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Taming nonlocality in theories with Planck-scale-deformed L orentz symmetry
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We report a general analysis of worldlines for theories wigfiormed relativistic symmetries and momentum
dependence of the speed of photons. Our formalizationtisf&ito Einstein’s program, with spacetime points
viewed as an abstraction of physical events. The emergitgrpiimposes the renunciation of the idealization
of absolutely coincident events, but is free from some datiies which had been previously conjectured.

Over the last decade there has been considerable interestshown in Fig. 1 the assumptions of Ref./[11] amount to adopt-
the quantum-gravity literature about the possibility [ftde-  ing undeformedules of boost transformation for the coordi-
formations of Lorentz symmetry that would allow the intro- nates of the emission points of particles but deforrbedst
duction of a momentum dependence of the speed of photonsransformations for the velocities of the particles. Ewvitle

such criteria of “selective applicability" of deformed Isi®

v=1-{p (1)  cannot produce a consistently relativistic picture.
as a relativistic law, with an observer-independent lemgth 3 2 -1 Ax/L
rameter/ usually assumed to be roughly of the order of —
the Planck length. This is the most studied possibility for /L

a “Doubly-Special Relativity" (DSR)[1+5]. The interest it

attracts is mostly due to associated features that emerge in
energy-momentum space, which find some support in pre-
liminary results obtained within the Loop Quantum Gravity

approachl]6] and in some models based on spacetime non-
commutativity [7]. But the development of this research-pro

gram must face the challenge of several indirect arguments
(seee.g, Ref. [8,9] and references therein) suggesting that a
logically consistent formulation of11) is not possible hiit a .
fully conventional description of spacetime. FIG. 1. In the argument of Ref._[11] a key role is played by the

P : : _assumption that a photon which Alice sees emittedin (from a
The possibility of novel properties for spagetlme was ex source at a distancé from Alice) with speedv (and momentum
pected at the onset|[1] of DSR research, since the motiva-

. ) should be seen by boosted Bob as a photon emitted ffem
tion for the proposal came from some aspects of the quamu”gbtained by classical/undeformbdost of P4, with speed obtained

gravity problem, which also suggest that there might be somgom the speed with a deformedboost. In this figure we expose the
absolute limitations to localizability of an event. But fa&t  |ogical inconsistency of such criteria of “selective apphility" of

it was expected does not make it any less of a challenge: whakformed boosts by allowing for a second photon which adegrd
could replace the classical points of spacetime? to Alice also has speedand is emitted from a poinP,, such that
Those who looked at DSR research from the outside havthe two photons share the same worldline: a single worldiioeld
been understandably rather puzzled (seg, Ref. [10]) about be mapped by a relativistic boost into two wildly differertridlines.
some of the implications of renouncing to an ordinary space-
time picture. In particular, the recent Ref. [11] ventured t  The picture proposed in Ref. [11] clearly needed to be re-
make a bold claim: even without adopting any specific formalvised. We here report a deductive result of characteriaatio
ization, using only the bare idea of momentum-dependence adf the nonlocality produced by DSR boosts. We derive it rig-
the speed of photons, one could robustly estimate the natugrously from the formalizations of DSR-deformed boosts tha
and size of the nonlocal effects that should be produced, Anchave been proposed in the DSR literature. We succeed, where
still according to Ref.[[11], this could be used to constrain others had failed, primarily as a result of using as guidance
to |¢] < 10~58m, i.e. at a level which is 23 orders of magni- Einstein’s insight on the proper characterization of a epac
tude beyond the one of direct experimental bounds based dime point, to be viewed as the abstraction of an event okeros
the momentum dependence of the speed of photons [12, 13]Jng of worldlines. This leads us to a fully relativistic claar
The claim reported in Ref._[11] clearly renders even moreterization of the concept of locality, as a concept thatgiest
urgent for DSR research to establish what are the actual inthe coincidence of events: from a relativistic perspediie
plications for nonlocality. We start by observing that thie a main locality issue concerns whether events that are coinci
gument presented in Ref. [11] did not make use of the welldent for one observer are also coincident for other obsgrver
established results on DSR-deformed boosts, but rattiedrel ~ We set tol both Planck constarit and the speed-of-light
on assumptions that fail to be consistently relativistics A scalec (speed of photons in the low-momentum limit). The
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modulus of a spatial 3-vector, with componeits, is de- generalization of the concept of space-translation chdrge
noted byW (W?2=W;W7). And we work in leading orderin deed,II, enters only at ordef and of course, since we are
¢, since[(1) is assumed [, 6] to be valid only for 1/]¢]. working in leading order, we must takél; = ¢p; (while the

