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Abstract

On Minkowski spacetime, the angular momentum flux through null infinity of Maxwell fields,
computed using the stress-energy tensor, depends not only on the radiative degrees of freedom, but
also on the Coulombic parts. However, the angular momentum also can be computed using other
conserved currents associated with a Killing field, such as the Noether current and the canonical
current. The flux computed using these latter two currents are purely radiative. A priori, it is not
clear which of these is to be considered the “true” flux of angular momentum for Maxwell fields.
This situation carries over to Maxwell fields on non-dynamical, asymptotically flat spacetimes for
fluxes associated with the Lorentz symmetries in the asymptotic BMS algebra.

We investigate this question of angular momentum flux in full Einstein-Maxwell theory. Using
the prescription of Wald and Zoupas, we compute the charges associated with any BMS symmetry
on cross-sections of null infinity. The change of these charges along null infinity then provides
a flux. For Lorentz symmetries, the Maxwell fields contribute an additional term, compared to
the Wald-Zoupas charge in vacuum general relativity, to the charge on a cross-section. With this
additional term, the flux associated with Lorentz symmetries, e.g. the angular momentum flux, is
purely determined by the radiative degrees of freedom of the gravitational and Maxwell fields. In
fact, the contribution to this flux by the Maxwell fields is given by the radiative Noether current

flux and not by the stress-energy flux.
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1. INTRODUCTION

There is a surprising fact in Maxwell electromagnetism on Minkowski spacetime. While
one typically thinks of fluxes of energy, linear momentum and angular momentum radiated
away to null infinity as depending only on the radiative degrees of freedom, this is not
always true. While the flux of energy and linear momentum is completely determined by
the radiative fields, the flux of angular momentum, when calculated using the stress-energy
tensor, also depends on the Coulombic degrees of freedom [1, 2]. These Coulombic degrees
of freedom appear through an interaction term with the radiative degrees of freedom and are
only relevant if the total charge of the system is non-zero. This occurs in realistic scenarios:
for instance, all of the angular momentum radiated by a charged spinning sphere with
variable angular velocity is due to the interaction term between radiative and Coulombic
degrees of freedom [3].

However, there are other conserved currents for Maxwell fields that are also naturally as-
sociated with Killing symmetries in Minkowski spacetime: (1) Using the Lagrangian one can
define a Noether current for Maxwell fields which is the natural conserved current associated
with Killing symmetries through Noether’s theorem; (2) Similarly, using the covariant phase
space formalism, one can also define a canonical current associated with Killing symmetries.
Just like the current defined by the stress-energy tensor, each of these currents is conserved,
and can be used to define the flux of energy and linear momentum (associated with a time or
space translation Killing field) and angular momentum (associated with a rotational Killing
field). The fluxes through finite regions of null infinity defined by these conserved currents
differ by “boundary terms” on the cross-sections bounding this region. When one instead
considers the flux through all of null infinity, the difference between these currents depends
on the Coulombic part of the Maxwell fields evaluated at spacelike and timelike infinity,
which is non-vanishing in general. In particular, in the context of the electromagnetic mem-
ory [4], this difference is non-zero. Thus a priori it is not obvious which (if any) of these
currents defines the “correct” notion of energy and angular momentum flux at null infinity

for Maxwell fields on Minkowski spacetime.

In this paper we first show that the above considerations generalize to the asymptotic sym-
metries in Maxwell theory on any non-dynamical, asymptotically flat background spacetime.
In particular, one can define the fluxes through null infinity using any of the aforementioned
currents associated with the generators of the Bondi-Metzner-Sachs (BMS) algebra. We
find that the Noether and canonical currents define fluxes associated with all BMS symme-
tries, and these fluxes are completely determined by the radiative degrees of freedom of the
Maxwell fields. However, the flux associated with asymptotic Lorentz symmetries that is
defined by the stress-energy current depends also on the Coulombic part via a “boundary
term” exactly as in Minkowski spacetime. Further, none of these fluxes can be written as

the change of a charge computed purely on cross-sections of null infinity. Thus, working



purely on null infinity none of these fluxes can be interpreted as the change in “energy” or
“angular momentum” on cross-sections of null infinity.

To investigate this issue in more detail we then consider full Einstein-Maxwell theory, with
the background metric now also considered a dynamical field. Unlike Maxwell theory on
a non-dynamical background, Einstein-Maxwell theory is diffeomorphism covariant. Thus,
we can apply the general prescription of Wald and Zoupas [5] to define charges Q (on any
cross-section of null infinity) and their fluxes F (which are the change in charges Q through
any region of null infinity) associated with the BMS symmetries at null infinity.

We show that if one takes the Wald-Zoupas charges for the BMS symmetries to be
defined by the same expression as in vacuum general relativity (say Qggr, Eq. 4.26), then
the additional contribution to their fluxes due to Maxwell fields is indeed given by the
stress-energy current. Consequently, the flux of charges associated with asymptotic Lorentz
symmetries, such as angular momentum, is not purely radiative but depends also on the
Coulombic parts of the Maxwell fields. However, applying the Wald-Zoupas prescription
to the full Einstein-Maxwell theory also gives an additional contribution to the charges
themselves due to the Maxwell fields (say Ogum, Eq. 4.30). The full Wald-Zoupas charge for
Einstein-Maxwell theory is then given by Q@ = Qar + Qrm. We show that the flux F of this
full Wald-Zoupas charge across any region of null infinity is completely determined by the
radiative degrees of freedom of both the gravitational and Maxwell fields at null infinity. The
contribution of the Maxwell fields to this Wald-Zoupas flux is, in fact, given by the Noether
current and not the stress-energy current. In addition, the Wald-Zoupas flux F through all
of null infinity defines a Hamiltonian generator associated with the BMS symmetries on the
radiative phase space of Einstein-Maxwell theory at null infinity.

We further show that the additional contribution Qgy vanishes for supertranslations
and does not contribute to the supermomentum charges associated with supertranslation
symmetries. In particular, the supermomentum charge is given by the usual formula Qggr
as in vacuum GR, and the supermomentum flux gets an additional (purely radiative) contri-
bution from the Maxwell fields which is equal to the flux determined by the stress-energy or
Noether current (as they are equal for supertranslations). If one considers the Kerr-Newman
solution, the additional contribution QOgy; vanishes for Lorentz symmetries as well. However,
for non-stationary solutions of Einstein-Maxwell theory, Qgn is generically non-vanishing
for Lorentz symmetries. Thus, in general, the contribution due to Maxwell fields to the
Wald-Zoupas flux of Lorentz charges, e.g. angular momentum, is not given by the flux of
stress-energy but instead by the Noether current flux.

The rest of the paper is organized as follows. In Sec. 2 we review the natural currents
of Maxwell theory associated with vector fields in a non-dynamical spacetime which are
conserved for Killing vector fields. In Sec. 2.1 we consider the limits of these currents to null
infinity for BMS vector fields, which need not be exact Killing vector fields, and define the

corresponding fluxes associated with the BMS symmetries. In Sec. 3 we consider Einstein-



Maxwell theory, analyze its symplectic current, and review the asymptotic conditions at
null infinity. In Sec. 4 we consider the Wald-Zoupas prescription to define charges and
fluxes associated with the BMS algebra in Einstein-Maxwell theory. We review the essential
ingredients of the Wald-Zoupas prescription in Sec. 4.1 and compute the charges and fluxes
for Einstein-Maxwell theory at null infinity in Sec. 4.2. We end with Sec. 5 by discussing
our main results and their implications.

Several proofs and explicit computations are relegated to appendices. In Appendix A
we derive useful properties of the asymptotic symmetries of Einstein-Maxwell theory. Some
properties of stationary solutions in Einstein-Maxwell theory at null infinity are presented
in Appendix B. In Appendix C we collect the computations of the Maxwell contribution to
the Wald-Zoupas charge in Kerr-Newman spacetime and for a charged spinning sphere in

Minkowski spacetime.

1. Notation and conventions

Our notations and conventions are as follows: lowercase Latin indices from the beginning
of the alphabet (a, b, etc.) refer to abstract indices. Differential forms, when appearing
without indices, are in bold face. We follow the conventions of Wald [6] for the metric gu,
Riemann tensor R, %, and differential forms. Contraction of vectors into the first index of
a differential form is denoted by “-”, e.g. X - 0 = Xf,,, for a vector field X* and a 3-form
0 =0,..

We use the usual conformal completion definition of null infinity .# with conformal factor
Q (for a review, see [7]). For definiteness we will consider future null infinity — depending
on the conventions some of our formulae will acquire an additional sign when using past
null infinity instead. Fields in the physical spacetime are denoted with hats while the
corresponding unphysical quantities are unhatted, e.g. g, is the physical spacetime metric
while g, is the metric in the unphysical (conformally-completed) spacetime. The conversion
between the metrics and volume elements in the physical and unphysical spacetimes is given
by

Jab =g, 9 =0%¢", Zapea = UV Caped- (1.1)

Let n, := V, Q. It can be shown that the conformal factor €2 can always be chosen so that
the Bondi condition
Vanpy = 0 (1.2)

is satisfied, where “=” denotes equality on .#. Furthermore, with this choice we also have
nan® = O(Q?). (1.3)

We will work with this choice of conformal factor throughout. Let g, denote the pullback
of the unphysical metric gq, to .#. From Egs. 1.2 and 1.3 it follows that gun® = 0 and
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£nqa = 0. Thus, g defines a degenerate metric on .# and a Riemannian metric on the
space of null generators (diffeomorphic to §?) of .#.

For our computations it will be convenient to define some additional structure on .# as
follows. Let u be a function on .# such that n®V,u = 1, i.e. u is a coordinate along the null
generators of .#, and n®0d, = 9,. Consider the foliation of .# by a family of cross-sections
given by u = constant. The pullback of g, to any such cross-section S defines a Riemannian
metric on S. For such a choice of foliation, there is a unique auxilliary normal vector field
[* at Z such that

1°0,=0, 1“ng=-1, gul®=0. (1.4)

Note that this choice of auxilliary normal is parallel-transported along n?, i.e. n®V,l¢ = 0.}

In terms of this auxilliary normal we also have
Gab = gab + 2nalyy,  ¢™ = g™ + 2010, (1.5)

where ¢® is the “inverse metric” on the chosen foliation relative to [*. For any v, satisfying

nv, = v, = 0 on .#, we define the derivative &, on the cross-sections by
Davy, = QaCdevcvd- (1-6)

It is easily verified that Z,q,. = 0, i.e., &, is the metric-compatible covariant derivative on
cross-sections of .&.

Let €3 = 4. be the volume element on .¢ and e, = ¢, the area element on the cross-
sections of . in our choice of foliation which we define by

. d o c
Eabe +— l Edabe » Eab += —N Ecqp - (]-7)

These are the orientations of €3 and e, that are used by [5]. In our choice of foliation we
also have €3 = —du A e,.

