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We study the potential energy landscape (PEL) of a water-like monatomic liquid that exhibits
a liquid-liquid phase transition (LLPT) and glass-glass transformation (GGT). We identify two
anomalous features of the PEL that give origin to both phenomena. Specifically, during the pressure-
induced LLPT and GGT, (i) the inherent structures (IS) energy becomes a concave function of
volume, and (ii) the IS pressure exhibits a van der-Waals-like loop. We argue that features (i) and
(ii) imply that the GGT is a (non-equilibrium) first-order phase transition, analogous to the LLPT.
Interestingly, contrary to the case of ST2 water, (a) we do not find separate PEL megabasins for
LDA/LDL and HDL/HDA; and (b) features (i)(ii) persist at temperature well above the LLPT.

Glass polymorphism is the ability of a substance to
exist in more than one amorphous solid state. Exam-
ples include substances that are very important in sci-
entific and technological applications, such as water [1–
9], silicon [10, 11], germanium [12], and yttrium oxide-
aluminum oxide melts [13]. In these substances, a low-
density and a high-density amorphous solid (LDA and
HDA) can be identified and the transformation between
LDA and HDA is sharp, reminiscent of a first-order phase
transition between equilibrium states. A scenario com-
monly used to interpret this phenomenon is provided
by the liquid-liquid phase transition (LLPT) hypothe-
sis, originally proposed for the case of water [14]. In this
scenario [15–17], there are two different liquid states, low-
density and high-density liquid (LDL and HDL), which
are connected thermodynamically with LDA and HDA,
respectively, e.g., by isobaric cooling/heating. In par-
ticular, LDL and HDL are separated by a liquid-liquid
first-order phase transition line that ends at a liquid-
liquid critical point (LLCP). In this scenario, the LLPT,
extended into the glass domain, becomes a ‘first-order
phase transition’ between LDA and HDA.

The possibility that a substance can exhibit a first-
order phase transition between two ‘out-of-equilibrium
(amorphous solid) states’ (LDA and HDA) remains as a
challenging concept in condensed matter physics. This is
because there is no well-established explanation of glass
polymorphism in the context of thermodynamic and sta-
tistical mechanics. How do we extend, if possible, the
tools from equilibrium thermodynamics/statistical me-
chanics to discriminate among a sharp-but-continuous
LDA-HDA transformations, and a LDA-HDA true first-

order phase transition? A theoretical framework that
describes both the LLPT and LDA-HDA transformation
and that, in particular, can incorporate phenomena in-
herent to the glass state, such as annealing and glass
preparation effects, is not available. In a recent work [18],
this question was addressed for the case of ST2 water

using the potential energy landscape (PEL) formalism;
however, it is not evident how general the conclusions of
Ref. [18] are. For a system ofN atoms, the PEL is the hy-
persurface in (3N + 1)-dimensional space defined by the
potential energy of the system as function of the atom co-
ordinates, V (~r1, ~r2, ..., ~rN ) [19]. At any given time t, the
system is represented by a single point on the PEL given
by the atom coordinates at t. Hence, as the atom coor-
dinates change with time, the system moves, describing
a trajectory on the PEL. In the high-temperature liq-
uid state, the system can ‘visit’ large regions of the PEL
while, at low temperatures, the system is constrained to
move within more localized regions of the PEL. Upon fur-
ther cooling, in the glass state, ergodicity is broken and
the system can only explore specific basins of the PEL.
The minima of the PEL basins are called inherent struc-
tures (IS). A complete theory for low-temperature liquids
based on the topography of the PEL has been developed.
This theory allows one to express the free energy of liq-
uids in terms of the IS energy EIS (basin depth), Hessian
of the PEL at the IS (basin curvature), and distributions
of IS in the PEL (density of IS states) [20].

In this work, we show that the PEL formalism, a theo-
retical framework within statistical mechanics, provides a
simple understanding of the LDA-HDA transformation.
Specifically, we employ computer simulations to study
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the PEL of the Fermi-Jagla (FJ) model, a water-like
monatomic system with isotropic two-scale pair interac-
tions [21–24]; see inset of Fig. 1(a) and Refs. [21, 22].
In the liquid state, this model exhibits a LLPT ending
at a LLCP [22] [see Fig. S1 of the supplementary mate-
rial (SM)] and a first-order-like phase transition between
LDA and HDA forms [22, 25, 26]. We follow the same
procedure used in Refs. [18, 27] for the case of ST2 and
SPC/E water and explore whether the PEL description
of water polymorphism is general, e.g., independent of
the presence of hydrogen-bond interactions. We find that
similar to the case of ST2 water [18, 28], albeit some dif-
ferences exist, the LLPT and LDA-HDA transformation
are accompanied by anomalous behavior in specific prop-
erties of the PEL.
We perform molecular dynamics (MD) simulations

