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We study the Hamiltonian structure of the gauge symmetry enhancement in the enlarged C'P(N)
model coupled with U(2) Chern-Simons term, which contains a free parameter governing explicit
symmetry breaking and symmetry enhancement. After giving a general discussion of the geometry
of constrained phase space suitable for the enhancement, we explicitly perform the Dirac analysis of
our model and compute the Dirac brackets for the symmetry enhanced and broken cases. We also
discuss some related issues.
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I. INTRODUCTION

It is well-known that the nonlinear sigma models exhibit many interesting physical properties in the large-N limit
[1]. One of them is the phenomenon of dynamical generation of gauge boson in CP(N) model [2], where the auxiliary
U(1) gauge field becomes dynamical through the radiative corrections [3]. Recently, some new properties have been
explored in relation with this phenomenon. In particular, in Ref. [4] the issue of dynamical generation of gauge boson
has been analyzed in the context of an enlarged CP(N) model in lower dimensions. In this model, two complex
projective spaces with different coupling constants couple with each other through interactions which preserve the
exchange of the two spaces. In addition to the two auxiliary U(1) gauge fields (corresponding to the diagonal a,, and
b, fields of (2.4) below) which represent each complex projective space, one extra auxiliary complex gauge field (the
off-diagonal ¢, field of (2.4)) is introduced to couple the two spaces in the way which preserves the exchange symmetry.
It turns out that when the two coupling constants are equal (which corresponds to the case of r = 1 of (2.3)), the
classical enlarged model becomes the nonlinear sigma model with the target space of Grassmannian manifold [5].
It was shown in Ref. [4] that the additional gauge field, ¢, also becomes dynamical through radiative corrections.
Moreover, in the self-dual limit where the two running coupling constants become equal, it becomes massless and
combine with the two U (1) gauge fields to yield the U(2) Yang-Mills theory. That is, the gauge symmetry enhancement
has occurred in the self-dual limit. Away from this limit, the complex gauge field becomes massive and the symmetry
remains to be U(1) x U(1).

The parameter r could be understood as an explicit gauge symmetry breaking parameter from U (2) to U(1) x U(1),
with the mass of the ¢, field being induced radiatively through the loop corrections when the symmetry is broken.
This could provide a scheme of generating mass of the gauge bosons. Therefore, it would be worthwhile to study the
enlarged CP(N) model from different aspects. In this paper, we study this model in the Hamiltonian formulation.
We first recall that the gauge symmetry is realized as the Gauss law type of constraints in the Hamiltonian method.
In the enlarged model of Ref. [4], the original gauge fields are auxiliary fields which become dynamical through the
quantum corrections. From the Hamiltonian point of view, these auxiliary fields could be completely eliminated
through the equations of motion from the beginning, and the Gauss law constraints could be only implicitly realized.
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However, in order to see the structure of gauge symmetry more explicitly, we couple the enlarged C'P(NN) model with
some external gauge fields, which we choose to be described by the U(2) Chern-Simons term. Then, we perform the
Dirac analysis [6] of the resulting theory. The theory has both first and second class constraints, and it is found that
for » = 1 the Gauss constraints satisfy U(2) symmetry algebra, whereas for r # 1 only U(1) x U(1) algebra. What
happens is that two of the first class constraints generating the gauge symmetry become second class constraints away
from the self-dual limit, reducing the resulting gauge symmetry.

However, it turns out that a smooth extrapolation from the U(1) x U(1) to U(2) gauge symmetry algebra is not
possible in the Dirac analysis. The reason is that in the Dirac method we have to compute the inverse of the Dirac
matrix which is constructed with second class constraints only. This inverse matrix with parameter » becomes singular
if we take the limit of » — 1, because two of the constraints change from second class into first class. When this
happens, the Dirac matrix becomes degenerate and the inverse does not exist. From physical point of view, this
singular behaviour could be associated with the second order phase transition which one encounters in going to the
limit » =1 [4].

The organization of the paper is as follows. In Sec. 2, we define the enlarged CP(N) model coupled with Chern-
Simons term and perform the canonical analysis. In Sec. 3, we give a somewhat general discussion of the geometry
of the constrained phase space suited for gauge symmetry enhancement. In Sec.4, we give an explicit computation of
the Dirac bracket in the case of r = 1 and r # 1 separately. Sec. 5 contains conclusion and discussions.

