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Toy models for quantum evolution in the presence of closed timelike curves (CTCs) have gained
attention in the recent literature due to the strange effects they predict. The circuits that give
rise to these effects appear quite abstract and contrived, as they require non-trivial interactions
between the future and past which lead to infinitely recursive equations. We consider the special
case in which there is no interaction inside the CTC, referred to as an open timelike curve (OTC),
for which the only local effect is to increase the time elapsed by a clock carried by the system.
Remarkably, circuits with access to OTCs are shown to violate Heisenberg’s uncertainty principle,
allowing perfect state discrimination and perfect cloning of coherent states. The model is extended to
wave-packets and smoothly recovers standard quantum mechanics in an appropriate physical limit.
The analogy with general relativistic time-dilation suggests that OTCs provide a novel alternative
to existing proposals for the behaviour of quantum systems under gravity.

PACS numbers: 03.67.-a, 04.20.Gz, 04.62.+v

Introduction. Closed timelike curves (CTCs) are tra-
jectories that form closed loops in time, allowing systems
to affect events in their own past. In spite of the para-
doxes that this seems to imply, these solutions are con-
sistent with general relativity[1, 2]. In contrast, standard
relativistic quantum field theory is incompatible with
globally non-hyperbolic spacetimes, i.e. those containing
CTC’s [3]. Two approaches to bridging this impasse have
been discussed in the literature: (i) quantum mechanics
modifies general relativity in such a way that CTC’s can-
not form [4, 5]; or (ii) nonlinear extensions of quantum
mechanics can be found which resolve the paradoxical as-
pects of CTC’s [6–9]. The former program has not yet
reached a conclusive result [10–12].

An example of the latter approach is the Deutsch
model [6]. In this model, a quantum state is allowed to
interact with a version of itself in the past (see Fig.1a).
Such circuits can emulate the famous ‘grandfather para-
dox’ in which a time-traveller kills their own grandfather,
thereby preventing their own existence and leading to
a contradiction. For quantum circuits, Deutsch showed
that the grandfather paradox is resolved provided the
boundary condition between the future and past is en-
forced by requiring the density operator of the state to
match. In particular we require

ρCTC = Tr6=1[U(ρ1 ⊗ ρCTC)U†] (1)

where the trace is over all but mode 1. Given a solution
for ρCTC , the output state, ρout, is given by

ρout = Tr1[U(ρ1 ⊗ ρCTC)U†] (2)
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where the trace is now over the Hilbert space of mode
1. Deutsch showed that this procedure leads to solu-
tions for all input states and all unitaries Û - hence there
are no paradoxes. The inherent nonlinearity of Eqs 1,
2 leads to unusual properties such as the possibility to
build “super” quantum computers that can solve NP
complete problems [13] and the ability to distinguish [14]
and clone [15] non-orthogonal qubit states. Some au-
thors have argued that the effects of CTCs are not ob-
servable in principle[16], but this result has been shown
not to hold in general[17, 18]. In particular, the equiv-
alent circuit interpretation of the Deutsch model avoids
this conclusion[18, 19].

At first it may seem that the nonlinearity of the
Deutsch model is a direct result of the interaction be-
tween the past and present manifestations of the input
state. However, in this letter we show that strongly non-
linear effects are still predicted with no interaction in the
CTC (i.e. with Û = Î) provided that entanglement ex-
ists between the time-travelling system and an external,
chronology respecting system (see Fig.1b). In particular,
we apply the Deutsch model to continuous variable sys-
tems and show that the Heisenberg uncertainty principle
between canonical variables, such as position and mo-
mentum, can be violated in the presence of interaction-
free CTCs.

We refer to the interaction-free case as an ‘open time-
like curve’ (OTC) because the disconnected paths of the
time-traveller’s trajectory appear to form an open loop
rather than a closed curve. In this case the Deutsch
model predicts a time shift on a local clock carried by
the system, as well as the decoherence of entanglement.
These effects are reminiscent of proposals for nonlinear
quantum dynamics in the presence of gravity[20, 21],
suggesting a possible connection, which we return to
later. We note that in contrast to quantum gravity
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FIG. 1: (a) A general closed timelike curve. The time
measured by a chronology-respecting system (eg. ρ2)
runs horizontally in the figure. A spacetime wormhole
[2] is assumed to allow the system in mode 1 (top rail)
to jump from point tA into the past at tB . The possible
interaction of the time-travelling system with itself
leads to nonlinear effects. (b) The interaction-free case,

where Û = Î. We show that this ‘open timelike curve’ is
nevertheless able to violate Heisenberg’s uncertainty
principle, provided ρ1 is initially entangled with ρ2.

models which predict an increase in uncertainty due to
the discrete nature of spacetime[22], the model based on
OTCs predicts the opposite: namely, the ability to obtain
asymptotically perfect information about complementary
canonical observables. As we will see, this violation of the
uncertainty principle then leads to the ability to discrim-
inate and clone unknown states.

