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There is considered an extension of gauge theories according to the assumption of a generalized
uncertainty principle which implies a minimal length scale. A modification of the usual uncertainty
principle implies an extended shape of matter field equations like the Dirac equation. If there
is postulated invariance of such a generalized field equation under local gauge transformations,
the usual covariant derivative containing the gauge potential has to be replaced by a generalized
covariant derivative. This leads to a generalized interaction between the matter field and the gauge
field as well as to an additional self-interaction of the gauge field. Since the existence of a minimal
length scale seems to be a necessary assumption of any consistent quantum theory of gravity, the
gauge principle is a constitutive ingredient of the standard model, and even gravity can be described
as gauge theory of local translations or Lorentz transformations, the presented extension of gauge
theories appears as a very important consideration.

I. INTRODUCTION

It is widely assumed that a consistent formulation of a quantum theory of gravity implies the existence of a minimal
length scale in nature, which is usually expected to be directly connected to the Planck length. In accordance with
this, all present approaches of a formulation of a quantum theory of gravity contain a minimal length arising in
a natural way. The introduction of a minimal length scale to the description of nature is directly related to the
assumption of a generalized uncertainty principle in quantum mechanics @],E],B], where the usual Heisenbergian
commutation relation between the position and the momentum operator is extended in such a way that it depends on
the position or on the momentum operator. If it depends on the momentum operator, this implies that there exists not
only a minimal uncertainty between positions and momenta but also of position itself, which represents nothing else
than a minimal length. According to such a generalized uncertainty principle, there arise new representations of the
position operator in momentum space and the momentum operator in position space, respectively. If the generalized
momentum operator represented in position space is inserted to quantum theoretical field equations, this leads to
a modification of the dynamics depending on the scale, which is directly related to the corresponding parameter
introduced by the modification of the uncertainty principle. There have already been considered various implications
of such a generalized description of nature to certain aspects of quantum mechanics and quantum field theory as they
are investigated in [2], ],N%, ﬂﬂﬁé@] &],%Eﬁ%mﬁ%ﬁy&g&gﬁ] Eg] as well as to many topics related to gravity as
they are treated in ,118],119],120],121],[22],[23], [24], [25], [26], [27], LMELMELMLE],@],M],@],@],M]Jﬁ]’ﬂﬁ]
A very important topic with respect to the formulation of quantum field theories with a generalized uncertainty
principle is the implication concerning the gauge principle on which all interaction theories of the standard model as
well as gravity, which can be considered to be the gauge theory of local translations or Lorentz rotations, are based
on. The issue of gauge invariance in the context of quantum field theories with a generalized uncertainty principle
has already been considered in B] for example. In the common description of gauge theories the usual derivative is
replaced by a covariant derivative by introducing a gauge potential which transforms in a specific way to maintain
local gauge invariance of a field equation under a certain symmetry group. Since the position representation of the
momentum operator obeying a generalized uncertainty principle contains additional derivative terms, which also have
to be replaced by covariant derivatives to maintain local gauge invariance, there are included further interaction terms.
These additional terms imply a self-interaction of the gauge field even for Abelian gauge theories like electromagnetism
and imply a more complicated interaction between the matter field and the gauge field leading to extended vertices
in the corresponding quantum field theories. There arises the intricacy that a generalized uncertainty principle leads
to an action of infinite order in derivatives ] implying an infinite series of interaction terms. Therefore it has to be
considered a series expansion. In B] a series expansion in the product of the gauge coupling constant and the squared
Planck length has been made. In the present paper an expansion in the modification parameter corresponding to the
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squared Planck length will be used instead. This implies that already a calculation to the first order yields additional
interaction terms of the gauge field. Because of the fact that the gauge principle is, on the one hand, a constitutive
ingredient of the standard model and as such determines the structure of its interactions and, on the other hand, a
quantum description of gravity implies the existence of a minimal length, it seems to be very important to investigate
gauge theories under incorporation of a generalized uncertainty principle. The consideration of gauge theories implies
in this context that a generalized uncertainty principle leads inevitably to a modification not only of the behaviour
of free fields but also of the structure of the interactions. Since also gravity can be considered as gauge theory, the
generalized uncertainty principle also has an influence on the dynamics of gravity. If it is described as gauge theory of
local Lorentz rotations, the introduction of the minimal length leads to generalized classical Einstein field equations
and a generalized equivalence principle. This extended gauge theoretic description of gravity could be seen as a kind
of semiclassical approximation to a quantum theory of gravity.

The paper is structured as follows: First, a short repetition of the generalized uncertainty principle, which is
formulated in a way including the time component, is given. Then the modification of the usual formulation of gauge
theories as it is used in the standard model is considered according to a generalized uncertainty principle. After showing
how local invariance under a certain symmetry group can be maintained in the presence of a generalized momentum
operator and the corresponding modified free field equation, the special cases of electromagnetism corresponding to
a U(1) gauge theory and gravity corresponding to a SO(3,1) gauge theory in the chosen formulation are explored.
From the extended actions for the gauge field and the matter field with the additional interaction terms, on the one
hand, and the expressions for free quantum fields according to the corresponding extension of momentum eigenstates,
on the other hand, both calculated in an approximation to the first order in the modification parameter, the Feynman
rules of the modified theory of quantum electrodynamics are given. Subsequently, the consequences for the gauge
description of gravity and the corresponding changing of the dynamics of the gravitational field and matter fields in
general relativity are investigated.

