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Abstract

In a stochastic process, noise often modifies the picture offered by the mean field dynamics.
In particular, when there is an absorbing state, the noise erases a stable fixed point of the mean
field equation from the stationary distribution, and turns it into a transient peak. We make a
quantitative analysis of this effect for a simple genetic regulatory network with positive feedback,
where the proteins become extinct in the presence of stochastic noise, contrary to the prediction
of the deterministic rate equation that the protein number converges to a non-zero value. We
show that the transient peak appears near the stable fixed point of the rate equation, and the
extinction time diverges exponentially as the stochastic noise approaches zero. We also show how
the baseline production from the inactive gene ameliorates the effect of the stochastic noise, and
interpret the opposite effects of the noise and the baseline production in terms of the position shift
of the unstable fixed point. The order of magnitude estimates using biological parameters suggest
that for a real gene regulatory network, the stochastic noise is sufficiently small so that not only
is the extinction time much larger than biologically relevant time-scales, but also the effect of the
baseline production dominates over that of the stochastic noise, leading to the protection from the

catastrophic rare event of protein extinction.
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I. INTRODUCTION

The probability of a rare event in stochastic reaction processes has been a subject of
much interest and extensive studies [1-27]. Such an event can drastically modify the picture
provided by the mean field dynamics, if that event brings the process to an absorbing
state. A representative example is the extinction of a population or a disease [1-24]. Under
the assumption of an isolated population, the state of the vanishing population or disease
is an absorbing state. In this case, even when the mean-field dynamics predicts that the
whole or infected population reaches a non-vanishing stationary value, called the stable fixed
point, a finite probability flux into the absorbing state leads to an eventual extinction of
the population or disease. The stable fixed point is converted into a transient state by the
stochastic noise in this case, implying the mean-field description is valid during a finite time,
and eventually breaks down. Obviously, the extinction event can be prevented by removing
the absorbing state. This can be done by introducing the influx of population or disease, so
that the state of the vanishing population or disease is not an absorbing state any more. The
rate of such an influx determines the relative dominance of the the mean-field stable fixed

point versus the state of vanishing population or disease on the stationary distribution [24].

A gene regulatory network with positive feedback [28], shares the same qualitative features
as the models of population dynamics or epidemics discussed above, in that the protein
activates its own production by binding to the DNA: when there is no protein production
from the inactive gene, the state of the vanishing number of proteins becomes an absorbing
state. A small amount of the protein production from the inactive gene, called the baseline
production, plays the role of population (disease) influx in the case of population dynamics
(epidemics), in that it removes the absorbing state. Therefore, it is clear that a similar
quantitative analysis can be conducted on the gene regulatory network as in the case of the
population dynamics or epidemics. Although the role of stochastic noise in gene regulation
has been a focus of much interest recently [29-68], it is difficult to find a quantitative analysis
of how the stochastic noise turns a stable fixed point into a transient state, and how the

baseline production rescues the proteins from being extinct, in a gene regulatory network.

In this work, we will consider the simplest form of genetic regulatory network with positive
feedback and obtain the time-dependent distribution as a numerical solution of the chemical

master equation. We also obtain an analytic solution under the assumption of appropriate



time-scale separations. We indeed see that the stable fixed point of the deterministic mean-
field dynamics turns into a transient peak of the probability distribution, and gets erased
from the stationary distribution in the absence of the baseline production. We then compute
the time-scale for the leakage of the probability to the absorbing state, and find that the
leakage time increases as the stochastic noise decreases, making the deterministic equation
valid for longer time duration. We then analyze how the baseline production from the
inactive gene ameliorates the effect of the stochastic noise by removing the absorbing state.
We show that the opposite effects of the stochastic noise and the baseline production can
be explained in terms of the position shift of the unstable fixed point.

The order of magnitude estimates using biological parameters suggest that for a real gene
regulatory network, the stochastic noise is sufficiently small so that not only is the leakage
time much larger than biologically relevant time-scales, but also the effect of the baseline
production dominates over that of the stochastic noise, leading to the protection from the

catastrophic rare event of protein extinction.

II. THE MODEL

The model we consider is the simplest genetic regulatory network with positive feedback
loop. We consider a protein X that binds to the DNA to activate its own production:
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where D* and D denote the DNA with protein bound and unbound, respectively. Although
X is produced from D* or D via transcription and translation, we assume that they can
be approximated as a one-step process. We assume that the degradation rate of the bound
protein is not greater than that of the free protein, so that 0 < p < 1. Although most of the
results presented are for p = 0, the value of p does not affect the qualitative feature of the

results. The nonnegative number e parametrizes the rate of transcription from the inactive



gene, called the baseline production [33, 42, 145, |69-71]. Because we are considering the

case of a positive feedback, the value of € is restricted to be 0 < e < 1.

III. THE DETERMINISTIC RATE EQUATION

We assume that the time-scale of equilibration between D and D* is much shorter than
other relevant time scales, so that they can be assumed to be equilibrated instantly. We
also assume that the number of X molecules is large enough so that its fluctuation can be

neglected. Then the probability that the DNA is bound to a protein molecule is given by
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at any instant of time, where 7 = l~€1 /ko with ky and 1251 being the binding and unbindin
rates between the protein X and the DNA, and x is the concentration of the protein X 4.
The rates for the production and the degradation of X are proportional to p(D*) + ep(D)
and z, respectively, leading to the deterministic rate equation

s Matre) b, (3)

T+T

describing the mean-field dynamics of x where its fluctuation is neglected. The effect of the
degradation of the bound protein is negligible in this limit, as shown in Appendix [E] and
therefore p does not appear in Eq.(3]).

Although physically > 0, we first obtain the fixed points of Eq.(3]) and examine their
stability without such restriction for the convenience of analysis. Fixed points of Eq.(3]) are

obtained by setting & to zero, which is equivalent to solving the equation

2? + (F —a/b)x —rae/b = 0. (4)
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! This is also called the transcriptional leakage, but we will refrain from using this terminology because we

The roots of Eq.(d]) are

will be using the word leakage in quite the opposite sense.

2 The concentration is defined as x = m/m, where m is the number of proteins and m is a large number
chosen to be of the order of average number of proteins [31]. The rates 7, k1, and @ of the rate equation,
and the corresponding quantities r, k, and a in the master equation, are related by 7 = r/m, k= ky/m,

and a = a/m. See appendix [El for details. 4



whose stability can be analyzed by expanding Eq.(B]) up to linear order in dz = x — x4

ox = H(zy)dz = {—bx + “(;Ciif)h or = (—b + %) . (6)

T

Because x; +7 > x_ +7 and (v +7)(x_ +7) = ar(1 — €)/b, we get
(r4 +7)? > af(l—€)/b> (v_ +7), (7)

from which we get ar(1 —¢€)/(zy +7)? < b and ar(l —€)/(x_ + 7)?> > b where the relations
are satisfied as equalities only when ¢ = 0 and a/b = 7 so that xy = x_. Therefore,
H(z;y) <0and H(z—) > 0if a/b# 7 or € > 0, whereas H(zy =0) =0 fore=a/b—7 = 0.
Consequently, we see that z, and z_ are stable and unstable fixed points respectively, for
the former case. For the latter case, the stability of x = 0 is analyzed by expanding Eq.(3])

up to second order in dx, where we find that

. 2ar(1 —
51 = H(0)02? = — 2L =950 g (8)

73
Therefore, z = 0 is a half-stable fixed point because dz/dz < 0 for dz > 0 and dz/dz > 0
for 0x < 0.

Now we restrict ourselves to the physical region of x > 0. When € > 0, x; > 0 and
x_ < 0, and therefore only x, lies in the physical region. Therefore x, > 0 is not only the
unique stable fixed point, but it is also the unique fixed point. For the case of € = 0, we
have z; > 0 and z_ =0 if a/b > 7, and z; = 0 and z_ < 0 if a/b < 7. Therefore, z, > 0
and x_ = 0 are the stable and unstable fixed points if a/b > 7, whereas x_ = 0 is the unique
stable fixed point that is also the unique fixed point if a/b < 7. Finally, the unique fixed
point at z = 0 for e = 0 and a/b = 7 is also a stable fixed point because now we allow only
dx with positive sign.

The results are summarized as follows:
i)e>0
zo=3[3-7 40

ii) e=0and a/b> 7

(SISt

—7)2+ %J > 0 is the unique fixed point that is stable.