II. THE MODEL

We start from the Lagrangian written in terms of the NV x 2 matrix 1 such that
1
£ = 5t (D) (D") = @' = R)] + Les, (2.1)

where the field, v, is made of two complex N-vectors ¢ and 1 such that

1/}’f
¥ =[], vi=] 1, (2:2)
()
and the hermitian 2 x 2 matrix A is a Lagrange multiplier. The 2 x 2 matrix R is given by
r 0
R = 2.3
[O T1:| ’ (2:3)
with a real positive r. We will also use the notation Ru, = 7404 (a,b, -+ =1,2) with r; = 7,79 = r~1. The covariant

derivative is defined as D, = 0,4 — ¥ A, with a 2 x 2 anti-hermitian matrix gauge potential A, associated with the
local U(2) gauge transformations. The components of A,, can be explicitly written as follows;

A, = —i [“ﬂ h } . (2.4)

cu by

ECS is the non-Abelian Chern-Simons gauge action given by
E == ——li 8 A A + —A A A 2 5
CS 25 tr nilvp 3 pdvdp | - ( . )

The kinetic term of the Lagrangian (2.1) is invariant under the local U(2) transformation, while the matrix R with
r # 1 explicitly breaks the U(2) gauge symmetry down to U(1) x U(1). Thus, the symmetry of our model is
[SU(N)]giobal X [U(2)]iocar for r = 1, while [SU(N)]giobar X [U(1) X U(1)]iocar for r # 1. Therefore, the parameter r
could be regarded as an explicit symmetry breaking parameter.

Let us perform the canonical analysis using the Dirac method [6]. We first define the conjugate momenta of the ¢

field by II% = ;jpﬁ . which gives

1

Hg = gQ (ng + AOade?T)' (26)



The indices a, b... represent the U(2) indices 1 and 2, while Latin indices a, .. represent the global SU(N) indices of
11 and 9. We will occasionally omit the global SU(N) indices, when the context is clear. Likewise, the conjugate
momentum of the %1 field is given by

1 = 52 = v Aua). (27)
The momentum for the Lagrangian multiplier field A\, is constrained to vanish,
1), = 0. (2.8)
The conjugate momentum P!, for the gauge field A4 is given by
Pioy = ke€ijAjpa, Poap = 0. (2.9)

In the above, the indices i, j, .. represent the spatial ones with 1 and 2. In the following analysis we will not treat the
first equation as a constraint. Instead Py, is removed from the beginning and replaced by ke;; Ajpq [7]. The second
equation, together with (2.8), defines the primary constraint of the theory. The Poisson bracket is defined by

{08 (2), ()} = ud*6(z —y),
{)‘ab(x)a Hfz\d (y)} dacOpdd (T —y),
{AOab(:E)u POcd (y)} 6a05bd5(x - y)

{Aias(2), Ajoa ()} = —%eijaadabca(x — ). (2.10)

After a straightforward Dirac analysis, we find that the system is described by the canonical Hamiltonian given by

1 1
Ho = ¢TI, I}, + ?(Dﬂ/))l(Dﬂ/))a + ?/\ab(U)ZU)a — Rpa) + (Tgthpy — 1/):21_12 + KF124b) Aoba, (2.11)

where we denote FG = F*G* and Fia4 is the magnetic field given by
Froap = O1Azap — O2Avap + [A1, Azab- (2.12)

Including all secondary constraints, we find that the dynamics is governed by the following constraints;

Cly) = My =0,

O((l})) = Py, ~0,

Cﬁ) = Ylhp — Rap = 0,

O((ZZZ) = Hathp — 1/’2;1_[}: + k24, = 0,

O = Ty +0i11) — g—lg[Am Rlap = 0. (2.13)

One can check that the time evolution of the above constraints are closed with a total Hamiltonian Hr = Hg +
S ASZ)CIEZ) using the relations (2.10).

To separate the constraints into first and second-classes, we first calculate the commutation relations of (2.13) to
yield the nonvanishing Poisson brackets

{c@),.cPwy = %(rc — 74)0aadbcd (T — ), (2.14)
(@), CE W)} = (re = ra)daadued (@ — y), (2.15)
(@), CH W)} = (ra+70)daadued(x —y), (2.16)
(CR@,CE W)} = (0nCE — 6CY)) 8w~ y), (2.17)
(€ @), cP W} = 9—12([/10, Rlaabve — [Ao, Rlsebaa)d(z — 1), (2.18)
{C5)(),CF W)} = B(Frachbad — Fraaadhe)d(z — y). (2.19)

Note that (2.17) satisfies U(2) Gauss law algebra. Nevertheless, Cl(g) and Cé?) become second class constraints for
r # 1, because in this case the right hand sides of (2.15) and (2.18) are nonvanishing for ¢ # d.

Before proceeding to the calculation of the Dirac brackets we briefly review in the next section the structure of the
constrained phase space in a geometric language. This section is included mainly to fix our notations, conventions
and terminology.