over a wide range of volumes and temperatures (see SM
for computer simulation details). In order to calculate
the PEL properties of the system in the liquid and glass
states, we calculate the IS of selected configurations by
minimization of the potential energy using the conjugate
gradient algorithm [21, 29]. For the liquid at a given
(v, T ) state, we select 100 independent configurations;
for the LDA-HDA transformation, we employ ten inde-
pendent trajectories and show the PEL properties of all
trajectories at selected pressures, without averaging.
We focus on the evolution of the IS energy EIS(v),

IS pressure PIS(v), and shape function SIS(v) along
isotherms. The virial expression at the IS sampled by
the system defines PIS(v), and the shape function SIS

quantifies the curvature of the basins at the correspond-
ing IS,

SIS =
1

N

〈

3N
∑

i=0

ln

(

ωi

ω0

)

〉

(1)

Here, 〈...〉 indicates average over the IS sampled by the
system at a given (v, T ) and {ω2

i }i=1...3N are the eigen-
values of the Hessian matrix at these IS. ω0 is a constant
needed to make the argument of the ln function adimen-
sional [20]; in this work, ω0 = 1 (in reduced units). These
quantities are fundamental properties of the PEL; for ex-
ample, for equilibrium low-temperature liquids, EIS(v),
PIS(v), and SIS(v) define the total energy and pressure
of the system at a given T [20].

EIS(v), PIS(v), and SIS(v) are shown in Fig. 1 for
different liquid isotherms, above and below the LLCP
(empty symbols), and during the pressure-induced LDA-
HDA transformation of ten independent runs at T = 0.01
(solid symbols). We note that for a system of soft-
spheres, a model liquid with no LLPT, one finds that at
low temperatures EIS(v), PIS(v), SIS(v), and their first
derivatives with respect to volume, are all monotonic de-
caying functions of v (see Ref. [20], Sec. 7.2). Instead,
for the FJ liquid across the LLPT and LDA-HDA trans-
formation, (i) EIS(v) shows an anomalous region with

negative curvature, while (ii) PIS(v) exhibits a van der
Waals-like loop. The behavior of SIS(v) is rather com-
mon, with no apparent feature that may be indicative
of a LLPT; the basins become smoothly and increasingly
thinner during compression. Fig. 1 strongly suggests that
features (i) and (ii) are the PEL characteristics respon-
sible to the LLPT and glass-glass first-order-like phase
transition.
Both features (i) and (ii) can be explained within the

PEL formalism. Specifically, in the PEL approach, a
liquid in equilibrium can be considered to be composed
of two subsystems [20], a subsystem that depends solely
on the IS energy and distribution of IS in the PEL (IS-
subsystem), and a subsystem that depends solely on the
vibrational motion of the system within the basins of the
PEL (vib-subsystem). The subsystems are characterized
by Helmholtz free energies FIS and Fvib, and the free
energy of the liquid can be expressed as

F = FIS + Fvib (2)

A similar additive expression can be written for the to-
tal energy of the liquid, E = EIS + Evib. It follows
that within the PEL approach, F = EIS + Evib − TS.
By definition, Evib(T ) must be an increasing function of
T ; indeed, in the harmonic approximation of the PEL,
Evib = 3NkBT [30]. Accordingly, at sufficiently low
temperatures, F (v) ≈ EIS(v). The stability condition of
thermodynamics requires F (v) to exhibit a region of con-
cavity during a first-order phase transition at constant N
and T [31]. Hence, for a liquid with a low-temperature
LLPT, the curvature of EIS(v) along isotherms (T < Tc)
must also exhibit a concavity region. These arguments
explain feature (i) in Fig. 1(b). To confirm this ex-
planation, we calculate the term −TS/N and find that
this quantity barely varies during the LLPT and changes
within a range of 0.05 (see SM). We also confirm that
Evib(v) does not exhibit any concavity region within the
LLPT (2.4 < v < 3.4); see Fig. 2(a). Since only EIS(v)
can be responsible for the concavity in F (v), the LLPT
can only be originated by the IS-subsystem, i.e., by
structural changes in the liquid.
A similar argument can be used to explain feature