We also use the following terminology for the charges and fluxes associated with the sym-
metry algebra at null infinity. Quantities associated with asymptotic symmetries evaluated
as integrals over cross-sections S = S? of null infinity will be called “charges”, while those
evaluated as an integral over a portion A.# of null infinity bounded by two cross-sections
will be called “fluxes”. In general, “fluxes” need not be the difference of any charges on the
two bounding cross-sections, but the Wald-Zoupas fluxes (defined in Sec. 4) are the change
of the Wald-Zoupas charges. When certain conditions are satisfied the fluxes given by the
Wald-Zoupas prescription can also be considered as Hamiltonian generators on the phase

space at null infinity (see the discussion below Eq. 4.12).

LAll of our results can be obtained without choosing a foliation of .# and the corresponding auxilliary normal
1%, but some intermediate computations become more cumbersome, see (7, 8.



2. MAXWELL FIELDS ON A NON-DYNAMICAL BACKGROUND SPACETIME

In this section, we discuss in detail three currents that occur in the theory of Maxwell
fields associated with vector fields on a fixed, non-dynamical background spacetime: the
canonical, stress-energy and Noether currents. We show that, when the vector field is a
Killing field of the background metric, each of these currents are conserved and they differ
by “boundary” terms. Next, we carefully analyze the fluxes through .# defined by each of
these currents when the vector fields are asymptotic symmetries in the BMS algebra. This
serves as a primer for the remaining part of the paper where we analyze Einstein-Maxwell

theory at .# and define charges and fluxes for its asymptotic symmetries.

The dynamical field of Maxwell electrodynamics is given by a vector potential. It is
most natural to treat the vector potential as a connection on a U(1)-principal bundle over
spacetime, and perform the analysis directly on the principal bundle [9]. Since this would
need considerable additional formalism, we will instead treat the vector potential as a 1-form
A, on spacetime which is obtained from the connection by making an (arbitrary) choice of

gauge. The Maxwell field strength 2-form E, is then
Eyy i= 2V Ay (2.1)

To define our currents we will consider the transformations of the vector potential under both
Maxwell gauge transformations parametrized by a function A and diffeomorphisms generated
by a vector field X, which we collectively denote by é = (X' “ 5\) The infinitesimal change

in the vector potential under these transformations is given by

(55121a = £XACL + @GS\ = Xbﬁba —+ @a (XbAb -+ 5\) . (2.2)

Note that the vector field X and the function ) are independent of any choice of gauge
for the Maxwell vector potential, since they are simply vector fields and functions on the
spacetime. However, for a fized transformation parameterized by é , its representation in
terms of a vector field X* and a Maxwell gauge transformation \ depends on the choice of
gauge for the vector potential fla. Let flfl = fla + @af\ be another vector potential related to
A, by a gauge transformation A. For a fixed f = (X e 5\) let the new representatives under
the gauge transformation by A be & = (X' ra N ). Since ¢ is fixed, its action on the vector
potentials must be independent of the choice of gauge; that is, 5514; = 55121@. Evaluating
this, we have

£ A+ VN + Vol o A= LA+ V. (2.3)

This implies that, under a change of Maxwell gauge by /A\, the representation of a fixed



transformation £ = (X2, ) = (X’*, \') changes as
XT=X* N=X-£4A. (2.4)

Consequently the notion of a pure Maxwell gauge transformation é = (X' @ =0, 5\) is well-
defined independently of the choice of gauge A, but a “pure diffeomorphism” é = (X “\= 0)
is not. This is analogous to the structure of the BMS algebra noted in Appendix A. Note
also that

N+ XA = N+ X4, (2.5)

is invariant under changes of Maxwell gauge.?

The Lagrangian 4-form of Maxwell electrodynamics is given by

1 -
Ly :=¢ ——F2> 2.6
EM 54( 167 ) ( )
where F?2 = @‘”@bdﬁ’abﬁ’cd and the metric is considered to be a non-dynamical field. One

can also consider the Maxwell field coupled to a charged source current of compact sup-
port. On Minkowski spacetime such source currents are necessary to have a non-vanishing
Coulombic part of the Maxwell field. Of course, there are asymptotically flat spacetimes
which are solutions of the source-free Maxwell equations and have a non-vanishing Coulom-
bic part without introducing external sources, e.g., the Kerr-Newman spacetimes. Since we
are mostly concerned with the behavior at null infinity, a source current of compact support
does not change our main analysis. However, we assume the presence of such sources to
enrich our class of solutions so that also on Minkowski spacetime there exist Maxwell field

configurations with non-zero total charge.

Varying the Lagrangian with respect to the dynamical field A, gives
SLpy = & [i (Vo) 64, — Ly (F*6A )] (2.7)
EM 4 A b a A b all> .

which yields the Maxwell equations
V' =0, (2.8)

20n a principal bundle, é = (X e, 5\) is a vector field on the bundle and Eq. 2.2 is the Lie derivative of the
connection with respect to é . The Lie algebra of such vector fields also has the structure of a semi-direct
sum of diffeomorphisms with the Lie ideal of Maxwell gauge transformations [9]. The invariant in Eq. 2.5 is
then the vertical part of é on the bundle.



as well as a “boundary term” corresponding to the symplectic potential 3-form

N 1 ” N
Opn(6A) = ——E4a 'O A, (2.9)
A

The symplectic current 3-form is then defined as

A A 1 A A
WEM ‘= 510EM(52A) — 520EM(51A) = _Eédabc {51Fde(52Ae — (]_ < 2)} . (210)

From this symplectic current, we construct the canonical current for a transformation of
the vector potential (Eq. 2.2) generated by £ = (X a 5\) A priori, one may naively expect
the canonical current to involve two variations of the vector potential. However, since the
Maxwell equations are linear, the situation simplifies: Consider a one-parameter family of
vector potentials A,(e) := (1 + €)A,. This entire family satisfies the Maxwell equations
if A, satisfies the Maxwell equations, and the variation of this family of solutions §A, =

%fla(eﬂf:o is equal to the vector pAotential A,. Therefore, for a given symmetry é = (X @A),
where X is any vector field and ) is gauge, we define the canonical current as

A

Jclg] = wEM<Aa 551‘1) = Edabe )l

with j& = _ﬁ [Fab (£XAb + @bj\) _ AacgbdAbfxpcd} . (2.11)

To define the stress-energy and Noether currents, we also need to vary the Maxwell
Lagrangian with respect to the metric §4,.% In particular, by varying the Lagrangian with

respect to the non-dynamical metric g,, we find the Maxwell stress-energy tensor Trab:

5L = E41T6 G, (2.12)

where
Tab o 1 Facﬁvb 1 AabFAQ 2.13
= E( e — 39" F?). (2.13)

The associated current, the stress-energy current for some vector field X is given by

JT = édabcj{'il‘a
Hh (X)) Feb g, 1 facf Xb_ 1gape (2.14)
wit jT( )— b—E( be -7 )

3 Note that varying the Lagrangian with respect to §qp is not in contradiction with our assumption of §up
being non-dynamical in this section — g, does not satisfy any equation of motion obtained by varying the
purely Maxwell Lagrangian.



Given that its divergence is
Vi (X) = TV (o Xs), (2.15)

it is clear that 7%(X) is conserved when X is Killing.

We finally turn to the Noether current. To obtain its expression, we consider the variation
of the Maxwell Lagrangian under the transformation generated by é = (X @ 5\), where the
vector potential transforms as in Eq. 2.2 and the variation of the metric under diffeomor-
phisms is 6zGup = £ ¢ Jap (see appendix of [10]). This yields®

A,

5gLEM =LiLpy = dnl¢], (2.16)

A,

where the 3-form n[¢] is given by
n[é] = X ' LEM = _w%édachQXd- (217)

The Noether current is then defined by (see the appendix of [10])

A

IN[E] == Ouni(0eA0) — mE] = Euaelt,

1 A A~ AN 1 A A
with jy = — - F* (£ A0+ V4] + T

7

(2.18)

Despite the fact that these three currents are clearly different, in the case where the vector
field X is Killing, all these currents only differ by total derivatives and constant factors.
It can be shown quite generally that the Noether and stress-energy currents are related by
a total derivative, see the appendix of [10]. For Maxwell fields, we find by comparing the

Noether and stress-energy current that

Ixl] = —Jr[X] + dQy[€], (2.19)

where

QN[é] = _g%wécdabFCd (XeAe + 5\) . (220)

Comparing the canonical with the Noether current, one instead finds (after a lengthy but

straightforward calculation starting with Eq. 2.11) that

A, A, A

Jol§] = 2In[E] + dQc[¢] + K, (2.21)

4Note that when the vector field X is non-vanishing it is essential that the non-dynamical metric in the
Maxwell Lagrangian is also varied so that 55LEM is a total derivative.



where

A

Qol€] = —&2eua (2X°F* A, — A7) (2.22)
Ko im ban, (207959 - 1F359) .9, 229

When X is a Killing vector field of the background spacetime, the Noether and canonical

A,

current differ only by a total derivative of Q[¢] (up to a constant factor of two).

For any Killing vector field X, these currents are all related by total derivatives, and
the fact that the stress-energy current is conserved in this case directly shows that the other
two currents are also conserved. From the discussion under Eq. 2.2, it follows that both the
stress-energy and Noether current are invariant under Maxwell gauge transformations while
the canonical current is invariant only up to boundary terms. Thus we can use any of these
currents to define a conserved quantity for Maxwell fields associated with a Killing vector
field of the background spacetime.® For example, if the background spacetime is stationary
with a timelike Killing field £, then any of the above defined currents with Xo=fo integrated
over a Cauchy surface define a notion of “energy”. Similarly, for an axisymmetric background
with an axial Killing field Xe = qga, each of these currents define an “angular momentum”.
The conserved quantities defined using these currents will then differ by boundary terms on
the Cauchy surface, either at a boundary at infinity or some interior boundary like a black
hole horizon.

The most appropriate current to use depends on the problem at hand. The Noether
current is the most natural one associated with a symmetry through Noether’s theorem
(and, as we will show, is also the contribution due to the Maxwell fields to the Wald-Zoupas
flux). On the other hand, the stress-energy current is typically used for calculations of
energy and angular momentum flux, both in standard textbooks for Maxwell theory in
flat spacetimes [11, 12] and on fixed backgrounds [6] (in fact, problem 9.8 of [12] notes
that the angular momentum flux depends on more than just the radiative electromagnetic
fields!). Furthermore, for computations of “self-force” effects on charged sources due to
electromagnetic radiation the useful quantity to use is the stress-energy current, see for
instance [3, 13].