IIT. GEOMETRY OF CONSTRAINED PHASE SPACE

A phase space can be described by a manifold I" with a non-degenerate closed 2-form, Q 4p5. The capital Roman
letters (A, B---) are used to represent collectively the indices of the phase space coordinates. In our case x4 =
(Hg,1/13,Aiab,A0ab,POab,)\ab,Hl’)b). The Poisson bracket structure on I' is defined as follows. For any given two
functions F', G

{F,G} = Q*Bo,FOpG, (3.1)

where Q45 denotes the inverse of Q4p.

If a theory is constrained by the constraints, C* = 0, the space of physical interests will be the submanifold T’
consisting of all points of T' satisfying the constraints. This constrained subspace inherits a closed 2-form, Q4 5, from
Qap by restriction, i.e., for any two vector fields X4, Y tangent to T we define Q45 by

QapXAVE = Q4p XAVE. (3.2)

Let us divide the discussion in two cases.

1. Qup is non-degenerate.

In this case, (T', Q4p) is the reduced phase space and the reduced bracket structure can be defined as before, using
the inverse of Qp. For any two functions F, G of I we define

{F,G}p = QP04 FOBG. (3.3)
The condition for non-degeneracy of Q45 can be stated as
det{CH,C"} # 0. (3.4)

This condition, in turn, is equivalent to the fact that none of the vectors Q429 CH is tangent to T'. In this case, the
constraints C* = 0 are said to form a second class and the resulting bracket structure on I is called the Dirac bracket
to distinguish it from the original Poisson bracket, (3.1).

It is well known that Q47 when regarded as a tensor field of I', both of whose indices are tangent to the submanifold

T, is related to Q48 as follows.

Q4P = Q4P 1+ 0,109, CrOPNoNC?, (3.5)
where ©F7 = {CF,C"}. In terms of the Poisson bracket, the Dirac bracket can be written as
{Fu G}D = {Fu G} - {Fu Cﬂ}(—);ﬁ}{cflu G} (36)

2. Qup is degenerate.

The situation in this case is slightly more complicated because the inverse does not exist. Therefore, we cannot
define the bracket structure on all of the functions of I'. However, Q45 defines for us a non-degenerate closed 2-form
on the quotient manifold of I' where any two points of T' are identified if they are related by a curve which lies
along the degeneracy directions everywhere. In fact, Qap is the pull-back to I' of a non-degenerate closed 2-form
on the quotient space under the quotient map. We will interpret Q4p in both ways, either as a degenerate 2-form
on I' or as a non-degenerate 2-form on the quotient manifold. In this case, the quotient space together with a non-
degenerate closed 2-form, Q4 p, is the fully reduced phase space and one can define the bracket structure. Physically,
the degeneracy directions represent gauge directions and the quotient space is the space of gauge orbits. Since gauge
invariant functions can be identified with the functions on the quotient manifold, the fact that we have a well defined
bracket structure on the quotient space means that the bracket structure can be well defined only on gauge invariant
functions on T.

Degeneracies are in fact associated with the existence of the so-called first class constraints. Let k4 be an arbitrary
vector field on I’ which points in some degeneracy direction. Then, for all vector fields, tZ, tangent to T,

0 = Qupk?t? = Qapkit?, (3.7)
which implies that

Qapk® = \0pC" = 95(\zCP) (3.8)



for some non-trivial A\z. Such a linear combination of the constraints, AzC*, is called a first class constraint and its
Poisson bracket with all other constraints vanishes, i.e.,

{AuCH,C7} = 0. (3.9)
Conversely, when ©77 = {C* ,C"} is degenerate, there exists a non-trivial Az such that \z©"” = 0 and it can be
shown that A\zC* generates a degeneracy of Q4. That is, k4 = QAB9p (AzC*) is tangent to I' and QapkitE =0
for all t® tangent to I'. Other linear combinations of the constraints independent with all first class constraints

belong to the second class. Therefore, in the degenerate case one can decompose the constraints into two classes,
(CH) = (C%,C"), where C® denotes the first class constraints and C* the second class and they satisfy

{C®,C"} =0, det{C',C'} # 0. (3.10)

