Let X be a uniform random variable on [0, 7] for some 7" > 0.
Then, for all m,n such that 0 < m < p and 1 < n < v, we have the following inequality:

sup P Z aij elwiiX
lam,n|>y
where a; ; are taken from C.

Proof: Denote v := Y ?_ v;. The proof is by strong induction on v.

<e}—>0ase¢0

(i) When v = 1.
sup IP{ ap,le’ef“zﬂx( < e} (108)
lap,1|>y
= sup P{ 7ap71Xpejwp’1X‘ < e}
lapalzy Ul lap] |lap,1
< sup P a;,lXPerIX) <ef ( R 1) (109)
\a;’l|='y |apa

By lemma [[4] (T09) converges to 0 as e J. 0. Thus, (T08) converges to 0 as € | 0.
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(i) As an induction hypothesis, we assume the lemma is true for v = 1,--- ;n — 1 and prove that the lemma still holds
for v = n. We will prove this by dividing into two cases: (a) When all a; ; are not much bigger than a,,,,. In this case, the
claim reduces to Lemma @ (b) When there is an a,,’ ,» which is much bigger than @, . In this case, we can ignore the
term associated with a,,,, and reduce the number of terms in the functions. Thus, either way the claim reduces to the induction
hypothesis.

To prove the lemma for v = n, it is enough to show that for a fixed v and every ¢ > 0, there exists €(d) > 0 such that

p 123
i ¥ . X
E X E ai,jejw”
Jj=1

sup P
|a7n,n‘27 i=0

By the induction hypothesis for all (m’,n’) # (m,n) we can find €,/ »/(6) > 0 such that

sup E X? E a; el
am,n=0,la,,/ "1\>'y

%2;’%@ ,1}, By Lemma there exists €'(§) > 0 such that

sup E a; e
‘anL,nl:’Y»ai,j_ -

Denote €(d) := min {e’(é), MiN (0 n/) o (mn) {M}} Then, we have

P vi
sup P Z ai ;@i || < €(6)
[am,n|>Y i=0 j=1

< 6(5)} < 4.

< em/,n/(é)} < 6. (110)

We choose (d) as min {min(m/,nl);ﬁ(m,n) {

<e’(5)} < 4. (111)

= max{ sup { (Z ai ;€ ) < 6(6)} , (112)
‘am nl>7, |‘a1 ]n‘| S
max su a; ;e < €(o 113
(m/,n')#(m,n) “17}7,)/ o] .\ { Z: <Z > ( )} ( )
lam n 27, a5 2 50 =0

P 147
E X' E aiyjew”
j=1

sup
loi,; pard
‘lm n‘>’y77<

1. (114)
<=
ZXZ (Z . nlamej““ J

e When a; ; are not too bigger than am,n: Let’s bound the first term in (TT2). Set a; ; := ;" as,;. Then, (IT2) is upper
= sup {
am,n|>7, la; 41

bounded as follows:
€(6)
> ol
am,n| = ~(8)

= sup ]P’{ ZXi (Z a;’jej“i‘.i)() <7 6(5)}
1<y i=0 j=1 '

I/\

|a7n nl=7s ‘aw N

p Z
< sup IF’{ ZXi <Z a;,jej‘“id'x> < 6(5)} (. |a’y | <1)
i=0 j=1 m,n

A

latn =710} ;

p Vi
< sup IP{ > ox <Z a;,jejww'x> < e’(é)} (.- definition of €(J))
i=0 j=1

|a£nm\:-\/,\a <ﬁ
< o(. () (115)
e When a,,/ ;v is much bigger than am,n: Let’s bound the second term in (TT3). For given m',n’, set af’; := —1—ai ;.
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Then, (T13) is upper bounded by

p vi
y 3 . X
max sup P E X' E a; e’ < ¢(9)
(m/,n")#(m,n) a ‘ "
| ’ oot | — —
|@m, nl>7, mon ZL =0 J=1
’ \a'm,n\ K (%)
- 7 v
; 3 . X
= max sup P E X' E ——ay e’ < e(8)
(m/,n")#(m,n) la_ s /| ; - |am/ 'n/| ‘am’ n/|
lam nl2y T 2oty S0 YT ’
m,n
p vi
i Y jwi i X Y j X
< max sup P E X E ——a; el -X™ i
(m/,n")#(m,n) la_ s /| ._ ,_ |am/,n/| |am/,n/|
lam,n |27, et > sy =0 =t

T )+ —2 |am,n|Tm}

(m! n)£(mn) |Qms n |

P vi
; jwi X j b

< max sup P g X' E Lai,]-e]ww — X" ———am €™ | < € (9)

(m/,n’)#(m,n) e > 0 o | o e =1 |aml,n/| |am/,n/|

o 1ZT Tam ] = 5(8)
(116)
p—1 Vi

< max sup P E X’ al je’i < €t (6) (.- By definition, aj,/ ./ = A nt)

(m/n)#(mn) arr  =0,lal", |=~ = = |G |

< o(. (II0)) (117)
Here, (IT6) can be derived as follows: First, we have

1> k(6) (. Definition of x(9))

7 - K(9)
.. m.n >
Z o] ¢ lamnl =7)
Y @ | 1
Tl Tamal = 5®) (e
We also have
i 1
Amn|T™ <~-k(OT™ (. @ ] >
|am',n’ ‘ m,'nl > ( ) ( ‘am,n‘ - K((S))
It (5 .. It (5
< V%TW‘ (.- By definition, x(d) < EZT”T(M))
€m’ ' (0)
=227 11
9 (119)
Therefore,
€Em/’ n! 5
)+ T < e0)+ 22D, )
(8
< €m/,n(0). (" By definition, €(d) < %)
Therefore, (TT6) is true.
By plugging (TT9) and (I17) into (TT4), we get
p Vi
sup P ZXi Zai,jejwi*jx < €(d) p <0,
‘am,n|2"/ i=0 j=1
which finishes the proof. |

D. Proof of Lemma 2]

In this section, we will merge the properties about the observability Gramian shown in Section [X-B| with the uniform
convergence of Section and prove Lemma 2] of page 22}
We first prove the following lemma which tells us that the determinant of the observability Gramian is large with high
probability under a cofactor condition on the Gramian.
Ce~ (k1l+t1)Ac

Lemma 16: Let A and C be given as (96) and (97). Let a; ; and C; ; be the (4, j) element and cofactor of

Cef(km I+t)Ac
respectively, where ¢ is a random variable which is uniformly distributed on [0, 7] and I is the sampling interval defined in (@8).

Ce (km—1T+tm_1)Ac
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Then, there exist a € R and a family of increasing functions {gc(*) : € > 0, g : Rt — R™} satisfying:
(i) Forall e >0, k1 < ko <+ < k1,0 < t; <Tif |Crnym| > €[y cicpn_y € F7 0 the following is true:

Cef(kl I+t1)Ac
sup P < |det

km €Z,km —km—12>ge(km—1) Ce_(kmfllﬁ—tm*l)Ac
Ce_(km1+t)Ac

<é H e FilAih s 0ase 10

1<i<m

(i) For all € > 0, ge(k) < a(1 + log(k + 1)).
Ce F1he

Proof: Let € = 2¢° [Ticicm e*iT. Define o ;, C}

i as the (4, 7) element and cofactor of

»J .
CefnmAc
Then, by Lemma we can find a function g/, (k) such that for all 0 < k1 < k2 < -+ < Ky, satisfying:
(") Km — Km—1 > gé’(“mfl)
i) gl (k) S1+1log(k +1)

(iii") |Zm7my+1§i§m @n,iCril > € Tlicicm o—FiNi
the following 1nequality holds:
Ce r1he
1 ki
det : > o€ e N, (120)
Ce_"WnAc 1<i<m

Let’s use t», and ¢ interchangeably which are in [0, 7'] with probability one. Ideally, we want to plug k;I +¢; into ;. However,

even though the sequence ki, - - - , ky, is sorted, the sequence k11 + t1,--- , kmI + t,, may not be sorted. Therefore, we define
k<1)1 + iy, ,k(m)l + t(m) as the sorted sequence of k1l +t1, -+, kmI + t,n. Then, we can see this sorted sequence has
the following property.

Claim 1: Consider two sequences, a1, a2, -+ ,pn and 81, B2, -+ , Bn Where a1 < ap < -+ < ap and B; € [0,T] (T > 0).

Let a1y + Bay, o) + By, - ) + Bn) be the ascending ordered set of a1 + B1, a2 + B2, -+, an + Br. In other words,
Then, for all ¢ € {1,--- ,n}, we have

0<oau+PBu —a: <T. (121)

Proof: We will prove this by contradiction. Let’s say there exists ¢ such that

agy + ,3(1') —a; <0. (122)

Then, we have
oy + Buy <o < aipr <o Zap. (123)
Since B1,---,Bn > 0, we can conclude oy + By < ai + Bi, -+ -, oy + Buy < an + Bn. Thus, in the sequence o +
B1,- -+ ,n + Pn, there exists n — i + 1 elements which are larger than «(;) 4+ £(4). This contradicts to the fact that a;y + f;)

is ith largest element among a1 + B1, -+ , an + Bn.
Likewise, let’s say there exists ¢ such that

oy + ﬁ(i) —a; >T. (124)

Then, we have
Q) + /B(i) Soi+T <o +T < ap+T. (125)
Since B1,---,Bn < T, we can conclude oy + By > ai + B, -+, a@) + Buy > o1 + B1. Thus, in the sequence o +
B1,- -+ ,n + Bn, there exists ¢ elements which are smaller than a;y + 3(¢). This contradicts to the fact that a;) 4 By is ith
smallest element among a1 + B1,- - , & + Bn. |

Therefore, by the claim, we have

H e T H 6_k11[‘>‘i§ H e—(k(z‘)H't(i)))\iS H e kil X (126)

1<i<m 1<i<m 1<i<m 1<i<m

0 <t < T such tha
@) km — km—1 > g0/ (km—1)
(ii”) g/ (k) S 1+ log(k + 1)

Finally, we can{El'ug k@I + t(;) into k; to conclude the following statement. For all 0 < k1 < --- < Ky, 0 < 8 < T,

1THere, we select gé’,(k) large enough so that when ky, — kpp—1 > gé’,(km_l), we always have kI +t > km—11 + tm—1, i.6. by I + t becomes the
largest.
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(A)
EEE . . ’ —k;I-X\; ’ —(key I+t X
(1ii”) Zm—m“-klgigm amﬂC’m,z) >e€ ng:‘gme R ngigme @)1 +ta)

the following inequality holds:

Ce—(k1l+t1)Ac

1, —(key I+t )N B) 1, -\ T —ki I
: > = (i) N S - i il
det ottt e | || Z 26 H e > e H e H e (127)
1<i<m 1<i<m 1<i<m
Cef(kmlqtt)Ac - - -
(g) 2 H e il (128)
1<i<m

Here, (A) and (B) always hold by (126). (C) follows from the definition of €’.
Let g (k) be g/ (k). Then, we can easily check such ge(k) satisfies (ii) of the lemma. Let’s show that such g.(k) also satisfies
(i) of the lemma.

Ce (k1l+t1)Ac

sup P < |det :
ko €Z,km —km —1>ge (km—1) Ce™(km—1Tttm-1)Ae 1<i<m
Ce*(kml+t)Ac

= o P Z Cmyiam,i <2€2 H e)‘iT, H e_kil‘)‘i

km €Z,km —km—12>ge(km—1) m—m,+1<i<m 1<i<m 1<i<m
Cm,i Am,i Amt T
= sup P E 2 - < 2-e"m || et
61_[ e—kil'Ni g—(kmI+t)Am
km €Z,km —km—12>ge(km—1) m—my+1<i<m 1<i<m-—1 1<i<m
Am,i AT | | T

S sup P E blw < 2-e"™m e’ . (129)

[bm |>1 . e \rm m .

mi= m—my+1<i<m 1<i<m

where the last inequality comes from the assumption of (i), |Crn,m| > €[[,<;<,,_, € "', and t € [0,T] with probability
one. T

Now, it is enough to prove that (T29) converges to 0 as € | 0. To this end, let’s study an,; which are the elements of the
observability gramian. Let the C,,,,, defined in (@7) be [¢1 -+ ¢, ]. Then, we have

e_(km I+t)Ap,uH

(—1) ™o =Y (o Tt) ™ Hovn Tt

(M, —1)!
vy —2 -
0 e~ Bm A (N vy +iwp,vy,) L DT T (ke ) T

_ (m“,,,“72)!

o= (om I+ vy, +iwu,y,)

e oI+ v iwumn) (o T 4 ¢)e RmI D Rv+590u,0,)

2 .
e*(km1+t)(kp,vu +iwp,vy)

O O . ei(km1+t)<Ap',V}L+jw/>‘47’/[1,)

Thus, we can see that

P Z ¢, (=1)™ern ™ (knd —|— L) Tt o=k T+ A+,
' (muyvu —1)!

1<i<my .,

Therefore,

Am,m Z Y, (=1)™eovn " (kI 4+ €)™ Hovn ™ o~ km I+ (G0,

e—(kmI+t)Am m —)!
1Si§'mu,uu ( BV )

Moreover, when @, ; is considered as a function of ¢, the t"#*¥u ‘e 7*uru’ term only shows up in % among

-1
A m—m 41 a . .o (=) Ciw ko T . .
o m,m J s
T O =i T a» and the coefficient is ¢} g€ e Since we put |by,| > 1 in (129), by defining
’
c = ﬁ we can see that the magnitude of the corresponding coefficient is greater or equal to ¢’. Furthermore, the
v :
s Am,m—m;+1 a -1 —jwy 1t m —1_ —jw, 1t —Jjw,, ot m —1_—jw, ot
u m,m JWp,1 1 JWp,1 JWp,2t )2 J9p,2
remaining terms —a iR, s STy, Only have e Tt gl T e TIEAT e TI2T L T e IwWm2t
, eIt L M —2e=i%n vt when they are considered as functions in ¢. Thus, using the assumption that m, ; <

-+ <my, ., ,(I29) can be upper bounded as follows:

My Y
i—1 I —jwy it Am T AT
(129 < sup P E t' g a; je 7t || < 2ee™mT | | et b (130)
100y v 12€ i=1 j=1 1<i<m



By Lemma (by setting v as ¢/, (m,n) as (My,u,, Vu), P S My, Vo, ,Vp 88 Uy, W05, ,Wp,; 8 —wy,j, and € as
2e [Tycicr, €0 - ™), we get
Mp,vy, vy
i—1 —jw it Am T T
sup P E t ( a; je 7m > < 2ee”™7 - H e’ —0aselO. (131)
sy v 12 i=1 j=1 1<i<m

Therefore, by (129), (I30), (I31) we can say that

Ce—(F1l+t1)Ac

2 —k:T-\;
sup P < |det . <e€ H e FilAid s 0asel0
km €L,km —km—12>ge(km—1) Ce_(k77171[+t17171)Ac 1<i<m
Ce_(kWLI"'t)Ac
which finishes the proof. u

Based on the previous lemma, we will integrate the properties of p.m.f. tails shown in Section [X-A] with the properties of the
observability Gramian discussed in Section and prove Lemma |Z| for the case of a row vector C.