The canonical currents are associated directly to the Hamiltonian formulation where the
symplectic current provides a natural symplectic form on the phase space. These currents
also arise in the formulation of the first law of black hole mechanics [9, 10]. By general
arguments, the positivity of the canonical energy (relative to a timelike Killing field of
the background) is also directly related to the stability of the background black hole to

50f course, one is free to define other conserved currents by simply adding exact 2-forms (i.e boundary terms)
to the three currents we have defined.
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perturbations [14, 15]. For axisymmetric Maxwell fields on a stationary (but not static) and
axisymmetric black hole spacetime in GR, it was shown in [16] that the energy evaluated
on a Cauchy surface defined by the canonical current (which, in this case, also equals the
one defined by Noether current) is in fact positive whereas the energy given by the stress-
energy tensor can be made negative. Thus, the canonical energy is the more useful quantity
in the analysis of stability of black hole spacetimes to electromagnetic perturbations. The
canonical energy is also useful to account for the “second-order” self-force effects of small test
bodies in black hole spacetimes [17]. Similarly, the symplectic current is useful for deriving
conserved currents associated with symmetries of the equations of motion which need not

arise from the action of a diffecomorphism or gauge transformation [18; 19].

1. Maxwell currents and fluxes at .

We now turn to comparing the fluxes through .# constructed from the various currents
in the previous section. Hereafter we will not require that the vector field X% is a Killing
field, but instead require it to be an element of the asymptotic BMS symmetry algebra at
# . In order to make this comparison, we first list the asymptotic properties of the relevant
fields at null infinity.

As usual, we perform this calculation in the unphysical spacetime. The unphysical
Maxwell field tensor is given by F,, = Fab, and we assume that Fj;, extends smoothly
to .#. For the vector potential, this implies that there exists a gauge in which A, = A, is
also smooth at .#.5 Moreover, without loss of generality — that is, for all solutions of the
Maxwell equations where F, is smooth at . — we can further restrict the gauge freedom
to the outgoing radiation gauge

n“A, =0. (2.24)

The argument is similar to the one used for imposing the Bondi condition (see for instance,
Sec. 11.1 of [6]): Let A, be a vector potential so that n*A, # 0, and consider another vector
potential A’ related to it by a Maxwell gauge transformation A, = A, + V,A. Now choose
A to be a solution of

£, )= —ntA, . (2.25)

Since this is an ordinary differential equation along the generators of .#, solutions to this
equation always exist. With this choice of A we have n®A! = 0. Henceforth, we will assume

that this choice has been made for the vector potential.

6Generically, if we impose some gauge condition on A, in the physical spacetime, e.g. Lorenz gauge, then
Aq, = A, is not guaranteed to be smooth at .# in the chosen gauge, see for example the case of Kerr-Newman
spacetime in Appendix C.
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Now consider a diffeomorphism X and a Maxwell gauge transformation A. We show in
Appendix A that to preserve the asymptotic-flatness conditions on the spacetime, X = Xe
must be smooth at .# and correspond to an element of the BMS Lie algebra. The essential
conditions on X at .# are collected in Eqgs. A.9-A.11. Similarly, for the transformation of
the vector potential (Eq. 2.2) to preserve our conditions on the Maxwell field we must have
that A = ) is smooth at .# and satisfies £,A=0.

In summary, we have that
A, =A,, Fgp=F,, X°=X% X=A\ (2.26)
are all smooth at .# along with the condition Eq. 2.24.

Two important quantities can be derived from the “electric field” Fyn® at #: the first is
&4, defined by

Ey = Fun® = ¢.°Fyn® = — £, A,, 2.27

b7l q b7l {la ( )

with the under arrow indicating the pullback to .#. The radiative degrees of freedom in
the electromagnetic field are contained in &, (or equivalently A,). The other piece of F yn®,

which contains non-radiative (Coulombic) information at ., is given by Re[p], defined by”
Relp1] := 1Fl%n’. (2.28)
The Maxwell equations imply that on .# these two fields are related in the following way:

2£,Relp1] = ¢* D,E,. (2.29)

With these asymptotic conditions we now evaluate the fluxes through null infinity defined
by the canonical, Noether, and stress-energy currents for any asymptotic symmetry £ =
(X, \) as described above. Note that in this context the vector field X* = X® need not be
a Killing vector field inside the physical spactime, but is required to be a BMS vector field
on .#.

With our convention in Sec. 1.1 for 3, the pullback of a 3-form J is —Q~*n,j* €3, where

"The notation “Re[p1]” comes from Newman-Penrose notation [20]. Similarly the quantity &, corresponds
to the real and imaginary parts of ¢ in Newman-Penrose notation.
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Jabe = Eapeai?. The flux of the canonical current is given by

Felg; A7) 1= / Jolg) = - / e 0 najele]

(2.30)
- / €3 ¢ [E(£x Ay + D)) — Au£xE — LEADY?]

where Y is the “pure Lorentz part” of X and we have used that £yn® = —2(Z,Y")n" (see
Eq. A.9 and the text below Eq. A.12). The flux of the Noether current is given by
1
g As] / Ixle) = - / &3 O nailel =~ [ & a"E(ExAr+ D), (231)
As

where we have used that £,\ = 0 (see Eq. A.15). The term proportional to F? in Eq. 2.18
does not contribute to the flux through .# because X%, = 0. Finally, the flux of the
stress-energy current is given by

1
g Af / JT — / E3 Tabn“Xb = _E / €3 ga (qabecXc+2Re[Q01]Ya) .
AS

(2.32)

From the above expressions it is apparent that all of these fluxes vanish in the absence of
electromagnetic radiation, i.e., when &, = 0. Further, the fluxes defined by the Noether and
canonical currents depend only on the radiative modes éa at null infinity. However, the
stress-energy current flux also depends on the Coulombic part Re[yp:], as emphasized before
in [1, 2]. For supertranslations X o n®, this Coulombic term does not contribute to the flux
since Y* = 0. However, the stress-energy current flux associated with asymptotic Lorentz
symmetries, e.g. angular momentum flux, cannot be computed from just the radiative

modes.

Note that, since any BMS vector field satisfies Q?£xda = 0 (see the discussion in Ap-
pendix A), the 3-form term K¢ in Eq. 2.21 vanishes at null infinity. Thus, from Eq. 2.21

we have on ¥

InE] = 5 Jcl] —dQcl€]] . Jr[¢] = —In[E] + dQyE]. (2.33)

That is, all three currents evaluated on .# differ by exact 3-forms even when the vector field
X*is not Killing but an element of the BMS algebra. Therefore, the fluxes of these currents
on & can be related to each other purely by boundary terms on the cross-sections Sy and
S1 bounding the region A.# (with Sy in the future of S;).

Let us compare the fluxes on .# in more detail. Consider, first, the relation between the
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flux of the Noether and canonical current. This satisfies

Fule; A = /JN )= SFlt AL + 5

/Qc /QC ] : (2.34)

with the boundary term

JQclel =1 [ e (5674, ~ 22 Rele) (2.35)
S

S

where [ is as given in Eq. A.11. This expression is rather strange on first inspection, since
both F¢ and Fy only contain radiative information by Eqs. 2.30 and 2.31, respectively, and
yet their difference appears to be a boundary term that contains non-radiative information,
in the form of A\ Re[yy]. This is somewhat misleading since, using the Maxwell equation
Eq. 2.29 and £,\ = 0, this Coulombic contribution can be rewritten in terms of purely

radiative degrees of freedom as

1 1 1
yy /62 2\ Re[p1] — ES/ez 2\Re[p1] = EA/V €3 " E. DN (2.36)

Next, consider the relation between the flux of the stress-energy and Noether current:

fT[fé Aﬂ] —FN f, Aﬂ |:/QN —/QN[f]] ) (2.37)
S1

with
/ Qnl€] EgRe[ﬁpl] (YA, + ). (2.38)

Unsurprisingly, as there is non-radiative information in Fr but not in Fy, the boundary

term contains non-radiative information.

Finally, let us consider the fluxes through all of .#. The natural boundary conditions for

the electromagnetic field in the limit ©v — £oo are
Ea =01/ |u|t), A =0(1) . (2.39)

These conditions ensure that the symplectic form obtained by integrating the symplectic
current over all of & is finite. Given that [ grows at most linearly in v and Y and A are
independent of u (see Appendix A), we find that the fluxes differ by

Fnl&; A = 3Fcl& AT+ 3 [Qe(Sx) — Qe(S-)] (2.40)
Frlé A = —fN[& I = [Qx(5x) — On(S-)] (2.41)
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where S, and S_,, are the spheres at u = £o0, respectively, and
1
Qc(5) = o /82 ARe[p1], (2.42)
5

An(95) == —% /€2 Re[p1] (YA, + A). (2.43)
S

As discussed below Eq. 2.35, the difference between the canonical and Noether fluxes can also
be expressed purely in terms of the radiative degrees of freedom. However, the difference
between the Noether and stress-energy fluxes does depend on the Coulombic degrees of
freedom even when computed over all of ., except when Y* = 0 and A = 0 (a pure
supertranslation).

We stress once more that none of these fluxes can be written as the difference of charges
evaluated on cross-sections of null infinity. Thus, on a non-dynamical background spacetime,
none of these fluxes can be considered as the change of energy or angular momentum at a
particular “time” (a cross-section of null infinity), and there is no obvious criterion to decide
which of these currents defines the flux of energy or angular momentum.

3. EINSTEIN-MAXWELL THEORY

In this section, we review the symplectic structure at .# as well as the asymptotic behavior
of asymptotically flat spacetimes in Einstein-Maxwell theory. The reader familiar with this

can safely skip to the next section.

1. Symplectic current for Einstein-Maxwell theory

Following [21], the Lagrangian for Einstein-Maxwell theory is given by

1 /A 2o\ .
L:lG—W(R—F)q. (3.1)
As in the case of Maxwell theory, our analysis is unaffected by adding additional matter
sources of compact support or sufficiently fast falloff at null infinity.
A variation of this Lagrangian with respect to the dynamical fields d = (Gab, fla) gives

(raising and lowering with the background physical metric)

1
167

A N 1 o~ - ~ A
§L = (G — 87T™)5 G + EvabaaAa &, +do(60), (3.2)

where é’ab is the Einstein tensor of g, and the stress-energy tensor Tab is the same as in
Eq. 2.13, except that the spacetime metric is now also dynamical. The variations with
respect to the dynamical fields d = (0Gap, 5Aa) give the Einstein equations and Maxwell
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equations, respectively:

éab = 87TTab7 @bﬁ’ba = 0. (33)

The symplectic potential @ is given by

0(@, (S(i)) = édabc@d,
(3.4)

1 . L
with 0% = — (§*§9V 090 — 2664,

8
where the second term is the symplectic potential of electromagnetism from Eq. 2.9. The

symplectic current w := 6,0(0,®) — 6,0(5,P) is given by the sum of three terms (see Eq. 3.12
of [21])8

(AJ((Sl(i), 52&)) = édabc {’UAJ%[R«SL@, 52@) -+ ’UAJ%M<(5114, 5214) -+ ’UAJ?< (51<f>, 52(%)} . (35)

The first term on the right-hand side of Eq. 3.5 is the same as the symplectic current for
general relativity in vacuum (see Eqgs. 41 and 42 of [5]):

~a PN A 1 Pabcde AT ~
g (019, 029) = 16—7TP bede] [52gbcvdélgef — (1 2)} g (3.6)
with
Pabcdef — gaegfbgcd o %gadgbegfc _ %gabgcdgef o %gbcgaegfd + %gbcgadgef ] (37)

Similarly, the second term is the symplectic current of electromagnetism from Eq. 2.10:

n ~ 1 ~ ~
Wi (614, 5o A) = ——5g" [0 Feabr Ay — (1 5 2)] | (3.8)

47

while the third “cross-term” is given by

~a z 2 1 ~cla 7 Fab Ac 1 ~
0 (5,9, 6,9) = — (291" F 4 3F5°") 65 Ayd1gea — (1 > 2). (3.9)

This cross-term is unimportant for our analysis as it vanishes in the limit to .# for asymp-
totically flat perturbations.