II. GENERALIZED UNCERTAINTY PRINCIPLE AND MODIFIED DIRAC EQUATION

A short repetition of the introduction of a minimal length to quantum theory by postulating a generalized uncer-
tainty principle between positions and momenta will first be given. A generalized uncertainty principle which implies a
minimal length but no minimal momentum and which does therefore not spoil translation invariance has the following
general shape

(2", pu] = 10} (1 + B (D)) + iBgy (D), (1)

where f (p) and g¥ (p) are general functions depending on the four-momentum and S denotes the parameter deter-
mining the strength of the modification of the uncertainty principle that is usually assumed to be connected to the
Planck scale. Here is assumed the relativistic case where the time coordinate is included which leads also to a minimal
time scale Aty corresponding to the minimal length scale Axg. In the following consideration the special assumption
that f(p) = p”p, and g4 (p) = 2p*p, will be made, meaning that the following special commutation relation between
the position an the momentum operator is valid:

[, py] = i6}; [L + Bp"D,] + 2iBp" po. (2)
This commutation relation corresponds to a generalized uncertainty relation that reads

Azt Ap, > % (1 + BAp”Ap, + BP")(pp)) + i (BAP" Apy + BP) (pp)) = % (1+3BAp"Ap,, + 38" ) pp)) - (3)

If one considers the minimal uncertainty for the index of the position operator p equal to the index of the momentum
operator v and solves the resulting equation for Ap*, one obtains

Apﬂzm”# (M) L o)p,). (1)
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By setting Ap* equal to zero the minimal position uncertainty in Minkowski space is obtained



Ly = A, = /38,1 +38(p)(p,) ()

leading to the smallest length for p =1, ...,3 and the smallest time for © =0

ls = \/ﬁ s ts = \/%7 (6)

if it is assumed that A = ¢ = 1 as it is done throughout this paper. According to the modified uncertainty principle
@), generalized representations of the position operator in momentum space and the momentum operator in position
space have to be given. Since on the right hand side of (2] there just appears the momentum, the representation in
momentum space can be given directly as

0] 0
D, = , at=i(14 ppp,) =— +i26p'p,—. 7
Pu = Dy (1+Bp"py) o Br"p, o (7)
To yield the representation in position space, a series expansion has to be considered, since in this case the momentum
operator becomes nontrivial instead of the position operator and this nontrivial expression depends on the momentum
leading to an iterative definition. To the first order in 8 the operators look as follows:

=zt | pu=—i(l—B0°0,)0,+ 0O (8. (8)

If the momentum operator in (§) is inserted to the Dirac equation, it reads accordingly
[0 (1 = B870,) "0 — m]p = 0. (9)

III. THE GAUGE PRINCIPLE UNDER INCORPORATION OF A GENERALIZED UNCERTAINTY
PRINCIPLE

The modification of the formulation of gauge theories according to the generalization of the uncertainty principle (2I)
and the corresponding modification of a free matter field equation like the Dirac equation (@) will now be considered.
It should be emphasized again that in contrast to |§], where is already formulated a Dirac equation and a field strength
tensor containing the generalized uncertainty principle and being gauge invariant, in the present paper an expansion
in the modification parameter will be used implying self-interaction terms of the gauge field in a calculation to the
first order instead of an expansion in the product of the gauge coupling constant and the squared Planck length. As in
the usual case, one starts with the action of the free matter field, which reads in the scenario of this paper as follows:

S = /d% Y [i (1= BOD,) v"0, — m] (10)
being invariant under certain global symmetry transformations. But in this case there exist additional derivative

expressions. Since the additional derivatives also act on the local unitary transformation operator U(x), they have to
be replaced by covariant derivatives too:

(1—-p0°0,)0, — (1 — BD’D,) D,, (11)
leading to a transition S — S, to the following generalized matter action containing the coupling of the matter field
to the gauge field:

Sm = /d4x Y [i(1—BD’D,)v*D, —m]1. (12)

This action is invariant under global gauge transformations, since the additional term introduced by the generalized
uncertainty principle transforms as follows:



iy DP D,y Dyip — iBYU T (2)U (2) DPUT (2)U (2) D, U (2)y U (2) DU (2)U (2)4p = iy DP D,y Dy, (13)

In ([@3) it has been used that Uf(x)U(x) = 1 and that U(x) either commutes with v#, if U(x) does not refer to a
space-time transformation, or v# transforms according to v# — U(z)y*U"(x). Therefore it makes sense to define a
generalized covariant derivative in accordance with (LTI

D,=1-8D"D,)D, =[1—-5(0°1+1A”) (0,1 +iA,)] (0,1 +iA,), (14)

which behaves because of ([I3)) like the usual covariant derivative under a local gauge transformation

D, — Ul(2)D,U(x). (15)

Accordingly, a generalized field strength tensor for the gauge field also has to be defined, which is done by replacing
the usual covariant derivative by the new covariant derivative

Fuv = —i[Dyu,Dy). (16)