Lemma 17: Let A and C be given as and ([@7). Let B[n] (n € Z™") be a Bernoulli random process with probability 1—pe
and ¢, be i.i.d. random variables which are uniformly distributed on [0,77] (T' > 0). Then, we can find a polynomial p(k) and a
family of stopping times {S(e, k) : k € Z", e > 0} such thatforall e > 0, k € Z" there exist k < k1 < k2 < -+ < ki, < S(e, k)
and M satisfying the following conditions:

(i) Blki)=1for1 <i<m
Cef(kl I+tk1 )YAc
Ce(F2l+try)Ac
(i) M . =1
Ce*(knLI.‘Ftkyn )Ac
(111) ‘M|mam < p(S(e,k))e/\ls(e,k)I
(iv) lim. o exp limsup, _, . SUpcz+ = logP{S(e, k) — k = s} < pe.

s

Proof: By Lemma [I0} instead of conditions (i) and (iii), it is enough to prove that

Ce (k1l+tr )Ac
Ce—(F2l+try)Ac
det . > H e~ (Fil+te )i

. 1<i<m
Ce™ (km I+tg,, )Ac

Furthermore, since ¢; > 0 it is sufficient to prove that

Ce (kil+tr )Ac

Ce— (k2l+tr,)Ac
det . > € H e kil X

Cef(km1+tkm)Ac

Therefore, it is enough to prove the following claim:
We can find a family of stopping times {S(e,k) : k € Z*,e > 0} such that for all ¢ > 0 and k € Z* there exist
k<ki<ka<- <km<S(ck) satisfying the following condition:
(@ Blks]=1for1 <i<m
Ce (kil+tr )Ac
Cef(k21+tk.2)Ac
(b) |det ) > 6H1<i<m e kil

Ce_(kml""tkm)AC
(¢) limeyo explimsup, _, . sup,cz+ + logP{S(e, k) — k = s} < pe
We will prove the claim by induction on m, the size of the A. matrix.
(i) When m =1,
Since we only have to care about small enough ¢, let € < |ci|e 2", Denote S(e, k) := inf{n > k : B[n] = 1} and
ki = S(e, k). Then, B[k1] = 1 and |det ([cre™ Rt/ Ftr)Qatiwn) )| > oy [emTM e Ml > eemitlAr
Moreover, since S(e, k) — k is a geometric random variable with probability 1 — pe,

explimsup sup logP{S(¢, k) — k = s} = pe.
s—00  keZt
Therefore, S(e, k) satisfies all the conditions of the lemma.
(ii) Now, we assume that the lemma is true for m — 1 and prove the lemma still holds for m. We will see that the induction
hypothesis corresponds to the cofactor condition of Lemma [T6 which tells us that the determinant of the observability Gramian
is large enough with high probability.
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Let AL be the (m — 1) x (m — 1) matrix obtained by removing mth row and column of A.. Likewise, C’ isa 1 x (m —1)
vector obtained by removing mth element of C. Then, since A. is given in a Jordan form, we can easily check that once we

remove the last element from the row vector Ce™ (Fil+tki A e get C'e —(kiltt, ) Ag Therefore, we can see that
Cle—(kal+ty )AL Ce—(Fil+te,)Ac
det = cofm,m : (132)
C’e_(kmfll-"tkm—l)A:: Ce_(knzl+tkm )Ac

where cof; ;(A) implies the cofactor matrix of A with respect to (4,j) element.
By the induction hypothesis, there exists a stopping time S’ (e, k) such that we can find k < k1 < ko < -+ < km—1 < S'(€, k)
satisfying:
(@ Blks]=1for1<i<m-—1
Cle—(Fil+te, )AL

. kI
(b) |det : >ellicicm_1e
Cle™ (kp—1 1+t )Ag

(¢) limc o exp limsup,_, .. SUpP,cz+ < logIP’{S' 6,k) —k =15} < pe.
Let F; be a o-field generated by B [0],---,Bli], and to,- - ,t;. Let gc : RT — R be the function of Lemma [16| Denote

Qe (k1l+tr)Ac

/ : 2 —ki TN
p'(€) := esssup sup P, |det . <e e "N Fereny o - (133)
K €2, kim =S (k) 2ge (57 (e,k)) Ce Fm—1Hthy g JAe 11 e

Cef(k'm, I+t)Ac

Here, given Fsr(ck)> k1, s km—1, thy, stk 1> S'(e, k) are all fixed, we took the supremum over k,, such that k, —
S’(e, k) > ge(S'(e,k)), and ¢ is a uniform random variable on [0, T] which we computed the probability over.
Ce—(kF1l+tx,)Ac
Since km > S'(e,k) + ge(S'(€,k)) > km—1 + ge(km—1), and by (132), (b) implies cofrm,m >
Ce—(kmI+ti,,)Ac
e[licicm e ~kil-Xi by Lemma (16| we have lim, o p’(e) = 0.
Denote S (e, k) := [S'(e,k) F ge(S'(¢,k))]. From (ii) of Lemma |16| we know ge(k) < 1+ log(k + 1) for all € > 0.
Therefore, by (c) and Lemma|§] we have

hm exp limsup sup — log]P{S”(e k) —k=s} <pe. (134)
s—oo kezt S
Denote a stopping time

SIH(E, k’)
Ce~ (Fil+te, )Ac

. "nooN L _ 2 —nl-Am —kiI-A;
=infqn>S5"(e) : B[n] =1 and |det o (bt 40, A >e€e 1<1<_[ 716 . (135)
Ce—(nI+tn)Ac T

Since B[n] and ¢, are independent processes, for S"'(e,k) = n to hold, 8[n] = 1 and the determinant of (I33) has to be
large enough. By (133), we already know the probability for the determinant not being large enough is upper bounded by p’(e).
Therefore, given that S’ (e, k) > n, the probability that S” (e, k) # n is upper bounded by (pe + (1 — pe)p’(€)) — (erasure) or
(not erased but small determinant). Thus, for all s € Z*, we have

ess sup]P’{SW(e, k) — S"(e7 k) > s|Fsrmiemy}t < (pe +(1- pe)p'(e))s .

Since we know lim. o p'(€) = 0, we have

hinexp lim sup ess sup — log]P’{S/”(e k) — S"(€e,k) = 8| Fsr(cx)} < pe. (136)

5—00

By applying Lemma [6] to (I34) and (I36), we can conclude that

hm explimsup sup — log P{S"(e,k) — k = s} < pe.
5—r00 k€Z+

Therefore, if we denote S(e, k) := S"(e2, k), S(e, k) satisfies all the conditions of the claim. ]
Before we prove Lemma 2] we will first prove the following lemma which allows to merge two Jordan blocks associated
with the same eigenvalue into one Jordan block.
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and C’ are 1 x m matrices

Lemma 18: Let A be a Jordan block matrix with an eigenvalue A € C and a size m € N, i.e. A =

where ¢;,c; € C and ¢1 # 0

For all kK € R and m x 1 matrices X =

Moreover, the diagonal elements of T are

such that

C = [Cl C2
’ /
C = [Cl Co
/
T Tq
/
i) To
and X'
Tm

en]

&l

(#)T is an upper triangular matrix

/
‘1

CekAX + C/ekAX/

, there exists T such that

(19)Ce" X + C'AX = CelA (X + TX )

S >
> =

(137)

Proof: The proof is an induction on m, the size of the A matrix. The lemma is trivial when m = 1. Thus, we can assume
the lemma is true for m as an induction hypothesis, and consider m + 1 as the dimension of A
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where (T38) follows from the induction hypothesis. The lemma is true. [

Now, we are ready to prove Lemma |Zl
Proof of Lemma |Z| The proof is an induction on m, the size of matrix A.. Remind that here C can be a general matrix,
so we use the definitions of A, C given as (32), (33).

(i) When m =1,

In this case, the system is scalar, and the lemma is trivially true. A rigorous proof goes as follows: Since (A, C) is observable,
we can find a 1 x [ matrix L such that LC is not zero. Then, (A, LC) is observable, and the lemma is reduced to Lemma

(ii) We will assume that the lemma holds for (m — 1)-dimensional systems as an induction hypothesis, and prove the lemma
holds for m.

The proof goes in three steps. First, we reduce the system to reducing a system with scalar observations to apply Lemma [T7]
Then, we estimate one of the states, and subtract the estimation from the system — this procedure is known as successive decoding
in information theory. Now, the system reduces to the (m — 1)-dimensional one, so we apply the induction hypothesis.

X1,1
X1,2
For this, we define x := . where x;j are m;,; x 1 vectors, and (X104 )m, ,, as the m1,,th element of x1,,,. We

Xp,v

also define (x)x as the kth elemgntuof a vector x in general. Here, x can be thought as the states of the system. We first decode
(X1,v1)my1 ., » and decode the remaining elements in x.

e Reduction to Systems with Scalar Observations: By Lemma E we already know that the lemma is true for systems with
scalar observations. Therefore, we will reduce the general systems with vector observations to system with scalar observations.

Claim 2: There exist L, C’, A’ x’ that satisfies the following conditions.
(i) Lis a 1 x [ row vector.
(ii)) A’ is a m’ x m' square matrix given in a Jordan form. The eigenvalues of A’ belong to {\1 + jwi, -, A, + jw,} which
is the set of the eigenvalues of A. The first Jordan block of A’ is equal to Ay ,,.
(iii) C’ is a I x m’ matrix and (A’, LC’) is observable.
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(iv) x" is a m’ x I column vector. (x')m, . = (X1,u1)my,0:-
(v) LCe Fhex = LC'e "%

What this claim implies is the following. By multiplying the matrix L to the vector observations, we can reduce the vector
observations to the scalar observations. However, the resulting system may not be observable any more. Therefore, we will carefully
design L matrix and reduced system matrices A’, C’, so that the system remains observable even with a scalar observation and
the information about (X1,,, )m, ,, Temains intact.

Proof: Since the first columns of Cy,1,Cy 2, -+, Cz1,,, are linearly independent, there exists a 1 x [ matrix L such that
the first elements of LCy,1,LCy1 2, -+ ,LCy,,, —1 are zeros and the first element of LCy,,, is non-zero. Then, we can observe
that

e~ kAL . 0 X11

LCe *ex=L[C11 -+ Cu.,]

0 . ekauJ/u XM,V;L

—kA

=LCrie "% 1 + LCize ™1 2x15 + - + LC,u,, e rvix, (139)

Remind that the Jordan blocks Aj1,---,A;,, correspond to the same eigenvalue. We will merge these Jordan blocks into one
Jordan block. However, since the size of Jordan blocks Aj1,---, A;j,, are distinct, we will extend the small Jordan block to
the size of the largest one by adding zero elements. Let the dimension of A; 5; be the largest among Aj1,- -, A, and m; o,
be the corresponding dimension. Then, we define C;; as a matrix where the first m; 5, — m;,; vectors are all zeros, and the
remaining vectors are the same as those of Cj ;. A;; is defined as the same matrix as A; . X;; is defined as a column vector
whose first m; 5, — m;,; elements are all zeros, and the remaining elements are those of x;j j.

Then, by the construction, we know

=~ —kA1 1< ~ —kAj1 22 ~ kA, L, =
@]) = LC1,1e 1’1X1,1 —+ LC1726 1’2X172 —+ -+ LCMV‘LQ Hs H X,y (140)
Furthermore, A1,, = A1,u1, Ci = (_3171,1, X1,b; = X1,,,. The first elements of LCy 1,LCy 2, -+ ,LCy,,, 1 are zeros
and the first element of LCy ., is non-zero. _ B B
Now, we get the same dimension systems (Aj1,LCj1), -+, (Aj,,, LCi,., ). However, none of them might be observable.

Thus, we will truncate the matrices to make sure that at least one of them is observable. Remind that since LC; j is a row vector
and A; ; is a single Jordan block, the system is observable as long as the first element of LCj j is not zero. Thus, we will truncate
the matrices until we see at least one nonzero element among the first elements of L(_3i71, cee L(_Ei,,,i._Let k; be the smallest
number such that at least one of the k;th elements of LCj 1, - ,LC; ., becomes nonzero, and let LC; . be the vector that
achieves the minimum. _ _ '

Then, we will reduce the dimensions of (A; ;, LC; ;) by truncating the first (k; — 1) vectors. Define Cf ; as a matrix obtained
by removing the first (k; — 1) columns from Cj j, Aj; as a matrix obtained by removing the first (k; — 1) rows and columns
from Aj;;, and X} ; as a matrix obtained by removing the first (k; — 1) elements from X; ;.

ij
Then, by the construction, the resulting systems (ALUMLCL,,'*) are observable. We can also see that vy = vy, C’LV{ =

Ci,., = C1,.y, All,u; =A1,, =A1,,,and x’l,,jf = X1,, = X1,1,. In words, the Jordan block A; ,, was not affected by

the above manipulations. Moreover, by the construction, the first elements of LC3 ¢, -+ ,LCj ,, 1 are all zero.
Denote C' := [ llaVI ’2,,,; CL,Vﬂ and A’ := diag{A’l’VI, ’271,5, e ,A;’Vﬁ}. Then, (I39) can be written as
follows:

/ —kA/ / ’ —kA’ ’ ’ —kA ’
(3% =LCy e " t1x1 1 + LCrge” "1 2x3 5+ + LC, e 7,
—kA
_ ’ 10k () 2 : ’
- LCl,u{e 1 (Xl,u{ + T]-ijlyj) +oee

JE{1, v \vf
/ _kA:L‘U* / /
+LC) e P+ Y Tugxy) (141)
JE{1,- aVu}\Vﬁ

—kA! ’ ’
e 1% 0 xl,v; +Zj€{1a'~,V1}\Vf T1,JX17J-

— [LC,,; -+ LG,

_kA! / .
0 e % X + Eje{l,m v\ T Xy ;

=x/

= LCe "X (142)

where (T41) follows from Lemma Here, we can easily see that A’ satisfies the condition (ii) of the claim, and (A’,LC’) is
observable since each (Aj ., LCj .) is observable.

Moreover, by Lemma we know that T1,1, -+ ,T1,,,—1 are upper triangular matrices whose diagonal elements are zeros.
Therefore, (x')im, ,, = (X1,0,)m1,, = (X1,01)m, ,, - Therefore, the condition (iv) of the claim is also satisfied. [

e Decoding (X1,u; )m; ,, : Now, we reduced the system to a system with a scalar observation. Then, we can apply Lemma
to decode (X1,u1 )my ,, -

Claim 3: We can find a polynomial p’(k) and a family of stopping time {S’(¢, k) : k € ZT, e > 0} such that for all € > 0,
k € Z" there exist k < k1 < k2 < --+ < ks < S'(e, k) and M} satisfying:
() Blki] =1for1 <i<m
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L 0 --- 0 Ce(kiltti, A
0 L -+ 0| Ce (altty)a
MM |. . . : X = (X101 )ma 0,
S N PR TR
(lll) ‘Mll‘ < p/(S,(e,k))e/\lsl(e,k)I
mar — €
(iv) limeyo exp limsup,_, ., supgez+ < logP{S' (¢, k) — k = s} < pe.
This claim is showing that there exist an estimator M) diag{L,--- ,L} which can estimate the state (X1,u1)m,,, With
observations at time ki, -+ , km.

Proof: By the construction, (A, LC’) is observable and LC’ is a row vector. Thus, by Lemma we can find a polynomial
p'(k) and a family of stopping time {S’(e, k) : k € ZT, e > 0} such that for all € > 0, k € Z" there exist k < k1 < ka2 < -++ <
kmr < S'(e,k) and M satisfying:

() Blki] =1for1 <i<m
LC/ef(kllthkl)A’
LC e~ (hal+ti, )A'

(i) M’ . =1

’
LC e (Kt I+tkm, A

(i) |M'],,,, < EELek) Mas(eRT
mar — €

(iv) limeyo exp limsup,_, ., supgez+ ~ logP{S’ (e, k) — k = s} < pe.
Let Mj be the my,., th row of M'. Then,

L 0 --- 0 Ce~ (ktl+tr )Ac LCe~ (Fil+tr )Acy

oL --- 0 Qe (k2l+try)Ac LCe~ (kalttry)Acy
L : x =My

(‘) 0 N L Ce_(km' I.+tk,m/ )YAc LCef(km/}ﬁ»tk‘m/)Acx

r L/C/e—(k11+tkl)A/x/
L/C/ef(kQIthkQ)A'x/
=M; . (. Claim |2 (v))

L/Cle Fm T, A o
[ L/Cle—(Fil+te, )A'

/ L/C/e—(k21+tk2)A’ ) /
= M; : x =(x )mlw1 = (x17,,1)ml_’l,1 (.- Claim 2| (iv)). (143)

L' e Fmr Tt )A!

|

e Subtracting (X1,u; )m, ,, from the observations: Now, we have an estimation for (X1,u; )m, ,,. We will remove it from
the system. A”,C” and x” are the system matrices after the removal. Formally, A”,C” and x” are obtained by removing
2 1<i<y, m1,ith row and column from A, removing >, _,,,. m1,ith row from C and removing }_, _,,. m1,;th component
from x respectively. - -

Obviously, A” € C(m=Dx(m=1) apnq ¢ € C'* ™~V Moreover, since the last element of the Jordan block A1 ,, is removed
and the observability only depends on the first element, (A", C") is observable. Denote \{ + w{' be the eigenvalue of A” with
the largest real part. Then, trivially A} < A;.

The new system (A", C”) and the original system (A, C) are related as follows. Denote the 37, , ., m1,ith column of

Ce F4< a5 R(k). Then, we have
Ce ™ ex — R(K) (X101 )y, = C'e A x" (144)

which can be easily proved from the block diagonal structure of A.. We can further see that there exists a polynomial p”’ (k)
such that |R.(k)|,,,. < p" (k)e "

e Decoding the remaining element of x: We decoded and subtracted the state (Xl,n)ml,ul from the system. Now, we can
apply the induction hypothesis to the remaining (m — 1)-dimensional system and estimate the remaining states.