2. Asymptotic conditions and field equations at .#

We now review the asymptotic behaviour of Einstein-Maxwell theory near .#. We use

the standard definition of asymptotic flatness (see for instance [7]). The addition of elec-

8Note that our expressions Egs. 3.8 and 3.9 only differ in appearance from the ones in Eq. 3.12 of [21] because
[21] use the perturbed quantity 6 /% while we prefer to use 0 Fp.
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tromagnetic fields does not spoil this definition, since Fj;, = Fab has a smooth extension to

.

Using the conformal transformation relating the unphysical Ricci tensor Ry, to the phys-
ical Ricci tensor R (see Appendix D of [6]), the Einstein equation Gy = 87T, can be
written as

Sap = =297 'Vany + Q720 ngay + 870 (Tab - %gabQCchd) , (3.10)

where S, and Ty, are given by
Su = Rap — tRgay, Tup:=Q Ty (3.11)

For Maxwell fields we have, by Eq. 2.13 and the asymptotic conditions in Eq. 2.26,

1 c cd
(P (FucF = $gabF*"Fu) (3.12)

This quantity is smooth at .# by the smoothness of F;, and gg.

As before, we assume that the conformal factor is chosen to satisfy the Bondi condition
Egs. 1.2 and 1.3
Vany =0, nen® = 0(Q%). (3.13)

Further, without any loss of generality the conformal factor €2 in a neighbourhood of .#
and the unphysical metric gq|, at .# may be assumed to be universal, i.e., independent of
the choice of physical metric g, [5, 22] (see Appendix A of [23] for details of the argument).
Now consider a physical metric perturbation 0g,,. Since the conformal factor can be chosen

universally, we have

5gab = QQégab . (314)

Given that the unphysical metric g, at .# is universal dg,, = 0, and thus there exists a

smooth tensor field 7, such that
5gab = QTab . (315)

Further, imposing the Bondi condition on the perturbations, i.e. §(V,n;) = 0 we also find
(see Eqgs. 51-53 of [5])
Tan’ = Qr, (3.16)

for some smooth 7,. Thus our asymptotic conditions on the metric perturbations imply that

Tab = Q 000, Tai=Q trgnt (3.17)

are smooth on .#.

For the Maxwell field we will use the same conditions as in Sec. 2.1, that is, A, = A, is
smooth at .# and satisfies n*A4, = 0 (Eq. 2.24).
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4. WALD-ZOUPAS CHARGES AND FLUXES

In this section we derive the charges and fluxes associated with asymptotic symmetries in
Einstein-Maxwell theory at null infinity using the Wald-Zoupas prescription. We first review
the Wald-Zoupas procedure for obtaining charges and fluxes corresponding to asymptotic
symmetries for a general diffeomorphism covariant theory in Sec. 4.1, and then apply this
prescription to the Einstein-Maxwell case in Sec. 4.2. We show that the contribution of the
Maxwell fields to the Wald-Zoupas flux is given by the Noether current and not the stress-
energy current. Further, this flux can be determined entirely from the radiative degrees of
freedom, and the total flux over all of .# acts as a Hamiltonian generator on the radiative
phase space.

1. Summary of the Wald-Zoupas prescription

The prescription of Wald and Zoupas can be applied to any local and covariant theory. We
review below the essential ingredients, emphasizing the subsequent application to Einstein-
Maxwell theory.

When the dynamical fields i) satisfy the equations of motion, and § P satisfy the linearized
equations of motion, one can show that (see [9, 10, 24])

w(®; 60, 5:0) = d [0Q[E] — X - 6(5D))] (4.1)

for all symmetries é , where the 2-form Q[é] is the Noether charge associated with the sym-

A

metry €. In Einstein-Maxwell theory, Q[€] is given by

Q[é] = _—écdabﬁch — —écdabFCd(XeAe + 5\) . (42)
167 8T
The first term above is the Noether charge associated with the vector field X in vacuum
general relativity (Eq. 44 [5]) and the second term is the Noether charge for electromagnetism
given in Eq. 2.20.

Now we consider Eq. 4.1 at .#, rewritten in terms of the unphysical fields which are
smooth at .#. Using Egs. 2.26 and 3.17, it can be verified that the symplectic current
w (Eq. 3.5) has a limit to .#. Thus, from this point onwards, we work with the fields
and symmetries in the unphysical spacetime. Now, consider a spacelike surface ¥ which

intersects .# at some cross-section S. Integrating Eq. 4.1 over X, we then find

/w((I);é(b,ég(I)) :/(5Q[§] — X - 6(50)). (4.3)

S
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Since w admits a limit to ., the integral on the left-hand side of Eq. 4.3 is always finite.
However, the 2-form integrand on the right-hand side need not have a finite limit to .# in
general. Thus, the integral on the right-hand side of Eq. 4.3 should be understood as being
defined by first integrating over some 2-sphere in > and then taking the limit of this 2-sphere
to S [5]. This final limiting integral is independent of the way in which the limits are taken
since dw(®P; 69, 6.P) = 0.

From the above identity it would be natural to define a charge associated with the asymp-
totic symmetry £ at S as a function Q[; S| in the phase space of theory such that

5Q1: 5] = [ (5Q16) - X - 6(5)) (4.4)

S

for all perturbations d®. However, in general no such charge exists since the right-hand side is
not integrable in phase space, i.e., cannot be written as d(something) for all perturbations.
To see this suppose that the charge defined in Eq. 4.4 does exist. Then, one must have
(0102 — 9201)QI[§; S] = 0 for all backgrounds ® and all perturbations 6;®P, 5o P (satisfying the
corresponding equations of motion). However, it is straightforward to compute that

(610, — 8,61)Q[E; S] = — /X L W(®; 6, 0,D) . (4.5)
S

Thus, a charge defined by Eq. 4.4 will exist if the right-hand side of the above equation
vanishes. This is the case in Einstein-Maxwell theory if X* = 0, i.e., for a pure asymptotic
Maxwell gauge symmetry, or if X is tangent to S. However in general, the right-hand side
is non-vanishing and one cannot define any charge Q[¢; S] using Eq. 4.4.

This obstruction is resolved by the rather general prescription of Wald and Zoupas [5].
Their procedure for defining integrable charges associated with asymptotic symmetries can
be summarized as follows: let ®(d®) be a symplectic potential for the pullback of w to .#,
ie.,

w (6,2, 0,9) = 5,0(6,8) — 5,0(5, D) (4.6)

for all backgrounds and all perturbations (with suitable asymptotic conditions and equations

of motion imposed). Following [5], we require that

(1) © be locally and covariantly constructed out of the dynamical fields ®, §®, and finitely
many of their derivatives, along with any fields in the “universal background structure”
present at .#.

(2) © be independent of any arbitrary choices made in specifying the background structure,
i.e., © is conformally invariant as well as invariant under Maxwell gauge transforma-
tions on .# for Einstein-Maxwell theory. We also require that ® be independent of the
choice of the auxilliary normal [* and the corresponding ¢ used in our computations.

(3) ©(6®) = 0 for any stationary background solution ® and for all (not necessarily
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stationary) perturbations 09.

If such a symplectic potential ® can be found, define Q[¢;S] to be a function on the
phase space at . by?

Q[¢; 5] ::/<6Q[§] X - 6(69)) /X O(60) . (4.7)

S

It is easily checked (using Eqs. 4.4-4.6) that this expression is integrable in phase space,
i.e., (0102 — 0201)QI[; S] = 0. Together with some choice of reference solution ®, on which
Q[¢&; S] = 0 for all asymptotic symmetries £ and all cross-sections S, Eq. 4.7 defines the
Wald-Zoupas charge Q[&; S] associated with the asymptotic symmetry £ at S.

The flux of the perturbed Wald-Zoupas charge is given by (see also Egs. 28 and 29 of [5])

FlE; AL = 6QI¢; S5 — 6Q[E; 51] = — / [ (59, 5¢@) + d[X - ©(50)]]. (4.8)

AS

The last term of this equation can also be written as

d[X - ©(50)] = £xO(3d)
— 5.0(50) (4.9)
= —w (3P, 5:P) + 0O(5:D) ,

where in the second line we have used the criteria that © is a local and covariant functional
on .# and that it is invariant under Maxwell gauge transformations,'® while the third line
follows from the definition of ® as a symplectic potential for 2] (Eq. 4.6). Thus, the flux of
the perturbed Wald-Zoupas charge is

Fle;As] = / 50 (5 P) (4.10)

To get the unperturbed charge and flux from the perturbed ones we have to choose
a reference solution @, on which the charges are required to vanish. Since the @(0®) is
required to vanish on stationary backgrounds we choose the reference solution ®q to also

be stationary. For our concrete case of Einstein-Maxwell theory, we will pick ®, to be

9Note that the first of these two integrals is defined by the limiting procedure described below Eq. 4.3, whereas
the second is an ordinary integral, as © is defined directly on .7.

10T the principal bundle language, this means © is a gauge-invariant and horizontal 3-form on the bundle.
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Minkowski spacetime. Then, the flux of the Wald-Zoupas charge is simply

Fleias) = Q& s3] - Qlei Sl = - [ ©(0). (4.11)

AS

Note that from Eq. 4.8 we also have

SFE: AF] = — / g(5®,5§®)+/)(-@(5®)—/X~®(5<I>). (4.12)

If the boundary terms on Sy and S; vanish for all backgrounds ® and all perturbations é®
then F[¢; AZ] also defines a Hamiltonian generator (relative to the symplectic current g)
on the radiative phase space on A.# corresponding to the symmetry £. For general field
configurations these boundary terms do not vanish on finite cross-sections of .#. However
we will show below in Einstein-Maxwell theory that when A.# is taken to be all of null
infinity, appropriate boundary conditions at timelike and spacelike infinity (i.e, as |u| — c0)
ensure that these boundary terms indeed vanish for our choice of ®. Thus, our fluxes define

the Hamiltonian generators for Einstein-Maxwell theory on the phase space on all of ..