This generalized definition of a field strength tensor is necessary because the action for the gauge field which is built
from (I8) has to correspond to a field equation where the generalized uncertainty principle is contained. It will be
shown later that replacing the usual momentum operator by the generalized momentum operator in the free field
equation of a vector field leads, in the approximation where self-interaction terms are neglected, to the same equation
as variation of the action that is built from ({I@]). Of course, the generalized field strength tensor is still invariant under
local gauge transformations. The generalization of the gauge principle according to (0, (), (T2, (T3, T, I3, T6)
holds for all gauge theories independent of the special symmetry group that is considered. In the special case of a
Yang-Mills theory there can be built the following generalized action of the gauge field S, = % J d*z tr [FF"] by
using ([I6) and thus the complete action of the modified Yang-Mills gauge theory reads

o 1 ,
S, = /d4;v (w (9" Dy = m) = 27 [ T ]) . (17)
Thus there has been obtained a generalized action for a Yang-Mills gauge theory in the presence of a generalized

uncertainty principle. This action will be explored explicitly for the simplest case of the U(1) gauge group in the next
section, and the implications for the corresponding theory of quantum electrodynamics will be considered.

IV. MODIFIED QUANTUM ELECTRODYNAMICS

In this section the extended quantum field theoretic description arising from the generalization of gauge theories
according to the generalization of the uncertainty principle will be considered as it has been described above. Specif-
ically, the special case of the U(1) gauge group corresponding to quantum electrodynamics will be regarded. The
actions for the gauge field and the matter field in terms of the gauge potential A, will be calculated and the cor-
responding Feynman rules will be determined. Similar considerations referring to the other series expansion can be
found in [11].

A. Calculation of the Generalized Action

If the matter sector ([I2) of the generalized action (I7)) is now calculated to the first order in the modification
parameter § for the special case of a U(1) gauge group, one obtains

Sm = /d4x ¢ (iv"D, —m) Y = /d4:v Y [i (1= BDPD,) "D, — m]
= [ ds iy (1= 50 +iA%) By +i4,)) (B, +id,) — m)

- / Az P {iy" [0, + 1A, — B(0°0,0, +i0°A,0, + 2iA,0°0, — AP A0, + i0°0, A,
+2i0,A,0° + iA,0°0, — 9P A A, — 24,00 A, — 2A,A,0° —iAPA,A,)] — m} 1. (18)



This action, of course, describes a much more complicated interaction structure between the matter field and the
gauge field than the usual action giving rise to new vertices where more than one gauge boson interact with the
matter field. If the gauge sector is to be calculated explicitly, the shape of the generalized field strength tensor F,,
defined in (@) first has to be calculated. For the case of electromagnetism, inserting (I4]) to (8] yields

Fu = —i[Dy, D))= —i[(1 - BD"D,) Dy, (1 - BDD,) D,
- {(1 — BD?D,)? D, D,] + (1 — BD*D,) [D,., (1 — BD*D,)| D,
+(1—=BD"D,)[(1 = BD"D,), Dy Dy + [(1 = BD?D,), (1= BDD,)| DDy}
= —i{(1-8D"D,)’ D, D,] ~ (1 = BD’D,) 8Dy, D’ D] D, — (1= $DD,) §[D*D,, D] Dy, }
= —i{(1=8D"D,*[D,, D] — (1 = 8D D) BD” Dy, D] Dy — (1 = BD?D,) B [Dyi, D) DD,

+@ = pD?Dy) BD? [Dy, Dp] Dy + (1 = BDPDy) B Dy, DP| DpDyi}
= (1- BDPDP) [(1- ﬁDpr) Fuw =B (D”FWD,, - DPFVPDM) -B (FMPDPDV - FVPDPDM)] : (19)

This means that the generalized field strength tensor F,, expressed by the usual field strength tensor F),, and the
usual covariant derivative D,, to the first order in § reads

Fuv = Fu, — 28D’ D,F,,, — B(D’F,,D, — D’F,,D,) — 3(F,,D’D, — F,,D’D,) + O (5°).. (20)
The corresponding action of the gauge field sector reads accordingly
1 4 v
Sg = Z d I]:#y]:#
1
=1 /d4x {FwF" — B2F,, (D’D,F*"") + F,, (F*D,D" — F**D,D") + F,,, (D,F** D" — D,F"? D")
+2 (DPDPF#V) F* + (F,uprDV - FVPDPD#) F* + (DpFupDV - D”F,,pD#) FW]} +0 (ﬁQ)
1
=3 / d*z [F,, F" — ABF,, D’ D,F" — 4BF,,F*"D,D" — 4BF,,D,F"* D" + O (5°).
(21)

Inserting the expression for the usual covariant derivative yields for the generalized action of the gauge field to the
first order in 3

1
Sy = / A4z [Fl F* — B (4F,,0,0° F" + 4i0,APF,, F* + 8iF,, A,0° F"
+8i0P Ay Flp ™ + 4i APF,,0, F* — 8APF,, A, F* — 4AP A, F,, F")] (22)

and expressing the field strength tensor by the gauge potential finally leads to

S, = i / A4 [20,A,0" A" — 20, 4,0" A* + B (—80,A,0,0°0" A” + 89, A,0,0°0" A
—8i0, AP0, A, 0" A + 8iD,A 9, A, 0" A — 16i0,A, A, 070" A" + 160, A, A0 5" A"
—8i0P A0, A 0" AV + 8iDP A0, A, 0" A" + 8i0P A, 0, A, 0" AY — 8idP A,0,A,0" A"