Unlike Q 45, which can be regarded either as a non-degenerate 2-form on the quotient manifold or as a degenerate
2-form on ', Q47 has a well defined meaning only as a tensor field on the quotient space. In order to compare it with
048 we choose a gauge slice. Then, using this one to one map between the space of gauge orbits and the gauge slice
one obtains the corresponding non-degenerate closed 2-form and its inverse on the gauge slice. Note that the 2-form
on the gauge slice obtained this way is just the induced 2-form from € 4p by restriction to the gauge slice. Therefore,
one can obtain the relations between Q42 and Q47 by treating the gauge slicing conditions as additional constraints.
When these are included all constraints form a second class as one can see from the fact that the induced 2-form on
the gauge slice is non-degenerate. Let G = 0 represent a choice of gauge slice. For this to be a good choice of gauge
slicing W@ = {G®, C®} should be invertible. Then, from Eq. (3.6) one obtains, after a straightforward calculation,

{F,GY, = Q*P9,FopG
{F,G}

W Wit ({Gm, G"} - {G™, TG, cﬁ}@;;) (0%, F}{C?, G}
- a b — b a
Wagl{Ci,Fi}{G G} - Ww=HG, FH{C @ 7
W(z_Bl{Gb’ Cl}@%l{cj7 F}{Ca7 G} _ Wzi_I;l{Gb7 01}9%1{0a7 F}{CJ7 G}
e {C, FH{C, G}, (3.11)

+ + o+ |

where ©% = {C%,C’}. When the functions F, G are gauge invariant the above equation reduces to the usual Dirac
bracket constructed using the second class constraints only.

From geometric point of view what happens in our model can be explained as follows. The vector fields which are
(Poisson-)generated by the non-diagonal part of U(2) constraints point in fixed directions in I'. When r # 1, they are
not tangent to I'. As the parameter, r, approaches one, the constraints change gradually and T’ becomes tangent to
those vector fields at » = 1. Initially second class constraints become first class, the gauge symmetry being enlarged
from U(1) x U(1) to U(2).

IV. DIRAC BRACKETS

In this section, we explicitly construct the Dirac brackets (3.6) of our model. It turns out that transition from
r # 1 to r =1 is singular and we have to carry out the cases of r = 1 and r # 1 separately. The reason is that in the
Dirac method we have to compute the inverse of the Dirac matrix ©% of (3.5) which is constructed with second class
constraints only. This inverse matrix becomes singular in the limit of » — 1, because part of the constraints change
from second class into first class in the limit, and determinant of the Dirac matrix becomes zero.

A. r=1 case

For the case of r = 1, we have R, = d4p, and it is easy to infer from the constraints algebra (2.14)-(2.19), only
C’ﬁ) and C’lﬁ) are second class constraints. All of C’((;Z) ’s are the first class constraints whose Gauss law satisfies the
U(2) algebra (2.17). C’sg) and C’lgll)) completely decouple from the Elgeory ar}d can be put equal to zero.

One can thus obtain the following Poisson bracket relations ©% = {C*, C7} among the second-class constraints

i 2 2 2 2 4 4 4 4
ci= (.o o o) ol o) o 0)) (= 1,2,..8),

0= [_fﬂ %] (4.1)



where
2911 O 0 0 0 —fiz fa 0
0 0 2911 O fiz 0 —=0f —fi2
M = N = 4.2
0 2911 0 0 | —fo1 Of 0 fa (42)
0 0 0 2911 0  fi2 —far O

Here we have defined, g1
g11 = ga2 =1
The inverse matrix of © is given by

|1/)1|2 =T, g = |1/}2|2 = Tﬁl, ,fab = IiFlgab and 5f = f11 — f22. For r = 1 we have

MT—INM—I _MT—l

9_1 = M—l O ) (43)
with
[ f
Zr 0 0 0 0 dg g O
0 0 2 o R R
M—l — 0 1 29011 0 , MT—INM—I f419211 s 497, _4g112 (44)
2911 4g37 492 0 4g
) 1 11 J11 11
0 0 0 oy 0 4;7021 4f12 0
q11 911
The Dirac brackets (3.6) are then given by
« B _ aﬁ 1/)a7/)c
{We(x), 1, (y)}p = | dad ™ T 51 + (15 2) ) 8(z — y),
af af Bt
W@ W = (P s g Y s (1 2)) 6o — ),
2911 2911
Had} _1/}0¢TH5 1/)041/} 1/}0¢Twﬁ'f f12 Hal/JﬁT—ﬂ)aTﬂﬁ
1% (z ,Hﬁ _ 1% 1 2 1 Y2 5a10p1 + 2 %1 2 1
{1 (@), 15 ()} ( e s Gt 4
VP o wsTelt fe Tyt of
+ 22 — 22 L) 5 + (16 2)| 6(x —y),
2911 2911 2911 2911 2911 2 1962 + )| 0= =)
Hawﬁ _ waTnﬁT wO‘Twr@T f12 waTw:@T f21 waTw,@ 6f
ng,HBT — ctc c c+ 2 1 + 1 2 Y2 2 9 50,5
{ ( ) b (y)}D ( 211 %11 2911 211 2011 211 2 10b1
T1/; iz ]
- a10p2 + (1 & 2)| d(z —y),
2911 2911 1" ( )| 0@ =)
{)\ab(x)a Hé\d(y)}D = 5a05bd6($ - y)u
{AOab(x)a POcd(y)}D = 5a05bd6($ - y),
1
{Aiav(2), Ajea(y)}p = _Eeij(sad(sbc&(x_y)- (4.5)