By induction hypothesis, for given S’ (e, k), we can find m” € Z and a polynomial p” (k) and a family of stopping time
{8 (e, 5 (€,k)) : S'(e,k) € Z*,0 < € < 1} such that for all 0 < € < 1 there exist S'(€,k) < kmry1 < -+ < kprr <
S"(e,S'(e,k)) and a (m — 1) x (m” —m')l matrix M" satisfying the following conditions:
() Blki) =1form' +1<i<m”

C,,e—(km/+11+tkm,+l YA

17
//e—(km,+21+tkm,+2)A

(i) M” ] =Imn—1)x(m-1)

C//e*(km//Ithkm,, YA

(111) ‘M“‘ < P”(S//(E;S/(ka))) e)\’l/S”(e,S/(e,k))I

maxr —
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(iv) limeyo exp lim sup,_, . esssup + log P{S" (¢, 5" (¢, k)) — S' (€, k) = s|Fsr (e} < Pe

where F,, is the o-field generated by S[0],--- , B[n] and to, - - , tn.

(145)

(146)

Then,
_C,/ef(km/+11+tkm,+1)A//
—(kppryol+ty , A"
<" = M" C’e e %
C//€7<km”}+tkm//)A”
R Ac
Ce mt 0 R R D+t ) (X1 )
—(kpr oI+t , A
o Co ™ Fmipaltth, ) Ahe Rk pol 4+t ) (X100 )mi o,
i Ce*(km// I+tkm// >ACX _ R(k‘m//I + tkmu )(Xlﬂ/l)ml,ul
_Ce—(km/+11+tkm,+l)Ac' _R(km/+1f T tkm/+1)-
" Ce_(km/+21+tkmr'+2)AC R(km’+21+tkml+2)
M X— . (Xl,l’l)ml.ul
Ce—(km//i+tkm,, )Ac L R(km”l + tkm”)
_Ce—(km/+11+tkm,+1)Ac' "R(km/HI + tkn1’+1)_ 0 0 Ce—(k11+tk1)Ac
Ce_(km',+21+tk7n’+2 )Ac R(k‘m/+2] =+ tk:m/+2) L 0 Ce_(k21+tk2 JAc
M x— , M) .
i Cef(kmuI.thkm//)Ac ] | Rk I +ti ) 0 Ll | e Fmr It ) A
[ Rkl + tkm’+1) L 0 0 Ce~(Fil+te, )Ac
, R(kmrsol + 1t ., 0 L 0 Ce~ k2l H iz )Ae
M , M, | o
Rk T+t ) 0 0 L Ce— o T+, ) Ac
where (f@) follows from (T44), and (T46) follows from the condition (ii) of Claim [3]Therefore, we can recover the remaining
states of x.
Moreover, we have
Rkl +th,, ) L 0 0
M |- R(km/+21,+ Fo ) M} (.) L (.) I
R(km'/l —+ tkrn,”) 0 0 P L s
Rk il +1i,,,,)
Rk ol + i, )
s M, max A VTN
R(km”[ + tkm,” ) max
(8" (e. S (e k s , B , (S (e. k ,
5 p ( (676 (67 )))ekls (€, (e,k))I max p///(km//I+ tkm// )6 A1 (k,, +1I+tkm/+1) X p ( £€7 ))6)\15 (e,k)I . |L|

< P(S"(e, S'(e, k)))ez\ls”(e,s’(e,k))l

for some polynomial p(k). Since for some p(k)

[M: |

mar — € E2

and we can recover x from x” and (X1,u; )m, ,, » there exists M and a polynomial p(k) such that

Ce—(Fil+te; ) Ac
M

Ceo Fmr Ttk ) Ae

and

|M|max — €2

= Im><m

p(S" (e, 5 (e, k))) 18" (68" (k)T

(8", k) < kmrgr < bk < 87 (€,8(,k)), N < \1)

< P'(S/(E,k))e)\ls’(e,k)z < 15(5”(67 5'(6,k)))eAls”(e,s’(e,k))z

maz’l}



Moreover, since

liflg exp lim sup ess sup log P{S" (¢, S' (€, k)) — S’ (€, k)| Fsr(e.1)} < pe

§—r 00
and
lim exp lim sup sup log P{S’ (¢, k) — k} < pe,
€l0 s—o0 kezZt
by Lemma [f]
lim exp limsup sup log P{S" (¢, S' (¢, k)) — k} < pe.
€l0 s—o0  keZt
Therefore, by putting S(e, k) := S"(e% , S’(e% ,k)), S(e, k) satisfies all the conditions of the lemma. [

E. Lemmas about the Observability Gramian of Discrete-Time Systems

Now, we will consider the discrete-time systems discussed in Section @ Like the continuous time case, we start from a
simpler case when C is a row vector and A has no eigenvalue cycles. The definitions corresponding to (73) for the row vector
case are given as follows: Let A be a m x m Jordan form matrix and C be 1 X m row vector which can be written as

A = diag{Al,h Alyz, s ,A1,U1,~ . ,Ap,l, s ,A#,V“} (147)
C=[C11,C12,*,C1u,,Cu1,,Cuu,] (148)
where

A;; is a Jordan block with eigenvalue \; je??™%i and size m; ;

mi,1 Smi’z S Smiﬂyi for all 7+ = 1,~~~ s W

)\i,l :Ai,Q :"':)‘i,w for all 7 = 17 S

A1 > A1 > o> A1 >1

{1, , Aiy, + is cycle with length v; and period p;

For all (7'7.7) 7& (i/vj/)’ Wi,j — Wir 57 ¢ Q

C;,j is a 1 x m;; complex matrix and its first element is non-zero

Xie??™i is (i,1) element of A.
Here, we can notice that A has no eigenvalue cycles since w;,; — wyr i+ € Q for all (z,7) # (¢, 5'), and C is a row vector. By
Theorem @ the condition that the first elements of Cj ; are non-zero corresponds to the observability condition of (A, C) since
C is a row vector.

Let’s state lemmas which parallel Lemma @ and Lemma @ In fact, the proofs of the lemmas are very similar to those of

Lemma [T0] and Lemma [T2] and we omit the proofs here.

Lemma 19: Let A and C be given as (I47) and (I48). Then, there exists a polynomial p(k) such that for all € > 0 and
0<ks <--  <km,if

CA— ™
CA~ 2
det , >e [ A"
. 1<i<m
CAfk’"
then
CA— ™
CA~F2
: €
CAikm max
Proof: It can be easily proved in a similar way to Lemma [T0] u
CA™ "k
CA~*2
Lemma 20: Let A and C be given as (I47) and (T48). Define a;,; and C; ; as the (4,) element and cofactor of
CA~Fm

respectively. Then there exists g.(k) : R™ — RT and a € R such that for all € > 0 and ki, - - , kn, satisfying
(Z)ng'l <ks<---<km
(”)km - km—l 2 ge(km—l)
(i4i)ge (k) < a(l + log(k + 1))

(iv) Z am,iCm,i 26 H )\iiki

m—m,+1<i<m 1<i<m
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the following inequality holds:

CA™ k1
CA ™2 1
det _ > e PV
: 2 1<i<m
CA~Fm
Proof: Tt can be easily proved in a similar way to Lemma [T2] |

Like the continuous-time case, these lemmas reduce questions about the inverse of the observability Gramian to questions about
the determinant of the observability Gramian.

FE. Uniform Convergence of Sequences satisfying Weyl’s criterion (Discrete-Time Systems)

As we did in the continuous-time case, we will prove that the determinant of the observability matrix is large enough regardless
of the erasure pattern. The main difference from the continuous-time case of Appendix E is the measure that must be used.
While we used the Lebesgue measure to measure the bad event —the event that the determinant of the observability matrix is
small—, we use the counting measure in this section.

The main idea of this section is approximating aperiodic deterministic sequences by random variables using ergodic theory [15].
The necessary and sufficient condition for a sequence to behave like uniformly distributed random variables in [0, 1] is known as
Weyl’s criterion. We first state a general ergodic theorem, and derive the Weyl’s criterion as a corollary.

Theorem 11 (Koksma and Szusz inequality [I5]): Consider a s-dimensional sequence x1, Xz, - € R®,and let o := (a1, - -+ , @)
and 8 := (B1,- -, Bs). For any positive integer m, we have
A([a7ﬂ)7N7 {xn}) 26s+1 1 1 1 27/ —1(h,xn)
sup —H(ﬂi—ai)§253 — + Z = Z e o
Osa<hist N 1<i<s M hezs 0< hle<m r(h) | N 1<n<N
where
A([e B); Ny {xa}) = D 1{xa € a1, 1) X [az, B2) -+ X [as, B)} (149)
1<n<N
r(h) := H max{|h;|,1}.
1<j<s
Proof: See [15] for the proof. |

Here, we can see A([c, 8); N, {Xn) is the counting measure of the event that a sequence falls in the set [, 8). The theorem tells
us that the counting measure is close to the Lebesgue measure of the set [a, 3) uniformly over all «, 3.

Using this theorem, we can easily derivﬂ the Weyl’s criterion for a family of sequences.

Definition 16: Consider a family of s-dimensional sequences J = {(X1,5,X2,6, " *) : 0 € J,x; - € R*}. Here, the index
set for the sequences, J, can be infinite. If for all h € Z° \ {0},

lim sup 1 Z ej2”<h7x"’6> =0

N=eooer 1<n<N

then the family of sequences is said to satisfy Weyl’s criterion.
Theorem 12 (Weyl’s criterion [I3]]): Consider a family of s-dimensional sequences J = {(X1,0,X2,0, ") : 0 € J,Tis €
R*}, which satisfy the Weyl’s criterion. Then, this family of sequences satisfies

A([Oc,ﬁ);N,{Xn,g}) _ H (/Bi—ai) =0,

lim sup  sup

N—=o0o ge g 0<a;<B;<1 N 1Zics
where the definition of A ([a, 8); N, {Xn,»}) is given in (T49).
Proof: By Theorem [[1} for any positive integer m, we have
Ao, B); N, {Xn
sup  sup ([ )i NV, ot }) I B:—a) (150)
ceT 0<a; <B;<1 N 1Sics
1 1 |1 i

< sup 25235t [ = L 27r]<h,xn75> 151
A AN o

To prove the theorem, it is enough to show that for all § > 0 there exists N' such that for all N > N’

A N n,o
sup  sup ([, B); N, {Xn,0 })
0€J 0<a; <B;<1 N

- I B -ai)|<s (152)

1<i<s

18The original Weyl’s criterion is shown for only one sequence. But, here we extend Weyl’s criterion to a family of sequences. For this, we state a generalized
theorem of the Weyl’s criterion and prove it.



4523s+1

5 so that

Let’s choose m :=

2qs+1
25°3°1 _ 5 (153)
m 2

Once we fix m, there are only (2m + 1)° number of h € Z° such that |h|o. < m. Furthermore, by the definition of Weyl’s
criterion, we can find N”' such that for all N > N”/,

1 327 (h,%n, o ) 1 o
sup |~ e Xn,o)| o h (154)
e 1gnZ§N (2m + 1)°2s235+1 2

Thus, we can find N” such that for all N > N the following holds:

1 i 0
25235 g™ T max  sup |— Z 672W<h’x"’”> < = (155)

0<|hoo<m e g SN 2
Therefore, by plugging (I33), (I33) into (I31), we can prove (I52). Thus, the theorem is true. ]
Since we are mainly interested in the fractional part of sequences, it will be helpful to denote (z) := x — |z]. Although

(x,y) is the inner product between two vectors, these two definitions can be distinguished by counting the number of arguments.
Let’s consider some specific sequences, and see whether they satisfies the Weyl’s criterion.

Example 1: ((~/2n),(v/3n)) satisfies Weyl’s criterion and ((v/2n),{((v2+ v/3)n)) does too.
((v2n),{(V2+0.5) n)) does not satisfy Weyl’s criterion and neither does ((ﬂn> , §n>)

Therefore, among general sequences in the form of ((win), (wan),-- -, (wmn)), there are sequences which satisfy Weyl’s criterion
and others do not. However, the following lemma reveals all sequences can be written as linear combinations of basis sequences
which satisfy Weyl’s criterion. This idea is very similar to that linear-algebraic concepts like linear decomposition and basis.

Lemma 21: Consider an m-dimensional sequence ((win),{wan),- -, {(wmn)). Then, there exists k¥ < m and p € N such
that
qi,0
w; = — + Z Qi 575
PG
where
4,5 € L,
((yin), {y2m),-- -, (vkn)) satisfies Weyl’s criterion.

Proof: Before the proof, we can observe the following two facts.
First, since as long as (h, w) is not an integer,

ei2m(h1wi+hawa+-+hmwm) (1 _ 6j27rN(h1w1+h2wa+»-»+hmwm>)

1 Z 2 (B, ((win) (won),eoe (wmn)) — 1 _
N 1 — ei2m(hiwi+howa+t - +hmwm) ’
1<n<N
the statement that the sequence ({(wim),{wan),---,{wmn)) does not satisfy Weyl’s criterion is equivalent to there being
hi,ha, -+, hy, € Z that are not identically zero and make

hiwi + hows + - -+ + hmwm € Z. (156)

The second observation is that if ({(win), (wen),---,{wmn)) satisfies Weyl’s criterion then for all ai,- - ,am € N,
(ZEn),(2n), -, (<mp)) also satisfies Weyl’s criterion. To see this, suppose ({ Ln),(“2n ), ---,(<2pn)) did not
al ag al a2 n

satisfy Weyl’s criterion. Then, by (I56) there would exist (1, ha, -+, him) € Z™\{0} such that hy 21 +ha &2 +- - -+ hpp 22 € Z.

h1Tl1<; a; ha[]q<; a; hm [T1<; a; hm [T1<; a;
So, —oSISm AL ) SENSISM T )y o SELSISM T, € 7 as well as S, s ) e 2\ (o)

But since (1(w1n) , {wan) , -+ ~2, (wmmn)) would not satisfy Weyl’s criterion, this causes a contradiction.

Now, we will prove the lemma by induction on m.

(i) When m =1,

If (win) satisfies Weyl’s criterion, the lemma is trivially true by selecting 1 = w1 and g1,1 = 1. If (win) does not satisfy
Weyl’s criterion, then by @, w1 is a rational number. So we can find ¢1,0 and p such that w, = ‘“T’O, and set the k = 0.

(i1) Assume that the lemma is true for m — 1.

(hl ngig'm, ai .

If ((win),{wan), -, {wmn)) satisfies Weyl’s criterion, the lemma follows by selecting k = m, v; = w; and ¢;,; = 1.
If ((win),{wan), -, (wmn)) does not satisfy Weyl’s criterion, by (I36) there exists (h1,ha, -+, hm) € Z™ \ {0} and
h € Z such that hywi + howz + -+ - - + hmwm = h. Without loss of generality, let’s say hq # 0. Then
h m h
=2, M _Bm, R (157)

h1 hl hl hl '
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By induction hypothesis, we know that there exists ¥’ <m — 1, p’ € N, ¢; ; € Z, ~; such that

!
42,0
w2 = + Z 2,57

/
p 1< <k’
Im.0
m, ’ ’
Wm = —— + Z qm,75- (158)
P 1< <k’
where ((yin), (yan),- -+, (vxn)) satisfies Weyl’s criterion. Therefore, by plugging (I38) to (I57) we can find ¢} ; € Z such that
/ !
d1,0 1Y
w1 = + q1,i7—-
lha-p'| ; Pt
By the second observation, (<Z—in> , <Z—in> o 7<Z—’;n>) satisfies Weyl’s criterion, so we can use p = |h1 - p'| and v; = Z—i
to show that the lemma also holds for m.
Therefore, by induction the lemma is true. |

Now, we can decompose the sequences into basis sequences which satisfy Weyl’s criterion, and so behave like uniform random
variables. The main difference from the uniform convergence discussion of Appendix [K-C]is the number of random variables.
In other words, in continuous-time systems with random jitter, only one random variable is introduced at each sample for the
random jitter. However, this is not the case in discrete-time systems.

eIV? 0 eIV? 0 .- . .

Let A; = 0 2V | A, = 0 V3| C = [1 1]. The row of the observability gramian of (A1, C) is
CA" = [ejﬂ” ejzﬁ"]. In this case, the elements of CA1™ do not satisfy Weyl’s criterion. Thus, it can be approximated
by [e/ ¢/**] where X is uniform in [0, 27], which involves only one random variable.

However, the row of the observability gramian of (A2, C) is CA2" = [ej\/?" ej‘/gn] whose elements satisfy Weyl’s

criterion. Thus, it can be approximated by [er - XQ] where X1, X2 are independent uniform random variables in [0, 27],
which involves two random variables.

Therefore, the lemmas derived in Appendix [X-C| have to be generalized to multiple random variables, and then the multiple
random variables can be used to model deterministic sequences.