—4iAPD, A,0,0" A + 4iAPD, A,0,0" AP + 4iAPD,A,0,0" AY — 4iAPD,A,D,0" A
+8APD, A, A, 0" A — 8APD,A,A, 0 AP — 8BAPD, A, A0 A + 8APD,A, A, 0" A"
+8APA,0,A,0" A" — 8APA,D,A,0" AM)]. (23)

If just the terms without self-interaction are considered, one obtains as field equation for the free electromagnetic
potential

0, F™ — 280,070, F" = 0. (24)



For Lorentz gauge d,A* = 0 this means

0,0 A” — 280,0°0,0" AY =0, (25)

This is exactly the equation that is obtained if the wave equation of a massless vector field d,0" A" = 0 is generalized
according to () and (&), which means that the definition of the generalized field strength tensor yields the correct
free field limit.

B. Propagators

In the usual setting of quantum field theory, fields are expanded in terms of momentum eigenstates corresponding
to plane waves. If the fields are quantized, the coefficients of plane wave modes become operators that play the role
of creation and annihilation operators of particles. Because of the modified commutation relation between position
and momentum operators (), the representation of the momentum operator in position space is changed (&) and
therefore also the shape of the momentum eigenstates is modified, which leads to a different expression for a quantum
field. The modified momentum eigenstates |p) fulfill the equation

Pulp) = pulp) (26)

where p,, describes the eigenvalue to the eigenstate |p). The momentum eigenstates have the following shape:

Ip) = exp[i (1 — Bp”p,) ppat'] + O (exp (87)), (27)

if they are expressed to the first order in f, since if there are only taken terms to the first order one obtains

puexpli (1 — Bp°py) pra’] = —i (1 — 070,) Opexp [i (1 — Bp’pp) pua”| = ppexp i (1 — Bp’p,y) ppa”].  (28)

If one now considers quantum field theory, the quantum fields have to be expanded by using these generalized
momentum eigenstates. It will be considered the case of a scalar field, which can be assigned to the cases of a spinor
field and a vector field as they appear in quantum electrodynamics easily at the end

d3 i P W i P L
P(x,t) = / p3 [a(p)y(lfﬁp Po)Pue” o ot (p)e (1 =AP P )Pz } . (29)
\/ (2m)" 2po

The commutation relations for the creation and annihilation operators have to remain the same since the Fock
space structure referring to many particles is not changed by the generalized uncertainty relation which means
[a(p),aT(p’)] = 8(p — p’). The propagator is now obtained as usual by building the expectation value of the
time ordered product of the generalized expression of the quantum field (29)) at two different space-time points with
respect to the vacuum state |0) of the quantum field

Gz —y) = (0T {p(x)¢(y)} |0) (30)

where T denotes the time ordering operator. If one uses (29) in (B0), one obtains the expression for the propagator
in position space

o odYp ot (1=8p%)p(a—y)
Gl —y) = Z/ (2m)* p? —m? +ie (31)

One has to built the inner product with the momentum eigenstates to obtain the corresponding propagator in mo-
mentum space

dbz diy t(1=Bp?)p'z=i(1-Bp%)p2
Go) =i [ Gt '

32
2m)4 (2m)* P2 —m?2 + e (32)



To perform the integral it is useful to define k, as k, = (1 — Sp”p,) p,, and to substitute p, by k, leading to

_ d4 d4]€I ik’ z—ikz . d4k’ ) (k/ — k)
6) = i | G GE I =T =] BT E o) i
1 )
= TG WP w10

where J(p) has been defined as the Jacobian determinant of the transformation between k,, and p,

ok i
J(p) = det {619#} = (1—Bppp)* =281 — Bp’p,)’ p7po + 452 (1 — Bp"p,)” (—p2p? + pip3 + p3pd — p3p?) . (34)

Resubstituting k, with p, yields the propagator in momentum space

1 i
J(p) p? —m? +ie’

iA(p) = G(p) = (35)

To obtain the corresponding propagator for a spinor field and a vector field, the expressions which are analogue to
[29) are considered

a3 . .
bx,1) = Z/ 2 ? L O T
+s 7T
d3p m —i(1—Bp” oM i(1—BpP oM
v = 3 [ o7V i [0 ) O el )] (3
+s i

with {b(p, 5),b'(p’,s')} = 0*(p — P')dssr, {d(p, ), d(p',s')} = 6°(p — P')dss and

2
d3 ; 3 n ; P w
= Z/ fi — [a(p Ney(p, e TP 4 (p, N)ey, (p, e pIm" (37)
A=1 (27T) 2p0

with [a(p, \),al (p’, X')] = 83(p —p’)dxx . Besides there are needed as usual the following relations for the summation
over the spin states:

Sutpne = (550) o Sumenme = (57 éem,neu(p,n:—gum 9

where the last equation referring to the polarization vector of the electromagnetic field only holds in Feynman gauge.
A calculation that is analogue to the derivation of the propagator of the scalar field (B3] yields for the propagator of
a spinor field describing an electron

iBarlp) = Jép) <ﬁ—niz+ie>ab 39)

—_——

and for the propagator of a vector field describing a photon

A (p) = —— 91 4
t I (p) J(p) p2+i€, ( 0)

ANANNC

if Feynman gauge is used as it is presupposed.