There are two fixed points. ;. = a/b — 7 > 0 is the stable fixed point and x_ = 0 is the
unstable fixed point.
iii) e=0and a/b <7

x4 = 0 is the unique fixed point that is stable.
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Note that the case for ¢ > 0 can be understood in terms of position shift of a fixed
point, starting from € = 0 cases. Starting from the case (ii), turning on non-zero e shifts the
position of the unstable fixed point x_ = 0 to an unphysical value of x_ < 0, leaving only
the non-zero stable fixed point x, in the physical region, leading to the case (i). If we start
from the case (iii), the position of the unique stable fixed point x = 0 is shifted to xy > 0
by turning on non-zero e, again leading to the case (i). The position shift of the fixed point
at x = 0 by the baseline production and the stochastic noise will be discussed again later
(Section [VII)), where we will show that their effects are opposite to each other.

The case of e = 0 and a/b > 7 is of much interest, because the features of the stationary
distribution obtained from the stochastic equation is quite the opposite to the picture offered
by the deterministic rate equation. Because z, is the unique stable fixed point of the
deterministic rate equation, x — x, in the limit of ¢ — oo, even if the initial value of x was
close to z = 0. This seems to suggest that in the context of the stochastic dynamics, the
stationary distribution should have a peak near x,. However, as will be shown next, the
stationary distribution is concentrated at x = 0 which was predicted to be an unstable fixed
point, and has vanishing probability at the stable fixed point. We will see that introducing
a nonzero value of € ameliorates this effect, but as long as its value is sufficiently small, the

probability distribution is still dominated by z = 0.

IV. CHEMICAL MASTER EQUATION

There are two sources of stochastic noise: The fluctuation of the protein numbers, and the
fluctuation between the bound and unbound states of the DNA [9. To fully incorporate the
effects of these fluctuations, we should consider the probability P(m,n,t) that the number
of free and bound protein molecules are m(= 0,1, ---) and n(= 0, 1) at time ¢. The chemical

master equation describing the time-evolution of P(m,n,t) is

P(m,0) = —koP(m,0)m + k1 P(m — 1,1) + eaP(m — 1,0) — eaP(m, 0)
+bP(m +1,0)(m + 1) — bP(m,0)m + pbP(m, 1)

P(m,1) =k P(m+1,0)(m+1) — kyP(m,1)+aP(m—1,1) — aP(m,1)
+bP(m+1,1)(m+ 1) — bP(m,1)m — pbP(m, 1). 9)

3 The latter can also be considered as the fluctuation in the molecule numbers, the number of un-

bound(bound) DNA molecule fluctuating between 0 and 1.
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where it is to be understood that P(m,n,t) = 0 whenever m < 0. Let us call the states
with n = 0 and n = 1 as the free and the bound mode, the set of states with free and
protein-bound DNA| respectively. The Markov chain corresponding to Eq.(d) is shown in
Figure [Il where we immediately see that (m,n) = (0,0) is an absorbing state for ¢ = 0,
because once the system enters this state due to stochastic fluctuation, there is no way that
it can escape to another state, because no protein molecule can be produced from a free
DNA. In other words,

P (m,n) = 80000 (10)

is not only a stationary solution of Eq.([d) with ¢ = 0, but also P(m,n,t) converges to
P (m,n) regardless of the initial condition [72]. This is in stark contrast to the picture
given by the deterministic rate equation Eq.(3]), where the system is predicted to move away
from m = 0 and converges to a state with non-vanishing number of the protein molecules.
The situation is different from that of a mutual repressor model where the number of peaks of
the stationary distribution differs from that of the stable fixed point only when the stochastic
noise is sufficiently large [66]. In the current model, the results of the deterministic and the
stochastic equations contradict each other for all parameter values, as long as € = 0.

The vanishing probability for states other than (m,n) = (0,0) at ¢ — oo comes from
the fact that (m,n) = (0,0) is an absorbing state of the system and does not depend on
the details of the model (Appendix [Al). Similar situation has also been encountered in mod-
els of population dynamics, epidemics, and low-dimensional percolation, whose stochastic
master equations share similar structures as the current model of gene regulatory network,
Eq.(II) [1-23, 25-27]. There, it has been found that the stable fixed point becomes a
transient peak of a quasi-steady distribution instead of the true stationary one. The same
statement can be made for the current model by analyzing the time-dependent behavior of

the probability distribution, as shown next.

A. Numerical computation of time-dependent solutions for ¢ =0

Because it is difficult to obtain a general time-dependent solution of Eq.(@]) in an analytic
form, the equation was solved numerically using the finite-buffer discrete chemical master
equation method |73, 74|, where the state space is truncated to a finite subspace. The

state space was truncated so that m < 30, which is a reasonable approximation because
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P(30,n,t) < 1075 at all times, for the initial conditions and the parameters used in the
computation. The master equation was integrated using EXPOKIT package [75]. For ease
of comparison with the results from the next sections, the marginal probability distribution
pm(t) = P(m,0,t) + P(m — 1,1,t) was obtained, which is the probability that the total
number of proteins, both bound and unbound, is m at time . The marginal distributions
pm(t) at t = 05071, 1.067", 2.0b71, and 10.0b™" are shown in Figure[2l (a) and (b), where the
parameters used are a = 100, kg = k; = 100b, p = 0, and € = 0. The initial conditions are
P(m,0,0) = 0.20,,4 and P(m,1,0) = 0.89,,3 for Figure 2(a) and P(m,0,0) = 0.06253,, 15
and P(m,1,0) = 0.93756,, 14 for Figure 2[(b). The distribution becomes independent of the
initial condition around ¢ = 10b7!, and the peak of the distribution for m > 0 is indeed
found at the stable fixed point of the deterministic rate equation, m* = a/b —r = 9. The
peak at the stable fixed point is maintained at later times, but its height decreases due to
the leakage of the probability to the state m = 0, as can be seen in p,,(t) for ¢t = 100.067,
t = 1000.067%, ¢+ = 2000.0b7%, and ¢ = 3000.0b~!, shown in Figures @ (c) for the same
parameters. The stable fixed point of the deterministic rate equation has been changed to

a transient peak due to the stochastic noise, as expected.

B. Analytic form of the stationary distribution

The stationary distribution of the master equation Eq.(@) can be obtained analytically,
under the assumption that the rates for the binding and unbinding of the protein molecule
to DNA is instantaneous. We first replace the parameters k; by K = ko and r = ky /ko.

Then, in the limit of K — 0o, we derive the master equation for the marginal probability

pm(t) (Appendix [B)):
_bm+1)(r +m+p) bm(r+m — 1+ p) a(m + re)

N m+1+r Pm1 = m+r Pm m+r Pm

alm—1+er)
Y Pm-1, 11
* m—1+7r Pm=1 (11)

m

where p_1(t) = 0. The corresponding Markov chain is shown in Figure Bl

First, we compute the stationary distribution. In general, obtaining an analytic form of
the stationary solution is difficult, and one often resorts to additional approximations such
as WKB formalism [1-23, 27]. However, the stationary solution of Eq.(1]) can be computed

exactly, by noting that a stationary distribution of a Markov chain without a cycle must
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obey a stronger condition called the detailed balance [76-78], which is

bmm+r—1+4+p) o  alm—1)+ear

m+r " mtr—1 Pm-b

(12)

for the Markov chain described by Eq.([T]). Eq.(I2) can be solved to obtain the solution:

a)’”—l (m +r)['(m + re)

piﬁb(e):C(— mlD(m+7r+p)

2 (13)

where C' is the normalization constant. When ¢ = 0, I'(m + re) term in the numerator
diverges for m = 0, and therefore C' = 0 and consequently pt (e = 0) = 0 for m > 0,

recovering the obvious result:

pt(e=0) =00 (14)

C. Analytic form of a time-dependent solution for ¢ =0

Now consider a time-dependent solution of Eq.(d]) for ¢ = 0. Denoting the transition
rate from the state with protein number m to that with n as k,,_,,, we see that k,, s,,11 =
am/(m 4+ r) and kpm1 = bm(r +m — 1+ p)/(m + r). Therefore, kym—1/kmosms1 =
b(m 4+ r 4+ p — 1)/a, and although there is a non-zero probability for transitions in both
directions for m > 0, the most probable direction for transition is the positive direction for
0<m<a/b+1—r—p, and negative direction for m > a/b+ 1 — r — p, consistent with
the picture provided by the deterministic rate equation: The particle number converges to
a non-zero stable fixed point. While there is a non-zero probability that the system makes
a series of transitions in negative direction to m = 0 and gets trapped there, the probability
for such a rare event can be neglected at early times. Therefore, we assume additional time-
scale separation, that py(t) is essentially constant during the time-scale where the states
with m > 0 equilibrate among themselves. We have already seen that this assumption is
reasonable, by numerically solving the original master equation Eq.([@), but it can also be
checked from the analytical solution itself a posteriori, as will be discussed below.