Intuitively, adding more randomness should not cause any problems, so generalization to multiple random variables must be
possible. We first extend Lemma [[4] which was written for a single random variable to multiple random variables.

Lemma 22: Let X be (X1, X2, -+, X,) where X; are i.i.d. random variables whose distribution is uniform between 0 and
27, Let k1, ka2, -+ ,k, € R” be distinct. Then, for strictly positive v, I' (y <T'), and m € {1,--- , u}
I
sup P{|Zaie’<k"x>| <e}—>0aselO.

lam|>7,la;|<I",a;€C i=1

Proof: We will prove the lemma by induction on v, the number of random variables.

(i) When v = 1. The lemma reduces to Lemma [T4]

(ii) Let’s assume the lemma is true for 1,--- ;v — 1.

Without loss of generality, we can assume m = 1 by symmetry. We will prove the lemma by dividing into cases based on
k;. Let the jth component of k; be denoted as k;;.

First, consider the case when k1,1 = k2,1 = --- = ky,1. Then,
2 2
j<k;, X j ey ki X
sup P{| E a; e KR <€)l = sup P{| g azel L1<ige i i < e}
la1][>v,la;|<T i=1 la1[>v,la;|<T i=1

w
= sup PN Y e B N < )
lat|>7,la;|<T i=1

M
= sup P{| Zaiej 22<j<v *iiXi| < ¢} — 0 (. induction hypothesis).
la1|>7,la;|<T i—1

Second, consider the case when k; 1 # kj1 for some 4,j. Without loss of generality, we can assume that k1,1 = ka1 =
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-=ky, 1 and k1,1 # kj1 for all p1 < j < p. Then, for all ¢ > 0, we have

m
sup  P{| Z aied X < e}
la1|=v,la;|<T )

sup P{| Za eI <k X> Z aied kx> < €}

la1|>7,la;] <D P ulﬂ

IN

[a1|Z7,lai|<T" i=pq+1 i=1 i=1

r1
| z aie? Z2<isv FiiXi| > ¢}

b1 H
j ki X\ gk X j<ki,X
_ sup P{KE :aiEJZQSJSV 23Xyl Xy | 2 : aed <k >| <e
' i=p1+1 i=1

la1|>7,la;|<T

p1
+ P{] Z a;e’ Yagi<w ki’ij| < e/}

i=1
B .
< sup Px, {|aje’ 1% 4 Z aje™ it < ey sup  P{| Zaiej Xogj<vkiiXi| <
|af |2’ af | <D S la |2 7las ST
(159)

Therefore, by the induction hypothesis (since the first term has only one random variable, and the second term has v — 1 random
variables)

o
i<k, X
lim su P a;ed KR e
0

€79a1[>y,]a;|<T i=1

1
k11X 1 Gkia X j ki X /
< lim Lim sup P{|a} eik11X1 4 E : a,elkin U <el+ sup IP’{\ZCMGJEZSJS” % < €'}
queao‘a [>e,lal | <uT lai]>v,la;|<T ‘

i=p1+1
=0.
Therefore, the lemma is true. [ ]
Now, we will consider a deterministic sequence in the form of (< win >, -+, < w,n >). As we have shown in Lemma

this sequence can be thought of as a linear combination of basis sequences which satisfy Weyl’s criterion. Thus, we can approximate
the deterministic sequence as a linear combination of multiple uniform random variables considered in Lemma [22}

Lemma 23: Let w1, w2, -+ ,w, be real numbers such that w; — w; ¢ Q for all ¢ # j. Then, for strictly positive numbers ~y
andI' (v <T),and m € {1,--- ,u}

lim lim sup 1 aie?? iR by 0,
10 N5 o, s <rken N Z { Z <
Proof: By Lemma |21} w; can be written as (qi, p) where qi = (¢i,0,¢i,1, " ,qir) € Z™, p= (i,pl, s, pr) ERTTE
and s € N. Here, ({p1n), (p2n), -, (prn)) satisfies Weyl’s criterion. Since w; — w; ¢ Q for all i # 5, (G, G2, 5 Qi) F
(450,527 5 @jr)-
For given k, N, M € N, and m1,--- ,m, € {1,--- , M}, define a set S, ..., m,. aﬂ
mi — 1 mi my — 1 my
1, N}: L2 < ezt mr |
{met B i) < e T < (o) <
Then, for all £, N, M € N and € > 0, we have the following:
N I )
Z l{l Z ai6327rwi(n+k)| < 6}
n=1  i=1
N 1% )
=> > > a0 <€ Sy, }
n=11<my <M, 1<m.<M  i=1

N I
< Z Z 1{ min |Zaie]2ﬂwi(n+k)| < €N E Smy,m,}
e 1<me <M

n€ESmy - ,my P

N
- Z S 1{ min |Za 7R 10 € Sy mr ) (160)

nes
<mi<M, 1<m.<M mL i=1

\ |
-
-

H1 H1
sup P{|Zai6]<ki,x>+ Z ai€]<ki,x>| <6‘|Zai€]22§]§“ki’jxj| Z6/}+]P,{|Zaie]zzgjgyki,jxq <€/}
i=1
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Moreover, we also know by the definitions of q; and p,

w u
E aieJ'?Wwi("Jrk) — E aieﬁ”(‘li;ﬂ)(nw‘k)
i=1 =1

Zy 527 (L2 (k) 495,101 (n+R)+++4i,rpr (nt))
= a;€ s ’ N
i=1

i

"
_ Zaieﬂw( 530(n+k)+4i,1(Pl(n+k)>+‘“+‘Zi,7‘<PT(n+k)>)(.‘. i € 7).

i=1

Thus, by defining Xm, ,...,m, as a random vector which is uniformly distributed over [mlel, LY X e x [Ted ) and
o = (¢i,1, G2, i), p/ = (p1,p2,- -+, pr), we can conclude

M ) H . 2.0
max | @R = ax IZaieﬂ“( <n+k>+q7-,,1<p1(n+k>>+---+q1¢,r<pr(n+k>>)|
nESmy . ,my P nESmy . ,my =
H X a;
> IZaieﬂ”( zé°<"+’“>+<q§vxm1~--vmr>)| a.e. (161)
i=1

By (T61), (T60) can be upper bounded as follows:

N [ ] Lo )
(160) < Z P{ min |Zai6]27rw(n+k)| ~ max |Zai6]27rw,;(n+k)|
n=11<m1 <M, ,1<m,.<M nESmy, e me T n€Smy, e my T
w L raig ,
+ ‘Z aie]277( 15 (n+k>+<qivxm1,--- ,mr>)| < E} . ]_{n c Sml,-n ,mr}

N ol . 43,0 ror lad . 43,0 o
— P{ min | aieﬂ”( E ("+k)+<q"">("+k))| — max | aieﬂ”( (k) +(afp >("+k))|

n=11<mq <M, 1<m.<M nESmy e m n€Smy,-m
w )
+ ‘Zaiej2ﬁ(qzo (n+k)+<quXm1,... ,mr>)| < E} . 1{n = Sm1 mr}
=1
N H ] Y M ) ’
<y 3 max P{ min |Zaiea2w(%+(q£,p’>(n+k>)| ~_max |Zaiea2w(%+<q£,p'><n+k>)|
Pl 1<y <M A <mp<ar 058 <SS MESmy e my nESmy e me T
u _ ,
+ ‘Zaieuw(%ﬂ—(q;,xml,,., ,mr>)‘ <et-1{n € Smym,}
i=1

N I3 Iz
<. 2. > B gmin Y ae (FHEON) L a3 g (i) 000
P 1<y <M <mn <M 05 < s nESmy - ,my =1 n€Smy .- my i—1

’

+(a Xy ... ,mr>)‘ <€} 1{n € Sy, ). (162)

Jr
7=
S
S.
®
<.
3
—~
.
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Here, we have

w
max ‘Za,eﬂw(%’ﬂq;,p')(mk))‘
NESmy . ;my “ ‘

= max

H N
e |Zaieaﬁ(*?ﬁ-qm(m(n+k)>+---+qi,T(pr(n+k)>) |( Gij € Z)
my,e,my

—1 -1
< sup |Za 61277 g T e T +q'i,1A1+"'+q'i,rA7‘)|

0<A; <4 =1

27r +
— sup | § a;e ] qi, 1
0<A; <37 i=1

mpy—1 .
Libota R ve )-l-aie]%( +ai,1 ™

+ +di,r Jw 1)
(=1 +cos2m(qi1 &1+ -+ + qi.r Ar) + G sin2m(gi 1 A1 + - - 4 i r Ar))]
"
< ‘ Z aiejQW +Q7, 1=

+Z|a sz( i B g, e 1)|
74

+ +qi,r Tj_l)l

i=1
<( sup | —1+cos2m(qi1i A1+ -+ ¢ rAr)|+  sup  |sin2m(gi1A1+ -+ ¢rA)])
0<A;<4p 0<A <&
m
< ‘ZaieJZﬂ' +q11 Ly i, TR | +47TZ|0,,L sup |qi,1A1 +"'+Qi,rAr| (163)
=1 =1 C'<A'<L
r—l 4 r
< \Zal o Mt il ZZ |gi ;|.(.- We assumed |a;| < T)
=1 j=1

where (I63) comes from the fact that |sinx| < |z| and | — 1 + cosz| < |z| for all z € R.
Likewise, we also have

. a jZW(j ql,p’>(n+k))
min |Zaze |

nGSml,m g

=1
’
- j27r( Ziggi T gy "71> 47TF
2|§ a;e § § |s.5]-
=1 =1 j=1
Therefore,
st , M ; /i
J2ﬂ(f aj.p )(n+k>) . J2w(f+<qi,p )(n+k))
sup | E a;e | — inf | g ae |
my m;—1

;V71<<pi(n+k;)>< oEi=1 <(piltntk)) <Gt i1

< S o

=1 j=1
By selecting M such that 71 5% | > -1 lgi;1 < e (I62) is upper bounded by

N

w o,
1) < S S B Zaiemw(%ﬁq;,xml,.,. ,mr>)| <2} 1{n € Sy} (164)

n=11<m1<M,---,1<m,<M 0<s'<s
Since ({pin), -, (prn)) satisfies Weyl’s criterion, by Theorem [12]
1 o« 1
li — 1 g, mg p = . 1
(R S e
Therefore, if we let X be a 1 x r random vector whose distribution is uniform on [0,1)", by (I64) and (T63)
lim sup 1 a; 2R
N fon 2 e <rkez N A Z “Z <
j27 i/+ ;,Xm Lo mp
< sw 3 S B ae (X )| gy — (166)
lam|27,1ai|STREZ < <, 1ng§M 0<s'<s i=1
< sup Z P{| Z aiej%(%Jr(q;’X))\ < 2e}("." definitions of Xm, - ,mp, X)
‘am‘277|ai‘gr7kezoss/<s i=1
H ’
< sup s P{] Z aie]2”(<qi’x>)| < 2€}.(- €’*™ 5 only rotates the phase.) (167)

lam|>7,la;|<T



Since q} are distinct, by Lemma 22} (T67) goes to 0 as ¢ | 0.

So far, we put the restriction that |a;| < I'. However, the functions are growing as |a;| increases. Therefore, Lemma.holds

even after we remove such restrictions. The proof is similar to that of Lemma
Lemma 24: Let wi,ws, -

and any m € {1,--- , u}

lim lim su 1 a; iR el s,
el0 N=0oo g, |>7,a; e(CkeZNZ ‘HZ ‘ }
Proof: The proof is by induction on p, the number of terms in the inner sum.
(i) When ,u =1
Denote a} as fyl . Then,

N

lim sup P
N—=00 4, I>'y,keZN Z {l | }

_ ’7 ]27rw1(n+k) i
= lim sup — < —€
R M,kezwz ey <y

W n ’y
< lim 1{|a} ™ ("R <y (- - < 1)
D>

N~>oo‘a | 1|

By Lemma 23] (T69) converges to 0 as ¢ J. 0. Thus, (I68) converges to 0 as € | 0.
(i) As an induction hypothesis, we assume the lemma is true until g — 1.

To prove the lemma for p, it is enough to show that for all § > O there exists €(§) > 0 such that

N 13
. 1 j27w; (n+k)
lim sup  — 1{| g a;e? " | <e(d)} <é.
N= g, [>,kez NV ,; t im1 ' I

By the induction hypothesis, for all m’ # m we can find €,,/(§) > 0 such that

N
- 1 j2me; (nk)
A;gr(l)o'a SUp o Eﬁ 1{| E ae | < emr(0)} <.

nt 127, REL 1<i<p,itm

Let x(6) := min {minm/¢m {E’"é'y(é) } , 1}. By Lemma [23] there exists € (§) > 0 such that

lim sup
N — o0

1{| Za eI2mein R ¢ (5)) < 6.

Set €(§) := min {e’((S),minm/#m {%'T(é)}} Then, we have

N ©
1 i27mw; (n+k)
lim sup  — 1 a; ™I TR e (8)
N"(X’\an|>%k€ZN"g {lz ' | J

N Iz
. 1 j2mw; (n+k)
< ]\}gnoomax{ ‘Sup i Zl{|2aie | < €e(d)},
lam |27, Tam] = ( Y ke n= =
1 & Sy
max sup — Z 1{| Z a; PR < e(8)1)
mEm lam|>7, ‘Iam’l‘ Zm,kez n:l i=1
= max{ lim sup 1{| S aie??™ iR < ¢(5)},
N=reo 2il < 1 pez N nzl Z
ml = N(5)
1o e
max lim su = 1 a; @™ TR | ()1
max Jim o s B I | <6}
lam |2y, To27 2 757 k€L n

lam| = x(5)’
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,wy, be real numbers such that w; — w; ¢ Q for all ¢ # j. Then, for strictly positive numbers +,

(168)

(169)

(170)

(171)

(172)



Let aj := 1>~a;. Then, the first term in (I72) is upper bounded by

N Iz
. 1 j2mw; (ntk
1 15 IR (5
w2 Ta T S ey
PR v
— 1l L 1 i j2mw; (n+k) 5
dwm, s g HID e < T}
‘am\Z%mgw»kEZ n=1 i=1
1 N " ; ¥
= lim sup =571 aled?ein R o L e(5))
N=00 af |1=v,]a} | < 05y k€T N ; ; |am|
1 al - ; v
< lim sup = 1S ae?? iR | < e(8) ) <1
N=% Jag, =y la} 1< iy ke NV ;1 ; ||
1o e g
< lim sup =NT1{]S aledT TR < (5)} (o€ > )
N2 fa, = laf 1< 35y ez Y n; ;
<. (I71)) (173)
Let ai := Ta7@- Then, the second term in (T72) is upper bounded by
1 Sn, o
dm s SR e < o))
‘am|2%ﬁ2 =(5) k€L n=1 i=1
Lo 7 v
= lim sup =) 1 a;e? 2R | < e(6)}
N AP DL Wy o
am |27, Tam] = R (0)’ €L
Lo e Y v v v
< lim sup — 1{| a; el 2wk amejzﬂw’"'("+k)| < e(d) + |am|}
N_“’Ol > laprls 1 N ; z_zl | | | | || @ |
Am 2% Tg T Z " (8) €L z
L 7 v
3 J2mwi(ntk) J2mwm (n+k)
< A}gnoo ‘as%) 1 i Z 1{| Z |am/|aze ‘am/|ame | < €emr(0)} (174)
lam|>7, m’;:” stkez n=1 i=1

N
< lim sup % Z 1{| Z al @Fin R | e (8)} (.- definition of a)

N—oo | 1 |_
la?  |=v,k€Z 2V 1 1<i<p,izm

< 6.(. (T70)) (175)
Here, is justified as follows:

v o

< |a?n|e(5) +yR() (- ‘IC;ZH > H(l(s), and by definition (5) < 1) 177
< €(0) +vR(0) (. lam| =) (178)
< # + #( definitions of €(4), x(d)) (179)

Therefore, by plugging (T73) and (I73) into (T72),we get

N I3
1 2w, (n
lim sup Z 1{|Zaie]2 (R | < e(8)} < 6,
S |

N—oo l[am|>7,
which finishes the proof. |
Now, we will generalize Lemma [24] by introducing polynomial terms. First, we prove that a set of polynomials is uniformly
bounded away from O when there is nonzero coefficient.
Lemma 25: Foralln € N,n' € Z*, m € {1,--- ,n},y>0and k > 0,
{o € (0,T]: |37, aix’| <k}

lim sup =0
T4y, [>7,0;€C T

where | - |1 is the Lebesgue measure of the set.