C. Vertices

To extract the vertices arising from the generalized gauge theory of quantum electrodynamics, the interaction
terms within the actions (I8) and (23]) have to be considered. Because of the additional terms there arise additional
vertices where two and three photons interact with the matter field and there also arise vertices between photons,
since the generalization of gauge theories causes self-interaction terms of the gauge field even in the Abelian case.
In the following notation p, denotes the four-momentum of a fermion running into the vertex and the k, denote
the four-momenta of the bosons, if they appear in the expression of the respective vertex. Since the bosons are
indistinguishable, any of the k,, can be identified with any boson.

The vertex of the interaction between the matter field and the electromagnetic field referring to one photon to the
first order in 3 reads

v = —yH [52‘ + 5 (k)‘p# + 2pAp# +52kpkp + 25ﬁ‘kppp + 52pppp)] . (41)

T

In this extended case from (I8) it can be seen that there also exists a vertex where two photons interact with the
matter particle. This vertex reads

VN = =By (0™ py, + 6 KE + 200 KE + 26)p") . (42)

X

Finally there also exists a vertex with three photons interacting with the matter particle looking as follows:

VAP = — ByHEAP (43)

X

There are two vertices corresponding to a self-interaction of the electromagnetic field. One vertex describes the
interaction of three photons with each other looking as follows:

VN = B (2K kopkh 6" — 2K kS KY + Ak kG kY 6" — Ak kY
+2kY ko kB OHN — 2KV kKl — 2k1 kO kY 6H 4 2Ky kb kL 6
thopkl k361 — k3 ks k0 — kb kY kS + kb ks k56v) (44)

v

and one describes the interaction of four photons, which reads



VN = B (—2koo kG0 67 + 2kE K 01 + 2k kY 5N
—2kb Kk} 6¥P — 2ks, kG5 0N + 2kGky 61 . (45)

V. GENERALIZED GAUGE PRINCIPLE IN GENERAL RELATIVITY

Since general relativity can also be formulated as a gauge theory, the generalization of the gauge principle should
also have an influence on the description of gravity. It is important that in such a consideration, where gravity is
modified according to a generalized uncertainty principle, the emergence of a minimal length in the description of
quantum field theories cannot be interpreted as an approximative treatment of properties arising from a quantum
description of gravity on a fundamental level. That means that the minimal length is not induced by an underlying
quantum theory of gravity, but the causal connection is the other way round. The description of gravity, even on
a classical level, is influenced by the assumption of a generalized uncertainty principle. Therefore the generalized
uncertainty principle should be interpreted as a fundamental description of nature in this context or one has at least
to assume that it has another origin. In |40] and [41] the possibility is argued that a minimal length could indeed arise
from completely different scenarios being independent of the usual considerations regarded as an effective description
of the consequences of a quantum theory of gravity. Concerning the gauge theoretic description of general relativity
there can be used the translation group as well as the Lorentz group SO(3,1) as gauge group. The first possibility
leads to a formulation of general relativity where the torsion as a decisive quantity plays the central role [42],]43],[44]
but which is equivalent to usual general relativity. Here it will be considered the SO(3,1) gauge theory [45],]43] and
it will be generalized to the case of matter field equations obeying a generalized uncertainty principle. This means
that there is postulated invariance of the matter action under local Lorentz transformations

£ AT@", o U = exp (;'Aab@)zab) " (46)

where the X, describe the generators of the Lorentz group represented within the Dirac spinor space X4, = —% [Vas Vb)s
fulfilling the commutation relation [Xup, Xca] = MbeXad — Naclbd + ModSca — NadXch, Where 7, describes the flat
Minkowski metric. Within the usual formulation one has to introduce the following covariant derivative:

Dy, = e (aﬂl + %wgbxab> =ek D, (47)

ab

where the spin connection wj

is related to the tetrad ef according to

wzb = 2e""9,el — 2e"9),el — 26”“8,,6& + Qe”b&,ez + euce” e el — e, e’0, el (48)

and the tetrad e} is related to the general metric g, as usual g, = €j'e;Nm,. Note that latin indices denote as
usual flat Minkowski coordinates, whereas greek indices denote curved coordinates. The covariant derivative (7))

transforms according to

Dy, — A" (2)U(x)D, U (x), (49)

since e/, — A" (z)et and w, — UT(z)w,U(z) — UT(2)d,U(x). This means that in the generalized case one obtains
the following matter action being invariant under a local SO(3,1) gauge transformation consisting of ([46) and the
corresponding transformation ([@9):



10

Sm = /d“a?\/—_m/_) [iv™ ey, (1 = BD?Dp) Dy — m¢p = /d4x e [iy™eh, Dy — m] v, (50)

where g = det [g,,], e = det [e]'], and there is introduced the generalized covariant derivative according to (I4):

D,, = ¢ (1 - BD’D,) D,,. (51)

Because of the generalized coupling of the gauge field to the matter field, (B0) contains a generalized equivalence
principle. If the generalized field strength tensor corresponding to the generalized covariant derivative (&Il is built,
one obtains