We also take on the challenge of a full 3+1-dimensionalmodulus ofp; andII; may differ [5, 16] at ordef).
analysis. Most of the previous DSR literature, including We must now enforce covariance of the worldlines under
Ref. [11], is confined to 1+1-dimensional frameworks, asDSR-deformed boosts. The form of the correction terms in-
a way to temper the complexity of dealing with deformedtroduced in[(R) suggests that the type of deformed boosts con
boosts. It is natural to expect that the core implicatiorrs fo sidered in the DSR literature should be well suited:
the nonlocality produced by DSR boosts would be already
uncovered in a 1+1-dimensional analysis, but our ability ta"7

characterize transverse boosts is a valuable additiorpanrd  Note that this four-parameter family 6k(¢) deformed boosts,
vides further evidence of the robustness of the approach Wghich enforces compatibility with undeformed space rota-
developed. Another significant strength of our setup isithat tions, includes, as different particular cases, all theopsals
applies to all previously considered deformations of L&zen for deformed boosts that were put forward in this first decade
symmetry compatible witH {1). Previous DSR studies[of (1)of DSR researcH [115, 17]. The compatibility between boost

not only failed to offer an explicit analysis of worldlindsyt  transformations and form of the Casimir is encoded in the re-
were also often assuming a specHigsatzfor the formaliza-  quirement that the boost charge is conserved

tion of the symmetry deformation.

The derivation of the worldlines is here achieved within a N; ={C,N;} = OC ON; _ € ON; =0 (6)
Hamiltonian setup which was already fruitfully applied|[14 oQ ot Ol Oxy
15] to other DSR scenarios for the introduction of the secongyhich straightforwardly leads to the following constraiain
relativistic scale’, but was not previously implemented for a the parameters,, 2, a1, oo, as, au:
DSR description of the speed lalM (1) for massless particles.
We start by introducing canonical momenta conjugate to the 202 + 204 =72, 201 + 203 =371 —272=0.  (7)
coordinatesr; andt: {llj,zx} = —djr, {1} = 1. We Combining these with the requirement + v = 1 derived
must then specify a form of the DSR-deformed mass Casimigy e we finally arrive at a three-parameter family of Hamil
C, which will play the role/[14, 15] of Hamiltonian. We have jnian/boost pairs

a two-parameter family ab(¢) possibilities

= —tH—i—xjQ+£[a1tﬂﬂj+a2ﬂ2xj+a392zj+a4xkﬂkﬂj]

C=0> -T2+ ¢(29Q% + (1 — 27) QII?)
Nj = —t; + 2;Q + LatQIL; — £ (v + B — 1/2) 211711

upon enforcing analyticity of the deformation and invadan + Lz (ﬁl’[2 +(1+v—-0a) (22) ,
under classical space-rotation transformations. Thestgbe . . . . :
deformed boosts that were previously considered in the psiNerey = 71/2, a = ay, § = a,. Forany given choice of

literat h h v of bei tible with bl S relativistic covariance is ensured and we have a rigor-
Iterature have the property of beéing compatible With SUCh &, & s miltonian derivation of worldlines for which the sgdee
deformed Casimir, for some corresponding choice$;ofs.

Hamilton’ i ve th tonTd 49 law (1) is verified. We have so far focused on massless parti-
amiton's equations give the conservation j an cles, but one also easily obtains the worldlines of padiole
along the worldlines

any mass by enforcing the Hamiltonian constr&int m?:

C=0 T2 + £ (nQ® +100?) , 2

. ac ac L
= = =—— = _ (0 J 0 0
H] axj 0, Ot 0, (3) :vj—xj +\/ﬁ(t—t( ))—ZHj(t—t( )) (8)
wheref = 9f /07 andr is an auxiliary worldline parameter. The covariance of these worldlines under undeformed space
The worldlines can then be obtained observing that rotations is manifest. The covariance under, 5-deformed
boosts, ensured by construction, can also be verified by com-
. oc NG puting explicitly the action of an infinitesimal deformedds
Ti= T oI, = aj(r) = ;" + (211 — 203 001;)7 @ with rapidity vectorg; (A’ = A + &;{A,N7})
. !/ Y . 2 _ 2
t= g—g = t(r) = t(0)+[2Q + £(72IT* + 31 Q%)) 7. I =T — &Q — €& (BIF + (147 — a) Q7)
—£(1/2-y - B &I, (©)
Eliminating the parameter and imposing the Hamiltonian =t —&ad —0 (&, TV + 2 (14+~v—a) Q&7 10
constrainC = 0 (massless case) one finds that / G —L (ot ( ’Yk @) 9x’) - (10)
- Ty =xy =t + 4L (atﬂfj + 28&kx Hj)
;=2 + ﬁj(t —tO) — 0y + )L (-0 (5) —0(y+ B~ 1/2) (&ITFa; + 23, IT7¢;) (11)