(ii) in Fig. 1(a). Specifically, it follows from Eq. 2 that
P = PIS + Pvib, where Pvib is the pressure contribu-
tion from the vib-subsystem. We find that, at con-
stant v, Pvib is a linear function of T at low temper-
ature (T < 0.2). Indeed, in the harmonic approxi-
mation of the PEL, Pvib = −NkBT

(

∂SIS

∂V

)

Evib,N
and

Evib = 3NkBT implying that, for T -independent basin
curvatures, Pvib ∝ T (constant v). It follows that for a
liquid with a first-order phase transition at low temper-
ature, P (v) ≈ PIS(v) along isotherms and hence, a van
der Walls loop in P (v) should be accompanied by a van
der Waals loop in PIS(v). These arguments explain fea-
ture (ii) in Fig. 1(a). We confirm that Pvib(v) does not
exhibit any van der Waals-like loops during the LLPT
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region; see Fig. 2(c) Therefore, as concluded in the pre-
vious paragraph, the LLPT is due to anomalous changes
in the IS-subsystem.
We note that the arguments presented above are valid

for an equilibrium (or metastable) liquid at low tem-
peratures. However, similar arguments may be applied
to the case of the LDA-HDA transformations if Eq. 2
can be justified for the glass state. This is plausible if
one introduces an out-of-equilibrium configurational en-
tropy, which would depend on the glass preparation pro-
cess [18]. Consistent with this argument, our (out-of-
equilibrium) simulations during the LDA-HDA transfor-
mations show similar results to those reported for the
LLPT. This is shown in Figs. 1(a)-(c) where we include
EIS(v), PIS(v), and SIS(v) during the pressure-induced
LDA-HDA transformation at T = 0.01.
Next, we compare the PEL of ST2 water and FJ model.

This is relevant since although both systems exhibit a
LLPT and a LDA-HDA first-order-like phase transition,
the ST2 model is full-atomistic with molecules form-
ing hydrogen bonds in a local tetrahedral arrangements
while, in the FJ model, interactions are isotropic with
atoms arranged in non-tetrahedral structures. Accord-
ingly, one may expect that the topology of the PEL of
these two models are different. Hence, it is natural to
ask whether the same anomalous features of the PEL are
present in both systems during the corresponding LLPT
and LDA-HDA transformation. If so, these phenomena
would have a common explanation within the PEL for-
malism, independently of molecular details. In addition,
we will test whether the conditions in Refs. [18, 28] to
classify the LDA-HDA transformation as a first order
phase transitions also apply to the sharp (first-order-like)
LDA-HDA transformation of the FJ liquid.

In the case of ST2 water, EIS(v) and PIS(v) also ex-
hibit the features (i) and (ii) described above during the
LDA/LDL-HDA/HDL transformations [18]. However, in
ST2 water there is also a sudden, non-monotonic change
in the basins curvature, as quantified by SIS(v), which
is not found in the FJ liquid. The results from the PEL
study of ST2 water and FJ liquid (and the justifications
presented above) suggest that the properties of the PEL
responsible for the LLPT are features (i) and (ii) men-
tioned above, while changes in the shape of the basins
across the LLPT play no role. In particular, these studies
strongly indicate that for an LDA-HDA transformation
to be considered a first-order phase transition, EIS(v)
and PIS(v) must exhibit features (i) and (ii) [28].
In the case of ST2 water, during the LLPT and LDA-

HDA transformation, EIS(v) develops a maximum, con-
sistent with the view that the PEL has two megabasins
[32–36], one for LDL/LDA and another for HDL/HDA.
As show in Fig. 1(b), this is not the case for the FJ liquid.
Yet, the PEL can still be divided into two regions, one
associated with LDL/LDA and another with HDL/HDA
but it is the curvature of EIS(v) that sets the boundaries

between these regions.
We note a very peculiar difference in the PEL of ST2

water and FJ model. In the case of ST2 water, features
(i) and (ii) vanish at approximately T > Tc. However, in
the FJ liquid, features (i) and (ii) can be found even at
T > Tc. This is important since it means that the con-
cavity of EIS(v) and the van der Waals loop of PIS(v)
are necessary but not sufficient features of the PEL for
a system to exhibit liquid and/or glass polymorphism.
Specifically, at T > Tc, the concavity of EIS(v) may
remain but it may be compensated by the behavior of
Evib(v) leading to no concavity in E(v) and hence, no
concavity in F (v) at high temperatures. In addition, en-
tropic contribution to F (v) may remove any concavity
arising from E(v). Similarly, the van der Waals loop of
PIS(v) at T > Tc is suppressed by the behavior of Pvib(v),
leading to no van der Waals loop in P (v).