Fun = (D, Dul = [y Dy, hD,) = el (Dyck) Dy, — el (Dyucy) D, + eliei DD, — click, DD,

1 1
= eﬂme;WVDP + efn ;IZQRZIZJJE@Z) = TvgnD;D + 57%;17?712@177 (52)
where 7,1, and Rz,bj are the generalized quantities corresponding to the usual torsion tensor and the usual Riemann

curvature tensor. If the torsion is assumed to vanish 72, = 0, there remains the generalized Riemann tensor RZZL
reading in analogy to ([20) as follows:

ab ab ab ab ab ab ab 2
R = RyY —2BD"D,R;, — 8 (D"RY D, — D’R{"D,,) — 8 (R;» D"D, — Riy D’D,,) + O (%), (53)
where Rzll’, is the usual Riemann tensor expressed with two Minkowski indices reading
R = 0w’ — 0wl + wiws — wiw. (54)

A. Generalized Einstein Hilbert Action and Corresponding Field Equation

From (B3) the generalization of the Einstein Hilbert action has to be built. Therefore the generalized Ricci scalar
has to be built according to

R = eley R, = ekey [RIY, — 28DPD,RiY — B(DPRY D, — DPRYD,) — B (R DD, — RiYD’D,,)] . (55)
Since Rz,bj = —RZ‘L and D,ef = 0, if the torsion vanishes, this expression can be transformed to
R =R—2BD"D,R —2BD"ej R\ D, — 2Bey RYD’D,. (56)

This leads to the following generalized Einstein Hilbert action:

1 1 , ,
Spi =5~ / d*z/—gR = P / d*z e [R—2BD"D,R — 28D"ey R\ D, — 2Bey R, D" D,)] (57)

where kK = 87G and G denotes the gravitational constant. To obtain the corresponding free field equations for the
gravitational field, the variation of the generalized Einstein Hilbert action (&) has to be built with respect to the
tetrad ef. If Rg is defined according to R = R+ Rg + O ([32), then the variation can be expressed as

_ 1 4 _ 1 4 _ 1 4
5Spu = 25/(1 2 5[eR] = %/d 2 5[eR+ eRs] = 25/(1 2[5 (eR) + 6 (eRp)]. (58)
The first term yields, of course, the usual Einstein equation, whereas the second term yields the corrections according
to the generalized uncertainty principle. To determine the contribution of the correction term, there has to be
calculated the variation d [eRg]
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1
o /d4:1c 0 [eRg] —g /d4x(5 [erDpefl‘egRZf, + eD”egeZRZZD,, + eegeZRZl;D”DU] ,

_B /d433 ] [D”DpeegeZRZf, + D’e e“ebR“bD + ee“ebR“bD”D ],
K

__f /d43: 0°6 [DpeegeZRle’, + ee“ebRab v — ﬂ d*z 6 [e e“ebRaprD ]
K
ﬁ 3 v pab v pab ﬁ 4 ab
= —= &’z 6 [DpeegebRW +eehey R, Dy, ]- d'z & [eeke RupD”D,j} ,
=0
ﬁ 4 v pab
= d*z b [eelley R DD, |, (59)

where Stokes theorem fv dA = f o1 A has been used in the forth step and the fact that the variation vanishes at

infinity in the fifth step makes the surface term vanishing —= fav d®x § [D [ peehey R“b + eetey RZZD,,} = 0. Variation
of the remaining term yields

ﬂ d*z 6 [eehey RIDDPD,] = —g d'z [—eeldel RDP D, + edeliey RiY DD, + edel: RiD?D,, + eeyeld (RS, D" D,)]
(60)
if it is used that de = —eej,del;. This means that the variation of the last term has to be calculated with respect to
the tetrad ej;. First, the expression that is varied Rf\prpD,j has to be expressed in terms of the connection wzb
R DPD,, = (aAwgcansf — apwbcapwef —I—a)\wbcwpegwgf — 8pwf’\°w’)egwﬂf
+w§dw,§capw§f — wbdwdca”wef + Wi dcwf’egwgf — wzdwfcw”egwgf) Yes. (61)

If (€1) is inserted into (GO, the variation of the last term with respect to the connection wy; b yields

ﬂ/d4 ee 62\5 R%¢ DD V)]

= _8 /d4 eel, eb BA&ubcapwef +8,\wb°8”5wef 0,0 OPWE — 8,W50° Swe! +6A5wzcwpegwgf
—|—8Aw2‘25w’)egwﬁf + 8Awﬁcw’)eg5w§f — 0,0wWS WP — 0,wheswPIWIS — 8,w8wWPI swIt
+5w§dwgcapwﬁf —|—w§d5wdcapw€f —I—wbdwdcapéwe-f - 5wbdwd08pwe-f - bd&udcﬁpwef
—whdwdeorswe! +6w§dwdcw”e‘7w‘7f —i—wbd&udcwpeqw‘# —l—wbdwdcéwpeqoﬂf + whdw dcwpegéwgf

bd, d bds, d bd, d bd, d
—(5o.)p w)\cwpegwﬂf —w, &u)\cwpegw;‘if —w, w;&upegwgf —w, w/\cw”egéwgf) Eef]