During the time-scale where the leakage to m = 0 state is negligible, the dynamics of the

states with m > 0 is described the approximate equation

b(m+1)(r+m+p) _bm(r+m—1+p)

Pm(t) = m 1ty Pm+1(t) mLr Pm(t)(1 = dm1)
)+ ) (15
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which is obtained from Eq.(IT]) with e = 0 by blocking the transition from the state m = 1
to m = 0. Then the quasi-steady distribution for m > 0 can be defined as the stationary
solution of the modified master equation (I5). The detailed balance condition for Eq.(I5])
is again given by Eq.(I2]) with ¢ = 0, except that now the value of m is restricted to be

positive, leading to the quasi-steady distribution

a)m—l m+r
I'(

qs:é(_ )
Prm m+r+p)

2 (16)

The quasi-steady distribution p® has exactly the same form as the stationary distribution
P in Eq.([I3) for e = 0, but because m is restricted to be positive values, C' is not zero
any more. Once we take the leakage to m = 0 state into account, the overall normalization

constant C' becomes a slowly decreasing function of time. From the normalization condition

S P =1—p(t), we have

e =0-mo) |3 ()

for m > 0.

-1

(%)m_l ml“(nﬂz::%— p) (a7)

The local maximum m™* of the quasi-steady distribution is obtained from the condition

P a(m—1)(m+r)
Pt bm(m 47 —1)(m+7r+p—1)

=1, (18)

where it is to be understood that the actual value of m* should be taken as the integer value

close to the real value of m satisfying Eq.(I8]). In the regime where m* > 1, Eq.(I8)) reduces

to
a
~ 1 19
b(m* + r) ’ (19)
from which we get
m*:%—r>>1. (20)

The deterministic rate equation is written in terms of the concentration x = m/m, where m
is a large number of size O(m*), and by defining a = a/m and 7 = r/m, Eq.(20) is rewritten
as

r*~——7 (fora/b—r>1). (21)

Because m* ~ a/b— r is the most probable number of protein molecules at early times, it is

of the order of average molecules. In this case, the magnitude of the fluctuation is expected

10



to be of order O(y/m*), and consequently the relative error is of order O((m*)~*/2) 79, 80].
Therefore, (m*)~"2 ~ (a/b — r)~'/? can be considered as the parameter characterizing the
size of the stochastic noise due to the protein number fluctuation, and Eq.(21]) tells us that
the peak of the quasi-steady distribution is concentrated at the stable fixed point of the
deterministic rate equation if the stochastic noise is small.

We note that for m* = a/b —r > 1, typical values of the transition rates k,,_,, between
m > 0 and n > 0 are much larger than k;_,o. For m > 0, we have ky, ymi1 = am/(m +
r) ~ am*/(m* +1r) = a—br > b = ki by the assumption a/b — r > 1. Similarly,
km—osm—1 = bm(m + 1+ p)/(m+7r) ~ bm* =bla/b—1r) =a—br > b= ki Therefore,
states around m ~ 1 act as a probabilistic barrier if a/b—r > 1, and the approximation used
in deriving Eq.(IT) is justified. In fact, the analytic form of the quasi-steady distribution
in Eq.(I0) nicely captures the shape of the actual probability distribution even for a = 100,
as shown Figures 2(a) and 2(b). In the figures, the quasi-steady solution Eq.(I6]) is shown
as filled circles, where the overall normalization was adjusted to obtain the best fit with
the numerical solution ¢ = 10.0b=!. We find excellent agreement regardless of the initial
condition.

We can also obtain the analytic form of py(¢) that determines the overall normalization
1 — po(t) of the quasi-steady distribution for m > 0. From Eq.(II]), we have

b(r + p)
r+1

po(t) = pi(t). (22)

for e = 0. Since we are using the quasi-steady state approximation for p,,(t) with m > 0,

we may substitute p{°(¢) given in Eq.([I7) into p,(¢) of Eq.([22) to get

i) =0 = it | (G) ey | O ome) 03
the solution of which is
po(t) =1 —exp(—t/7,) (24)
where
4 b =L says-1 (s+71) -
Te = L(r+ p) ; (3) sI'(s+r+p) (25)

Eqgs.(IT), 24) and ([25) completely specify the analytic form of the time-dependent distri-

bution.
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V. THE TIME-SCALE SEPARATION AND THE RATE OF LEAKAGE

In general, when we construct a matrix K whose (7,5)-th element is given by the transition
rate k;_,; of a Markov process, then zero is an eigenvalue of K, and all the remaining non-zero
eigenvalues are negative [72]. Let us denote the negative eigenvalues as 0 > Ay > Ay > -+ -,
and call \; the lowest eigenvalue. These eigenvalues parametrize the multi-exponential

convergence of the probability distribution p,,(t) to the stationary one pt:
() = Pl + > v exp(—|Aelt), (26)
k

where v{¥) is the m-the component of the eigenvector corresponding to the eigenvalue A,

whose normalization is determined by the initial condition. In general, the multi-exponential

behavior in Eq.(26]) can be approximated as a single exponential:
P () == Py + 05 exp(=| A1), (27)

if t > |\|, in which case |p5f — p,,(t)] < 1. However, if we have a time-scale separation
so that [A\| < [\g| for & > 2, then the single-exponential Eq.(26)) is a good approximation
even for t ~ |\;|7!, where the deviation pf' — p,,(t) is sizeable.

We have already argued in the previous section that the time-scales are more separated
for larger values of a/b — r, where the short time-scale is the equilibration time of m > 0
states, and the long time-scale is the one for the leakage to the m = 0 state. To confirm this
and to examine various properties of the leakage time, we performed numerical computation,
using the method explained previously. The graphs of p§' — po(t) = 1 — po(¢) for a/b =5,
r=1, K/b =00, p =0, and € = 0, are shown in Figure [ with dashed lines for several
initial conditions, where the vertical axis is in log scale. We indeed see that they form
parallel straight lines for bt 2 10 , where 1 — po(t) < 0.8, confirming the single exponential
form in Eq.(@27). The graphs of 1 — py(t) for a/b = 10, r = 1, p = 0, and € = 0, are also
plotted in Figure [ for several values of K /b, where the single-exponential form is found for
1 —po(t) $ 0.9 when K/b > 1, again indicating the time-scale separation. These results do
not depend on initial probability distribution unless it is concentrated near m = 0, which is
again due to the time-scale separation (Appendix [C]).

We also see that the increase of K /b slows down the leakage to m = 0, which is also

confirmed in the graph of the dimensionless mean leakage time br as a function of K /b in
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Figure [6l shown for both p = 0 and p = 0.2, with other parameters being the same as those
in Figure The faster leakage for a smaller value of K/b is due to the free mode that
flows straight down to m = 0 state without wasting time by making frequent transitions
to the bound mode where the mean direction of flow is in the positive m direction (FigI).
This is even more evident from the separate snapshots of the time-dependent probability
distributions for the bound and free modes in Figure [7, where the behaviors for K/b = 1
and K /b = 100 are compared. We note in Figure [@] that increase of p leads to the decrease
of 7 as is should, but the fact that it is an increasing function of K /b remains unchanged.
This feature was observed up to p = 1 (Data not shown). Note that the fluctuation between
the bound and the unbound mode is also a stochastic noise. From the results above, we see
that the effect of this fluctuation is qualitatively similar to that of the free protein number
fluctuation, in that it enhances the leakage to the absorbing state. The behavior of py(t)
becomes highly dependent on initial conditions for K /b < 1, as in the case of a small value
of a/b —r, due to the decoupling of the free and the bound mode: If the initial distribution
is concentrated at the free mode, it is most probable that the proteins quickly get extinct
before there is a chance for a protein to bind to the DNA, whereas if the initial distribution
is concentrated on the bound state, it is most probable that protein number stays non-zero
for some time before becoming extinct much later. The graphs of 1 — pg(t) are shown in
Figure ® for p = 0, ¢ = 0, a/b = 100, r = 0.4, and K /b = 0.005, for the initial conditions
P(m,n,0) = 0,,500n,1 (gray line), and P(m,n,0) = d,, 50000 (black line), respectively [1. We
see that not only py(t) depends on the initial condition, but also 1 — py(¢) is not even a
single exponential for the second initial condition, indicating that the time-scale separation
does not hold any more. These features can be most easily understood by considering the
extreme case of K/b = 0 where analytic solution is available (Appendix [D)). It is obvious
that a nonzero value of K /b acts only as a perturbation if it is sufficiently small, and therefore
the qualitative features of K/b = 0 case are maintained.