Using these one easily verifies that when Alice has the partic

which reproduces$ (1) fof, +1» = 1. Note that this derivation o, the worldline[[B) Bob sees the particle on the worldline

of worldlines compatible with[{1) is insensitive to the piess
!/

bility of a different DSR description for the canonical mo- o — 1T;

“ N — (' O — (¢ — '),
mentumlI; and for the “momentumy;, intended as the DSR I VmZ + 112 J



consistently with the relativistic nature of our framework AX/L

We are now ready to exploit our technical results for a -0.5 -0.25
“physical" characterization of the nonlocality produceg b : :
DSR boosts. The observations we shall make on nonlocal-
ity apply equally well to all choices of, «, 8. We notice
however that by enforcing the condition— 8 — v =1/2 one
has the welcome [7, 15] simplification of undeformed Pois-
son brackets among boosts and rotations (“the Lorentzisecto
is classical"|[7{ 15]). And in particular for the case=1/2, 004 4
a=1, =0, on which we focus for our graphicalillustrations, L 1 L --0.5
the laws of transformation take a noticeably simple form: 0.01 0.02 0.03 0.04 0.05 7

,," -1.02-1.01 -1.00 -0.99 -0.98

I = I0; — & (Q+£9%/2) (12) J/F 7 T Logs

t'=t —&a? —L (61 + Q&) (13) / < 4100
af =y — (1 — Q) tg; (14) ,' L oo -

>
7
& t/L

-0.01

0.0 --0.25

-0.03

This case preserves much of the simplicity of classical tsoos o -
for what concerns boosts acting transversely to the doect

motion. We do not expect anything objectively pathological
the richer structure that other choicesyety, 5 produce (see

(10)-(I1)) for such transverse k_JOOStS' But it is nonetlselesg g 5 \we here show a hard-photon worldline as seen by Adickd
noteworthy that there are candidates for the DSR deformege) by DSR-boosted Bob (dashed blue) and by classicabgted
boosts that have properties as simple as codifield in [13)-(14Bob (dashed-black). In spite of assuming (for visibilitgtunreal-
In what follows we shall not offer any additional commentsistically hugeIl = 0.05/¢, ¢ = 0.15, the difference between DSR
on transverse boosts (and our figures focus on boosts alomgosts and undeformed boosts is minute near the origin. &atrd-
the direction of motion). But it is easy to verify usirig{10)- ing to Bob's coordinates the emission of the hard particjgeaps to
(I1) (and even easier usidg{18)4(14)) that boosts actawgtr ~ occur slightly off the (thick) worldline of the source.
versely to the direction of motion lead to features of noalec
ity that are of the same magnitude and qualitative type as the Ax/L
ones we visualize for boosts along the direction of motion. -1.25 1 075 05 025
Let us now move on to reconsidering the issues raised in ' ' ' ' '
our Fig. 1, and the shortcomings of the analysis reported in
Ref. [11]. Having managed to derive constructively quantit
tive formulas for the action of the deformed boosts advatate ,3',"" -0.25
in the DSR literature, we can now more definitely observe that
the assumptions made for the analysis reported in Ref. f&1] a W7/
inconsistent with the fact, here shown in Eds.] (10)-(113t th 0.5
the deformed boosts still act, like ordinary Lorentz booists v L
way that is homogeneous in the coordinates. A boost con-

s »
>

t/L

nects two observers with the same origin of their reference ~-0.75
frames and, as shown in Fig. 2, the differences between DSR- 7 L
deformed boosts and classical boosts are minute for pbiats t 4

are close to the common origin of the two relevant reference R -1

frames, but gradually grow with distance from that origin.
As shown by two of the worldlines in Fig. 3, when an ob-

server Alice is local to a coincidence of events (the viotet a

a red photon simultaneously Crossing Alice’s WorIdIi_nd) al FIG. 3. A case with two hard (violet) worldlines, with momen-

observers that are purely boosted with respect to Alice, ang,, M, = 0.13/¢, a “semi-hard” (blue) worldlline with momen-

therefore share her origin, also describe those two events gm 11, = 11, /2, and a ultrasoft worldline (red, with, < 1/¢).