Remark 4.1 (Ambiguities in the Wald-Zoupas prescription). For a given theory, the Wald-
Zoupas prescription is not unambiguously defined. For a given Lagrangian L, the symplectic

potential @ is ambiguous up to the redefinition
0(6D) — B(6D) + dY (D) (4.13)

where Y(5<i>) is a local and covariant 2-form which is a linear functional of the perturbations

5 and finitely many of its derivatives. This changes the symplectic current by

A

w(0,D,5,0) > w (1B, 0,) + d [5,Y (6,D) — .Y (6, D)] . (4.14)

Note that the addition of a boundary term to the Lagrangian does not affect the symplectic
form. Even with a fixed choice of the symplectic current, the symplectic potential (6 P)
defined on null infinity (Eq. 4.6) is ambiguous up to

O(5D) s O(6D) + SW (D) (4.15)

where W is a local and covariant 3-form on .#. These ambiguities then also lead to ambigui-
ties in the Wald-Zoupas prescription for the charges and fluxes on null infinity. It was argued
by Wald and Zoupas that these ambiguities do not affect their prescription in vacuum GR
(see footnote 18 and the arguments below Eq. 73 in [5]). We hope that similar arguments
can also be made for Einstein-Maxwell theory but we do not analyze these ambiguities in
detail.
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2. Computation of the Wald-Zoupas charges and fluxes at null infinity for Einstein-

Maxwell theory

We now apply the above described prescription of Wald and Zoupas to Einstein-Maxwell
theory and compute the charges and fluxes at .. Since our main focus is on the contribution
of the Maxwell fields to the charges and fluxes, we will borrow the analysis of Wald and
Zoupas [5] for the contribution of the gravitational field.

First, we compute the pullback w to # of the symplectic current in Eq. 3.5. Using the
asymptotic conditions Eqs. 2.26 and 3.17, it can be checked that the contribution from the
cross-term given by —Q 4n, 0% (Eq. 3.9) vanishes in the limit to .#. The contribution from
the Maxwell fields is easily computed to be

M(&A, (5214) = —97477,@?2]%1\/[ €3 = — 515a52Aa — 525a51Aa] €3. (416)

1
s
The contribution from the metric perturbations is the most tedious to compute. However,
since the Ty, for Maxwell fields is smooth on .#, the terms proportional to the stress-energy
tensor in Eq. 3.10 vanish at .#, and the computation of [5] carries over unchanged. We
therefore find (see Eq. 72 of [5])"

1

wGR(élg, (52g) = —Q*4nauﬁgR €3 = _32—7T {51Nab7'2ab — 52Nab7'1ab €3. (417)
Here N, is the News tensor on .# defined by
Ny, = — 4.1
ab ‘&) Pab; ( 8)

where Sy, is the pullback to & of Sy, and pg is the unique symmetric tensor field on &
constructed from the universal structure at .# in Theorem 5 of [7]. The News tensor also
satisfies the properties

Nygn® =0, Nyg®™=0. (4.19)

Thus, the pullback to .# of the symplectic current of Einstein-Maxwell theory is given by

1 1

w= g (01 Nap7s" — 6, Nuy7i®) €5 — = [01E70, A, — 5E%0 Al €5 (4.20)
Note that 2] is determined completely by the (perturbed) radiative degress of freedom.
For the Maxwell fields, it is clear that only the perturbations of A, and &, = _"E”é con-

tribute. For the gravitational fields, the argument is more involved. Consider the asymptotic

1 As mentioned before, one can consider additional sources with compact support or sufficient falloff at .#
without affecting this analysis.
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shear of the cross-sections of . defined by
Oab = (Qac%d - %Qabq“l)vclda (4-21)
which is related to the News tensor through
Noyp =2£,04 . (4.22)

Using the asymptotic conditions Eq. 3.17, the perturbation of the shear generated by the
metric perturbation dg,, (with fixed [,, since [, can be chosen independently of the space-
time) can computed to be

50ab = _%(QaCde - %QabQCd)Tcda (423)

that is, doy is given by the tracefree part of 7,5, on the cross-sections. Due to the conditions
Eq. 4.19 and that 7,4n° = 0 from Eq. 3.17, it is clear that only this tracefree part of 7., —
equivalently, do,, — contributes to the pullback of the symplectic current. Further, from
the analysis of Ashtekar and Streubel [8], oy, is equivalent to the perturbation in the equiv-
alence class of derivatives {D,} defined on .#, which are the radiative degrees of freedom
in vacuum GR. Thus, 1%} is completely determined by the perturbed radiative degrees of
freedom in Einstein-Maxwell theory. The integral of this symplectic current over all of .#
(when appropriate falloff conditions are satisfied towards i and iT, see Eq. 4.33) reproduces

the symplectic form on the radiative phase space at null infinity used by Ashtekar and
Streubel [8].

To apply the Wald-Zoupas prescription we need to find a 3-form symplectic potential
O(69) for w given in Eq. 4.20. We choose the following (see Remark 4.1 for the ambiguities
in the choice of ©)

©(0?) = Ocr(dg) + Opm(04),

1
where Oggr(dg) = ~ 39,

1
@EM(éA) = —E(‘:G(SAG €3.

T €3 (4.24)

Note that ©®ggr(dg) is the symplectic potential for vacuum GR given in Eq. 73 of [5]. The

above choice of ® satisfies all the requirements listed below Eq. 4.6:

(1) The ®© in Eq. 4.24 is indeed a local and covariant functional of the background fields
® and the perturbed fields d® (see also footnote 20 of [5] for an explanation of the
locality of the News tensor).

(2) It is also invariant under conformal transformations and Maxwell gauge transforma-
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tions,'? and the choice of the auxilliary null normal [* and the “inverse metric” ¢®.
(3) As we show in Appendix B, for stationary solutions of Einstein-Maxwell theory we

have &, = 0 and N, = 0 on ., and thus ©(®;JP), as defined above, vanishes for all

perturbations ¢ whenever the background & is a stationary solution of the Einstein-

Maxwell equations.

Having chosen a © as in Eq. 4.24 the Wald-Zoupas flux F[{; A#] associated with an
asymptotic symmetry ¢ is determined by Eq. 4.11. We now want to find the corresponding
Wald-Zoupas charge Q[¢; S| on any cross-section S of .#. Note that the Wald-Zoupas charge
is determined by Eq. 4.7, along with the requirement that it vanish on some stationary
reference solution ®, which we take to be Minkowski spacetime. Although the right-hand
side of Eq. 4.7 can be directly computed, it is not very useful to find an expression for Q[¢; S].
We instead proceed in the following manner: let the Wald-Zoupas charge be given by

Q[¢: S] = Qar[X; S|+ Qrm[§; ST, (4.25)

where Qggr[X; 5] is the expression for the charge in vacuum GR (see Eq. 4.26) and Qgm|&; S]
is the (as yet undetermined) contribution due to the Maxwell fields. As we will show below,
in the presence of Maxwell fields, Qqr[X; S] by itself does not satisfy Eq. 4.11 with © as in
Eq. 4.24; that is, Qgr[X; S] is not the full Wald-Zoupas charge for Einstein-Maxwell theory.
Then, we will define the Maxwell contribution Qg\[; S] so that the total charge Eq. 4.25
does satisfy Eqgs. 4.11 and 4.24, and Qg [¢; S| vanishes in the absence of the electromagnetic
field.

In vacuum GR, the Wald-Zoupas charge for a BMS vector field X* can be written as
follows. With our assumptions on the asymptotic conditions on the fields it follows that
Caped = 0 (see Theorem 11 of [7]), and thus Q71C,peq is smooth at .#. Then Qgg is given
by

1
Qcrlé; S = - /52 [—X“(QflCabcd)lblcnd + %5J“bNab + Y0 Do — iaaba“b.@cY‘z} ,
S
(4.26)

where we have decomposed X* = (n® 4+ Y*, with Y tangent to the cross-sections of the
chosen foliation (see Eq. A.11). The tensor oy, is the asymptotic shear of the cross-sections
defined in Eq. 4.21.

For vacuum GR, the charge expression Eq. 4.26 coincides with the charges defined by
Wald and Zoupas [5]. Showing this explicitly is a long and tedious computation, but we
argue as follows. For supertranslations, Eq. 4.26 is the same as the supermomentum defined
by Geroch [7], which is equal to the Wald-Zoupas charge (see Eq. 98 of [5]). For asymp-
totic Lorentz symmetries, it was shown in [5] that the Wald-Zoupas charge is given by the

12Note that §A, is gauge invariant since the gauge transformations are independent of the dynamical fields.
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“linkage” charge!® found by Geroch and Winicour [22]|, which in turn coincides with the
above expression as shown by Winicour [26]. The expression Eq. 4.26 is also equal to the
charge found in [27], when the conformal factor is additionally chosen away from .# to make
the vector field [* expansion-free. It is also equal to the expression computed using Bondi

coordinates (see for instance Eq. 35 of [28]).

In vacuum GR, the flux of the charge Eq. 4.26 is given by Eq. 4.11, with Ogr(£x9)
on the right-hand side. However, in the presence of Maxwell fields one gets an additional
contribution to the flux of this charge through the asymptotic stress-energy tensor T,,. This
additional contribution arises through the £,, of the Weyl tensor term, and using the Bianchi
identity at .7 we get!

Qar[X; So] — Qar[X;51] = — / [@GR(«fXg) + Tabnaxbe?;} : (4.27)
N

If one takes Qar as the definition of the charges associated with the BMS symmetries, then
the Maxwell fields only contribute to the flux through the asymptotic stress-energy tensor Ty,
(see also Appendix C of [28]). As argued in Sec. 2.1 and in [1, 2], for Lorentz symmetries this
contribution to the flux is not purely radiative and depends on the Coulombic part Re[p]
of the Maxwell field. However, in the presence of Maxwell fields at .#, the usual expression
Eq. 4.26 cannot be the full Wald-Zoupas charge of the theory, as it does not satisfy Eq. 4.11
with the full ® in Eq. 4.24, which includes the Maxwell contribution Ogy(d¢A).

Our goal now is to define the Maxwell contribution Qgy to the Wald-Zoupas charge such
that Qgr + OQrm satisfies Eq. 4.11 with the full ® in Eq. 4.24. From Eq. 4.24 we have for
Opm(dcA)

1
/ Onni(0eA) = —1- / €5 (E(Lx Ay + D)), (4.28)
AS AS

This is precisely the flux Fx[¢; AZ] of the Noether current of Maxwell theory Eq. 2.31. This
relation arises because, due to our asymptotic conditions, g\ (dA) = QEM(éA), where the
right-hand side is the pullback of the symplectic potential of electromagnetism on a non-
dynamical background given in Eq. 2.9. It also follows that n[¢] = 0 (see Eq. 2.17), and thus
Opm(deA) is simply the pullback of the Noether current J<N_[§] for Maxwell theory. Thus,
the contribution of the Maxwell field to the flux of the Wald-Zoupas charge is in fact the
Noether current and not the stress-energy current. This flux contribution is the same as
the one obtained by Ashtekar and Streubel in Eq. 2.18 of [8]. However, there the boundary

13Note that for general supertranslations the “linkage” charges and fluxes do not equal the ones obtained from
Hamiltonian methods [8] or from the Wald-Zoupas prescription, see [25].