Note that the form of py(t) obtained under the quasi-steady approximation, Eq.(24]),
already has a single exponential form. This is because it is the solution of Eq.(23]) that is
an approximation obtained under the assumption that the m > 0 modes are equilibrated

instantly. The assumption of instantaneous equilibration underestimates the leakage time,

4 The states were truncated at m = 1000. The probability at m = 1000 remained below 2 x 10764 at all

times.
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because actually it takes a finite time for a state with m > 1 to reach m = 1. However,
it can be shown that |\| — Tq_l in the limit where ki_0/k(m>0)—nm>0) — 0 (Appendix [C]).
Therefore, the approximation is better for larger value of a/b — r. The graph of 1 — po(t)
obtained from the quasi-steady approximation, Eq.(24]), is also shown in Figures [] and [
where we indeed see that the leakage is faster than that of the exact solution at K/b = oo,
but captures the exact behavior much better at a/b —r = 9 where the time-scales are more
separated, compared to a/b —r = 4.

In summary, for a/b—r = 4 and K/b = oo, the time-scales are sufficiently well separated
in order for py(t) to follow a single exponential form for po(¢) 2 0.2, but not separated enough
for [A;] to be approximated by 7,". For a/b—7r =9 and K /b = oo, the time-scales are much
better separated so that not only py(t) follows a single exponential form for py(t) = 0.1, but
also | M| ~ 7,71, For a/b—r =100 and K /b = 0.005, po(t) does not follow single exponential
form in general, because the time-scales are not well separated.

Note that even for sufficiently large K /b, the probability distribution is dominated by the
stable fixed point at x = z, only for t < 7 = |A\;|~!. That is, the average behavior of the
system follows the deterministic rate equation only at early times. For t > 7, the probability
distribution approaches the stationary one, and we have p,,(t) =~ d,,0. However, also note
that larger the value of m* = a/b— r, the smaller the stochastic noise, and hence better the
deterministic approximation. In fact, the analytic form of 7, for K/b = oo in Eq.(25]) shows
that it is an exponentially increasing function of a/b — r, as shown in Figure [ for several
values of 7, and 7 — oo in the limit of a/b — r — oo. That is, if the stochastic noise is
very small, it takes a very long time for the probability distribution to make transition from
the transient quasi-steady state to the true stationary one, and indeed the dynamics is well
described by the deterministic rate equation for a long time duration. Because a large value

of r leads to the dominance of the free mode, it is obvious that the increase of r speeds up

the leakage, as shown in figure.

VI. EFFECT OF THE BASELINE PRODUCTION

When € > 0, the numerator in Eq.(I3]) does not diverge for m = 0, and this expression
is well defined for m > 0 with a nonzero value of C. Therefore, p,(t) for m > 0 does not

vanish in the limit of ¢ — oo, in contrast to the case of € = 0. This is because m = 0 is
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not an absorbing state any more. Similar situation is encountered in population dynamics,
where influx of immigration plays the role of baseline production in the current model [24].
However, the discussion for ¢ = 0 is still relevant when ¢ is sufficiently small, because the
initial behavior of the time-dependent probability distribution is similar to that for e = 0:
The stable fixed point of the deterministic equation is the dominant state only at early times,
and the occupation probability of the stable fixed point of the deterministic rate equation
will be much smaller than py(¢) in the limit of ¢ — oo, most of it concentrated at m = 0.

By comparing Eqs.(I3]) and (I6), we find that the functional form of p®(t) for m > 1 is
approximately equal to that of p(e), up to the overall normalization constant, as long as
€ is sufficiently small. Therefore, the stationary distribution for € > 0 is approximately the
same as the analytic form of the time-dependent distribution in Eq.(I7) for e = 0 at some
time-point ¢. That is, we can find a pair of ¢ and € satisfying p®(¢) ~ p* (¢). For example, for
a/b =10 and r = 1, we find that p(t = 20006~") for K/b = 100 and ¢ = 0 shows a reasonably
good agreement with p**(e = 0.000035) for both K/b = 100 and K/b = co (Figure 2l (c)).
The graph of p§‘(e) is shown in Figure [I0l for several values of K, where we see that it is
a monotonically decreasing function of € as to be expected. The effect of K/b on p§'(e) is
similar_to its effect on po(t): a large value of K /b hinders the flow of the probability to
m = 0.

In summary, the baseline production ameliorates the effect of the stochastic noise in that
Pt > 0 for m > 0, but for sufficiently small €, the qualitative behavior of the probability
distribution is similar to that for e = 0: at early times, the probability distribution converges
to a quasi-steady distribution dominated by the stable fixed point, but the stable fixed point
is almost erased in the limit of ¢ — oo, although not completely destroyed. When ¢ is large
enough so that the peak of pt(¢) around the stable fixed point is comparable to p§(e) , we
have a bistability driven by the stochastic noise in the limit of ¢ — oo [33]. For both of these
cases, the deterministic rate equation describes the average behavior of the system only at
early times. When € is too large, then the effect of the baseline production dominates that
of the stochastic noise in that p§‘(e) is now smaller than the peak of pf! (¢) at the stable fixed
point. Then the deterministic rate equation description is valid throughout all the time

scales, as long as the average behavior is concerned. Therefore, the effect of the baseline

® The stationary distributions were obtained by using successive over-relaxation(SOR) algorithm [81] that

ensures fast convergence.
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production is to oppose that of the stochastic noise. The stochastic noise and the baseline
production have also been shown to exhibit opposite effects on the response to the the change
of the production and/or the decay rates , the former and the latter favoring the binary and
the graded responses, respectively [42].

The threshold value €y, defined as the value of ¢ where the area under the two peaks
are equal, is plotted in Figure [] as the function of a/b — r, for several values of r, for
p =0, and K/b = co. We see that €y is an exponentially decreasing function of a/b — r.
The fact that € is a decreasing function of a/b — r is to be expected: Because the effect of
the stochastic noise and the baseline production oppose each other, larger (smaller) amount
of baseline production is required to overcome the effect of the stochastic noise for larger
(smaller) stochastic noise, corresponding to a smaller (larger) value of a/b — r. Also, for a
larger value of r, the leakage effect is enhanced, and therefore more baseline production is
required to resist such a leakage. As we will discuss in the next section, we can interpret
the opposite effects of the stochastic noise and the baseline production in terms of the shift

of the position of the unstable fixed point.

VII. SHIFT OF THE FIXED POINTS BY STOCHASTIC NOISE

We have seen in the context of the deterministic setting that the position of a fixed point
gets shifted by the baseline production, and such a shift can remove the fixed point from the
physical region. In the stochastic formalism, a fixed point turns into an extremum of the
stationary distribution, and its position gets shifted not only by the baseline production, but
also by the stochastic noise [82,183]. To study this effect, and to see when the picture offered
by the fixed points breaks down, we first go to the continuum limit where the chemical
master equation for the stationary distribution turns into the Fokker-Planck equation of the

form [31] (Appendix [E])
0, (Ale)n" (x)) + %aﬁ (B(a)r(x)) = 0. (28)

where



with 7 = r/m and a = a/m. We note that a fixed point 2* of the deterministic rate equation

satisfies the equation A(xz*) = 0 with m™' = 0. The general solution of Eq.(28) is

Now let us consider the extremum of 7°*(z) when B(x) is very small. Taking derivative of

75t (x) with respect to x and setting it to zero, we get

= we) B - we) o o

from which we get the equation for the extremum x,,:
A(xy,) — B'(x,)/2=0. (32)

That is, we see that to the zeroth order of m™!, z,, coincides with a fixed point x* of the
deterministic rate equation, and the small stochastic noise acts as a perturbation that shifts
the position of the x,, with respect to x*. To see whether z,, is a local maximum or minimum

of 7 (x), we compute the second derivative of 7r5t(:)3) at T,

dzﬁStz(x) - Cx oo ([ dZ2A(Zz) [2A(x

o E </ 2i(<z)>> '2?4(% r) 24 <sj @) B') | B
T B@ P (/ mdz B<z>) _B@ 5@ B T BRr,,
5w ([ =55 B - BB&” (32)

where Eq.(32) was used to derive the last line. From Eq.(33), we see that the sign of 7" (x,,,)
is determined by A'(x,,) — B"(2,,)/2, which is A'(x,)|m-1—0 to the zeroth order in m~!. The
result tells us that a stable (unstable) fixed point of the deterministic rate equation becomes
a local maximum (minimum) of the steady-state probability distribution. There are two
factors that modify the picture offered by the fixed point analysis. First, as shown earlier,
the position shift of a fixed point may remove it from the physical region. Second, the
probability distribution may possess an additional local maximum at the boundary of the
physical region, x = 0. This kind of local maximum is not related to a fixed point of the rate

equation, because it is not obtained by taking the derivative to zero, and this new maximum

6 There is another independent solution of the form C'B(x)~!exp (fz dz 2;((;))) J* dyexp ( [Y du QA(u“)))

which is discarded by requiring that 7%*(x) is normalizable.