-0 [t [0 (62)

where the expression Zj, has been defined according to

== [—555255(% (eelepdPwil) — orocelor (eeZei‘@szc) + 6567650, (eelep0rwel) + srocelor (eelepdowl’)  (63)
—5;5;’155& (eelepwP®Iwdl) + 5p“525igeegeg‘8>\w2°w§f + 5§5Z5fee ei‘@Awbcwpeg + 85676£0, (eelepwl®dwdl)
— 5756567 el epdpwiiwdt — 05676] eelepd,wiewr®? + 658% 6deet epwlcdPwet + 5% olaceel epwiiorwes
5“5h5f8” (eele wf’\dwdc) - 5“525%6 epwicorwss — 5§5g5feeZeg‘wzdapwef + 5“525f8p (ee’ eg‘wbdwfc)
+6562 0% ebwdcw”eqw‘ﬁ —|—5"‘5h5cee epwbdwred 9! +5p”5f;5igeeZeg‘w§dwdcw‘7f +5”595fee ebwidwdcwpeg

—5§5h5§leefj’eg‘wf\lcwpegw§f —5§5h5feefj’eg‘wzdwpegwﬂf 8P 65,67 eel eg‘wbdwfcwgf 5“595fee ebwbd fcwpeg] Yey



12

and used again the fact that the variation vanishes at infinity. To obtain the variation of (G2]) with respect to the
tetrad ef;, ([AS) has to be used. Variation of (8] with respect to ef yields
Swib = 20€"°0,€b + 2”0, 5€l, — 26”00, el — 2e*°0,5el, — 20€" Dy el — 2eD,, ¢!, + 26”0, el, + 2€¥°D,, bel
+5euce”ae”bagef, + eucée”ae"bagef, + euce”aée"b&,efj + euce”ae"b&,éefj
—56#661”160})8,/63 — 6#656”“6”&,65 - euce”a(;e"b&,eg - euce”ae"b&,(Seg. (64)

If (@) is inserted into (G2]), one obtains the variation with respect to the tetrad

_g v [Zhowh] = -2 / RACHIAR (65)

where O, is defined according to
04 = 2045""Ef,0nel, — 26,00, (Ep,e"™) — 2016 E, Oxel, +25W5aha (Z5e”)
—28%0"Ef, 0 €l + 26,x0%0,, (Ef,7™) + 20162, 0pefk — 26,,0°"0, (Ef;e¥7)
+0un0eZhie” €7 D€, + 6,0 Ef e nce” Dyl + 670 Efience  Dpef, — 0,0 Dy (Efiience”e")
—0u0lEn e e7 0, e — 840 M EN e e Dyl — 070V EN ence” " Oyel + 0,u50"°0, (Efience”e™) . (66)

This means that the variation (60) now reads

ﬂ ) e e“eZRZZ;D”DV} = —g /d4:1: [—eel.dell RD D, + 65656ZRZZDPDU + edel RO DD, + O 5el] (67)

which means that variation of the complete action yields the following generalized vacuum Einstein field equation:
Ro — Lpes — B |=e*RD’D, + e R DD, + R°D"D,, + Yoel =0 (68)
H2€M €u v T ey, v Sp | T

where ©F, is defined according to (66) and (G3). If the matter action (B0) of the fermionic field is included and the
complete gravity action

_ 1
Syr = Sm +Sgn = / d*x e [iym el D,y — m b + P / d*z eR (69)

is varied with respect to the tetrad 6586 9t one obtains

a 1 a a 14 a a 1 a a
Ry — §Re# -6 {—e#RDpD,, + ebR#ZDpDU + R,D"D,, + 294 = —rT}, (70)
where the energy momentum tensor is defined as usual as T); = %‘;‘iw .

B. Generalized Energy Momentum Tensor for a Dirac Field Coupled to the Gravitational Field

To obtain the concrete expression of the energy momentum tensor in case of a fermionic field that is coupled to the
gravitational field according to the generalized gauge theory presented here, the expression (B0) has to be varied with
respect to the tetrad ef. Accordingly, the variation of the matter action with respect to the tetrad e# reads

0S8, = 5/d43: e [iy™el D, — m] 1 = 5/d4:1:e Y [iy™ek (1 — BDPD,) D,, — m]

= /d43: {—eeﬂl&e%dj [iy"el (1 — BD?D,) D, — m] v + eppiy™det, (1 — BDD,) D,

+epiy™ el 5 [(1 — BDPD,) D, v} . (71)
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To calculate the last term, it has to be expressed by the connection w®

5 and the connection has to be expressed by
the tetrad e

/ d*x eiy™el 5 [(1 — BDPD,) D]
= /d4:10 eiy™ el § [iwzb -8 (zap(?pwab + 216%}‘“’8 + maba o + zapw“ba + 2zw”ab8 Oy — 0 wyw Zb

_ acqp, ,cb ac, cbqp pac cb pac cd db
2wy 1o} wy, — 2w, wy, 0 —w Oy — iw w,w )} Yo

= / d*z epiy™ely, [i6wi — B (i0°0,0wi’ + 2i0° 5w 8), + i6witPD, + 1076w 0, + 2i6wP**D,0,
ac, cb ac cb ac cb ac cb ac, cb ac cb ac, .cb
—8p(5w wy, 8pwp (5w# - 25w Bpw — 2wy 8p5w# - 2(5wp wy, o0° — 2wy (5w# 0° — dw” wp Oy