Circuits containing time-travel. A common feature of
all toy models describing quantum evolution in the pres-
ence of CTCs is the requirement of nonlinear constraints
on quantum mechanics. Early path-integral approaches
[7, 8], as well as their more recent post-selected equiv-
alents (P-CTCs) [9], required that entanglement to ex-
ternal systems be preserved. This meant that the consis-
tency conditions had to be applied even to systems in the
distant past, leading to the possibility of acausal effects
outside the region of the CTCs [7, 8, 23]. While causality
violation is expected to occur within the CTC, we might
reasonably expect the laws of quantum mechanics to re-
main causal far away from this region. This is achievable
in the Deutsch model, where the constraints apply only
to the reduced density matrix of the system at the CTC,
thereby breaking the entanglement to external systems.
In addition, the model can be interpreted as an equiva-
lent circuit which is free of ‘information paradoxes’[19].
Given these desirable features, we restrict our attention
to the Deutsch model in what follows.

The OTC in Fig.1b can be reproduced by its equivalent

OTC

FIG. 2: An equivalent circuit to Fig.1b. The gate
between ρ1 and ρ′1 is a SWAP. This circuit exactly
reproduces the input-output relations of an OTC for
rails 1 and 2. The lower copy of the circuit enclosed by
the dashed line represents degrees of freedom ‘internal’
to the OTC and is therefore inaccessible to outside
observers (see [19] for details).

circuit, shown in Fig.2. This is an ordinary quantum
circuit that can be easily constructed in principle, given
two copies of the input state. In the case of a real CTC,
there is only one available copy of the input state, so
the appearance of a second copy represents a violation of
the no-cloning theorem[24], which can be identified as the
source of the nonlinearity. In addition, this circuit breaks
entanglement to external chronology-respecting systems,
which is a necessary feature of the model, as we have
discussed. We will soon see how this decoherence effect
can be exploited to violate the uncertainty principle.

While previous work on CTCs has concentrated almost
exclusively on two-dimensional Hilbert spaces, Deutsch’s
formalism does not restrict the dimensionality of the
rails. We are therefore free to interpret each rail as carry-
ing the countably infinite degrees of freedom of a bosonic
quantum field. In the following, for simplicity we will
consider a massless scalar field to which we may apply
the usual techniques of quantum optics[25]. Consider the
OTC circuit of Fig.3a and its equivalent circuit shown in
Fig.3b. A coherent state of amplitude α and a squeezed
state with squeezing r along the X̂ quadrature are pre-
pared on rails 1 and 2 respectively. The rails interact
on a 50:50 beamsplitter, rail 1 traverses an OTC, and fi-
nally the rails are re-combined on an inverted beamsplit-
ter (note that in the absence of the OTC, the evolution
becomes the identity).

Rails 1 and 2 and their copies 1’ and 2’, here-
after labelled by an abstract index i ∈ {1, 2, 1′, 2′},
are initialised in the field ground state (the vacuum):
|0〉1|0〉2|0〉1′ |0〉2′ ≡ |0〉. The vacuum mode corresponding
to rail i is labelled âi. The modes â1′ , â2′ are inaccessi-
ble from outside the OTC; hence all physically possible
measurements are expectation values on the outputs of
â1, â2. Let us consider the output â1out. Using the stan-
dard Heisenberg equations of motion for the gates in the
circuit, we calculate the output mode in terms of input
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FIG. 3: (a) A quantum optics circuit with an OTC on
the top rail and (b) its equivalent circuit. Here, the box
‘C’ represents coupling to an ancilla that depends upon
the input state, which is then traced out. It can
therefore be regarded as a nonlinear map on the space
of density matrices. (c) A circuit that violates the
uncertainty principle. Repeated application of the map
C together with appropriately chosen squeezed states
leads to arbitrarily precise measurement of α along the
orthogonal quadratures X̂, P̂ .

modes as:

â1out = α+
1

2
(â1 + â1′)−

i

2
Cosh(r) (â2 − â2′)

+
i

2
Sinh(r) (â†2 − â

†
2′) (3)

We see immediately that 〈â〉 = α, indicating that there
is no net displacement in phase space after the evolution.
To evaluate the noise properties of the state, consider the

quadrature operator X̂(θ) = −ieiθâ1out+ie−iθâ†1out. The

variances along the orthogonal quadratures X̂ = X̂(0)

and P̂ = X̂(π2 ) are exponentially reduced and increased,

respectively: V ar〈X̂(π4 ±
π
4 )〉 = e±r Cosh(r). For large

squeezing, r � 1, the variance of the squeezed quadra-
ture approaches 1

2 . This circuit therefore allows us to
deterministically squeeze the quantum noise along the
chosen quadrature without changing its displacement, a
task that is known to be impossible using standard quan-

tum mechanics. With a straightforward extension of this
circuit, we can further violate the uncertainty principle.