Proof: Let X be a uniform random variable on (0, 1]. Then, we have

{z € (0,7]: |7, ai’| <k}l

sup

lam|>y T
Kz € (0,T]: |0, aidm| < 2t
= sup
lam | > T
— Kz e (0,710 ai (%) < #=t
lam | >y T
= sup [{x €(0,1]:] Z aix|<T7}|L
lam|>y i=—n!

= Ssup P{‘ Z(LLX|<T7m

lam|>y i=—mn/

n+n' /
i kX"
= s P{Y aX|< )
‘a7n+n/|2"/ 1=0
n+n’ ) k
< sup P Z a; X" < —}( - 0<X <1lwp. 1)
; m
(@ s 27 i=0
(180)
Therefore, by Lemma [T3]
: e el0,T]: |37, aix’| <k}
lim sup
T—oo lam|>v,a;€C T
n+n, ] k‘
= lim sup P{] a; X' < —1}=0,
T=00 |\ |>v,a;€C ; ™
which finishes the proof. u
The following lemma shows that the above lemma still holds even if we change Lebesgue measure to counting measure.
Lemma 26: Foralln € N,n’ € ZT, m € {1,--- ,n}, y>0and k > 0,
. e e{l, - N} |30, a’| <k}l
lim sup =
N=%0 |q,,|>7,a;€C N

where | - |c implies the counting measure of the set, the cardinality of the set.
Proof: First, we will prove the following claim which relates Lebesgue measure with counting measure.
Claim 4: Let f:RT — R be a C* function with [ local maxima and minima. Then,

{z e [1,N]: f(z) >0}, <{z e {1, ,N}: f(z) > 0}|c + 31 + 2.

Proof: Since f(zx) is a continuous function with [ local maxima and minima, we can prove that there exist U <141, s
and ¢; (1 < i <1') such that

{x € {1,'-- 7]\/v} : f(x) >0} = {81,81 +1,--- 851 +t1}U~~~U{81/,Sl/ +1,--- sy +tl/}.
One way to justify this is by contradiction, i.e. if we assume I’ > [ + 1, there should exist more than ! local maxima and minima
by the mean value theorem. Moreover, since the number of local maxima and minima is bounded by I, we have
o € [LN] : f(@) > 0}y < [[s1 — Lsa 4 ta 4 1[4+ s — L su 4ty + 1|, +1
<(t+2)++ (tr +2) +1
<o el N} f(@) > 0} +20 +1
<H{ze{l,---,N}: f(z) >0} +30+2.

Thus, the claim is true. [ ]
To prove the lemma, let a; = ar,; + jar,: where ar,i,ar,; € R. Then,

\ Z aiz'| <k (181)
i=—n'
n+n' ] ,
&)Y aiwa’| < ka” (182)
i=0
n4n’ n+n’

(&) ariwa)? + (O ariowa’)? < k2" (183)
=0 =0
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Since k227" — (0 ap_wat)? — (S0

" ari—nz’)? is a continuous function with at most 2(n + n’) local maxima
and minima, by the claim we have

lim sup ‘{.TE{L--- ’N}:|Z?:Oaixi| <k}‘c
N—roo lam|>v,a,€C N

1,N]|:
< lim sup o € 1, N]

| g aiw’| <k} +6(n+n') +2
N2 || 27,0, €C N

€ (0,N x| < k
= lim sup o € I ‘Z’ o 0| He =0 (.- Lemma |25)
N=90 |apm|27,a;€C

Therefore, the lemma is proved.

|

Now, we merge Lemma [26] with Lemma [24] to prove that Lemma [27] still holds even after we introduce polynomial terms to
the functions.

Lemma 27: Let wy,ws, -+ ,w, be real numbers such that w; —w; ¢ Q for all ¢ # j. Then, for strictly positive numbers -,

p vi
lim lim 1 aign’ | 2R < b 0.
€l0 N—oo \a1u1|>'y,a”6C kEZ N Z { ; (]ZO “ )
Proof: To prove the lemma, it is enough to show that for all 6 > 0, there exist € > 0 and N € N such that

\a1V1|>v,aueC N Z 1 { Z (Z aim > j2mew; (k) |

=1
Since p is finite, by Lemma there exist € > 0 and M € N such that

e} < 0. (184)

5
max 1 a;e??miletR) ] o = (185)
de{1, - ,u} (kEZa ec, |ad\>1 M Z { ; <3
By Lemma 26} there exists B’ € N such that
{peq,- B}‘zﬂﬂw‘<4] s 5o
sup -
lag,, 127 B’ RS

Define v’ :=

22 Z =1 iz (1) . By Lemma there exists B” € N such that

[{oe{t, - B"}:w 2| 252000 apt [}

al B//
1<i<p, 1<) <, 1<k<j 19 1=1

(187)

eSS



Define B := max(B’, B"). We will show that the choice of ¢ = ¢’ and N = M - B satisfies (I84).

sup
la1yy [>7,ai;EC,LEZ

]

127
(E : aij nJ) ef2mwi(ntk)
0

j=

i=1

= sup
laiy, [>7,a:;€C

= sup
la1yy [>7,ai5€C

= sup
la1uy |>7,a:5€C

{
{
oS
{
{

i: Aij ((bM)J

laiy, [>7,a:;€C B

< sup

la1uy 127,045

b=0 c=1 i=1 \j=0
1 B—1 M m
< sup 1
la1uy [Z27,ai5€ CB M :0; ; M
L 1 2 L Yk lais (1) (bM) =" M*
Mb Mb
B-1 M w
1 T aig(bM)?
< sup — 1 e A

+1 i+ 7:1 ;iil i:1|aij‘(i)(bM)jikMk
Mb Mb

:

< e} (- €*™i* can be absorbed into the a;;.)

3 (Santoar oy ) rmco

( + ; (i) (bM)j—kck>> 2T (M)
u (i aij(bMV) j2mw; (bM+c)
k

Z Z @ij (bM)j> oi2mwi (bM+e)

W) ej27w1- (bM+c) <

) 6j27rwi (bM +c)

o

< e} (" n is rewritten as bM + c.)

.
i

<6+ZZI%IZ

=1 j=1

i=1 j=1 k=1

:

— 2ito ai; (bM)? j2mw; (bM
< sup — 1 S0 T | iMoo
lar, 27,05 e B ; {M Cz—: { Z; < M,
j i—ka rk
i1 € >lig i:l Zj:l :1 \aﬂ(i)(bM)J M > €
M, 2 M, 2

where M), := max; {’Z;’;O aij (bM)?
the indicator function of (I88) is already O.

First, let’s prove that the first term of (I89) is small enough. For all a;; € C such that |a1,,| > v and b € {0, - - -

have

>

1=1

My

EaRt)

"
< max 1
de{l, - ,u} <keZ a.LEC \ad\>1 M Z { e

].=0 ai; (b]\/[)-7
My,

(" By the definition of My,

< 5 @)

Let’s prove that the second term of (I89) is small enough.

( Yo i (BM)’

> ej27'rwi (bM+c)

2

Z aiejwi(c+k) <

)

=1 for some i)

(.- definition of M)

be{l,--,B}: My <2
oy HOE QL By M <2
laty >y B
Hbe{l B} : ‘z o a1 (bM)? H
< sup €
la1yy >y B
[{vett By |Srgaist| <2}
< sup £
lat,, 127 B

(. putting a}; := a1; M’ and M goes to infinity.)

<€+Zizawl<‘;> (bM)jkM’“} (188)

(189)

} and when M; = 0 the value of the indicator function is set to be O since in this case,

, B}, we

(190)

(191)

(192)

(193)

(194)



Now, we will prove that the third term of (T89) is small enough.

1 — Y Y |0Li7'|j(bM)j_kM’C
72 { (7)

sup >

(195)
la1., IZ’Y,aijG‘C }

J N J—kark < €
c {zzz(k 5, ool £ 190

|a1u1‘>’Y‘1LJ i'=1j'=1k'=1 >

Z sup ecB
sup le _|Z |awb] kMk|} (199)

1<i<p,1<j<v;,1<k<j [91v1 |27:045
1<i<pu,1<j<v;,1<k<j [a1v1 127,045 €C

N

IN

K |ai;| (M)~ F M* > Mb} (197)

IN

Z sup 1

1<i<p,1<j<v;,1<k<j [91vq |27:045 ec B

SISH, LTS

K |aij|(bM)?~FM* > | Z ai; (bM)? |}( definition of Mp) (198)
-0

N

SISH, LTS
SISH, LTS

— vi— J+k
. = 27
< S 5 Z { Z a;b |} (200)
1<i<p,1<j <, 1<k < 9% ] J=—i+k
§
< 7-( (@) (201)
Therefore, by (193), (194), 201), we can see (I89) < 4, which finishes the proof. ]

G. Proof of Lemma [3]

In this section, we will merge the properties about the observability Gramian shown in Appendix [X-E] with the uniform
convergence of Appendix [X-F} and prove Lemma [3] of page [26]

Just as we did in Appendix [X-D] we must first prove the following lemma which tells that the determinant of the observability
Gramian is large except a negligible set under a cofactor condition the Gramian matrix. The proof of the lemma is very similar
to that of Lemma

CA™ ™
Lemma 28: Let A and C be given as and (T48). Define a; ; and C; ; as the (4, j) element and cofactor of L
CA_ m—1
CA™
respectively. Then, there exists a family of functions {g. : € > 0, g. : RT — R™} satisfying:
(i) Forall € >0, k1 < k2 < -+ < km—1 and [Cr,m| > €11 cicm s )\i_ki, the following is true.
CA™™
| kN )
lim sup = 1 |det : <ENT AR s 0asel0.
N—roo k€L k—kyp_1>ge(km—1) N nzzk_,,l CA_km71 1Sigﬂ*1
CA*”L

(ii) For each € > 0, ge(k) S 1+ log(k+1).
Proof: By Lemma [20| we can find a function g5 _» (k) such that for all 0 < k1 < k2 < -+ < km—1 < n satisfying:

(1) n— km—l 2 géEZ (km—l)

(i) ghez (k) S 1+ log(k + 1)
(111) E'mfm,,r%lgigm am,icm,i
the following inequality holds:

2y — —k;
> 2e"A," ngigmfl A;

CA 1

det > N0 H A ki
CAFm—1 1<i<m—1
CA™™
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Let ge(k) be gy 2 (k). Then, we have

CA™F
| RN
sup N Z 1< |det " < EN H Ak
kE€Zk—km—_12>ge(km—1) n=k+1 CA™Fm—t 1<i<m—1
CA™
| kN
< sup v > > am,iCo | < 20" [ A" (202)
k€Zk—km—12gc(km-1) *% [ 2571 m—m,+1<i<m 1<i<m—1
k+N
1 Am i Cm.i
= sup N Z 1 Z )\T;% < 2e
k€lk—km—12ge(km—1) 2% . 237 m—mt1<i<m M e[licicm N
E+N o
< sup — 1 > b2t | < 2e (203)
keZ,|bm|>1 IV ) A
bm > nekt1 m—m,+1<i<m

where (202) is by the definition of ge(k) and Lemma , and 203) is by |Crnm| > €[[1cicm 1 AR
Let C,.,,, denoted in (T48) be [c1 ,

mp,v# .
Moreover,

Ay, "

(AH,V“ 927 Wiy )—n (71n) (AH,V;L 2Ty )—n—l . (m“:nfl) ()‘Hﬂ’u PRI )7n7mu,y“,+1
e
2 - = 2 —n— 2
B 0 (A, €T mvu)™n (m“_’yz o) (Ap,, €5 Crn )™ maent
0 0 “e ()\M,Vuejzﬂ—w“'y“ )*n

Thus, we can see that

’ —-n j2rw —n—m +i
Am,m = § (& ( > ()‘M;Vue uyu“) o,

Myw, —1

Therefore,

Am,m / —-n —Mpuv, i, 2w —n—m +1
mo_ 4 ) N R%
T Bl P )

m m i
A <iZm, MoV
: ; : —1,—j : L Am,m A, m—m,+1 A m
Moreover, when a., ; is considered as a function of n, n/™#¥u ~Le™I2™“k.vu™ term is only shown up in 22 among — R Tutl .. dmam
s A Am Am
. . o (=)™ T —my 1 B
and the associated coefficient is 1Em>771), p " eI2mwpvp (mmu 1)
Hvp :
/ —myu, +1
Let ¢ := %/\M,V:'V“ . Then, (203) can be upper bounded as follows:
v — 1!
k+N
1 j—1 J27(—w,, i )n
03) < sup ~ E 1 g g a;jn e " < 2¢
/
K€Zslayy, my v, 12" 2% 2 1<i<v, \1<j<m,.;
1N
j—1 j2m(—w, 4 k
= sup N 1 E E aij(n+ k) 2 (—wp )tk o
keLolavy mp,u, 12¢' n=1 1<isvy, \1<js<my i
1 X
j—1 j2m (—wy, 4 k
< sup 21 > DTl o (204)
REL vy mpuy, 12€ n=1 1<isvy \1SiS<mp;

The last inequality comes from the fact that the coefficient of n™#*x " is the same for both Doic J<mp, Wi (n+k)7 ' and
<i<mpp,

=1
Zlgjgm“w“ Quy T -
By Lemma [[3] we get

N
: 1 i=1 | i2m(—wu, i) (ntk)
lim sup - N nE:I 1 E E aijmn e ' <2 p—>0aselO.

N—oo
k€L lavy mp,u, 12 1<i<v, \1<i<m,;

Therefore, by (204) we can say that

CA™F
] kN
lim sup ~ Z 1< |det 3k < ENST H MRS 5 0asel0
N0 ke, k—km—1>0e (km—1) n=k+1 CA™"m-1 1<i<m—1

CA™™"



which finishes the proof. |
Based on the previous lemma, the properties of p.m.f. tails shown in Section [K-A] and the properties of the observability
Gramian discussed in Section @ we can prove Lemma E| for the case when the system has no eigenvalue cycles. Moreover,
we will prove a lemma with multiple systems. This will turn out to be helpful in proving Lemma [3] for the general systems with
eigenvalue cycles.
Consider pairs of matrices (A1,C1),(Az2,Cz2), -, (As, Cy) defined as follows:

A; is a m; X m; Jordan form matrix and C; is a 1 X m; row vector (205)
Each A; has no eigenvalues cycles and (Aj, C;) is observable

L (4)
)\g”eﬂ”‘*’j is (j,7) element of A;
AP 20 >l >

Then, the following lemma holds.

Lemma 29: Consider systems (A1, Ci),(Az,Cz), -+, (Ay,Cy) given as (203). Then, we can find a polynomial p(k)
and a family of random variable {S(e,k) : k € Z",e > 0} such that for all € > 0, k¥ € Z' and 1 < i < r there exist
k<kin <kiz<-- <kim,; <S(e k) and M; satisfying the following conditions:

() Blkij]=1for1<i<pand1<j<m,
CiAiik’A”l
CiAifk"?z
(i) M; . =1
Ci A Fim;
(iii) ‘Mi|maz < P(S(:’k» (/\gi))smk)
(iv) lim. o exp limsup, _, .. SUpcz+ = logP{S(e, k) — k = s} = pe.

S

Proof: By Lemma [I9] instead of the condition (ii) and (iii) it is enough to prove that

CiAiik""l
CiA; Fi2 .
det . > ¢ H ()\;l))_kmﬂ
: 1<j<m;
CiAi_ki’WH

Therefore, it is enough to prove the following claim:
Claim 5: We can find a family of stopping times {S(e, k) : k € Z",e > 0} such that for all e >0, k € Z" and 1 <i < r
there exist k < ki1 < ki2 < -+ < kim; < S(€, k) satisfying the following condition:
(@) Blkij]=1for 1 <i<pand 1 <j<my
Ci;A; Fin
CiA; Fi2 .
(b) |det . 2 5H1<j<mi(/\§'z))_ki’j

CiA; Fimg
(¢) lime o explimsup, _, . supycz+ + logP{S(e, k) — k = s} < pe.
Before we prove the above claim, we first prove the claim for a single system.
Claim 6: We can find a family of stopping times {S1(e, k) : k € Z*, e > 0} such that for all € > 0 and k € Z™ there exist
k<k) <kh<-- <k, <Si(ek) satisfying the following condition:
@) Blk;) =1for1 <j<my
ClAlik/l
ClAliké 1)\ -k
(b”) |det : >ellicjem, (A7)
ClAl_k;"i
(¢”) limejo explimsup,_, . supyez+ < logP{S1(e,k) — k = s} < pe.
e Proof of Claim [6} The proof of Claim [fis an induction on m.
(i) First consider the case mi = 1.

o
In this case, A1 and C; is scalar, so denote Ay := )\gneﬂ’“"ll) and C; := c;. Since we only care about small enough e, let

€ < |c1]. Denote Si(e, k) := inf{n >k : B[n] = 1} and k7 = Si(e, k). Then, B[ki] = 1 and ’det ([Cl()\gl)eﬂwgl))*ki])’ =

\cl|()\§1))’ki > e()\gl))’ki. Moreover, since S1(€, k) — k is a geometric random variable with probability 1 — pe,

exp limsup sup logP{Si(e, k) — k = s} = pe.
s—oo  kezZt

Therefore, S1 (e, k) satisfies all the conditions of the claim.
(i1) As an induction hypothesis, we assume the claim is true for m; — 1 and prove the claim hold for m;.
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Denote A} be a (m1 — 1) x (m1 — 1) matrix obtained by removing mith row and column of A;. Likewise, C} is a
1 x (m1 — 1) vector obtained by removing m1th element of Cy. Then, we can observe that

AL A —k
CiA} CiA,
det = cOfmy,m; :
! 4 _k;n —1 C,A 7kfm,
CIAI 1 141 1

where cof; ;(A) implies the cofactor matrix of A with respect to (¢, j) element.