B. r#1 case

In this case, we first note that two of the constraints C’S) and CQ(?) which were first-class in the case of r = 1
become second-class, because the gauge symmetry is reduced to U(1) x U(1). This is evident from (2.14), whose
right hand side is nonvanishing for r. # ry. Therefore, we have all together twelve second class constraints
(Cg), CQ(P, Cﬁ), Cg), 02(?, C’ég), Cg), 02(?), C’ﬁi), Clg), C’gli), 0(4)) One could proceed to the computation of the Dirac
bracket with these twelve constraints, which is quite involved. However, it greatly simplifies the computation if one

observes that the constraints 01(421) and Cgll) can be eliminated from the list by solving them explicitly with the variables
Avab (a # b)given by

2

Agab = (Mathy + $IT1}) (a # b). (4.6)
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Then, from (2.14)-(2.19), Cg) and Céi) commutes with the rest of the costraints, and the number of the second-class
constraints become eight; C* = (gg), Cg), Qg), C’ég), Cg), CQ(?),OS), 02(3)), (i=1,..,8).
We now find a 8 x 8 matrix ©% = {C? (7} of the form

@_[_]?ﬂ J\Oq (4.7)

where M is given by

0 0 21 O
0 ¢ 0 0

0 0 0 2922
with dg = g11 — g22. The inverse matrix of © is given by
_ O —(MHT
S/ P = M*l ( 0 ) ’ (49)
with
0 (1) 55 0
0 = O 0
-1 _ dg
M~ = 20 0 o (4.10)
g11 )
0 0 0 55
The Dirac bracket is then given by
[ o, Bt a,, Bt
(@), ()} = [0ap0°® + | -2 + 2222 | 5,160 + (1 & 2) | 6(z — ),
I 2911 og
[ af Bt af BT
WZ‘T(I),Hf(y)}D = _1/)1 ! Sa1001 + —2 Lt da102 + (1 4> 2)| 0(z — y),
| 29n g
_Ha Bt _ aTHﬁ I Bt + OLTH5
{Hg(;v),ﬂf(y)}[) = %&;1&1 + HSn +up 1y +(1+2)|dx—vy),
i g11 g
[ Tow? — potft mew? — potft
{0 (), 1 ()} = ( o Th T Ve >5a15b1 +(1e 2)] 3w — ),
I g11 dg
1
{Aiab(7), Ajea(y)}p = _;Eijéadébcé(x -y). (4.11)

We note that not only the structure of constraints is different from r» = 1 case, but also » — 1 is not defined in the
above algebra (4.11).

V. CONCLUSION

We performed canonical analysis of the gauge symmetry enhancement in the enlarged C P(N) model coupled with
U(2) Chern-Simons term. We discussed the transition between r = 1 and r # 1 cases in terms of the degeneracy
of the constrained phase space geometry. We found that the conventional Dirac method does not allow a smooth
extrapolation of the symmetry enhanced and broken phases. This was essentially due to the fact that Dirac procedure
requires an inverse of the Dirac matrix which is constructed with second class constraints only, and becomes singular
when some of the second class constraints become first class. Physically, second order phase transition occurring as
the symmetry breaking parameter r approaches the critical value 1 could be responsible for the non-smooth transition.

We conclude with a couple of remarks. We have computed the Dirac bracket of (3.6) without gauge fixing and thus
are considering only gauge invariant functions which commutes with the first class constraints. Instead one could
try to fix the gauge first thereby rendering all the constraints second class, and then proceed to the Dirac bracket
(3.11). This would involve technically more difficult steps; for example, in the case of r = 1, we need four gauge fixing



conditions corresponding to the U(2) gauge symmetry, which could be chosen as Lorentz gauge. Then the matrix
would become 16 x 16. For the gauge conditions corresponding to U(1) x U(1) in the case of r # 1, we have to
evaluate the inverse of 12 x 12. Finally, it would be interesting to perform other quantization methods of our model.
For example, in the BRST-BFV method [8] which avoids the second class constraints from the beginning by enlarging
the phase space, the issue of the connection between r = 1 and r # 1 values could be reexamined.
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