Uncertainty principle violation. The uncertainty
principle states that if x̂, p̂ are two self-adjoint non-
commuting operators representing observables, then the
errors in a set of single measurements of these observ-
ables must satisfy σxσp ≥

∣∣ i
2 [x̂, p̂]

∣∣, where σx, σp are
the standard deviations of the measurements (i.e. σx =√
V ar〈x̂〉 =

√
〈x̂2〉 − 〈x̂〉2) and [x̂, p̂] = x̂p̂ − p̂x̂ is the

commutator. The observables x̂, p̂ are commonly taken
to represent position and momentum, whence we obtain
σxσp ≥ ~

2 ; however, the uncertainty principle holds for
any pair of canonical observables. In quantum optics,
for example, the quadrature operators X̂, P̂ play the
analogous role to the position and momentum, satisfying
σXσP ≥ 1. We now show that it is possible to arbitrar-
ily violate the uncertainty principle for these observables
using the circuit shown in Fig.3c.

In this new circuit, the input coherent state is first
combined with the vacuum on a 50:50 beamsplitter,
yielding two copies of the state |α〉 → | α√

2
〉A| α√2

〉B . We

send each of these states through a copy of the origi-
nal circuit, choosing the squeezing in each case such that
| α√

2
〉A becomes squeezed in the X̂ direction, and | α√

2
〉B in

the orthogonal P̂ direction. Assuming we have repeated
access to the OTC, we may cycle each of the outputs
back through the circuit for a total of M iterations, us-
ing new squeezed states on each run. For simplicity, we
assume that these extra squeezed states all have the same
squeezing amplitude r. At the end of M runs, the dis-
placement on each output will be unchanged, but the
variances will be reduced in the chosen quadratures. We
then make measurements of X̂A and P̂B on the respec-
tive outputs, and thereby determine the components of
α√
2

along orthogonal quadrature directions. The errors

for these measurements are equal to:

V ar〈X̂A〉 = V ar〈P̂B〉 =
1 + 2M−R − 2−R

2M
(4)

where R ≡ 2
log(2)r is introduced for clarity. According

to Heisenberg’s uncertainty principle, the errors in these
measurements should satisfy V ar〈X̂A〉V ar〈P̂B〉 ≥ 1.
However, we see that for r � M , their product scales
as 1

2M
; thus we have measured the orthogonal compo-

nents of α to an arbitrary degree of accuracy forbidden
by the uncertainty principle. This information can then
be used to identify and distinguish unknown coherent
states and make clones of them as desired. The circuit
functions effectively as a nonlinear ‘state read-out box’
for coherent states, since it produces a read-out of the
components of α to arbitrary accuracy in a single shot,
requiring no prior knowledge of the state (for a general
definition of such devices, see[26]). We note that even
for a single use of the OTC (i.e. M = 1) the Heisenberg
principle is violated at sufficiently large squeezing.

It has recently been claimed that any theory which vi-
olates the Heisenberg uncertainty principle must also vi-
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olate the second law of thermodynamics[27]. This claim
seems to be at odds with Deutsch’s original proof that
the input-output relations of CTCs are consistent with
the second law[6]. The issue is resolved by noting that
the authors of [27] assume that measurement effects are
linear functionals on the state space. Since the input-
output maps of the circuit Fig.3c (and of Deutsch CTCs
in general) can be regarded as nonlinear functionals of the
input state, this assumption is not satisfied by these mod-
els, and therefore can still be thermodynamically consis-
tent.

Finally, we note that this circuit is not sufficient to
solve NP-complete problems as has been demonstrated
for more general CTCs[13]. The reason is that as we
obtain greater accuracy by increasing M , we also require
an increase in the minimum squeezing r on each squeezed
state. This translates into requiring a number of photons
that scales exponentially with M . While it may not be
possible to obtain a computational advantage by consid-
ering Gaussian states and operations alone, we conjec-
ture that OTCs will lead to an increase in computational
power for non-Gaussian states.