By the induction hypothesis, we can find a stopping time S (¢, k) such that there exist k < k} < ky < -+ < kp,, —1 < S1(€, k)
satisfying:
@) Blk;]=1for1<j<m;—1

C A/ 7k1
(b”) det > 6H1§,j§m1_1()\§1))7k
CLA; Fm

(¢”) limejo explimsup,_, . supyez+ ~ logP{S7(e,k) — k = s} < pe.

Let F; be a o-field generated by 8[0], - - - , B[i] and g. : Rt — R be the function of Lemma [28 Denote a random variable
d(e, N) as following:

ClAl_kl
| RN .
d(e,N) := sup ¥ D7 14 |det o <0 T O Fsy e
KEZk—S] (e,k) 29 (St (e,k)) IV | Ty C1A, Fmi-1 1<j<mi—1
CiA1 "
ClAl_kl
Since (b”) implies €0 fm;,m, : > €H1<j<m171()\§1))_k;, by Lemma [28 we have
ClAl 'ml 1 T
ClAl

hﬁ]l hm esssupd(e, N) = 0.

Denote S (¢, k) := S (€, k) + ge(S1 (€, k)). From (ii) of Lemma 28] we know ge(k) < 1+ log(k + 1) for all € > 0. Therefore,
by Lemma [3] we have

hm exp limsup sup — log P{S7(¢,k) —k = s} < pe. (206)
s§—00  keZt S

Denote a stopping time

ClAlikl
SY'(e,k) :=inf{ n > SV (e, k) : B[n] = 1 and |det : >0 I oM
C A1 Koy -1 1<j<miq—1
C1A; ™"

Since B[n] is a Bernoulli process,
P{S1" (e, k) = S (€, k) > N|Fsp(es} < po 4N

Therefore,
hm exp hm sup esssup — logIF’{S'"( k) — 57 (e,k) > N|Fsr(cry} <lim lim ess suppl~ 4N < .
N 11e €l0 N—o00

ie.

hmexp hm Sup ess sup — log]P’{S/”( k) — 57 (e, k) = 8| Fs(ery} < pe- (207)
-0

By applying Lemma [f] to (206) and @ we can conclude that

hmexp limsup sup — log P{Sy"(¢,k) — k = 5} < pe.
5—r00 keZ+

Therefore, if we denote Sy (e, k) := S7”(e2, k), Si(e, k) satisfies all the conditions of Claim El

e Proof of Claim [5} By recursive use of Claim |6} we can find stopping times Sa(e, k), - - - , Sr(€, k) such that for all € > 0
and 2 < ¢ <7 there exist Si—1(e, k) < ki1 < ki2 < -+ < kim; < Si(e€, k) satisfying the following condition:
(@) Blkizl =1for 1 <j <my
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CiAiiki'1
CiA; Fi2 .
(b) |det : > 6H1§j§mi()\;2))7ki,j

CiAi._ki’Tni
(c) limeyo explimsup, _, . esssup L log P{S;(¢, k) — Si—1(€, k) = s|Fs, ,(,0)} < Pe-
Then, by Lemma [o]

lim exp lim sup sup 1 log P{S: (e, k) — k = s} < pe.
€l0 s—oo kezt S
Therefore, if we denote S(e, k) := Sy (e, k), S(e, k) satisfies all the conditions of Claim [§] Thus, Claim [§]is true and the lemma
is also true. u
We prove some properties about matrices which will be helpful in the proof of Lemma [3]
Lemma 30: Let A and A’ be Jordan block matrices with eigenvalues \, aX(a # 0) respectively and the same size m € N,

A1 0 aX 1 - 0
0 A -~ 0 0 arx --- 0
iee A=, . .| and A" = | . . ) . |. Then, foralln € Z
0 0 --- A 0 0 - a\
a~ (=D 0 0 antm=1 0 0
0 a”m=2 ... 0 0 antim=2) 0

Aln = . . . . An
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Proof:
@) (V)™ ()N o (2 Y
0 ()™ ('f)(a)\)”_l (mil (oz)\)”_(m_2)
A= 0 0 (a\)™ e () (@) meS)
L 0 0 0 " (a}\)"
[o~(m—D 0 0 0
0 o (m=2) 0 0
— 0 0 a=(m=3) 0
L o 0 0 1
Oén-&-m—l)\n (711) an—1+7n—l>\n—l ;l)an—2+m—1)\n—2 . (n an—(m—l)-&-m,—lAn—(m—l)
0 an+m72An (717.>an71+m72)\n71 . ( s 1) anf(m72)+mf2)\n7(m72)
0 0 an+'m73)\n o (m’,zz) anf(m—3)+m73>\n7(’mff3)
0 0 0 . am A
o~ (m=b 0 0 0
0 o~ (m=2) 0 0
— 0 0 a~(m=3 0
0 0 0 1
Oén-&-m—l)\n (711) O[n-&-m—QAn—l (;L)an+m—3>\n—2 . (:L)anAn—m
0 an+'m,72)\n ('rll)an+m73)\n71 . (mn_l)anknf(mfl)
0 0 an+m73)\n . (m"ig)an)\n7<M72>
0 0 0 QA
o~ (m=b 0 0 0
0 o~ (m=2) 0 0
- 0 0 a~(m=3 0
0 0 1
AT AT AT e (AT amtnml 0 0 0
I B P B 0
0 0 A" (2 )An(m=2) 0 0 antm=3) 0
0 0 0 A" 0 0 0 an
o~ (m=1) 0 o0 qntH(m=1) 0 o0
0 o~ (m=2 .. 0 Qntm=2) . 0
0 0 1 0 0 a”
This finishes the proof. u

Lemma 31: Let A be a Jordan block with eigenvalue A and dimension m X m. Then, the Jordan decomposition of the matrix

A* for k € Nis UAU ™! where U is an invertible upper triangular matrix —so the diagonal elements of U are non-zero— and
A is a Jordan block with eigenvalue A* and dimension m x m.

Proof- We can see that A* is a upper triangular toeplitz matrix whose diagonal elements are A\*. Thus, det(sI — A*) =

(s —A*)™ and all eigenvalues of A* are \*. Moreover, the rank of A* — X\*I is m — 1. Thus, A has to be a Jordan block matrix
with eigenvalue A\* and dimension m x m.

Moreover, Ker ((A — )\kl)p) D span{ei,ez,--- ,ep}. Therefore, ith column of U™* has to belong to the vector space

{e1, -+ ,e;} and U™ is upper diagonal matrix. Here, the existence of Jordan form of arbitrary matrix guarantee the invertibility
of U. Therefore, U is also upper triangular matrix and the invertibility condition of an upper triangular matrix is its diagonal
elements are non-zero. ]

A1l 0
0O X --- 0
Lemma 32: Let A be a Jordan block matrix with eigenvalue A € C and size m € N, ie. A= . . | .|. C and

0 0 - A



C’ are 1 x m matrices such that

C = [Cl C2 e Cm]
C'=[ & - ] (208)
where ¢;,c; € C and ¢1 # 0.
T $/1
o A
For all k € R and m x 1 matrices X = | . | and X' = | . |, there exists T such that
Tm x;n

(¢)T is an upper triangular matrix.
(ii))CA*X + C'A*X’' = CA* (X + TX)

Moreover, the diagonal elements of T are %
Proof: Similar to Lemma |
Now, we can prove Lemma
Proof of Lemma 3} We will prove the lemma by an induction on m, the dimension of the system. Remind that here we are
using the definitions of (73), (76) for the system matrices A, C, A;, Cy, - -.
(i) When m =1,
In this case, the lemma reduces to the scalar problem and is trivially true. Precisely, if we choose Si(e, k) as inf{s > k :
B[s] = 1}, we can check all the conditions of the lemma are satisfied.
(ii)) Now, we will assume the lemma is true when the system dimension is m — 1 as an induction hypothesis, and prove the
lemma holds for the system with dimension m.
X1,1
X1,2
Let x;; be a m;,; x 1 column vector, and x be . . Here, x can be thought as the state of the system, and x; j

X,
corresponds to the states associated with the Jordan block Ki, j“. Remind that Aj ; is the Jordan block with the largest eigenvalue
and size.

The purpose of this proof is following: By Lemma [29] we already know that the lemma holds for systems with scalar
observations and without eigenvalue cycles. Therefore, we first reduce the system to one with scalar observations and without
eigenvalue cycles. To reduce the system to the one without eigenvalue cycles, we will use down-sampling ideas (polyphase
decomposition) form signal processing [2]]. To reduce the system to the one with scalar observations, we will multiple a proper
post-processing matrix which combines vector observations to scalar observations. Then, we estimate the m,:th element of x4 1,
which associated with the largest eigenvalue. Then, we subtract the estimation from the system. The resulting system becomes a
(m — 1)-dimensional system, and by the induction hypothesis, we can estimate the remaining states. As we mentioned before,
this idea is called successive decoding in information theory [31].

Let’s start from the down-sampling and reduction to scalar observation systems.

e Down-sampling the System by p and Reduction to Scalar Observation Systems: The main difficulty in estimating the mq ith
element of x1, 1 is the periodicity of the system. To handle this difficulty, we down sample the system. Let p = [], <i<u Pi-
Remind that in (76), p; was the period of each eigenvalue cycles. We can see when the system is down sampled by p, the resultmg
system becomes aperlodlc Thus, we can reduce the original periodic system to p number of aperiodic systems.

We can further reduce vector observation systems to scalar observation systems. Thus, the system reduces to aperiodic system
with scalar observations, and by Lemma @ we can estimate the m ith element of x7 1.

Since we are using induction for the proof, we can focus on the first eigenvalue cycle of the system.

Let T1,--- ,Tr be all the sets 7" such that T := {t1,--- , |7} € {0,1,--- ,p1 — 1} and

Ci1A; "
C1A; "2
is full rank. (209)
CiA; 4TI
Cidiag{ai1,-- a1, } 5
Cidiag{ai,1, 01, } "2
Here, the definition of A1 and C; is given in and . is also full rank. The number of such
Cidiag{an 1, - >061,V1}_t‘T‘
sets, R, is finite since p; is finite.
Therefore, for each 17 := {tr1,+ , &7} (1 <7 < R), we can find a matrix L, such that
Cidiag{ai,i,--- 01, )
Cld’iag{al,la e, O }_t7 2
. ) =1

. —to |7
Cidiag{ai,1, -+ a1, } ™Il
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Denote [Lt, s Lt,ox -+ Lt 1 x| be the first row of Ly where L, are 1 x [ matrices. Then,
Cidiag{ai,1, 01, } "1
Cidiag{ai 1, ,a1,, } "2
[Ltr,Lr Ltr,zqr e Ltr,\TrI‘r] : - [1 0 0] . (210)
Cldiag{al,l, RN }—tr‘ITM

We also extend this definition of Lq, to all ¢ € {0,---,p — 1},7 € {1,---, R} by putting Lqr := Lg( mod py),r for
q > p1. Then, we can easily check that still holds as long as ¢, ; remains the same in mod p;.

Claim 7: For given ¢ € {0,--- ,p— 1} and r € {1,---, R}, let Lq,C1 be not 0. Then, there exists Cq.r, Agr, Uqrs
Xq,r that satisfies the following conditions:
(i) Ag,r is @ Mg, X Mg, square matrix given in a Jordan form. The eigenvalues of Aq  belong to {)\11’71, )‘]20,17 e ’)‘Zyl}’ and
no two different Jordan blocks have the same eigenvalue. Therefore, A » has no eigenvalue cycles. Furthermore, the first Jordan
block(left-top) of Ag,r is a m1,1 X m1,1 Jordan block associated with eigenvalue A7 ;.
(ii) Cq,r is a 1 X Mg, row vector and (Ag,r, Cq,r) is observable.
(iii) Ugq,r is a Mq,» X Mg, invertible upper triangular matrix.
(iv) Xq,r is @ mq,» X 1 column vector. There exists a nonzero constant gq - such that

(iq,r)m1,1 = Yq,r (Lq,rcldmg{al,lv N2 W7 }_(q+(ml’1_1)))

(X/lﬂd )ml,l

where (X7 i)m,, = (X1,i)m,, When the size of x1; is greater or equal to m1,1, and (X} ;)m, , = 0 otherwise.
(v) For all k € Z", Lq v CA~ ¥ 0x = Cq v Ay Uq rXq.r-

This claim tells that by sub-sampling with rate p, we get systems without eigenvalue cycles. Moreover, by multiplying proper
row vector to observations, we can reduce the system to a scalar observation system while keeping required information to estimate
(%1,1)my ;- When Lgq »Cy is 0, the observation is not useful in estimation (X1 1)m, ,. Thus, we can ignore it.

Proof: The proof of the claim consists of two parts, down-sampling and reduction to a scalar observation system.

(1) Down-sampling the System by p:

By the definition of C, A, C;j, A;j, forall k € Z, g € {0,--- ,p — 1} we have

CA—(P’H-Q)X _ Cl,lAl,l_(pk+q)X1,1 + Cl72A172_(pk+Q)X172 4o+ C%UM AH7UM_(pk+Q)x/L y

R

211)

Since the dimensions of xj1,---,Xi,, may be different, we will make them equal by extending the dimensions to the
maximum, i.e. m; 1. For the extension, we will append zeros at the end of the matrices. Let C{yj be a | X m;,1 matrix given
as [Ci,j Olei’l,mi’j)], Aj; be a mi1 x m; 1 Jordan block matrix with eigenvalue A; ;, and xi; be a m; 1 x 1 column

Xi,j

vector given as . Then, by the construction, we can see that (x1.1)m; ; = (X1,1)m, ., and if my ; is greater

O(m 1—m; i) X1
1= M
or equal to 1,1 (X7 3)my; = (X1,i)m;, and otherwise (X ;)m, , = 0. Therefore, x; ; satisfies the condition (iv) of the claim.
Furthermore, the first column of Cj ; is equal to the first column of Cjj by construction.

We also define «;,; to be ’\‘i Remind that \; ; was defined as the eigenvalue corresponds to A;; in (75). Then, by the

Ai
7

definitions o
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Then, ZTI) can be written as follows:
CA~(Phtay C/1,1Al1 pk+q) / A C1 2A1 ) (pk+q)x/1‘2 +e 4+ C A 7(pk+q)x/

v P vy, vy
= C,1,1A/1,17(pk+q)xl1,1
- - —(pk+q)+(m1.1—1
a; (2m1,1 1) 0 0 1(217 q)+(m1,1-1) 0 0
’ —(m1,1-2) —(pk+a)+(m1,1—2)
0 « i 0 _ 0 « 0
+Ch. 2 AL . b . : Xiadee
0 0 o1 0 0 . a;(QPkJrGO
—(m,, 1 — —(pk 1=
am Y 0 0 P 0 e 0
—(myu,1—-2) —(pk+q)+(my,1-2)
0 Qi Ho 0 —(pk+ 0 v, 0
+ CL’D“ w u. . A;l,,l (pk+aq) +
0 0 o1 0 0 a;(fuk-tq)
(212)
= C;.,lAg.,li(karq)Xg.,l
a;g’”l,l*l) 0 o0 a;ng(mlJ*l) 0 0
’ —(m1.1-2) —q+(m1,1-2)
0 o ’ . 0 _ 0 oY .
+ C/1’2 ' 1,2 ' . . A/Ll (pk+q) ‘ 1,2 ' ' . X/1,2 +..
0 0 e 1 0 0 N a;g
a;(JZV 1—1) 0 0 Oé;,%t(mu'lil) 0 0
—(mp,1-2) g+(my,1—-2)
0 « ,VL"L’ R 0 —(pk+ 0 v A 0
+Cl, o | A, . e . | X, 213)
0 0 R | 0 0 oo ad

oy

Here, 212) follows from Lemma and 2T3) follows from of ; = (aff]»)nf #iPi — 1. Remind that m; ; was defined as the size
of Aiyj in .