coincident. This in particular addresses the “box problem’according to Alice (whose lines are solid, while boosted Bus

raised in Ref.[[11], which concerned the possibility of aslos dashed lines) three of the worldlines give a distant coiwig of

of objectivity of coincidences of events as witnessed by lo-events, while two of the worldlines cross in the origin.

cal observers: we have found that, at least in leading order i

£ and¢, in the DSR framework “locality”, a coincidence of

events, preserves its objectivity if assessed by localrebsg  establish a coincidence of events for Alice far from her ori-
The element of nonlocality that is actually produced bygin, an aspect of locality encoded in a “distant coincidesfce

DSR-deformed boosts is seen by focusing on the “burst" ovents". The objectivity of such distant coincidences efres

three photon worldlines also shown in Fig. 3, whose crossingis partly spoiled by the DSR deformation: the coincidence is
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only approximately present in the coordinates of an observemomentum dependence of the speed of photons is objectively
boosted with respect to Alice. But we stress that in Figs. 2nanifest (manifest both for Alice and Bob) in the linear cor-
and 3 we used, for visibility, gigantically unrealistic ues  relation between arrival times and momentum of the photons.

of photon momentum (up te- 0.1/¢): it should nonetheless  a|so insightful is the comparison of the loss of objectivity
be noticed that even distant coincidence is objective up to gf coincidences of distant events, which we uncovered here
very good approximation, if indeed, as assumed in the DSRor DSR boosts, with the loss of objectivity of simultaneity
literature[1=5], the observer-independent length s€ateas  that was required by the replacement of Galileian boosts wit
small as the Planck length-(10~%°m). On terrestrial scales | orentz boosts. With absolute time of course any statenfent o
one might imagine hypothetically to observe a certain parti simyltaneity was objective. With the introduction of Loten
cle decay with two laboratories, with a large relative badst  poosts, which are obtained deforming Galileian boostsykim
say, ¢ ~ 107, with idealized absolute accuracy in tracking taneity is no longer objective in general, but it remainseobj
back to the decay region the worldlines of two particles thatjye for events occurring at the same spatial position, et
are the decay products. As one easily checks ffom (10)-(11}r not that spatial position is where the observer is located
the peculiar sort of nonlocality we uncovered is of {#&I1.  (the origin). With one more step of deformation of boosts,
Therefore even if the distance between the decay region the DSR proposal, the realm of objectivity of simultanegy i
and the observers is of, sa})*m, and the decay products farther reduced: simultaneity of events is only objectibeé
have momenta of, say)0GeV', one ends up with an apparent events are coincident according to a local observer, arsd thi
nonlocality of the decay region which is only f10~"m. is only manifest in the coordinate systems of other obssrver
Another interesting case is the one of a typical observatiomat are also local to the coincidence of events.
of a gamma-ray burst, wittel” particles that travel for, say, Amusingly it appears that the possibility of coincident

10%7s t_)efore reaching our telescopes. F(_)rt\_No telescopes Witgvents was cumbersome already for Einstein, as shown by a
a relative boost of ~ 10~ the loss of coincidence of events footnote in the famous 1905 paper|[19]: '

?t trl? 'iogrcfi‘;&tlot?]mi Weltl.beIO\fN the sharpnests) Wetare able “We shall not discuss here the imprecision inherent in
03\/ f # e fd _]t 0 f[ah otca 'ton ICI) a gl‘?‘”r‘]?“"]}‘trﬁy urslt. b the concept of simultaneity of two events taking place
VVe should stress that actually, in fight of th€ results we ob- (approximately) the same location, which can be
tained, in such a DSR framework two relatively boosted ob- removed only by abstractidh
servers should not dwell about distant coincidences, boera .. conjecture that the proper description of the quantum-

express all observables in terms of local measurementsi(whi ravity realm, whether or not there will be a role for DSR
is anyway what should be done in a relativistic theory). I:Orgoncepts, wiII' impose the renunciation of the idealizatidn

example, for the burst of three photons shown in Fig. 3 thqhe possibility of exact and absolute coincidence of events
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