Curvature as an OTC effect. While the Deutsch model
may apply to causality-violating spacetimes, it is gen-
erally accepted that standard quantum field theory ap-
plies in more well-behaved (globally hyperbolic) curved
metrics. However, the lack of experimental data in this
regime leaves open the possibility for alternative models,
whose predictions may diverge from ordinary quantum
mechanics in the presence of gravitational curvature. A
field theory that is consistent with the Deutsch model
might provide one such candidate. We note that the
example of an OTC bears some resemblance to general
relativistic time dilation, since it introduces a time differ-
ence between two initially synchronised clocks. In partic-
ular, an experimenter presented with two such systems
could not tell whether the time difference was due to
gravitational curvature or to the traversal of an OTC.
If we model spacetime curvature as an OTC, this would
imply additional decoherence and nonlinear effects not
predicted by standard quantum field theory. Neverthe-
less, we would expect both theories to agree in certain
limits such as flat spacetime. To make this idea more
concrete, we generalise the equivalent circuit to recover
linear quantum mechanics. This is achieved by replacing
the swap gate with a beamsplitter with reflectivity ξ (see
Fig.4).

We see that for ξ = 0 we obtain the circuit of an OTC,
but when ξ = 1 we recover standard quantum theory.
By varying the parameter ξ we can smoothly transition
between these two limiting cases. All that remains is to
define ξ in terms of physical parameters.

To this end, consider the detection of two entangled
wave-packets propagating through a spacetime contain-
ing an OTC, such that one trajectory passes through the
OTC while the other does not[28]. The field annihila-
tion operators for the two wave-packets at the detectors
are denoted âi →

∫
dk Gi(k, x)âi,k ≡ ÂG,i(x), where

U

U

V

V

FIG. 4: A generalized equivalent circuit. In the limit
ξ = 0, the beamsplitter functions as a swap gate,
leading to the equivalent circuit for an OTC (compare
to Fig.2). In the opposite limit ξ = 1, the circuits
decouple into two copies of the same circuit, the lower
copy being unobservable and the upper copy recovering
the standard theory.

i = 1, 2. The function Gi(k, x) is a normalised solution of
the Klein-Gordon equation with k, x being the momen-
tum and position four-vectors satisfying kx = gµνk

µxν

and gµν provides the local metric along the trajectories.
The temporal resolution of the detectors is given by the
functions Gi(τ)[29]. We postulate the parameter ξ mea-
sures how well, in principle, the detectors could resolve
the time difference ∆T , via the normalised overlap:

ξ ≡
∫

dτG∗1(τ + ∆T )G2(τ)∫
dτG∗1(τ)G2(τ)

. (5)

Assuming the wave-packets to be approximately Gaus-
sian in shape, we see that when ∆T is large compared
to the coherence time of the wave-packets (the width of
Gi(τ)), then ξ → 0 and we obtain the equivalent circuit
for an OTC. Conversely, when ∆T is much smaller than
the coherence time, ξ → 1 and we recover the predictions
of the standard theory.

We have assumed that the time difference between the
two trajectories was caused by the presence of an OTC in
the metric. However, as argued above, we could equally
well apply this model to any instance of gravitational
time-dilation, as an alternative to the standard paradigm
of quantum field theory. In fact, this interpretation re-
produces the nonlinear ‘event operator’ formalism for op-
tical fields in curved spacetime, proposed in earlier work
[20], at the same time making the formalism more trans-
parent by casting it in equivalent circuit form. If we
adopt this interpretation then the model predicts that
nonlinear effects could be observable from experiments
carried out in the earth’s gravitational field[20]. As we
have seen, the nonlinear effects may accumulate over mul-
tiple traversals of the OTC, which opens up the possibil-
ity of more easily attainable experiments; we leave these
considerations to future work.

Conclusions. We have shown that OTCs, despite be-
ing the simplest type of CTC interaction, nevertheless
are able to violate the Heisenberg uncertainty principle
for continuous variable systems. Specifically, we showed
that a simple circuit involving linear optics and repeated
access to an OTC is sufficient to arbitrarily well distin-
guish non-orthogonal coherent states and to clone them.
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Since CTCs are predicted by general relativity, it is
reasonable to ask whether the laws of physics can ac-
commodate these solutions without leading to paradoxes.
This can be achieved by making quantum mechanics non-
linear, as in the Deutsch model. The result of this paper
indicates that the simple requirement that quantum the-
ory be consistent with time travel leads to highly nonlin-
ear effects, regardless of any interaction on the CTC. We
have speculated on the extension of this idea to curved
spacetimes in general by conjecturing that gravitational
time dilation can be modelled as an OTC effect. This
leads to a modified theory of quantum optics that be-

comes nonlinear in the presence of curvature. This spec-
ulation could be testable with current technology via ex-
periments on entangled systems in earth’s gravitational
field.
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