Define
—J(mz 1—1) 0 0
(mi,1—-2)
0 —(ma, .0
Cg:j :: Cg"j . 7(7.7 . . . ’ (214)
0 0 1
;;Jr(mi,r*l) 0 0
—q+(m;,1-2)
0o 0 @, ; 1 ce 0 ,
xi,j = . . . . xi,j' (2]5)
0 0 . a;]‘.l
—(m;1—1)

Here, we can notice that the first column of Cy’; is v, ; times the first column of Cj ;. Here, we know the first column

of Cj; is equal to the first column of C; j. The last element of x{'; is v; | times the last element of xj ;. (213) can be written as

—(pk+ " 1 —(pk+q)_n " / 7(pk+q) // " / —(pk+q)_n
CA ™ PFHox = Ci1A1, x11 + C12A7 +CLu,Aun Xp,vy - (216)
We can see all X{';,--- ,x{,. are multiplied by the same matrix A7 ;. Eventually, we will merge xi'y,--- ,xj,, by taking linear
combinations.

(2) Reduction to the scalar observation: Now, we reduce Cy; to row vectors by multiply Lq » to ZT6).

k k —(pk
Lq CA (pk+a) X = Lq rclll 1A1 1 - +g) 1 1 + Lq rcl 2A1 1 - +q)X/1/ -4 Lq rC# VMAAIU"l (» +q)XZ,,,M. (217)
Here, the systems (Af;,LqrC{1), -+, (A]1,Lq,rC{,,) have the same dimension, but none of them might be observable.

Therefore, we will make at least one of the systems to be observable by truncation. Since Aj; is a Jordan block matrix and
Lq,rCY; is a row vector, (Af ;,Lq,rC{;) is observable if and only if the first element of Lq,»Cy'; is not zero. Let m; be the
smallest number such that at least one of the m;th elements of Lq,rC{'y,- - - , LqrCj,, becomes nonzero, and let Lq »Cy/, .« be
the vector that achieves the minimum. '

Then, we will reduce the dimension of (A{ ;,LqrCj,,) by truncating the first (m; — 1) vectors. Define C{’} as the matrix
obtained by truncating first (m — 1) columns of C{’; ' Af’j as the matrix obtained by truncating first (m; — 1) rows and columns
of Af;, and x{'j as the column vector obtained by truncatmg first (mj — 1) elements of x;’

In the claim, we assumed that Lq,C31 is not 0. Remind that the elements of L, r(31 correspond to the first elements of
LgrC1,1, - ,LgrC1,.,, which are again equal to the first elements of Lq+C7 1, ,LqrC] ,,. Since the first column of



. . —(m;1—1)
C{; is the first column of Cj; times o, ;' ', at least one of the systems (A’ 1,LqrC7 1), -, (A1 1,LqrC7,,) has to

be observable.
Therefore, we can see mj = 1 and

" 1" 1" !/ " "
Cii=CuiiAri = Ay, X1 = X5 (218)
Now, (2T7) becomes

— (pk+ " 1 —(pk+q) mr n —(pk+q)__m " 1 —(pk+q)__1m
Ly.CA (Pkra)y — LqorCi 1A x1,1 + LqrCi2A71 X122+ +LgrCly,Aun Xy

Let ¢;; 1 be ths/ first element of Lq C{’}. By Lemma we can find upper triangular matrices T ; such that their diagonal
;’i’ill and

elements are

Lq’rCA_(pk"'Q)x _ qurc/l/jui A/1/,17(pk+q) (T171X/1l,/1 + T1’2X’1/f2 R Tl,lelll,/ul) 4+
—(pk+4q)
LGl ALy P (Tpaxy + Taxla -+ Ty, Xl @19

where ¢’ . | is guaranteed to be nonzero by the construction.

Define xi"”’ as

(Tiaxih + Tiaxia + - 4 TiyXi,) - (220)

Here, AQ(;“’ ¥+9) is not in a Jordan block. However, since A{'; is a Jordan block, by Lemma the Jordan decomposition

of A{,” is UiA;U; ™" where A; is a Jordan block whose eigenvalue is pth power of the eigenvalue of A{; and Uj is an upper

triangular matrix whose diagonal entries are non-zero. Thus, (219) can be written as

—(pk+a),, __ " —k —1 Al —q 1 " —k e A
Lq’rCA x_Lq,l‘Cl,V]’:UlAl U1 Al,l X1 +...+LQ7TCH7V;;UHAM UH A‘[J«,l XH

A O .. 07°F
L " U L " U L C/l/ U 0 A2 o O
= [ qr-ipy Y1 qr-2.,r Y2 0 ar- vy p,]
0 0 - A,
U 'AY, 0 0 x4
0 UALLT 0 x3"
) ) ' — /./ll
0 0 e UTALL T X
A1 O 0
5 ~ L Cm U L " U L C/u U < 0 A2 e 0 =
Let’s define qul- as [ ar1ur 1 ar2 vy 2 co Qr-u,v) N], Aq,r as . . . . . qu as
0 0 A,
U, Ay, 0 o 0 xy"
0 Ux"AZ, 7 0 xz" . _
. ) , Xq,r as | . | and Mg, as the dimension of Aq ;.
) ) ’ ) — ;//l
0 0 e UTrAL LT Xp

Here, we can see that AqJ has no eigenvalue cycles and satisfies the condition (i) of the claim. Furthermore, since U; is an

upper triangular matrix whose diagonal elements are non-zero, the first elements of Lg,»Ci" « U; are still non-zeros. Thus, the
Ui

system (Aj, LqrC}",. U;) is observable and (Aq,r, Cq,r) is also observable, which satisfies the condition (ii) of the claim. We
also have '

Lq . CA~ P19y — Co A UqrRqr (221)

which is the condition (v) of the claim.
Let c1,5,1 be the first element of Ly »C1 ;. Then, we have

i i

C C
= _ " _ 1,1,1 " 1,v7,1 1"
(XQJ')ml,l - (Xl )ml,l - 77 (Xl,l)m1,1 + -+ 7 (Xl,vl)ml,l (222)
Clusa Crura
o "
_ 1,1,1 —q/ ! 1,v1,1 —q ’
- " al,l(xl,l)ml,l +- " al,ul (Xl,ul)ml,l (223)
1,vf,1 1vf,1
1 —q—(m1,1-1), 1 —q—(m1,1-1), s
= z (Clvlvlal,l ' (Xl,l)le +eeet Clv1,10 4, ' (Xl,U1)m1,1) (224)
1,v¥,1
B2
’
1 (Xl,l)ml,l
_ . —(g+(mq11—1 .
= —— (LasCadiaglas, -+ ary, } @M=D) 1 (225)
Crua

(X/I,Vl )ml,l
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[222) follows from @220). 223) follows from @13), @18). @24) follows from 214), (ZT8) and that the first column of Cj; is

the same as the first column of Cj; as we mentioned above. Furthermore, as we mentioned above, (X1 1)m,, = (X1,1)m; ;-
Therefore, the condition (iv) of the claim is also satisfied, and this finishes the proof. [ |
e Estimating (x)., ;: Now, we have systems without eigenvalue cycles and with scalar observations. Thus, by applying
Lemma [29] we will estimate the state (X)m; ;-
Claim 8: We can find a polynomial p(k) m € N and a family of stopping time {S(e, k) : k € Z", e > 0} such that for all
€>0,k€Z" there exist k < k1 < ko < --+ < ks, < S(¢,k) and M satisfying:

() Blki]=1for 1 <i<m
CA™ ™

(i) M X = (x)ml,1
CA*E

(i) ’M‘ < (S(:sk))|A171‘S(5vk)
_ b
(iv) lime o explimsup, , . supycz+ + logP{S(e, k) — k = s} < p* ~ ~

This claim tells that there exists an estimator M for (x), , Which use observations at time k1, - -+ , km.

Proof: For each q € {0,--- ,p — 1}, we have the down-sampled systems (Aq,1,Cq,1), -, (AqR,Cqr) such that all
systems are observable, Aq,; have no eigenvalue cycles, and Cgq,; are row vectors. By Lemma [29] we can find a polynomial
pq(k) and a famlly of random variable {S,(¢,k) : k € Z*,e > 0} such that for all € > 0, k € ZT and 1 < i < R there exist
g, and [X=4 S Shin <kig <-r <kim,,; < Sq(e, k) and M; satisfying:

(i) Blpki.; —|—q] —1f0r1<g <mq,

(11) M; : = Iﬁlqﬁxﬁqq,i

— ~ —kim

CqiA_ "0

Qi

(i) [Mi,,,,, < 50D () e

(iv) limeyo exphmsupsHoo Supgezt ~ logP{S,(e, k) — [%] = s} = pe.
By the property (iv) of Sy (e, k), we get

— 1
hmexp limsup sup — 10gIP’{pS (e, k) — p[u] =s}=pl
s—oo kezt S P

which implies

1
hm exp limsup sup — log P{(pSy(e,k) +q) —k = s} =pl.
s§—00 keZt S

Moreover, S, (¢, k) depends on only B[ql, B[p + ql, B[2p + ¢q], - - . Thus, So(e, k), -+ , Sp—1(e, k) are independent.
Now, we can estimate the state of each sub-sampled system. We will leverage these estimations to the estimation of the state

(X)ms 1 -
First, notice that the down-sampling rate p is much larger than p;. Therefore, we make the corresponding definition to (209)
for the longer period p. Let 77, - - - , T, be all the sets 7" such that T" := {t},--- ,t{7} €{0,1,--- ,p — 1} and

C1A: e

C1A; 2
is full rank. (226)

—¢
C1A, ITI

Here, we can ask how many observations have to be erased to make the observability Gramian of (A1, Cy) rank deficient
during the period p. Obviously, the answer is i1 [, j<u Ps Where the definition of I; is shown in (77). The reason for this is
that we have to erase at least [, observations for each period p; to make the observability Gramian rank deficient. Formally, it
can be written as follows:

min{|T|: T = {t1,- ,ti} C{0,1,-- ,p—1},T{ € Thorall 1<i <R} =1 [] ps.
2<j<u

Denote a stopping time S(e, k) as the minimum time until we have enough observations to make the observability Gramian
of (A1, Cy) full rank. Formally,

S(e,k) —k:=inf{s: i€ {l,-- R} st. T) = {t1,t3,- -7/} and
(pSy; (€, k) + t) —k < s, (pSy, (e, k) + th) —k<s,--- ,(pS’tiT” (e, k) + t\/Tﬂ) —k <s}.

Then, by Lemma [7] we have

b1 P4 %
hm explimsup sup — log P{S(e,k) —k=s}<p. 7 =pt. (227)
s—00  keZt S
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Without loss of generality, let T be the set that satisfies the definition of S(e, k). Then, by the definition of T} and Ty, there

must exist 7; such that T contains T} in mod p;. Let T} be such a set without loss of generality. Then, we can find {t'l, e ﬁT1 |}
which is included in 73 and includes 7} in mod py. Formally, {th, - tir,} € T1 and {t1(mod p1),--- |5, (mod p1)} = Th.
Then, from the definition of S(e, k) and Sy (e, k), for each ¢ € {t1,--- ,t{y,|} we can find (%1 <kgr <kga<- <

kqmq . < Sq(e, k) and Mq satisfying the following conditions:
() Blpkq., tq] =1forl<j<mg1

x—k
Cq,lAq%q’l
Ca1Aq,"
(ii’) Mg . =Img 1 xmg 1
e
CaaAg """ _
(111,) |1\_/-[q|mﬂz S Pq(size(evk))(‘Alyl‘P)SqQ,k).

(iV’) qu(é, k) + q S S(E, k)



Then, we have

1

. Fr—1 1 1
diag{U,, M, , U M ,---,U
t ’ t ’
{ t),1 10 -t 27 Py
- , -
CA_(pkt’l,1+t1)
’
CA*(Pkt/lertl)
—(Pky +t’1)
CA 1 t’l,l x
X ’
CAf(pktéJ*tz)
/
TR D)
CA ! IT11”
. 1 1 1
=diag{U,, M, , U, M,/ ,--- .U
9{ 1V S 1 Ve T R
. —1 r—1 rr—1
= dia, M M/,
g{Uta‘]_ t/laUt’271 t’27 ,Ut\/Tl\’
_ k.,
~ "R
i
Ct’l,lAt’l,l
_ .
U M -
th,17 ey :
—k,r -
_ tl’m't/l,l
Copafy s
7k;,
t 1
_ ERE
C., [Ty
Yy 17071
_ .
U, / .
tlr, T N
k., -
_ oy |7
/7
L t|T1I’1 th,1
Xt/ ,1
Xy 1
[T’

M, }

letiTﬂ }diag{Lt’l,lz Lt’1,17 -, L

L¢

[T1]

U, Xy
t,1%X¢0 1

!
try 0t

C,

1)

t/
Ty

—(pk +t]
Ly, 1CA~ "y

—(pk +t
Lt’1,1CA( .2 l)X

7(pkt’1,m ’ +t1)

Ltgl.’ch 10! X

—(pkyr | +th
Ly, ,CA™ "™y

’
_(pktiTll‘m , i)

tl
[Ty 1"

’ 1CA

Ty |”
U
Ct’l,lAt/vl Ut'l,lxt’l,l

_ __kt/l 2 —
Ct’l,lAt/rl Ut’l,lxt/l,l

k -
tllvm ’

—k

Ctlz,lA

/
to,1

t5,1 Utlglet/zsl

—k,/ _
t N
— |Tq |

/ 1 7
T2 Epy 1 IT11’

%y
iyt

Here, (228) comes from the condition (v) of Claim [ 230) comes from the definition of Mg.

Now, we will estimate (x)m,, based on X¢: 1,

.. 3)_(t’

ITq|”

t5,1
s _
Ut’l,lxtfl,l

t! 1
T117" 17 —
mrg,, %

X

!
Yy

(228)

(229)

(230)

m, =
1. Let em7’] be a 1 x mg,» row vector whose elements are all
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zeros except mi,1th element which is 1. Then, we have the following equation:

- Xer 1
= ﬁ] 7
1 My 1 e ‘t\Tﬂl’l
m m
91 1,1 gt‘,T K 1,1 ~
! X/ 1
[T1]”
1 1 _
= (Xt/l,l)ml,l +et (xt’T 1)mi
gt 1 ger 1 1Tl
i [T11”
(lel)”nl,l
. —(ti4+(my,1—1 .
= (Ltfl,1cldlag{a1,1,~- Ly, )Gt ))) . T
!
(Xl,V1)m1,1
(Xl,l)ml 1
; —(t{p  +(m1,1—1)) .
+ (Lt"Tl‘,lcldlag{al,ly NS ] : (231)
!
(Xlxl’l)ml,l
. —t! —mi,1+1
Cudiag{on,i, -+ a1, } 1 Qg (lel)ml,l
_ (L., U .
= [ th,1 thp, )l :
. —t/ —-mi1+1l, ;
Cldzag{al,l, ce 7a1,V1} 1711 Qq 0, ( 1#’1)’"7'1,1
_ o —mii+1 _ —mii+1
=0, (Xl,l)ml,l =0y (X)ml,l' (232)

Here, (231) follows from the condition (iv) of Claimi [7} 232)) follows from @T0) and {t;(mod p1), -+, t{r, (mod p1)} = Ti.
Now, we merge the results from (230) and (232)) to make an estimator for (x)m, ,. Define

M =g | 1 L 1 eﬁl'“iTll"l
=% 91 mi, 1 gtiTll’l my 1
. rr—1 rr—1 rT—1 .
: dmg{UulylMt’l ) Ut'TlMt/za e ’UtiT1|'1MtiT1| }dmg{Lt/l,lv Lt’1,17 e aLt?Tl‘,l}
and
[ CAf(pkt/l,ﬁt’l) T
CA*(Pkt/l,z“i)
CA ™™ :
. — CA7<pktll’mtI1’1+t1>
CA-Fn CcA Pyt
CA_(pktTTﬂ’mt‘/Tl 2 )
Then, by (iii”) and (iv’) we can find a positive polynomial p(k) such that
M| < max {[Mylmee} < PEERD 3 sten), 233)
maz ™~ 1 <i<T | i € ’
Moreover, by (230) and (232) we have
CA F
M : X = (X)m, ;- (234)
CAFm
This finishes the proof of the claim |

e Subtracting (X)m, , from the observations: Now, we have an estimation for (x), ,. We will remove it from the system.
A, C and x are the system matrices after the removal. Formally, A is obtained by removing m1,1th row and column from

A, C is obtained by removing m1,ith row from C, and X is obtained by removing m1,ith component from x respectively.
Denote my,1th column of CA " as R(k). Then, we have the following relation between the original system (A, C) and

the new system (A, C):
CA *x — R(k)(x)m,, = CA™*x (235)

which can be easily proved from the block diagonal structure of A. From the definition of R(k), we can further see that there
exists a polynomial p(k) such that |R(k)|maz < P(k)|A1,1|7%. Thus, when |A1,1] > 1 we can find a threshold k¢, > 0 such that
all k > kyp, p(k)|A1,1]7" is a decreasing function. When |1 1| = 1, we simply put k¢, = 0.
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e Decoding the remaining element of x: We decoded and subtracted the state (x)m, , from the system. After subtracting, the
remaining system matrices A € C™~DX(m=1 apd C e C'* ™~ become one-dimension smaller. Therefore, we can apply the
induction hypothesis to estimate X.