- pacéw;bau—iéw”“cw;dwdb zw”“céde db iwpacw;déwzb)} Yapt)
= /d4:1c [{,’ji&wzi} (72)

where £, has been defined according to

& = {ioponot AL, — B i6:07000°0, Ak, — 2i80700° Bl
+206"P015]Ch oy + 0560707 (Wil ALy} — 6106707 0Pwic ALYy — 2650165 0Pwe Al + 2617676, 07 (wic AL )
—205 6705w BYY — 207076,wi BLY — 8™ 8505w Bl — 8505 0;wP ¢ Bl — 16" 6755w twi Al
—i0505 57w Wit Al — i8S 0 WP Wit Al ]} (73)

+ 60507 Ch — i85 616707 Bl

with Af, = eiy™el Yy, B!Y = eiy™elt ¥ op0¥1, and C’” = = eiy™el Xp0VOpip. If ([Gd) is inserted into (T2),
then one obtains

/d4x [ 0w] = /d4x [0 0ek] (74)
with 6}, defined according to
0% = 2616MEp Onel, — 20,670, (i€ ") — 20164 Er el +25W5aha (&rie”)
—2676" ¢ 0y el + 26,,6% 0y (§e”") + 20407 0y el — 26,60, (&re”)
0,k 00Er e e Dl + 010 € nce” Ol + 6567 Ef e e Onel, — 0,605 (Efiierce”e)
—0un0lEr e e Dy el — 616 ence Oyel — 0067 L e nce Dyl + 0060, (Efsence e . (75)

This means that the variation of the matter action ({1l reads now

0S,, = /d4x {—66:766%1; lin™eb (1 — BD?D,) D,, — m]¢ + eiy™ el (1 — BD?D,) D1, —i—GZT(Se%} (76)

leading to the following energy momentum tensor:

TS = ¢iy® (1 — BDPD,) Dyip — efap [in™eyr, (1 — BDPD,) D, — m] 4 + 65, (77)
where 0}, is defined according (73]) and (Z3)).
VI. SUMMARY AND DISCUSSION

There has been considered an extension of the usual description of local gauge theories according to the implemen-
tation of a generalized uncertainty principle to quantum field theory, which causes generalized free field equations.
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Since a generalized uncertainty principle leads to additional derivative terms, if the momentum operator and the field
equations are represented in position space, the description of a local gauge theory becomes more intricate. The reason
lies in the fact that the additional derivative terms also have to be replaced by covariant derivatives to maintain local
gauge invariance and therefore there appear additional terms containing the gauge potential. These terms describe a
more complicated interaction structure between the gauge field and the matter field. In accordance with this there
can be defined a generalized covariant derivative from which there is built a generalized field strength tensor. If
the action of the gauge field is built by using this generalized definition of the field strength tensor, the dynamics
of the gauge field contains additional self-interaction terms arising from this generalization. This means that even
in case of an Abelian gauge theory like electrodynamics there arises a self-interaction of the electromagnetic field.
According to this, the generalized Feynman rules of quantum electrodynamics have been determined by calculating
the propagators under presupposition of the generalized momentum eigenstates and extracting the vertices from the
expressions of the action expressed explicitly in terms of the gauge potential. Because of the additional interaction
terms not only are the usual vertices changed but also completely new vertices arise. Since general relativity can also
be formulated as a gauge theory, this generalization of gauge theories also changes the structure of the gravitational
interaction. The generalization of the covariant derivative in the SO(3, 1) gauge description of general relativity causes
a changing of the interaction of a matter field with the gravitational field, which can be seen as a modification of
the equivalence principle. Further, as in the case of electrodynamics, the dynamics of the gravitational field itself is
changed. The Einstein Hilbert action is built from a generalized Riemann tensor defined as the commutator of the
generalized covariant derivatives in accordance with the field strength tensor in the case of electrodynamics, and the
variation with respect to the tetrad field yields the generalized Einstein equations. This means that the structure of
the gravitational interaction and thus the dynamics of the metric structure of space-time depend on the generalized
uncertainty principle and thus on the corresponding smallest length within this consideration. Usually the generalized
uncertainty principle is seen as a consequence of a quantum description of gravity. In the present paper the influence
on gravity induced by a generalized uncertainty principle is considered instead, if it is assumed to yield a fundamental
description of nature or to have another origin. This means that a modified description of gravity is obtained de-
pending on the modification of the uncertainty principle independent of an underlying theory. However, the presented
modification of gravity could be seen as a semiclassical approximation to a quantum theory of gravity in the sense
that the existence of a minimal length is a presupposition for such a theory and not a consequence. Therefore it would
be very interesting to consider the complete quantum theory of the presented generalized theory of gravity. The
modifications of electrodynamics and gravity as they are investigated in this paper are in principle in accordance with
the formulation of these gauge field theories on noncommutative space-time by using the star product and Seiberg
Witten maps where similar modifications with additional interaction terms are obtained [46],[47],[4]],[49]. This is to
be expected, since the concept of noncommutative space-time, which also implies a minimal length, is closely related
to the generalized uncertainty principle, which also leads to noncommuting coordinates.
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