17



may even dominate the behavior of the system. For the extreme case of ¢ = 0, we find
that B(z)™! ~ 1/x X constant as x — 0, and therefore the overall multiplicative constant in
Eq.(30) should vanish, leading to 7%(xz) = §(z) as expected.

Now we analyze how perturbations of order m~! and e shift the positions of the extrema

when A(z) and B(x) are given as in Eq.(29]). We have

B'(x,)
A _
(Zm) 5
e ti) Ly, bellop) 1 faltid
Ty + T m(z, +7)  2m T o
= = 1-— 1 a T r
il ) ) (6 dm )
s Mo ¥7) D Nom TF " (om + P

By multiplying Eq.([34]) by z,, + 7, we obtain

— by (T + 7) + @z, + 7€) — 1 <a;(17;;)

o +b(F + (2p — 1)xm)> —0  (35)

1

Now, to find out the shift of x,, to the leading order in m™" and ¢, we make expansion

Tm = T* + 0z, where z* is a fixed-point of the deterministic rate equation with € = 0:

*

ax

A *m*—szz_b* po
(& s = —ba”

=0 (36)

Eq.(35) is now expanded to the first order in m~! and ¢, to obtain

(—2bz* — bF + a)dx = —afe + % (xai =+ b(r + (2p — 1)3:*)) +0(m™2, e, mte), (37)
from which we obtain that
S = (—2bx* — bF +a)~* [—dfe + i_ < ff — +b(F + (2p — 1):[;*))] : (38)
2m \x* +7r
When z* = 0, we get
dx = (a—bF) ™ {—dfe + % (a+ bf)] : (39)

If @ > br so that z* = 0 is a local minimum (unstable fixed point), then dz > 0 if m~'(a +
br) > 2are and 0x < 0 otherwise. The stable fixed point also tends to get shifted in the
opposite directions by the stochastic noise and the baseline production( Appendix [E).

In summary, the opposite effects of the stochastic noise and the baseline production on
the stationary distribution can be interpreted in terms of the position shift of the unstable

fixed point: The former and the latter tends to shift the position of the unstable fixed point

18



into the positive and the negative directions, respectively. The erasure of stable fixed point
by stochastic noise, as well as the noise-driven bistability, can be understood in terms of
the position shift of the unstable fixed point at z = 0 (Figure [2]). When the effect of the
stochastic noise is larger than that of the baseline production, the position of the unstable
fixed point x = 0 shifts to the region of positive z, and x = 0 becomes the local maximum
of the probability distribution without vanishing derivative, which may even dominate the

behavior of the stationary state if the shift is sufficiently large.

VIII. NUMERICAL ESTIMATES USING BIOLOGICAL PARAMETERS

Most of the parameters used below are for the Lac system of the bacteria Escherichia Coli.
Although Lac system is not a positive feedback loop, these parameters are used just for the

order of magnitude estimatd]. The maximal production rate of the E. Coli is a ~ 100 min~!

(BNID 100738), using the data for the protein LacY and LacZ [85, 86]. Even for most
unstable protein in E. coli, the degradation rate is b ~ 1 min~' [87-91] (BNID 109921),
giving the estimate of

a/b > 100. (40)

To estimate r, we use the values of binding constant koV = 0.0027(s nM)~! ~ 0.003(s nM)~! =
0.003 s7! x (1072 mol)™! x 1072 m?® [92] and unbinding constant k; = 0.0023(s)~! ~
0.002(s)~! [93] of E. coli lac repressor (LacL) [94] (BNID 106521), as well as the volume of
E. Coli, V ~ 1um?® = 10718 m3 [95, 96] (BNID 114924, 114925), to get

0.003(s mol)~* x 10® m?3

6 x 1023 molecules mol™! x 10~ 18m?3
k1/b~0.002s7' x 60s=0.12,

ko/b ~

X 60 s = 0.3 molecule ™,

For simplicity we assume p = 0 throughout the estimates. The numerical computation for
the parameters given above cannot be conducted long enough to compute 7, due to the
accumulation of numerical errors. However, the probability distribution remains peaked

around m ~ 100 and shows no sign of leakage to m = 0, up to 10° min (Fig. I3 red line),

7 The authors thank an anonymous referee ffor providing the parameters.
8 The ID number of BioNumber Database [84].
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regardless of the initial condition. This indicates that 7 > 10% min. Considering the fact

that the cell generation time of E. Coli is Teyee ~ 100 min [97] (BNID 105065), we see that
T > Toye. (42)

These results suggest that the leakage to zero-protein state will be unobservable in real
biological system even if there is no baseline production.

In reality, € > 0 except for artificially engineered systems [98-100]. For Lac promotor, we
have ¢ = 1072 [101] (BNID 102075). With other parameters given as above, this amount of
baseline production is sufficient to dominate over the effect of the stochastic noise, as shown
in the stationary distribution that is peaked around m ~ 100, with no trace of peak near
m = 0 (Fig. 03]). The effect of the baseline production is more important than that of the
large value of 7, because it helps the system to start the positive feedback loop even if there
is no protein in the beginning. Even if use the initial condition P(m,n,0) = d,,,00,,0, the
amount of the baseline production above is sufficient to let the system quickly escape from
the state (m,n) = (0,0). Only 30% of the probability remains at m = 0 at ¢t = 50 min,
as shown in Figure I3l Therefore, from these results, we expect that for wild-type genetic
regulatory networks, the baseline production will restore the non-zero stable fixed point as

the dominant peak of the stationary distribution.

IX. DISCUSSION

It is a well-known fact that stochastic noise modifies the picture provided by the de-
terministic rate equation. A representative example is the conversion of the stable fixed
point into a transient peak of the probability distribution and its complete removal from
the stationary distribution. Although this phenomenon has been extensively studied in the
context of population dynamics and epidemics, it has been seldom discussed for the models
of gene-regulatory networks.

In this work, we performed quantitative analysis of transient dynamics of the simplest
auto regulatory genetic circuit with positive feedback, both numerically and analytically. We
found that as long as the magnitude of the baseline production is sufficiently small compared
to that of the stochastic noise, the unique stable fixed point turns into a dominant peak of the

transient, quasi-steady distribution, instead of the true stationary state. In the extreme case
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of vanishing baseline production, the trace of the stable fixed point is completely erased from
the stationary distribution due to an absorbing state. However, for very small stochastic
noise, the probability distribution is dominated by the stable fixed point for a very long time
duration. In fact, we find that the leakage time is an exponentially increasing function of the
inverse square of the relative fluctuation, a/b — r (Figldl). This clarifies the true meaning of
the statement that the chemical master equation is well approximated by the deterministic
rate equation when the stochastic noise is small. For a given time, the deterministic rate
equation becomes a better approximation of the system as the noise is reduced. Also, the
time duration for which deterministic description is valid becomes longer as the noise is
reduced. The contradiction between the stochastic and the deterministic equation appeared
only because we took the t — oo limit first. Considering that the biological processes occur
within a finite time duration, the transient behavior may more be biologically relevant than
the true stationary distribution of the chemical master equation. The importance of the
transient behavior has also been emphasized for the stochastic decision process in A-phage
system [102]1.

In reality, there is always a small amount of baseline production from an inactive gene,
except for artificially engineered systems [98-100]. Because the baseline production removes
the absorbing state, its effect is opposite to that of the stochastic noise. The magnitude
of the baseline production relative to that of the stochastic noise determines the relative
dominance of the non-zero stable fixed point relative to the peak at the zero-protein state,
in the stationary distribution. In fact, we find that the baseline production rate required
for overcoming the stochastic effect is an exponentially decreasing function of the inverse
square of the relative fluctuation, a/b—r (FiglITl). We also showed that the opposite effects
of the stochastic noise and that of the baseline production can be interpreted in terms of
the position shift of the unstable fixed point.

The order of magnitude estimates using biological parameters suggest that for a real gene
regulatory network, the stochastic noise is sufficiently small so that not only is the leakage
time much larger than biologically relevant time-scales, but also the effect of the baseline

production completely dominates over that of the stochastic noise. Therefore, the wild-type

9 The main difference from the current result is that for the A-phage decision circuit, the transient and
the stationary behaviors of the deterministic and stochastic equations coincide, whereas for the simple
auto-regulatory model considered here, the stationary behavior of the deterministic equation corresponds

to the transient one of the stochastic equation.