14n the Newman-Penrose notation, the Weyl tensor terms appearing in Eq. 4.26 are Re[t;] and ;. Their
derivatives on .# along n® are determined by the Bianchi identities given in Eqs. 9.10.5 and 9.10.6 of [29].
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term containing the Coulombic contribution Re[p;] was dropped when converting to the
stress-energy expression in Eq. 2.19 of [8]. This is valid in their context as they considered
only source-free solutions on Minkowski spacetime (so that Re[p;] necessarily vanishes);
for the more general scenario we are interested in, this boundary term is important and
differentiates the Noether and stress-energy current.

From the previous computations, we can relate this Maxwell contribution to the Wald-
Zoupas flux to the stress-energy tensor using Eqs. 2.37 and 2.38 to get

Qruil6: S5] — Qpulés S1] = — [ [@rn(0eA) — Tun®X'es) (4:29)

where we have defined

Oenle: 5] = o [ exRelpi](h + X°A,) (4.30)
S

which is essentially Eq. 2.38 and the integral of the Maxwell Noether charge Eq. 2.20 on
the cross-section S. Consequently, from Eqs. 4.27 and 4.29 it follows that Q = Qagr + QrMm

satisfies

Fl&as) = /@& Q[€: Su] — QIE: 5] (4.31)

The Maxwell contribution Qgy[¢; S] = 0 when the Maxwell field F,;, vanishes, and since
Qcr[€; S| = 0 in Minkowski spacetime, the full Wald-Zoupas charge Q[¢; S] also vanishes in
Minkowski spacetime.

In sum, the Wald-Zoupas charge for Einstein-Maxwell theory is
Q[¢; 5] = Qar[X; S| + Quml§; S (4.32)

with the individual terms given by Eqs. 4.26 and 4.30, respectively. The fluxes of the individ-
ual terms Qggr and Qg depend on the stress-energy and cannot be determined purely from
the radiative modes at null infinity. However, from Eqgs. 4.27 and 4.29, these contributions
cancel exactly, and so the flux of the full Wald-Zoupas charge Q can be determined from

the radiative modes alone.

As mentioned above, the flux F[¢; #] is a Hamiltonian generator on the full radiative

phase space of ., corresponding to the symmetry . Along .#, as u — +oo, we have
Nap = O(1/[u|'*), &= O(1/[ul"") (4.33)

for some € > 0, while 7, and 0 A, have finite limits as © — F00. Note that these conditions
are preserved by the asymptotic symmetries. Further, they also ensure that the integral
over all of .# of the pullback of the symplectic current (Eq. 4.20) is finite so that we have
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a well-defined symplectic form on the radiative phase space on .#. Since X grows at most
linearly in u, from Eq. 4.24 we have that

ugrinooX -0(6P) =0, (4.34)
and from Eq. 4.12
Flg o1 = - [ w(00,6:9), (4.35)
7

for all perturbations d® and all backgrounds ®. Thus, the Wald-Zoupas flux acts as a
Hamiltonian generator of the corresponding symmetry on the radiative phase space of
Einstein-Maxwell theory on all of .#.15

There are several interesting consequences of this result.

First, let us consider the behaviour of the Wald-Zoupas charges under a Maxwell gauge
transformation A, — A,+V,A with £,A = 0, so that n®A, = 0 (Eq. 2.24) is preserved. The
gravitational contribution Qag is of course unaffected by this transformation. Similarly, the
electromagnetic contribution Qgy (Eq. 4.30) is invariant whenever the asymptotic symmetry
¢ is either a pure Maxwell symmetry ¢ = (X% = 0,\) or a pure supertranslation { =
(X = fn® X). However, the charge contribution Qgy[Y’; S| for a “pure Lorentz symmetry”

transforms non-trivially:

1
S

The second term on the right-hand side is the charge Qpum[£yA;S] of a pure Maxwell
symmetry £y A. Thus, under a change of Maxwell gauge the electromagnetic contribution
to the charge of a Lorentz symmetry shifts by the charge of a pure Maxwell symmetry. This
is due to the fact that the action of a “pure Lorentz symmetry” £ = (X = Y* XA = 0)
is not well-defined independently of the choice of gauge for A,. This is similar to the
transformation of the Lorentz charges under a supertranslation, and essentially arises due
to the fact that the asymptotic symmetry algebra is a semi-direct sum of the BMS algebra
with the Lie ideal of Maxwell transformations. In the usual BMS algebra for vacuum GR
there is no unique Lorentz subalgebra but instead infinitely many Lorentz subalgebras which
are related to each other by supertranslations. Similarly, in Einstein-Maxwell theory, there
is no unique action of the Lorentz algebra on the vector potential A, at .# but infinitely
many such actions of the Lorentz algebra which are all related by the asymptotic Maxwell
symmetries. Note, however, that taking into account the change of the representation of £ in

15 If one instead defines the flux associated with a BMS symmetry by the right-hand side of Eq. 4.26, then
such a flux is not a Hamiltonian generator in Einstein-Maxwell theory.
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terms of X* and A, the charge Qg is invariant under gauge transformations as follows from

)

Eq. A.18. Essentially, under A, — A, + V A, a “pure Lorentz symmetry” is not invariant

but transforms as
(YO AN=0)— (Y, —LyA). (4.37)
The transformation of the “pure Lorentz” charge Eq. 4.36 is exactly compensated by the

transformation of the “pure Lorentz” symmetry used to compute the charge.

The gravitational fields do not contribute to the Wald-Zoupas charge of a pure Maxwell
symmetry £ = (X® =0, \), which is given by

1
QX AF] = Quu[A; 8] = o / exRe[p1] A, (4.38)
T S
with the flux )
. _ ab
FINAS] = 4”A/¢ €3 (CE. D). (4.39)

For A = constant the flux vanishes across any region A.#, and the charge is proportional
to the total conserved Coulomb charge. For a general A (that is, A is a function on S?) this

charge is the “soft charge” of the Maxwell fields (see [1, 30], for example).

Next, consider the charge associated with a supertranslation £ = (X% = fn% A = 0).
Then, the electromagnetic contribution Qgry[fn; S| to the charge vanishes since n*A, = 0
and the supermomentum charge is given by the same expression as in vacuum GR. Similarly,

from Eq. 4.29 the Maxwell contribution to the flux of supermomentum is also

1
— —_ — ab _ —— a
/GEM((;{A) /83 fTabTL n . /83 fgag . (440)
AS AS

AS

Thus, the electromagnetic fields do not contribute to the supermomentum charge and con-
tribute to the supermomentum flux only through the asymptotic stress-energy tensor, which

is purely radiative for supertranslations.

However, the situation is different for charges associated with a Lorentz symmetry £ =
(X* =Y\ =0). In this case, the Maxwell fields contribute an additional term to the
Wald-Zoupas charge given by

1
Quu[Y; 5] = o / £2 Re[p1] YA, (4.41)
S

We show in Appendix C that this term vanishes for a Kerr-Newman black hole and thus does
not affect the usual formula for its angular momentum. However, for general non-stationary
Maxwell fields we expect that this term is non-vanishing. To illustrate this, we also consider

a spinning charged sphere in Minkowski spacetime [3]. The time-dependent dipole moment
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of such a charge distribution contributes non-trivially to Qgym, and thus to the angular
momentum charge. A similar contribution to the angular momentum due to Maxwell fields
is also present at spatial infinity in stationary-axisymmetric spacetimes [9, 31, 32]. Thus, the
Maxwell contribution in Eq. 4.41 would also be relevant to show that the Lorentz charges
defined on future null infinity coincide with those defined at spatial infinity and at past null

infinity, as conjectured in [33].

5. DISCUSSION

We analyzed the fluxes of Maxwell fields associated with the asymptotic symmetries at
null infinity in any asymptotically flat spacetime. We first considered Maxwell theory in a
non-dynamical background, defining three different currents which are naturally associated
with vector fields on the background spacetime. When the vector field is a Killing vector
field of the background spacetime, each of these currents are conserved and differ only by
boundary terms. A similar situation occurs at null infinity when the vector field need not
be a Killing vector field but an asymptotic symmetry element of the BMS algebra. In
this case, each of the three currents can be used to construct fluxes associated with the
asymptotic symmetry algebra through a given region of null infinity. While the Noether and
canonical current fluxes are completely determined by the radiative degrees of freedom of the
Maxwell fields, the flux associated with the asymptotic Lorentz symmetries defined by the
stress-energy current also depends on the Coulombic part of the Maxwell field. Thus, if the
stress-energy flux for a rotational symmetry is interpreted as the flux of angular momentum
through null infinity, then it cannot be determined from the radiative degrees of freedom
alone [1, 2]. Further, none of these fluxes can be considered as the difference of charges
evaluated on cross-sections of null infinity, as on a non-dynamical background spacetime,
there is, in general, no notion of an energy or angular momentum of the Maxwell fields at
a particular “time” defined by a cross-section of null infinity. Therefore, there is no obvious
way to decide which of these currents defines the flux of energy or angular momentum.

To clarify this, we coupled electromagnetism to general relativity and considered the
full Einstein-Maxwell theory at null infinity. Now the theory is diffeomorphism invariant
and there exists charges whose differences are given by fluxes. Specifically, the general
prescription of Wald and Zoupas [5] defines, for a given asymptotic symmetry, both the
charge on a cross-section of .# and the flux, which represents the change in this charge.
If one assumes the charge expression for vacuum GR to be the definition of the charge
in Einstein-Maxwell theory as well (see Eq. 4.26), then the additional term that Maxwell
fields contribute to its flux is the stress-energy flux (Eq. 4.27). As in the case with a non-
dynamical metric, this contribution depends on the Coulombic part of the Maxwell field for

asymptotic Lorentz symmetries. However, the full Wald-Zoupas charge for Einstein-Maxwell
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theory contains an additional contribution to the charge due to the Maxwell fields (Eq. 4.30).
This additional contribution vanishes for asymptotic supertranslations. It also vanishes for
Lorentz symmetries in the Kerr-Newman spacetime. In general, however, for non-stationary
Maxwell fields, this additional contribution is non-zero. The flux of the full Wald-Zoupas
charge in Einstein-Maxwell theory with this additional contribution from Maxwell fields is
determined by the radiative fields alone. The full Wald-Zoupas charge naturally absorbs
the Coulombic information contained in the stress-energy flux, and so the contribution of
the Maxwell fields to the Wald-Zoupas flux is determined by the Noether current flux and
depends only on the radiative fields on .#.

In addition, we showed, using the standard fall-off conditions for the electromagnetic and
gravitational fields near i and i*, that the Wald-Zoupas flux also defines a Hamiltonian
generator associated with the asymptotic symmetries on all of null infinity.