We can also write A and C in the same way that we write A and C as (73), (7€) and (77), and define the corresponding
parameters shown in (73), and (77). To distinguish the parameters for A and C from the parameters for A and C, we use
tilde. For example, the dimension of A was m x m, and we define the dimension of A as m x m. Likewise, the parameters i,
Ui, Aij, Mi,j, Pi» Li are defined for the system matrices A and C in the same ways as (73), (76) and (77).

By the induction hypothesis, for 1 < ¢ < i we can find 773’17 ---,my € N, positive polynomials py(k),--- ,pg(k) and
families of stopping times {S1 (¢, k) : k e~Z+,O <e<1},--- {Sule,k) 1 k € Zt,0< ¢ < 1} such that for all 0 < € < 1 there
exist mii({S(e, k), kin} < ki <0 <kgy < Si(6,k) < kg <o < ks cicnmy < Su(e, k) and a m x (32,4, mi)l
matrix M satisfying the following conditions:

Q) Blki] =1for 1< i <3, q
cat 1
. CAF2
(ii”) M , =1
~~—k .
CA Ti<i<a™;
(iii") [M]mas < maxi<i<y {m(si;e,k»|5i’1|§i<e,k>}
7}

(iv*) limeyo exp limsup,_,  esssup * log P{S;(e, k) — max{S(e, k), kin} = 8| F5(e )} = maxi<j<i p? for1<i<p

1

i

(v”) limeyo exp lim sup,_, oo esssupélogP{ga(e, k) — Sp(e k) = 8| F5, (cpyt < maxpci<a pli b for 1 < b <a <

Compared to Lemma @ we can notice that the condition (iv”) is slightly different from the condition (iv) of Lemma El The sup
over k of (iv) in Lemma [3|is replaced by the esssup. However, if we remind that max{S(e, k), k¢ } is a constant conditioned
on™| F5(e,k)» We just replaced & of Lemma |3 with max{S(e, k), ken }.

20More proper notations for S (e, k), - - -, §M(€v k) are 51 (e, max{S(e, k), ken}), -+, 5#(57 max{S(e, k), k¢ }) since max{S(e, k), k¢, } plays the
role of k of LemmaE| after conditioning. However, we use the notations of the paper for simplicity.



Here, we have

- GAh
| ea®
X=M X
_6-&_%21§i§ﬁ m}
[ CA Fix
| eamx
=M
~~—Fk —1
|CA Ci<i<p ™y
CA‘flx — R(El)(x)mlg
- CA Fx — R(k2)(X)m, ,
% , -
_CA Zlnggﬁmifo(kzlgiSﬁ ~;)(X)m1,1
cAR [ R(k) ]
- CA k2 R(kQ)
=M X — (X)m1.1
_CA_kzlgigﬁ ms | _R(k219gaﬁl§)_
[ cAh [ R(n) ] fcah
_ CA~F R(k2) CcA™™
=M X — :
_CA_E21§7Z§;7 ™ | _R(ngigaﬁLé)_ CA~tn
[ cAa ™ ]
I R(El) -
_ R(k2) _ cAtr
=M | — . M I CA—E1 X.
L R(k21gi§ﬁﬁ:‘) o
CA7k21g7¢§ﬁ m}
When |A1,1] > 1, we have
R(k1)
N R(k2) _
M |- : M I
R( Z1gz‘§ﬁm1) mazx
R(k1)
. R(k2)
< |M|maz - max . | |maz’
R(k21§1§ﬁ ﬁl;) mazx

where the last inequality follows from (iii”),

<isp

pi(Si(e, k) ~ 5. _~ - 9(S(e k
S ma&{ww“ “ 'max{pwl)m,u P,
<p

x | (. the condition (ii) of Claim [§)

(236)

(237)

S (e k) 1}

W last inec R(k)| < p(k)|A1.1]|", kun < ki, and the condition (iii) of Claim Moreover, since
S(e, k) < k1 < S;(e, k), there exists some positive polynomials p;(k) such that

; gl 7k Y S; (e
< 1r£1ax {p ( 6(26 ) ‘)\i,l‘sl( ,k)}

(238)

81



82

When
(k1)
. R(k2)
— . I
Rlkz, cicpmi) maz
R(k1)
R(k2)
5 |M"ma:t max . | !'ma:t’
R(k21g¢§ﬁ ﬁz;) s
P1(Si(e, k) = p (S(ek))
<
1@%}(‘7 { € max p(k21<@<,b my € i1
P (Sa(e, k)
ST e (239)

for some polynomial p7; (k).
Since we can reconstruct x from X and (x)m, , , We can say there exists M such that

[ ca™h
CAFm
M CA-F1 =L
% ' _
|CA Yi<i<a ™
By the condition (ii) of Claim [ and (236)), such M satisfies the followmg
R(k1)
_ R(k2)

max

M| imaz < max < M| — |M |- : M I

R(ks,_,..m))

mazx

< max{zwws<e,m, - {MAH}} (40)
€ S

< E%max {]3(5(6, k))|)\1,1|§(€’k), max {p (e, k)| Xin S (e k)}} (241)

Here, ([240) follows from the condition (iii) of Claim [8] (238), .
Moreover, since ki, is a constant, the condition (iv) of Claim |8| implies
I
hmexp limsup sup — logIED {max {S €, k) kth} k= s} =pt. (242)
5—00 k€Z+

Therefore, by applying Lemma [] together with (Z42) and (iv”) we get

1

.

b
hm exp limsup sup — logIP’{S 6, k) —k = s} = max < pl*, max < p;
s—oo kez+ S 1<j<i

=
<

sy

(243)

We finish the proof by dividing into two cases depending on fi. Since A is obtained by erasing just one row and column of
A, the relation between g and p is either g = por g = pu — 1.

(1) When & = p.

In this case, the number of the eigenvalue cycles remains the same. We can see that |)\1 1l =N

o N
same or A; has smaller dimension than A ;. Thus, the new system A becomes easier to estimate, and ll > ll Jle pft < pPt.
A; and A; are the same for all 2 < i < pu, soﬁ—f_: L for 2 < j < p. Define Si(€2, k) := Si(e, ),pl(k). p(k) + pi(k), and
pi(k) = pl(k) for 2 < < . Then, @4T), @43) and (v reduces as follows:

|M|mal < max {MMi,lﬁi(é’k)},

1<i<p €
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Y
hmexphmsup sup flog]P’{S (e,k) — k =s} < max {pfj },

s—oo kezt S 1<5<4

2]
hmexp lim sup ess sup — log]P’{S (e,k) — Sp(e, k) = 8| Fs, (e,0)} < max {p,fi } .
10 s—»00 b<i<a

Here, we reparametrized €2 to e. Therefore, the lemma is true for this case.

(2) When fi = — 1. ~
-, [Ag,1] = |Au,1|- Moreover,
A;j =Ajyq for 1 <i<pand ilfT = ﬁ for 1 <4 < pi. Define Sl( , ) = S(e, k), (k) = p(/c), Si(€2,k) == Si—1(e, k)
and p; (k) := p}_1 (k) for 2 <4 < p. We will also reparametrize € to e. Then, (Z41) reduces to

|M|maz<max{w|/\ 5 em}

1<i<p

By the definition of S} (e, k), the condition (iv) of Claim [8] reduces to

11
hmexp limsup sup — logIP{Sl(e k)—k=s} <pt
s—oo kezt S

By (243) and the definition of S;(e, k), we have for all 2 < i < p,
11

hmexp hglis;jp kseuzfi = log]P’{S (e,k) — k = s} < max { ps ,1<J33<71 P max,

“;ﬁz‘;-z
Il
=)
Q
B
—
3
O3
——

By (iv”), (v”") and the definition of S;(e, k), we have for all 1 < b < a < p,

g
hm exp lim sup ess sup — log]P{S €, k) — Sp(e, k) = s|Fg,(e,)} < max {pepi } .
s—00 b<i<a

Therefore, the lemma is also true for this case.
Thus, the proof is finished. u

REFERENCES

[1] A.Dembo and O.Zeitouni. Large Deviations Techniques and Applications. Springer, second edition, 1998.
[2] A.S. Willsky A.V. Oppenheim and S.H. Nawab. Signal and Systems. Springer-Verlag, New York, NY, second edition, 1991.
[3] J Baillieul. Feedback designs for controlling device arrays with communication channel bandwidth constraints. In ARO Workshop on Smart
Structures, Pennsylvania State Univ, pages 16—18, 1999.
[4] J Baillieul. Feedback coding for information-based control: operating near the data-rate limit. In Decision and Control, 2002, Proceedings
of the 41st IEEE Conference on, volume 3, pages 3229-3236. IEEE, 2002.
[5] B.Gelbaum and J.Olmsted. Counterexamples in Analysis. Dover, 1964.
[6] Stephen Boyd and Lieven Vandenberghe. Convex Optimization. Cambridge University Press, 2004.
[7] Chi-Tsong Chen. Linear System Theory and Design. Oxford University Press, New York, NY, third edition, 1999.
[8] C.W.Gardiner. Handbook of Stochastic Methods. Springer, third edition, November 2003.
[9] D.L. Donoho. Compressed sensing. Manuscript.
[10] Nicola Elia. Remote stabilization over fading channels. Systems and Control Letters, 54(3):239-249, March 2005.
[11] E. Garone, B. Sinopoli, A. Goldsmith, and A. Casavola. Lqg control for distributed systems over tcp-like erasure channels. Proceedings of
IEEE Conference on Decision and Control, 2007.
[12] Vijay Gupta, Babak Hassibi, and Richard M Murray. Optimal lqg control across packet-dropping links. Systems & Control Letters,
56(6):439-446, 2007.
[13] Godfrey H Hardy, John E Littlewood, and George Pélya. Inequalities, Cambridge Mathematical Library. Cambridge University Press,
Cambridge, 1988.
[14] Joao P Hespanha, Payam Naghshtabrizi, and Yonggang Xu. A survey of recent results in networked control systems. Proceedings of the
IEEE, 95(1):138-162, 2007.
[15] K.Kuipers and H.Niederreitter. Uniform Distribution of Sequences. Wiley, 1974.
[16] Steven G Krantz and Harold R Parks. A primer of real analytic functions. Birkhduser Boston, 2002.
[17] Nuno C Martins and Munther A Dahleh. Feedback control in the presence of noisy channels:bode-like fundamental limitations of performance.
Automatic Control, IEEE Transactions on, 53(7):1604-1615, 2008.
[18] Y. Mo and B. Sinopoli. A characterization of the critical value for Kalman filtering with intermittent observations. Proceedings of the 47th
IEEE Conference on Decision and Control CDC, 2008.
[19] Girish N Nair and Robin J Evans. Exponential stabilisability of finite-dimensional linear systems with limited data rates. Automatica,
39(4):585-593, 2003.
[20] Girish N Nair, Fabio Fagnani, Sandro Zampieri, and Robin J Evans. Feedback control under data rate constraints: An overview. Proceedings
of the IEEE, 95(1):108-137, 2007.
[21] Bobak Nazer and Michael Gastpar. Computation over multiple-access channels. Information Theory, IEEE Transactions on, 53(10):3498—
3516, 2007.
[22] P.P.Vaidyanathan and V.C.Liu. Efficient reconstruction of band-limited sequences from nonuniformly decimated versions by use of polyphase
filter banks. IEEE Transactions on Acoustics, Speech, and Signal Processing, 38(11), November 1990.
[23] P.R.Kumar and P.Varaiya. Stochastic Systems: Estimation, Identification, and Adaptive Control. Prentice Hall, New Jersey, 1986.
[24] R.J.Evans and I.M.Isaacs. Generalized vandermonde determinants and roots of unity of prime order. Proceedings of the American
Mathematical Society, 58, July 1976.



[25]
[26]

[27]

[28]
[29]

[30]
(31]
[32]
[33]
[34]
[35]
[36]

[37]

Anant Sahai. Anytime Information Theory. PhD thesis, Massachusetts Institute of Technology, Cambridge, MA, 2001.

Anant Sahai and Sanjoy Mitter. The necessity and sufficiency of anytime capacity for stabilization of a linear system over a noisy
communication linkpart i: Scalar systems. Information Theory, IEEE Transactions on, 52(8):3369-3395, 2006.

L. Schenato, B. Sinopoli, M. Franceschetti, K. Poolla, and S. Sastry. Foundations of control and estimation over lossy networks. Proceedings
of the IEEE, 95(1):163-187, January 2007.

C. Shannon. A mathematical theory of communication. Bell System Technical Journal, 27:379-423,623-656, October 1948.

B. Sinopoli, L. Schenato, M. Franceschetti, K. Poolla, M. Jordan, and S. Sastry. Kalman filtering with intermittent observations. 49(9):1453—
1464, September 2004.

Sekhar Tatikonda and Sanjoy K. Mitter. Control under communication constraints. 49(7):1056-1068, July 2004.

T.M.Cover and J.A.Thomas. Elements of Information Theory. Wiley, 2006.

D. Tse and P. Viswanath. Fundamentals of Wireless Communication. Cambridge University Press, 2005.

John N Tsitsiklis and Vincent D Blondel. The lyapunov exponent and joint spectral radius of pairs of matrices are hardwhen not impossibleto
compute and to approximate. Mathematics of Control, Signals, and Systems (MCSS), 10(1):31-40, 1997.

Norbert Wiener. Extrapolation, interpolation, and smoothing of stationary time series: with engineering applications, volume 8. MIT press,
1964.

H. S. Witsenhausen. Separation of estimation and control for discrete time systems. Proceedings of the IEEE, 59(11):1557-1566, November
1971.

S Yuksel and T Basar. Minimum rate coding for Iti systems over noiseless channels. Automatic Control, IEEE Transactions on, 51(12):1878—
1887, 2006.

S Yuksel and T Basar. Control over noisy forward and reverse channels. Automatic Control, IEEE Transactions on, 56(5):1014-1029, 2011.

84



	I Introduction
	II Problem Statement
	III Definitions and Notations
	IV Intermittent Observability as an Extension of Stability
	V Intermittent observability as an extension of observability: Main Intuition
	V-A Power Property
	V-B Max Combining
	V-C Separability of Eigenvalue Cycles

	VI Intermittent Observability Characterization
	VI-A Extension to Intermittent Kalman Filtering with Parallel Channels

	VII Intermittent Kalman Filtering with Nonuniform Sampling
	VII-A Extensions of Intermittent Kalman Filtering with Nonuniform Sampling
	VII-A1 General Distribution on tn
	VII-A2 Deterministic Sequences for tn
	VII-A3 Nonuniform-length integration interval
	VII-A4 Nonuniform Time-varying Filtering
	VII-A5 Sampling with Nonuniform Waveforms
	VII-A6 Extension to Parallel Channels


	VIII Proofs
	VIII-A Sufficiency Proof of Theorem ?? (Non-uniform Sampling)
	VIII-B Necessity Proof of Theorem ??
	VIII-C Sufficiency Proof of Theorem ?? (Discrete-Time Systems)
	VIII-D Necessity Proof of Theorem ??
	VIII-E Proof Outline of Lemma ?? and Lemma ??
	VIII-E1 Proof Outline of Lemma ??
	VIII-E2 Proof Outline of Lemma ??


	IX Comments
	X Appendix
	X-A Lemmas for Tails of Probability Mass Functions
	X-B Lemmas about the Observability Gramian of Continuous-Time Systems
	X-C Uniform Convergence of a Set of Analytic Functions (Continuous-Time Systems)
	X-D Proof of Lemma ??
	X-E Lemmas about the Observability Gramian of Discrete-Time Systems
	X-F Uniform Convergence of Sequences satisfying Weyl's criterion (Discrete-Time Systems)
	X-G Proof of Lemma ??

	References