21



gene-regulatory networks seem to be protected from the catastrophic rare event of protein

extinction, by both of these effects.
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Appendix A: Demonstration of vanishing stationary probability of non-zero protein

numbers in other models of gene regulatory network

The delta function form of the stationary distribution, Eq.(I0), is due to the fact that
the zero-protein state is an absorbing state of the system. Therefore, the stationary state
is either Kronecker delta function or Dirac delta function concentrated at the zero-protein
state, as long as there is no baseline production from the inactive gene, and the result does
not depend on a specific form of the noise. We will consider several models in the literature
below.

Let us consider the model defined by the continuous master equation [33, 42]

D) 2 ) + 2 [ vl =y )ole)—ate) (A

0

1+ eca’™
1+ cax'®H

where x is the concentration of the protein. Here, because the decay and the produc-
tion terms are given by the first-order derivative and the integral terms, respectively, this
model has less degradation noise and more production noise compared to the Fokker-Planck
description, where both the decay and the production are described by the second-order

derivatives. The stationary solution is given by
pSt(ZL') — Axa—le—x/ﬁ(l + C:L'H)a(e_l)/H (AQ)

The positive regulation corresponds to H < 0, and in this case 1 + cxfl — cz?’ as 2 — 0.
Therefore, p(z) — Az* as  — 0, and [;° dap(x) diverges if ¢ = 0 and A > 0. In fact,

the normalization [ dxp(x) = 1 requires that A ~ e — 0 as e — 0. Therefore, p(z) = 0 for

10 The solutions given in ref.|33] and ref.|42] are slightly different, but we adopt the convention of the latter

which is more natural. The difference disappears for ¢ — 0.
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x > 0, and consequently p(z) = 04 (z) for € = 0, where the distribution 0, (x) is defined by
the property that d,(z) =0 for z > 0 and [ dzd,(z) = 1.

Next we consider a discrete model where the proteins form dimer in the bulk and then
bind to either DNA or RNA for positive regulation [38]. For the transcriptional regulation
with fast mRNA dynamics, we have the stationary solution of the form

n—1 .
w oY ( fG@) oy — 1)
n — r— -+ A3
p " 1:[1 ; " (A3)

for n > 0, where

_ 1L+ pkj (Ang(n))’
f(n) = Z Tk i exp(—Ana(n)) (A4)
j=0
with
ns(n) = g+ 2 —avn +a? (Ab)
The zero baseline production corresponds to the limit of » — 0 and p — co with finite value

of rp which is proportional to the transcription rate from the active DNA . Because r@
in the parenthesis of Eq.([A3]) remains finite in this limit, p** for n > 0 all vanish due to
the extra r in the front of the right-hand side of Eq.(A3]), leading to pS' = d,,0 due to the
normlization.

In the continuum limit, Eq.([A3]) is approximated as

pH(@) = Az le /P exp(r / " duf(u) ). (A6)
where |

f=% e ) (A7)
with

xo(x) = % + a? — VAaVz + Aa? (A8)

Because the zero baseline production corresponds to » — 0 with rp finite, we have

o) = 2 oAt (A9

and since xo(x) — x/2 as x — 0, we have rf(z) oc x for small z in the case of zero baseline
production, and consequently r fj duf(u)/u is non-zero and finite. Therefore, from Eq.([Ag])

1

we see that p™(x) o 7! as * — 0, and again we see that the integral of p(z) diverges

unless A. = 0. Therefore, we again see that p(x) = 0, (). When there is a non-zero baseline
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production, rf(z) — r as  — 0, and r [ duf(u)/u = rIn(z/c). Therefore p*(z) oc 2"~ as
x — 0 so the integral of p™(x) remains finite.

The discrete and continuous solutions for the transcriptional regulation under the fast
protein dynamics, as well those under translational regulations, have similar forms as the
ones presented above, so they can be shown to reduce to Dirac delta and Kronecker delta
functions respectively in the absence of the baseline production, following the same logic as

above.

Appendix B: Derivation of the reduced master equation (1) in the limit of fast

equilibration of DNA.

We redefine the parameters and the variables in Eq(Q):
K=ky, r=k/ko
Pm = P(m,0)+ P(m —1,1)
¢ mP(m,0) —rP(m —1,1)

m+4r
where the time index is suppressed for notational simplicity. P(m,n) are then expressed in

: (B1)

terms of p,, and &,, as

P == m m
(m,0) P €
m
Pim—1,1) = m — Em B2
(m—1.1) = 2 — ¢ (52)

By substituting Eq.(B2) into Eq.(@), we obtain
Pm = P(m,0) + P(m —1,1)
=eaP(m —1,0) — eaP(m,0) +aP(m —2,1) —aP(m —1,1)
+bP(m+1,0)(m + 1) — bP(m,0)m + bP(m,1)m — bP(m — 1,1)(m — 1)
+pbP(m,1) — pbP(m — 1,1),

m—1 m r
= a’(mpm—l —&m-1— mpm +&m) + E&(mpm—l +&m-1 — mpm — &m)
r r
O _ -
+b(m + )(m +r+ 1pm+1 + gm—i-l) bm(m T Tpm + gm)
m+1 m

b+ ) (s = )~ b — 1+ )~ )
_(m—=1+4er)a ~ (m+er)a b(m+ 1)(r + m+ p) _mb(r+m—1+p)
T m—14r ! m+r " m+1+r m m+r bm

_a(l - €)£m—1 + (a(l - 6) - b)&m + bgm—l—l (BB)
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and

mP(m,0) —rP(m —1,1)

Em = m-+r
- m”l ( — koP(m,0)m + kyP(m — 1,1) + eaP(m — 1,0) — eaP(m, 0) + bP(m + 1,0)(m + 1)
.
.
—bP(m, 0)m + pbP(m, 1)) - (kOP(m, 0)m — kyP(m — 1,1) + aP(m — 2,1)

—aP(m —1,1) + bP(m, )m = bP(m = 1,1)(m — 1+ p)

2
—1
 (chgm— S O 0y (4 Y AL b
m+r m+r m+r m+r
b 1 b —
U —1,0)+ Y e 410y - Pm—2,1) + =) py )
+r +r m—+r m-+r
eam bm? r ar bm—1+p)r.. m
= (—k - - m m k m — Sm
(< — T L ) (o MR
eam T bm(m + 1) r
m+7‘(m+7‘—1pm_1+£m_1>+ e (m+7‘—|—1pm+1+£m+1)
ar m—1 bm(p—r), m+1
_m+r(m+r—1pm_1_£m_l)+ m-+r (m+7‘+1pm+1_£m+1)
— K(m 1), - <a(r+em) N b(m2+(m—1+p)r))gmjL <ar+eam) -
m+r m+r m+4+r
+bm(m+r+1—p)£ +m(ar(1—e)+(p—1)b) __ar(m—1—em)
m+r mi (m+r)? T ) mr— 1)
bmp(m + 1)
1 B4
(m—l—r)(m—l—r—l)p i (B4)
From Eq.(B4), we get
€ = Em _a(r+em)+b(m2+(m—1+p)r)£ ar + eam ¢
" K(mtr) K(m +r)>2 "\ Km+r)2)
bm(m+r+1— ,0)£ N mar(l—€e)+(p—-1b) ~ ar(m—1—em)
K(m+r)? m K(m+r)? P K m + )2 (m +r — 1)
bmp(m + 1)
m+1s B5
K(m+r)2(m+r—1)p +1 ( )
and we see that £ is of order O(1/K). Therefore, Eq.(B3]) becomes
_b(m+1)(r+m+p) _bm(r+m—14p)  a(m+re) +a(m—1+er)
" m+1+4r m m—+r " m4r " m—1tr It
+0O(1/K), (B6)

which is Eq.(I]) in the limit of K — oo. More rigorously, the coupled equations Eqs.(B3])
and reduce to one equation in the limit of K — oo, due to Tikhonov’s theorem on
dynamical system [103, [104], where ¢ is obtained from Eq.(B3) after setting K~! to zero,
and then substituted into Eq.(B3]) to obtain Eq.(IT).

29



Appendix C: The leading order contributions to |A;| and v((]kzz) when A\;/Ap>2 > 1

Let us consider the transition rate matrix K for Eq.(@) or Eq.(II) with ¢ = 0, whose
(4, j)-th element is k;_,;, so that the probability distribution is represented as a row vector,
and the time derivative is obtained by multiplication of the transition matrix from the right.

For the current model, the transition matrix takes the form
0 --- 0

K- A (c1)

where the first state is taken to be the absorbing state, whose index is taken to be zero, and
A is the submatrix formed by the transition rates between the other states, whose indices
arem=1,2,---. For Eq.(T0), a = ky_,0 = b(r + p)/(1 + ).