A similar analysis can also be carried out for other matter fields. For GR minimally
coupled to a massless Klein-Gordon field or a conformally-coupled scalar field, the essential
points have already been discussed by Wald and Zoupas in Sec. VI of [5]. For such fields,
the Wald-Zoupas charge is given by the same expression as in vacuum GR (Eq. 4.26) and
the scalar fields only contribute to the flux through the stress-energy tensor. However, for
Einstein-Yang-Mills theory we expect that there is an additional contribution to the Wald-
Zoupas charge similar to the case of Maxwell fields considered here. For general theories, it
should not be expected that the matter contribution to the charge is the Noether charge or
that the contribution to the flux is the Noether current. For instance, this expectation is
already false in vacuum GR, where the Wald-Zoupas charge is, in general, not given by the

Noether charge (i.e., the Komar formula); see the discussion in [22, 25].

As noted before, a similar additional contribution to the angular momentum due to
Maxwell fields is also present at spatial infinity in stationary, axisymmetric spacetimes
9, 31, 32]. Thus, we expect that the Maxwell contribution in Eq. 4.41 would also be rel-
evant to show that the Lorentz charges defined on future null infinity coincide with those
defined at spatial infinity and at past null infinity, as conjectured in [33].

Since the Wald-Zoupas flux is purely radiative and also the Hamiltonian generator on the
radiative phase space of Einstein-Maxwell theory, it can also be quantized using the asymp-

totic quantization methods in [30].

The Wald-Zoupas prescription can also be applied to finite null surfaces in vacuum GR
[34]. For Einstein-Maxwell theory at finite null surfaces, we expect that there is a similar
contribution to the charges and fluxes associated with finite null boundary symmetries con-
sidered in [34] that arises from the Maxwell fields. Such an analysis could also be useful in
deriving conservation laws in Einstein-Maxwell theory through local regions bounded by a

causal diamond similar to those in vacuum GR [35].
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Appendix A: Asymptotic symmetries of Einstein-Maxwell theory at null infinity

In this appendix, we show how the asymptotic symmetries of Einstein-Maxwell theory
can be derived from the asymptotic conditions on the gravitational and Maxwell fields at
null infinity. We first focus on the asymptotic symmetries of the gravitational field, before we
include the symmetry transformations of the Maxwell vector potential. Similar arguments

for vacuum general relativity were also presented in [23].

Given a vector field X = X generating an infinitesimal diffeomorphism £ x4 in the
physical spacetime, what are the conditions on X* for it to be an asymptotic symmetry
vector field? The vector field X needs to extend smoothly to .# to preserve the smooth
differential structure there, and the infinitesimal diffeomorphisms generated by X“ need
to preserve the asymptotic flatness conditions on the unphysical metric perturbations. To
make this concrete, consider any physical metric perturbation dxg., = £ ¢Ga generated by

a diffeomorphism. The corresponding unphysical metric perturbation is given by
5Xgab = QZ"ngab = £Xgab - 2Q_lnc)(cgab . (A]')

Since dx g, has to be smooth at ., we can immediately conclude that n,X* = 0. In other
words, X is tangent to .#. Defining the function «(x) := Q ', X*, which extends smoothly

to .#, we can write the above equation as
5Xgab - fXgab - 2O‘(X)gab . (AQ)

For the perturbation dx g., to preserve the asymptotic flatness conditions in Eq. 3.17 and
the Bondi condition in Eq. 1.2, we require that

Oxgap =0 and n"n’Sx gay = O(Q?) . (A.3)

The first condition yields
LxGab = 200(x)Gab - (A4)
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Further, contracting Eq. A.2 with n® gives
nx gap = N°Vp Xy — X°Ving — ax)ne + QVaaxy , (A.5)

where we have used that the twist of n, vanishes, since n, is the gradient of the conformal

factor €. Since the left-hand side must vanish at .#, we have
nox gy =0 = £xn® = —ax)yn® . (A.6)
Contracting Eq. A.5 once more with n®, we find that

n*n’Sxga = O(Q?) — Lnoxy =0, (A.7)

where we used n,n® = O(?) (see Eq. 1.3, which followed directly from the Bondi condition
in Eq. 1.2). Finally, taking the pullback of Eq. A.4 to .#, we find

£xqap = 20(x)qab - (A.8)

Hence, the asymptotic symmetries on .# are generated by vector fields X tangent to %
satisfying

Lxn" = —axn®, (A.9a)
£XQ(1b = 2O‘(X)qab ) (Agb)

where the function ax) is smooth and £,a(x) = 0 on .#. These conditions are the standard
ones defining the BMS algebra b [7, 8]. When working solely on ., the function a(x) can
be interpreted as the infinitesimal conformal transformation of g, induced by X?|,. If X

is given in a neighborhood of .#, a(x) can also be computed using
ax) = Q' X =1V, X (A.10)

where the second equality follows from ¢*dx g, = 0.

To make these conditions more concrete, let u be an affine parameter along the null
geodesics of n® on .# such that n®V,u = 1. Then any BMS vector field can be written as

X = pn*+Y, with 8= f+ (u—u)Z,Y", (A.11)

and

£nf = £,V = 0, 2@((1}/17) = qab-@cyc ) (A12)

where Y? is tangent to the u = constant cross-sections of ., &, is the covariant derivative
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on these cross-sections compatible with ¢,;, and u = wug is some choice of an “origin” cross-
section. The function a(x) in Eq. A.9 is then given by %.@aY“ in this representation. Thus,
any BMS vector field is characterized by a smooth function f and a smooth conformal
Killing field Y* on S?. The function f represents the infinite-dimensional subalgebra of
supertranslations while the conformal Killing field Y represents a Lorentz subalgebra of the
full BMS Lie algebra.

Given a fired BMS vector field X¢, its representation in terms of a supertranslation f
and a Lorentz vector field Y* depends on the choice of foliation given by u = constant. Let
u' = u—+ F with £,F = 0 be another choice of affine parameter along n®, and let f’ and
Y'* be representatives of X in the new choice of foliation given by u’ = constant. Then it

is straightforward to verify that
flef+LF, Yi=2Y". (A.13)

Therefore, the notion of a pure supertranslation (Y* = 0) is well-defined independently of
the choice of foliation, but a “pure Lorentz” transformation (f = 0) is not. This is ultimately
related to the fact that the BMS algebra is a semi-direct sum of the Lorentz algebra with

the Lie ideal of supertranslations.

Now consider a similar analysis of the transformations of the Maxwell vector potential
under a symmetry £ = (X \), where X® is a BMS vector field and A = \. The perturbation
of the Maxwell vector potential generated by an infinitesimal transformation ¢ is

SeAn = £x Ay + VA . (A.14)

This transformation needs to preserve the asymptotic conditions of the Maxwell vector
potential. Since A, is smooth at .#, A extends smoothly to .# as well. To preserve the
outgoing gauge condition imposed on the vector potential (Eq. 2.24) requires that n*0¢ A, = 0
which gives
0=n"£xAs+ £,
= L£x(nAy) + axyn®Ag + LA (A.15)
= £,A=0,

where the second equality in the first line uses Eq. A.9a and the last line follows from
n®A, = 0. Thus, the asymptotic symmetries of Einstein-Maxwell theory at .# are given by
&= (X9 \), where X¢ is a BMS vector field and \ is any smooth function on S?, the space
of null generators of .#.

Similar to the case of a BMS vector field, the representation of a fized £ in terms of a
BMS vector field X and a Maxwell gauge transformation A depends on the choice of gauge
for the background vector potential A,. Let A, = A, + V,A be another vector potential
related to A, by a gauge transformation A with £,A = 0. For a fixed symmetry £ = (X%, \)
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let the new representatives under the gauge transformation by A be & = (X’*, \). Since the
symmetry £ is fixed, its action on the vector potentials must be independent of the choice
of gauge, that is, 6¢Al, = d¢A,. Evaluating this, we have

Exr Ay + VN + VoA = £xAg + Vo . (A.16)

This implies that under a change of Maxwell gauge by A the representation of a fixed
symmetry £ = (X% \) = (X%, \) changes as

X=X N=A-£yA. (A.17)

Consequently the notion of a pure Maxwell gauge transformation £ = (X = 0, \) is well-
defined independently of the choice of gauge A, but a “pure BMS transformation” £ =
(X% A =0) is not. This is analogous to the structure of the BMS algebra noted above. Note
also that

N+ XA =+ XA, (A.18)

is invariant under changes of Maxwell gauge.'6

Appendix B: Stationary solutions in Einstein-Maxwell theory at null infinity

In this appendix we show that for any stationary solution (§gp, Aa) of Einstein-Maxwell
theory, which is asymptotically flat, the radiative field £, and the News tensor N, vanish
at #. To do so we will first show that any nonzero timelike Killing vector field #* in the
unphysical spacetime is necessarily a nonzero supertranslation on .#.'7 Then, we show that
this implies that £, = 0 on .# for any solution of the Maxwell equation which is stationary
ie. £5Fab = (. Finally, using the proof by Geroch [7], this also implies that N,, = 0.

On #, a supertranslation vector field takes the form X = fn® with £,f = 0. For
our purposes we will also need the “subleading” form of this vector field away from .#, see
for instance Eq. 21 of [22] and Eq. 93 of [5]. For completeness we collect the proof in the

following lemma.

16Tn the principal bundle picture where & = (X%, )) is a vector field on the bundle, the Lie algebra of such
vector fields also has the structure of a semi-direct sum of diffeomorphisms with the Lie ideal of Maxwell
gauge transformations [9]. The invariant in Eq. A.18 is then the vertical part of £ on the bundle.

17Tt can further be shown that the timelike Killing field is a BMS translation (see Lemma 1.4 of [36] and also
pp. 54 of [7]) but we will not need this stronger result.
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Lemma B.1. Any vector field X® in M such that X®| s is a BMS supertranslation is of the

form
X*= fn" —QV*f +0(Q? (B.1)

for some f smooth in M and £,f = 0.

Proof. Since X°| , is a BMS supertranslation we have X® = fn® for some f on .# satisfying
£.f = 0. Now extend the function f arbitrarily but smoothly into M, and thus X* takes

the form

X® = fn® +QZ° (B.2)

for some smooth Z¢. Then, using Eqs. 1.3 and A.10, a(x) = n,Z° Using the Bondi
condition (Eq. 1.2), Eq. A.4 for such a vector field becomes

V(afnb) + Ny = Nl Gap - (B.3)

Taking the trace on both sides gives n,Z% = 0 and consequently Z, = —V,f. O

Note that we extended the function f away from .# in an arbitrary manner. It is easy
to check from Eq. B.1 that the freedom in this extension only affects the O(£2?) part of the
vector field. One can choose to fix the O(Q?) part by choosing some convenient choice of
conformal factor and coordinates (such as Bondi coordinates) away from .#, but we will not

need to do so.

Now we turn to timelike Killing fields of the physical spacetime (M , Gav), and show that

they correspond to nontrivial supertranslations on null infinity.

Lemma B.2. Let t* be a nonzero timelike Killing vector field in the physical spacetime
(M, §ap). Then t* = 1% is a nonzero supertranslation on % .