The anomalous behavior of EIS(v) and PIS(v) at
T > Tc in the FJ liquid is also of practical relevance.
Specifically, features (i) and (ii), indicative of the LLPT
at low temperatures, can be detected at temperatures as
high as T ≈ 5 Tc. We note that other quantities, such as
the potential energy U(v), can also be used as an indica-
tor of a LLPT at low temperature [37–39]; see SM.
An interesting observation for the case of ST2 water

involves the path followed by the liquid and glass in
the PEL. Specifically, MD simulations show that, during
the pressure-induced LDL-HDL and LDA-HDA transfor-
mations, the system moves between the LDL/LDA and
HDL/HDA regions/basins of the PEL [18, 27]. Yet, the
paths followed by the liquid and the glass are different.
We confirm that this scenario also holds for the FJ liquid.
Fig. 3(a) and 3(b) show PIS(EIS) and SIS(EIS) for the
liquid (empty symbols) and glass (solid symbols). The
non-overlapping path of the LDA-HDA transformation
and the equilibrium liquid in Fig. 3(a) and 3(b) implies
that the amorphous solid explores basins of the PEL that
are not sampled by the liquid in equilibrium (including
the IS sampled during the LLPT [18]).
In summary, as found in ST2 water, the LLPT and

LDA-HDA transformation in the FJ model can be iden-
tified with two anomalous properties of the PEL, a con-
cavity region in EIS(v) and a van der Waals-like loop
in PIS(v) (at constant temperature). Although two
regions of the PEL can be associated to LDA/LDA
and HDL/HDA, these domains are not distinct PEL
megabasins (two megabasins were identified in the PEL
of ST2 water [18, 28]). Finally, contrary to ST2 water,
the anomalies in the PEL of the FJ liquid remain at tem-
peratures well above the LLCP temperature.
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FIG. 1. (a) Pressure PIS(v), (b) energy per particle EIS(T ),
and (c) basin shape function SIS(v) of the IS sampled by
the equilibrium liquid at constant temperatures (open sym-
bols). Also included are PIS(v), EIS(v), and SIS(v) during
the isothermal compression of ten independent LDA configu-
rations at T = 0.01 (solid dark-green circles) and the corre-
sponding decompression of the resulting HDA from P = 1.5
(solid blue and red circles; blue circles represent the two tra-
jectories that crystallize rapidly after LDA is formed). In (b)
and (c), EIS(v) and SIS(v) for the LDA-HDA transforma-
tions are shifted by ∆EIS = −0.1 and ∆SIS(v) = −0.5. The
inset in (a) shows the FJ pair interaction potential U(r) char-
acterized by a hard-core radius r ≈ a, a core-softened part
at a ≤ r ≤ b ≈ 2a, and a weak attractive part; a Lennard-
Jones pair potential with same minimum depth and location
is included for comparison.
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FIG. 2. (a) Vibrational energy Evib(v) as function of
volume for different isotherms (bottom to top: T =
0.14, 0.16, 0.18, 0.20, 0.22, 0.26, 0.30, 0.34, 0.38, 0.43, 0.50).
Evib(v) is a weak, non-monotonic function of v and exhibits a
minimum at v = 2.8− 3.0 for all temperatures. (b) Pressure
P (v) (solid symbols) and IS pressure PIS(v) (empty symbols)
at T = 0.16 (up-triangles), T = Tc = 0.18 (diamonds),
T = 0.20 (squares), and T = 0.22 (circles). (c) Vibrational
pressure Pvib(v) compared to PIS(v) for the same temper-
atures included in (b). In (b) and (c), isotherms of P (v)
and Pvib(v) are shifted by ∆P = −0.1, 0.0, 0.1, 0.2 for
T = 0.16, 0.18, 0.20, 0.22 respectively. The volumes where
the liquid is unstable correspond to (∂P/∂v)

T
> 0. At these

volumes (approximately 2.4 ≤ v ≤ 3.4), (∂PIS/∂v)T > 0 but
(∂Pvib/∂v)T < 0, and Evib(v) has a positive curvature.
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FIG. 3. (a) PIS(EIS) and (b) SIS(EIS) during the LDA-to-
HDA (solid dark-green circles) and HDA-to-LDA transforma-
tion (solid red and blue circles; blue circles represent the two
trajectories that crystallized) at T = 0.01. The correspond-
ing PIS(EIS) and SIS(EIS) for the equilibrium liquid is also
included (open symbols). During the LDA-HDA transforma-
tions, the system samples IS never explored by the equilibrium
liquid. Data is taken from Fig. 1.