We see that (v(®| = (1,0,0--) is the left eigenvector of K with the eigenvalue 0, the
stationary state. Because ). k;; = 0, we have K|I) = 0 where |I) = (1,1,--- 1)T. This
also tells us that for any left eigenvector (v| = (vg, vy, -+ ) for a non-zero eigenvalue A\, we

have

A[I) = (vK[I) = 0, (C2)

leading to

i
Also, because of the special form of K given in Eq.(C1l), expressing the left eigenvector as

(v| = vg @ (V| where (v| = (v1,v9- ), we have
(vIK = av; @ (V|A = \vg @ A\(v], (C4)

which shows that A is also an eigenvalue of A with the corresponding left eigenvector (v/,

and
U1 vy

- (C5)

Vo Zle Um,

When we set a to zero, the corresponding modified transfer matrix Ky describes the

Markov model in Eq.(IH), where A is replaced by Ay, defined as

A=«

Ao =A+ OKP, (06)
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where P is a projection matrix with the definition P;; = 0;10;;. The submatrix A, possesses

the left eigenvector (p%| with the zero eigenvalue, satisfying
(P*[Ag =0, (C7)

which we called the quasi-steady distribution in the main text. The eigenvalues and eigen-
vectors of K can be obtained from those Ky of by the perturbations of size O(«/A) where
A is the typical size of Ag;; that determines the sizes of the nonnegative eigenvalues of Ay.

In particular, the left eigenvector (V)| of A for the eigenvalue \; is obtained from (p%| as
(VO] = (p® + O(aA™). (C8)

From Egs.(Ch)) and (C8)), we have

ow%l) B apf®

A\ = = .
D m>1 v Lm P

+O0(aA™Y, (C9)

where we see that the first term in the final expression is nothing but 7,° ! given in Eq.(25).
The corresponding eigenvector in the full state space is
(v = (=D pE) @ (P + O(aA™), (C10)
m>1
where Eq.(C3]) was invoked.
The eigenvectors for A\;>2 are obtained from those for the negative eigenvalues of A.
Because Ay is a transition rate matrix in the subspace of m > 1 states, a left eigenvector

(V| = (v1,--+) of Ay for an eigenvalue A < 0 satisfies the equation ) .., v; = 0. Therefore,

we see that for an eigenvector (v(®| = (v(()k), v%k), -+ )T for the eigenvalue A\, with k& > 2, we
have
> o~ Ofad™). (C11)
m>1
Consequently,
(k)
av
A = —71(;3) ~ O(A), (C12)
Zmzl Um
and
vy == 0l ~ O(aA™). (C13)
i>1

for k > 2. From Eq.(CI3), we see that v{" for k > 2 can be neglected if a/A is small

enough. In this case, if we start from the initial condition with po(0) = 0, we have py(0) =
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L+ 2 s Uék) ~ 1+ vél) = 0, leading to vél) ~ —1, and consequently the leading order
contribution to the stationary state is of the form po(t) ~ 1 — exp(—t/7,) with no further

dependence on the initial condition.

Appendix D: The asymptotic form of py(t) for K/b=0 and ¢ =0

The bound and free modes are completely decoupled for K/b = 0, and their probabilities
are conserved separately. Restricting to the free mode, the eigenvalues for the approach to
the stationary distribution can be obtained in an analytic form when € = 0. The transition

rate matrix for the free mode is of the form

00 0 O

b-b 0 0
K —

026 =2b 0

00

From the form of the matrix, it is easy see that the eigenvalues are 0, —b, —2b, —3b, - - -.
Similarly, from the matrix for the bound mode, where b in the expression above is replaced
by pb, we see that the corresponding eigenvalues are 0, —pb, —2pb, —3pb, - - -. For both the
free and the bound modes, we see that sizes of the eigenvalues are not well separated. In
other words, the time-scale separation does not hold, and 1 — po(t) exhibits initial condition

dependent multi-exponential behavior,

L—po(t) = Ape ™™ 4+ Bre ho (D1)
k k

where the constants Ays and Bys are determined by the initial condition. Even if we assume
po(0) = 0, these constants are not fully determined. For the special case of p = 0, we have

the form

L—po(t) =Y Ape ™™ + B, (D2)
k

and 1 — py(t) ~ Aje™" + B for bt > 1. Note that 1 — py(t) is approximated by a single-
exponential form only for bt > 1 where 1 — po(t) < 1, because the time-scales are not well

separated.
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Appendix E: Derivation of Fokker-Planck equation from the master equation.

The chemical master equation for single species can be written as [68, 79, [80]

O P(n,t) = mZ(Fj(” — 55) = Fj(n)), (E1)

where j = 1,--- R labels reactions in the system. In Eq. (EI), Fj(n) and S; are the
transition rate and the increase of the particle number, respectively, for the j-th reaction,
and m is the size parameter, a large number whose size is comparable to the average protein
number. For the reduced master equation Eq.(L]), we have two reactions, the creation and

the degradation, with S; =1 and S, = —1, and

- _a(m +re)
Blm) =
- _bm(m+r+p—1)
Bm) = — s (E2)

When the average number of protein molecules is large, one can approximate the discrete
variable = m/m as a continuous variable. Considering Fj as functions of z, f;(z) = Fj(n),

with 7(x,t) = mpm(t), we get the Kramer-Moyal expansion [79]

=Y (—1)Fm'F ok (an(@)m(x, 1)), (E3)

where ay.(z) =3, S5 fi(x). Assuming that 7 is large enough so that the expansion can be

kept only up to the second order, we obtain the Fokker-Planck equation |31, [79]

7(z,t) = =0, (A(x)m(z, 1)) + %83(3@)7?(% t)). (E4)
where A(z) = a;(z) and B(x) = m~tay(z). For Eq.(E2), we get
fi(z) = 5’(;571;5)
Cbz(x+T+m N (p— 1))
fale) = T+
_ br(p — 1)
= bx + m (E5)
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with the rescaled rates 7 = r/m and a = a/m. Therefore, we have

B(z) = % (a(jij:ze) - bx) +O0(m™?). (E6)

Note that, in the limit of m — oo, Eq.(E4]) reduces to

O (z,t) = —0, K—bx + M) 7(z, t)} . (E7)

xr+r

Because there is no diffusion term in Eq.([ET), uncertainty originates purely from the initial
condition. Therefore, the dynamics described by Eq.(ET) is deterministic, and is equivalent
to the rate equation
PG D (ES8)
T+

Note that m is chosen to be of size comparable to the average number of proteins, implying
that it is reasonable to take m to be O(m*) where m* is the position of the nonzero peak
of the quasi-steady distribution. Because m* ~ a/b — r when a/b — r > 1, we may simply
define m = a/b — r. With this definition of m, we have a = ab/(a — rb), 7 = rb/(a — rb),
and the stable fixed point of the rate equation is ;1 = 1.

The parameter p does not appear in the Eq.(ES) because the average number of the
protein molecules is much larger than unity and therefore most of the protein molecules are in
the free form. Consequently, the degradation of the bound protein molecule gives negligible
contribution to the overall degradation of proteins in the limit where the deterministic rate
equation is valid. Similarly, by fixing 7 = ki /(kom) to a finite value, the unbinding rate k;
in the chemical master equation is taken to be much larger than the binding rate &y when

m > 1. Therefore, the inactivation of the DNA due to the degradation of the bound protein

is negligible compared to that due to the unbinding.

Appendix F: The shift of the stable fixed point in the stationary distribution and

the stochastic slow down

It has been noted that when the production rate is a function of protein numbers that
is concave downward, than the production rate slows down due to stochastic noise, which

in turn decreases the average value of the protein number of the steady state relative to
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the value obtained by the deterministic rate equation [80]. We sketch the derivation for the
shift of the steady state average number of the proteins below. Although the multi-species
master equation was considered in ref. [80], we restrict ourselves to the single species case
for notional simplicity. The shift of the average value was obtained by expanding Eq.(EIl)

around the solution Z that satisfies the deterministic rate equation,
dz _
o = 2 Sihi@), (F1)
j
and considering the probability density II(e,t) = m'/2P(n,t) [79, 80] . After substituting
r =7+ m Ve (F2)
into Eq.(EI]), the expansion to order m /2 results in the equation [8(]
Z S £1(2)0c(ell(e, 1)) Z S2fi(z )
+m—1/2 Zs F(Z)0(ETI(e, 1)) + 252 (Z)O2(ell(e, 1), (F3)

By multiplying the both sides of Eq.([E3) by € and 1ntegrat1ng over €, one obtains [80]
&= Sifj@)(e)+m /2 ZS fi@)(e) + 0(m™). (F4)
J

where the brackets denote the average value, and the term of O(m'/?) was removed by using
the equation Eq.(E1]). Therefore, for stationary state where (¢) = 0, we get the leading order

shift
00 Sif] (@)(e?)
2> 5f(z)

When 7 is the stable fixed point, then ) f}(7) < 0, and the shift is negative if f(7), as

(r) =7 - (F5)

in the case of Michelis-Menten type production rate and linear degradation rate [80], which
is also the case for our model. That is, the average value of the particle number of the
stationary distribution is less than the stable fixed point, to the leading order in stochastic
noise.