Proof. Since £;G,, = 0, from Eq. A.1 it follows that t* = £ is a BMS vector field on .. Since
t* is timelike in the physical spacetime, we have §,,t%* < 0. In the unphysical spacetime
away from null infinity (i.e. on M — ) this gives Q7 2g,t*" < 0. Now 2 > 0 on M — &,
Q =0, and g, and t* extend smoothly to .#, and thus

gapt™t® <0 (B.4)

in M, with the equality possibly holding on .#. Writing t* = gn® + Y (from Eq. A.11), we
get that g, Y*Y? < 0 on .#. Since ¢ is a Riemannian metric on the cross-sections of .#
and Y is tangent to these cross-sections, this means Y* = (. Thus the “Lorentz part” of ¢*
vanishes and t* is a BMS supertranslation.

Next, we show that this supertranslation is necessarily nonzero on .# (see also [36]).

~

We will proceed by assuming that t* = 0 and show that this implies that #* vanishes

35



everywhere, contradicting the assumption that it is a nonzero Killing vector field. Since ¢*

is a supertranslation on .¢#, if t* = (0 then from Lemma B.1 we have that
= QPWe, (B.5)

for some smooth TW¢. Since ¢ is a Killing vector field in the physical spacetime (M s Oab), t°
is a conformal Killing field in the unphysical spacetime (M, g,,) with

LiGab = 20 Gap s Q) = 0 ngt" (B.6)

Any conformal Killing field is completely determined by its conformal Killing data specified
at any point p € M [37]:
(ta, V[atb],a(t),vaoé(t)) ’ : (B.7)

p
Further, if the conformal Killing data vanishes at any point p then the conformal Killing field
t* vanishes everywhere. We now show that the conformal Killing data of Eq. B.5 vanishes on
. It is easy to see by a direct computation that t*, V.t and a(; vanish on .#. Computing
the remaining last piece of the conformal Killing data we have

Vaoz(t) = na(anb) . (B8)
To show that this vanishes at .# we evaluate £,ga, = 20/ ga With Eq. B.5 to get
400 Wy + 202V (W) = 2Qn.W g, - (B.9)

Note that this holds in a neighborhood of .# and not just on .#, as a consequence of ¢
being Killing in the physical spacetime. Multiplying the above equation by 97!, taking the
trace, and then taking the limit to .#, we get n,JV* =0, and so V,a() = 0. Hence, all the
conformal Killing data for the conformal Killing field of the form Eq. B.5 vanishes on .#, and
thus t* = 0 everywhere in M. This implies that * = 0 in M, which contradicts the assump-
tion that % is a nonzero Killing field in the physical spacetime. Thus, any nonzero timelike

Killing vector field in the physical spacetime is necessarily a nonzero supertranslation on

. O

Finally, we show that for a stationary solution of Einstein-Maxwell theory, the radiative
fields N, and &, vanish on null infinity.'®

A

Theorem 1. Let (§ap, As) be a stationary solution of Einstein-Mazwell theory, that is, there

exists a timelike vector field t* in the physical spacetime M such that

Lida=0  and  £;E,=0. (B.10)

8Note that for this result to hold it is essential that the space of generators of .# is topologically S2.

36



Then, the radiative fields vanish on % : Ny =0 and &, = 0.

Proof. Consider first the stationary electromagnetic field Ey, for which in the unphysical
spacetime we have £,F,, = 0, where as before t* = *. From Lemmas B.1 and B.2, we have
that

t* = fn* — QV*f + O(Q?) (B.11)

for some f # 0 and £,f = 0. Evaluating the pullback of £,F,;n® = 0 to .# and using
£m*=0and £,f =0 (as t* is a supertranslation) gives

£a.(fE) = 0. (B.12)
Similarly, evaluating the pullback of £,F,;, = 0 to .#, we have
Dl ) 2 0. (B.13)

Note that only the derivative along the cross-sections &, occurs in this equation due to
Eq. B.12 and the Bondi condition (Eq. 1.2). Next, evaluating [*n’£;F,, = 0 we have

0= 1P £, Fy = £(Fpl™n®) — Fyp£yln®
= fL(Fpl®n®) + Fup(n® £y f + VO f)nd
= [4" D+ 4" E D f
= 4" Pu(f&),

(B.14)

where the first line uses £,n* = 0 for a supertranslation, the second line is a straightforward
computation using Eq. B.11, and the third line uses the Maxwell equation Eq. 2.29. From
Eqgs. B.12-B.14 it follows that f&, is a covector field on the space of generators of .# with
vanishing curl and divergence. Since the space of generators of .# is topologically S? and
f # 0, this implies that £, = 0 for any stationary solution.

Now, from Eq. 3.12 we have that T,,n%n® = ﬁé’af} ¢ and thus for any stationary solution
Topn®n® = 0. With this condition and the Einstein equation it can be shown that N, = 0
for any stationary spacetime (see pp. 53-54 of [7]). Thus, for any stationary solution of the
Einstein-Maxwell equations we have N, = 0 = &,, as we wished to show. O

Appendix C: Computation of Oy in some examples

In this appendix we give two examples of the Maxwell contribution to the Wald-Zoupas
charge Qpum[Y;S] of an asymptotic Lorentz symmetry Y. This contribution vanishes for
the first example of Kerr-Newman spacetimes, while for the second example of a spinning

charged sphere with variable angular velocity it is non-zero.
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1. Kerr-Newman spacetime

The line-element of the (physical) Kerr-Newman metric in Boyer-Lindquist coordinates
(t,7r,0,¢) is given by (see Appendix D.1 of [38])

2Mr — Q? 2asin? (2Mr — Q? by
d32:_<1_T7Q>dt2_ asin® 6(2Mr Q)dtd¢+ZdT2+Zd92

by by
2., 22 2 .2 sin?f |
+ ((T +a”)° —a”sin” 0 A) ngb , (C.1)
with
¥ :=r? 4+ a’cos’ 0 and A =7r?—2Mr+a® + Q. (C.2)

Since we wish consider the limit to .# it is more convenient to introduce the outgoing null
coordinates z* = (u,r, 0, ¢), with u defined by

2, 2
du—di — g (C.3)
The (physical) Kinnersley tetrad — normalized such that f“ﬁu = —1 and m#m, =1 — in
these coordinates is
- a
"0, = 0, + Z%, (C.4a)
r? + a? A a
N _ = il A4b
"o, S Ou 22& + 22%, (C.4b)
ta sin 6 1 1
o V2(r + iacos ) V2(r + iacos ) sing * (C-de)
The Maxwell vector potential in these null coordinates is:
2, 2
A, dat = —% <du 4! Za dr — asin® 9d<;5> : (C.5)

which satisfies the Lorenz gauge condition @“"@uﬁy = 0.

Iand use Q as the new

To take the limit to ., we use the conformal factor 2 = r~
coordinate instead of r. It can be verified that the unphysical metric g,, = 229, is smooth

in the limit to .# (that is, as Q — 0 with fixed u, 0, ¢). The unphysical tetrad (I*, n*, m*, mH)

38



defined by

119, == Q21, = 8y + O(Q), (C.6a)
n'd, = rd, = 8, + 0(Q), (C.6b)
m*d,, == Q7'in"d, = J5 (0 + 55505) + 0(9) (C.6¢)

is also smooth at .#. The unphysical n* defined above coincides with the normal n® =
gV at # to leading order, but not at O(Q2) as this n* does not satisfy the Bondi
condition.

The vector potential A, = flﬂ in Eq. C.5 is not smooth at .# since I*A, diverges as
2 — 0. However instead, consider the vector potential AL related to Eq. C.5 by a gauge
transformation

A=A, —V,(QQ). (C.7)

This new vector potential A, is no longer in Lorenz gauge (in the physical spacetime) but
is smooth at .#, and it also satisfies the outgoing radiation gauge condition n*A) = 0.
Henceforth, we use this smooth vector potential on .# and drop the “prime” from the

notation.

On #, the Lorentz vector fields Y* are spanned by the tetrads m* and m*. A di-
rect computation using Eqgs. C.5-C.7 gives m*A, = 0 and consequently Y*A, = 0 for all
Lorentz vector fields. Thus, in the Kerr-Newman spacetime the Maxwell contribution to the
Lorentz charges vanishes, i.e., Qu[Y;S] = 0. In particular the angular momentum of the
Kerr-Newman black hole computed using the Wald-Zoupas charge (with Y* = 0,) gets no
additional contribution from Qgy and is thus given by the standard result (see, for example,

[39]).%°

2. Spinning charged sphere in Minkowski spacetime

The above computation of the Lorentz charges in Kerr-Newman spacetimes does not mean
that the electromagnetic contribution to the Wald-Zoupas charge for angular momentum will
always vanish. An explicit example for which Qg is non-zero is considered in [3]: a thin
spherical shell in Minkowski spacetime, with radius R and charge (), spinning on a central
axis with a time-dependent angular velocity w(t). The time-dependent dipole moment of the
spherical shell is given by d(t) = $QR?w(t). Further, [3] also assumes that the characteristic

timescale of variation of the magnetic dipole moment is much greater that the light-travel

19To calculate the Wald-Zoupas charge using Eq. 4.26, one needs to be careful to use a tetrad where the n®
satisfies the Bondi condition Egs. 1.2 and 1.3 and the corresponding (%, and not the tetrad in Eq. C.6.
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time 7 = R across (half) the sphere, that is,

0 d(t)

—d(t) K —=. C.8

£d(t) < (C3)
This is clearly not a solution to the source-free Maxwell equations due to the presence of
a source current. However, given that the source current is compact, our analysis in the
main body of the paper still applies. We do not attempt to solve the full Einstein-Maxwell
equations for this system. Thus, the Maxwell field in this section should be thought of as a

perturbation generated by the charged sphere on the background Minkowski spacetime.

The relevant null tetrads at .# in Minkowski spacetime can be constructed in the same
manner as in the Kerr-Newman spacetime by taking M = a = @ = 0. To get a smooth
vector potential at ., one again needs to perform a gauge transformation as in Eq. C.7
which takes us out of the Lorenz gauge used in [3]. Then, from the explicit computations in
[3] it can be shown that

Relpi] = 1Q meA, = LF(O) (u)sind (C.9)
2 ) a \/Q ) *
where u = t — r is the retarded time coordinate and we have taken the rotation axis for the
sphere to be along the z-axis. With the assumption Eq. C.8, the function I'® (u) is given by
0 1, 1 o

rOy) = ad(u) + o7 %d(u) +—7t——d(u) + ..., (C.10)

where ... denotes higher order terms.

Now, a rotational Killing vector field along the z-axis is given by R,y = —% sin @ (m®—m*®).
Thus, using Egs. C.9 and C.10, we can compute the Maxwell contribution to the charge of
) (Eq. 4.30) — the angular momentum in the z-direction — on a u = constant cross-

section S, to be

Thus, we expect that generic non-stationary Maxwell fields will contribute a non-
vanishing Qg to the Wald-Zoupas charge for asymptotic Lorentz symmetries.
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