We note one subtle point. In ref.[80], m dependence of f;(n) was not considered. In

our model, fy(n) in fact contains a term of O(m™!) unless p = 1. Therefore, Eq.([ET) is not

1 The factor of m'/? is absent in Eq.(9) of Ref.[80], but it is required for relating the probability mass
function of a discrete variable to the probability density of a continuous variable. This factor cancels out

in the left and the right-hand of the master equation, so the master equation remains unchanged.
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exactly the same as the deterministic rate equation we considered previously, where the m !

dependent term was dropped. Therefore, we now have to consider the stable fixed point Z

of Eq.(EI) that can be written as

. a(zter) . bx(1l — p)
= Yt aeTn (F6)

for our model, and examine the additional position shifted due to the stochastic noise. Let
us also consider € = 0 and examine the effect of the shift both due to the stochastic noise
and the baseline production. For e = 0 , Eq.(EG]) is then written as

ax
ot

i — bx (F7)

with @ = a + b(1 — p)m™!, so it takes the same form as the deterministic rate equation
considered previously, with redefinitions of the parameters. Therefore, the non-zero fixed
point of Eq.(7) is z = a/b — 7.

We already considered the shift of the unstable fixed point in the main text, in the context
of the Fokker-Planck equation. The equation Eq.(35) was expanded around a fixed point
of Eq.(3) to obtain Eq.(BT) that describes the shift of an extremum. If we instead expand
Eq.(33) around the fixed point of Eq.(E7), we obtain

1 ar
—2b% — br + a)ox = —are + — T+ 7 n 2 €%, mte). F
(—2bx — bF + a)dx ar6+2m<x+r~+b(z—l—r))—l—0(m LEX T €) (F8)
and therefore
1 L
bx = (—2bx — bF +a) " (—afe+ — (_ar - +b(f+f)))
2m \z +7r

= (bF —a)"" (—afe + % (%bf + a)) . (F9)

Therefore, again, we see that the effect of the stochastic noise and the baseline production is
opposite. The former tends to shift the maximum to negative direction whereas the baseline
production tends to shift it in positive direction. When the stochastic noise is small and
the non-zero peak is dominant, its position is approximately the average particle number.
When the peak at the zero gives sizeable contribution to the probability distribution, then
the average particle number is less than the position of the non-zero peak. Therefore, the
negative shift of the peak relative to the stable fixed point of the Eq.(Fq) is consistent with
the result of ref.[80], which states that the average number of particles are less than the

stable fixed point of Eq.(EG]).
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FIG. 1. An example of the rates and the states of the Markov model corresponding to Eq.(@). The
lengths of the arrows are the magnitudes of the transition rates between the states. The numbers
in the circle are the numbers of free protein molecules. The horizontal arrays of states at the top
and the bottom are the bound and the free modes, the sets of states with protein-bound and free
DNA, respectively. The short gray diagonal arrows exist for p > 0. The dotted arrows indicate the

baseline production, which is absent for € = 0.
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FIG. 2. The marginal probability distribution p,,(t) plotted as the function of m, (a, b) at early
times , and (c) at late times, for a/b = 10, k; = kg = 100b, p = 0, and € = 0. In (a) and (b), p,,(¢) at
bt = 0.5, 1.0, 2.0, and 10.0, are drawn. The filled circles are the analytic quasi-steady distribution in
Eq.(I6]), where the normalization was determined to give the best fit. The initial distributions are
given as P(m,0,0) = 0.20,, 4 and P(m,1,0) = 0.86,, 3 in Figure (a), and P(m,0,0) = 0.06250, 15
and P(m,1,0) = 0.93750,,14 in Figure (b). In Figure (c), pn,(t) at bt = 100.0, 1000.0, 2000.0,
and 3000.0, are drawn. Stationary distributions for ¢ = 0.000035, obtained from the numerical
computation and the analytic formula, are also plotted as crosses and circles and, respectively.

The other parameters are the same as above, except that K/b = oo for the analytic solution.
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FIG. 3. An example of the rates and the states of the Markov model corresponding to Eq.(IIl) for
€ = 0. The lengths of the arrows are the magnitudes of the transition rates between the states. The
numbers in the circles indicate the numbers of total protein molecules, both bound and unbound.
In this example, the probability flows to the state m = 5 on average, but there is also a leakage to

m = 0, whose effect becomes important at late times.
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FIG. 4. The graphs of 1 — py(t) for a/b =5, r =1, K/b = 00, p =0, and € = 0, where the vertical
axis is in log scale. The dashed lines are the results from the numerical computation, with several

different initial distribution. The solid line is the result from the analytic expressions in Eqs.(24])

and (25)).
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FIG. 5. The graphs of 1 — py(t) for a/b =10, r = 1, p = 0, and € = 0, for several values of K/b.
The vertical axis is in log scale. The dashed lines are the results from the numerical integration of
Eq.([@) with finite values of K/b. The gray solid line is the result for K/b = oo, obtained from the

numerical integration of Eq.(I]). The black solid line is the result from the analytic expressions in

Egs.([24) and (25).
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FIG. 6. The dimensionless mean leakage time br as the function of K/b, for a/b = 10, r = 1, and
e = 0. The dashed line shows the value at K/b = oco. The black and the gray lines are for p = 0

and p = 0.2, respectively.

41



0.025

- K/b=100 (bound) - - -

(a) ”,,” ‘\\ K/b=1 (bound) - - -
L . \ K/b=100 (free) — -
1 \‘ K/b=1 (free) —
1

0.06

P K/b=100 (bound) - - -

K/b=1 (bound) - - - |

K/b=100 (free) —
K/b=1 (free) —

20 30

FIG. 7. The probability distributions P(m,n,t) of bound (n = 1, dashed lines) and free (n = 0,
solid lines) modes (a) at bt =1 (b) and bt = 10. The distributions for K/b = 100 and K/b =1 are
compared, shown in gray and black lines, respectively. The other parameters are b/a = 10, r = 1,
p =0, and € = 0. For better visibility of the distributions of the free mode, those of the bound

modes are scaled by 0.2 and 0.5 in figures (a) and (b), respectively.
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FIG. 8. The graphs of 1 — py(t) for p =0, € =0, a/b = 100, » = 0.4, and K = 0.005. The gray
and the black lines are for the initial conditions P(m,n,0) = 0y, 500n,1, and P(m,n,0) = dp, 500n,0,

respectively.
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FIG. 9. The dimensionless mean leakage time br as the function a/b — r, for various values of r,

for K/b =00, p=0, and € = 0.
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FIG. 10. The graphs of p§(e) for a/b =10, r = 1, and p = 0, for various values of K/b.
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FIG. 11. The baseline production threshold € as the function of a/b — r, for various values of r,

for K/b =00 and p = 0.
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FIG. 12. The shift of the minimum of the stationary distribution. In each figure, the tail of
the arrow is located at the unstable fixed point z_ = 0 of the deterministic rate equation with no
baseline production. (a,b) The local minimum is shifted rightward, when the effect of the stochastic
noise dominates over that of the baseline production. (a) For large noise and the corresponding
large shift of the unstable fixed point, a divergence occurs at = 0, leading to the effective erasure
of the non-zero stable fixed point for t — oco. (b) For small magnitude of noise, probability at
x = 0 becomes comparable to the peak near the non-zero stable fixed point, leading to the noise-
induced bistability for ¢ — oco. (¢) When the effect of the baseline production dominates that of
the stochastic noise, the local minimum is shifted leftward. The local minimum disappears into the
unphysical region of z < 0, and the probability distribution is dominated by the global maximum

near the non-zero stable fixed point, even for ¢ — oo.
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FIG. 13. The probability distribution at bt = 50, for the initial condition P(m,n,0) = 0, 00,0 and
the parameters p = 0, a/b = 100, » = 0.4, K = 0.3, and e = 0.001. The distributions for the free
(P(m,0,t)) and the bound mode (P(m,1,t)) are shown as black and the gray lines, respectively.
The stationary distribution is also shown in red line. The free mode makes negligible contribution
to the stationary distribution and therefore pt ~ P5¢(m—1,1). Probability distribution at bt = 10°
for p =0, a/b =100, r = 0.4, K = 0.3, and ¢ = 0, is indistinguishable from pSt, as long as the

initial state is away from m = 0.
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